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Abstract

It has been known that soil shear strength parameters are stress level dependent. On the other hand, foundation size has a significant
effect on the level of imposed stress on subsoil elements. In this study, the Zero Extension Lines (ZEL) method, which has wide
applications in determination of bearing capacity and load-displacement behavior of foundations and retaining walls, is employed to
consider the stress level dependent nature of soil shear strength parameters to predict the actual bearing capacity of foundations. The
ZEL equations which are capable of considering variations in soil shear strength parameters have been employed to consider their
dependency on stress level and solved numerically by a computer code developed for this study. The presented approach has been
compared with experimental data showing reasonable predictions when the effect of stress level is taken into account. It is then
utilized to develop some design charts showing modified values of Nγ , as a function of foundation size and soil properties based on
Bolton (1986) equation for stress level effect in cases of smooth and rough base foundations. The charts represent the decreasing
tendency in Nγ with an increase in foundation size and it shows the decreasing tendency in the reduction rate when the foundation size
increases.
Keywords: ZEL, bearing capacity, foundation, stress level, plasticity, numerical solution
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1. Introduction

Determination of the bearing capacity and prediction of load-
displacement behavior of foundations have been a major concern in
foundation design. Several classical methods have been developed
to predict the bearing capacity of foundations in the last century.
Prandtl (1921), Hill (1926), Fellenius (1926), Terzaghi (1943),
Taylor (1948), Meyerhof (1963), and Vesić  (1973) can be men-
tioned here for their works on determination of the bearing
capacity of soil. The famous triple-N formula, originally from
Terzaghi (1943) can be considered as the most valuable advan-
tage of their works presented as follow:

(1)

where, qult is the ultimate bearing capacity, c is the cohesion, q is the
surcharge pressure, B is the foundation width, γ is the soil density
and the N coefficients, which are functions of soil friction angle,
are the bearing capacity factors.

A number of full-scale load tests had been performed to verify
the bearing capacity formula or to predict the bearing capacity of
foundations in different soil types (Ismael, 1985; Fellenius, 1994;
Briaud and Gibbens, 1999). Investigations show that for foundations

on relatively dense soils, the measured value of the bearing capacity
is often higher than the values obtained from the theoretical
equation based on a critical state friction angle; meanwhile, using
a peak friction angle results in higher bearing capacities than
measured values (Clark, 1998; Eslami, et al., 2004). Also, the
third bearing capacity factor, Nγ , increases illogically with
friction angle which leads to very high bearing capacity values
for large foundations. It seems that such shortcomings are results
of neglecting the stress level dependent behavior of the soil mass
beneath the foundation. Eslami et al. (2004) presented a review
of delusions in the bearing capacity of shallow foundations and
inconsistency between test results and theoretical approaches and
concluded that the bearing capacity obtained from theoretical
methods are often over-conservative for small footings but
irrationally high for large foundations.

Effects of a number of important parameters have been
investigated to adjust experimental data with theoretical analysis
results. Among them, depth, scale and base roughness of
foundations have been found to be important factors on the
intensity of a possible limited load on foundations. Ismael (1985)
performed several tests on square footings of 0.5 m and 1.0 m in
width with various depth to width ratios ranging from 0.5

qult cNc qNq 0.5γBNγ+ +=
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through 4.0. The results indicated that the influence of footing
depth is very small. However, based on these results, Fellenus
and Altaee (1994) showed that the width of foundation plays a
very important role in the bearing capacity. It can be related to
soil behavior under different states of imposed stress. Soil shear
strength parameters have been believed to be dependent on the
level of experienced stress, also known as stress level (Holtz and
Kovacs, 1981; Bolton, 1986; Clark, 1998; Maeda and Miura,
1999; Kumar et al., 2007; Budhu, 2007). This dependency may
be considered as a reason of differences between experimental
and theoretical approaches in determination of the bearing
capacity of foundations. Since the first two factors in the bearing
capacity formula, i.e., Nc and Nq have been well determined by
closed form solutions of a plasticity problem in soil mechanics,
the major problem in the bearing capacity is often the third
factor, i.e., Nγ . The bearing capacity of shallow foundations over
cohesionless soils is highly dependent on the third bearing
capacity factor, Nγ. Theoretically, the third factor, varies signifi-
cantly with an increase in soil friction angle (Bowles, 1996;
Michalowski, 1997; Eslami et al., 2004). There are some
evidences, from using small footings up to about 1m, that the
BNγ term does not increase the bearing capacity without a bound.

Hansen and Odgaard (1960) performed circular footing tests
on sand at various relative densities. Cerato (2005) has recompiled
their data, showing that the bearing capacity factor, Nγ, decreases
by an increase in foundation size, but the scale effect becomes
less marked with a decrease in the relative density of the soils.

Experimental Data from De Beer (1965) revealed a decrease in
Nγ with an increase in foundation size. Many centrifugal tests
showed similar results (Kimura et al., 1985; Bolton and Lau,
1989; Clark, 1998; Zhu et al., 2001). There are also many recent
small and large scale footing load tests indicating that the bearing
capacity factor, Nγ , is a function of foundation size (Cerato,
2005; Cerato and Lutenegger, 2007; Kumar and Khatri, 2008;
Yamamoto et al., 2009). According to these results, Nγ , has a
decreasing tendency with foundation size, for small size
foundations and approach a constant value for reasonably large
foundations. 

For very large values of B, both Vesi (1969) and De Beer
(1965) suggest that the limiting value of qult approaches that of a
deep foundation. Thus, a reduction factor as a function of
foundation width is often applied to limit the value of Nγ for large
foundations (De Beer, 1965; Bowles, 1996; Clark, 1998; Eslami
et al., 2004; Cerato, 2005). 

Since the normal stress is variable from point to point along a
possible sliding surface underneath a footing, it is necessary to
consider the intrinsic curve in order to calculate the ultimate
bearing capacity. The choice of friction angle beneath a footing
may be important in explaining scale effects. Meyerhof (1950)
assumed the mean value of the normal stress, σg,M, along the slip
surface to be equal to about 1/10 of the ultimate bearing capacity
and calculated the ultimate bearing capacity with a formula in
which he introduced the angle φ, corresponding to the secant
connecting the origin to the point σg,M as illustrated in Fig. 1.

There are also a number of researches indicating that base
roughness has an increasing effect on Nγ of foundations (Bolton
and Lau, 1993; Bowles, 1996; Michalowski, 1997; Kumar and
Kouzer, 2007). According to Bolton and Lau (1993), in rough
base foundations, a rigid entrapped wedge (or cone in axi-
symmetric problems) is stabilized beneath the foundation. This
rigid wedge or cone is assumed to be inclined at an angle equal
to π /4+φ /2 and soil friction angle is assumed to be fully
mobilized on its inclined interfaces. It forms a larger plastic zone
and thus, larger bearing capacity factor, Nγ , for rough base
foundations in comparison with smooth base foundations. This
effect can roughly increase the values of Nγ , by a factor of 3 for
plane strain problems and 5 for axi-symmetric problems. 

Since there are a few theoretical works with practical applications
known in the literature, this study focuses on the effect of stress
level on the bearing capacity of foundations through a numerical
study which is expected to have some practical advantages. The
results are also compared with existing experimental data. This
study investigates the effect of stress level on the bearing
capacity of shallow foundations over dense frictional soils with
relatively high internal friction angles. The main objective of this
work is to study the effect of stress level on the third bearing
capacity factor, Nγ, for different size shallow foundations with
low surcharge pressure on cohesionless soils. Since the method
of Zero Extension Lines, with many applications in some plasticity
problems in soil mechanics, is capable of considering the variations
of soil shear strength parameters, the idea of employing these
equations for considering the variations in these parameters due
to change in stress level, has been utilized in this study. Based on
the ZEL method, a computer code has been developed for this
research to investigate the effect of stress level on Nγ, and to
provide modified values of Nγ for practical uses.

2. Influence of Stress Level on the Shear Strength
and Bearing Capacity of Soil

2.1 Stress Level Effect on Soil Shear Strength
Variations of maximum achieved friction angle in the standard

shear tests with normal or confining pressure had been reported
by different researchers. It is widely recognized that the peak
friction angle of soils decreases with stress level (Meyerhof,
1950; De Beer, 1965; Holtz and Kovacs, 1981; Bolton, 1986)

Fig. 1. Meyerhof’s Method of Dealing with the Mohr-Coulomb
Strength Envelope in Calculating the Bearing Capacity of a
Shallow Foundation
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and the Mohr failure envelope is curved rather than being a
straight line. Few reports indicate that the critical state friction
angle might also depend on stress level (Clark, 1998); but, this
requires further investigations as there are more evidences that it
is indeed a constant parameter and therefore it is taken so in this
study.

Lee and Seed (1967) presented data from dense Ottawa Sand
and dense Sacramento River Sand which shows a decrease in
friction angle with an increase in confining pressure. Two experi-
mental direct shear tests on Monterey 0/30 Sand and Danish
Normal Sand were conducted by Gan et al. (1988) showing a
decreasing tendency in friction angle with an increase in applied
normal stress.

There are also relationships between normal or confining
pressure and soil angle of dilation from laboratory tests. Bolton
(1986) proposed to correlate maximum friction angle to soil
relative density, Dr, and applied effective stress, σ, as the
following simplified forms: 

(2a)

    (in plane-strain condition) (2b)

    (in triaxial condition) (2c)

(2d)

where, φmax is the maximum mobilized friction angle, φc.s. is the
critical state friction angle, νmax is the maximum dilation angle, IR

is the dilatancy index, Dr is the soil relative density (in decimals),
σ is the effective stress (in kPa), and Q and R are constants.
Bolton (1986) recommended to use Q=10 and R=1. Kumar et al.
(2007) performed a number of shear tests on Bangalore sand and
utilized these equations to express stress level dependency of
tested specimens.

Clark (1998) performed a series of triaxial tests on a dense
silica sand with a density index of 88%, a mean grain size (d50)
equal to 0.2 mm, the coefficient of uniformity, Cu=1.69 and a
mass density of 15 kN/m3 at different confining pressures.
Triaxial test results on this sand, performed by Clark (1998), are
reproduced and illustrated in Fig. 2. Their stress-strain curves are
shown in Fig. 2(a) and 2(b). In Fig. 2(c), variations of measured
soil friction angle with confining pressure are presented on a
semi logarithmic diagram, showing a linear decreasing tendency.

Based on these results, the following simple equation was
suggested to correlate the maximum friction angle to the level of
confining pressure (Clark, 1998):

(3)

where, φ is the maximum mobilized friction angle as a function
of σ, σ is the confining pressure which is equal to σ3, in triaxial
test, A is a factor (that can be considered as the peak friction
angle at unit confining pressure, i.e., at σ=1.0 kPa) and M is an
exponent which are determined experimentally. Using this
equation, there is no need to determine the relative density in the
laboratory and the coefficients can be determined simply by
standard shear tests on soil samples. The coefficients were
determined by Clark (1998) for the tested dense silica sand soil
in his work.

2.2 Stress Level Effect on Soil Bearing Capacity
As it was stated before, several researchers studied the effect of

foundation size on the bearing capacity. This effect is mainly
related to stress level effect. In general, in larger foundations,
higher stress levels in the soil causes lower soil friction angles to
be mobilized, resulting in a decrease in the bearing capacity
factor, Nγ. Most of the research works have been focused on
small scale footing load tests because of limitations in testing
large foundations. 

Clark (1998) carried out centrifuge tests on the silica sand. The
centrifuge test facilitates modeling large foundations in the
laboratory. The model footing 43.7 mm in diameter was tested at
accelerations of 1, 10, 40 and, 100 and 160 g. The corresponding
diameters of the prototypes would be 0.044 m, 0.437 m, 1.75 m,
4.37 m and 6.99 m. Data from Clark (1998) based on a stress
level concept show the effect of foundation size on the bearing
capacity. The main reason on this dependency, regarding the
stress level concept, is that the larger the foundation size the higher
the stresses induced in the soil mass and therefore, the lower the

φmax φc s., 0.8νmax+=

φmax φc s., 5IR+=

φmax φc s., 3IR+=

IR Dr Q ln σ( )–( ) R–=

φ A σ( )M=

Fig. 2. Test Results of Silica Sand in Different Stress Levels and
Variation of Peak and Critical State Friction Angle as a
Function of Stress Level (Data from Clark, 1998)



M. Jahanandish, M. Veiskarami, and A. Ghahramani

− 712 − KSCE Journal of Civil Engineering

maximum mobilized friction angle at failure. Test results of
Clark (1998) have shown the following representation of Nγ  as a
function of foundation diameter:

(4)

where, D is the diameter of the foundation. The equation shows a
decreasing tendency in the value of Nγ , by increasing the
foundation size.

Clark (1998) also stated that in engineering practice it is very
important to carefully select the soil shear strength parameter, φ.
The error in calculation of the bearing capacity caused by im-
proper selection of this parameter may be very large. The peak
friction angle should be used for determining the ultimate
bearing capacity, but Nγ should take into account the effect of
footing size (a measure of stress level) on φmax (Clark, 1998). 

Cerato (2005) and Cerato and Lutenegger (2006), presented the
results of a wide study on the effect of foundation size on the
bearing capacity. They tested model and prototype foundations
ranging from 25.4 mm to 914.4 mm on two compacted sands at
three different relative densities (Cerato, 2005; Cerato, and
Lutenegger, 2006; Cerato and Lutenegger, 2007). They concluded
that the bearing capacity factor, Nγ, is absolutely dependent on the
foundation size; in small foundations with low stresses it is very
high due to higher mobilized maximum friction angle (Cerato, and
Lutenegger, 2006). They also stated that the Mohr-Coulomb failure
envelope is a curve rather than a straight line indicating, soil friction
angle is influenced by stress level. Fig. 3 shows the results of
calculation of the bearing capacity factor, Nγ, for experimental tests
on different sizes of foundation, recompiled for this study. Tests and
numerical studies were performed on Brown Mortar Sand with
friction angles ranging between 48o and 40o in different densities in
a 59.9 mm direct shear test apparatus. Considering the results of
these tests, the effect of foundation size on the bearing capacity
factor, Nγ, is evident for small footings, while for larger foundations;
this effect is less considerable (Cerato, 2005).

Kumar and Khatri (2008) studied the effect of foundation size
on the bearing capacity factor, Nγ , on the basis of a numerical
study by incorporation of soil friction angle as a function of

mean principal stress. The effect is investigated for smooth base
strip foundations on granular medium without any surcharge
pressure. A numerical lower bound limit analysis by the means
of a finite element programming has been used in their research.
Fig. 4, illustrates the reproduced graphs, showing the variation of
the bearing capacity factor, Nγ , with foundation width, normaliz-
ed to the atmospheric pressure and soil density for two different
sands, i.e., Toyora sand and Hoston Sand for which the friction
angle varied with confining pressure.

Recently, Yamamoto et al. (2009) have investigated the effect
of foundation size on the bearing capacity factor, Nγ , for natural
sands at a wide range of different densities. Their study was
established on a MIT-S1 Sand model with a finite element pro-
gramming. They stated that the variation of peak friction angle
raises questions on the applicability of conventional bearing capacity
theories, which are based on a constant friction angle with depth.
It is obvious that soil friction angle varies with depth as a
function of stress level. The assessment of the bearing capacity
factor, Nγ , is reported to decrease with foundation size.

As a conclusion, the dependency of soil friction angle to stress
level suggests a decrease in the bearing capacity factor, Nγ , with
an increase in the size of the foundation. Although there are
several experimental works that support this observed fact, a few
numerical studies are known to the authors that show this effect. 

3. Plasticity Problem in Soil Mechanics and the
ZEL Method

Different methods have been used for investigating the bearing
capacity of foundations in soil mechanics (Davis and Selvadurai,
2002). These include the limit analysis method using the bound
theorems of theory of plasticity, the stress characteristics method
and the Zero Extension Line method (ZEL). The ZEL method
has been used in this study.

The idea of using the Zero Extension Lines for obtaining the
strains and deformations in the soil mass; and thereby predicting
the load-deflection behavior of structures in contact with soil was
introduced by Roscoe (1970). James and Bransby (1971) used
them for prediction of strains and deformations behind a model

Nγ 325D 0.32–=

Fig. 3. Variation of Bearing Capacity Factor, Nγ, with the Size of
Foundation Resting on Brown Mortar Sand with Peak Fric-
tion Angle of 48o (Data from Cerato, 2005)

Fig. 4. Variation of the Bearing Capacity Factor, Nγ, with Normal-
ized Foundation width for two Different Sands (Data from
Kumar and Khatri, 2008)
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retaining wall. Habibagahi and Ghahramani (1979) and Ghahramani
and Clemence (1980) calculated the soil pressures by considering
the force-equilibrium of soil elements between the zero extension
lines. The methodology for finding the load-deflection behavior
of foundation and retaining walls on the basis of the ZEL theory
was presented by Jahanandish (1988) and Jahanandish et. al.
(1989). The general form of these lines were considered in this
methodology and the variations of soil strength parameters c and
φ, with the induced shear strain due to the deflection of the
structure were also taken into account. In 1997, Anvar and
Ghahramani used the matrix method for derivation of differential
equilibrium-yield equations along the stress characteristics in
plane strain condition, and transferred them along the Zero
Extension Lines. This approach was important since it allowed
integrating the equations along the zero extension directions. In
2003, Jahanandish considered the more general case of axial
symmetry, and obtained the equilibrium-yield equations along
the Zero Extension Lines by direct transformation, independent
from the stress characteristics. Details of these derivations can be
found in Anvar and Ghahramani (1997) and Jahanandish (2003).
Only the final form of these equations will be presented here.

The zero extension directions are defined by: 

(5)

where ξ=π/4-ν/2, the angle between the ZEL directions and the
major principal stress direction, the minus sign (−) stands for the
one direction and the plus sign (+) for the other which are shown
in Fig. 5(a), on a Mohr’s circle of strain. Fig. 5(b) shows the ZEL
directions and stress characteristics for an arbitrary soil element. 

Based on Anvar and Ghahramani’s (1997) derivation, the
equilibrium-yield equations along the ZELs for the plane strain
problem are as follows:

Along the – Zero Extension Lines:

(6a)

Along the + Zero Extension Lines:

(6b)

where, S, is the mean stress, i.e., (σ1+σ3)/2, X and Z are the body
and/or inertial forces along x, z directions and dε+ and dε− are the
length of the differential elements along the ZEL directions
(measures of distance along the Zero Extension Lines), and , 
and  are used to provide a simple form of the equations. The
values of, ,  and  are given by:

(7)

Based on Jahanandish (2003), the final form of equilibrium-
yield equations along the ZEL directions for the more general
case of an axi-symmetric condition is:

Along the – zero extension lines:

(8a)

Along the + zero extension lines:

 (8b)

where, T is the radius of Mohr circle for stress defined as
T=Ssinφ +ccosφ, and fx and fz are expressed by:

(9)

where, n is an integer defining the problem type: it is equal to 1
for the axi-symmetric problems and 0 for the plane strain cases.

As aformentioned, these equations are more general so that
those for plane strain can be simply deduced from them by
setting n=0 and T=Ssinφ+ccosφ. Note that x is the measure of the
radial distance for the axi-symmetric problem. It is also

dz
dx
----- tan ψ ξ±( )=

dS 2 Stanφ c+( ) αdψ ζ ∂ψ
∂ε+
-------dε  –+⎝ ⎠

⎛ ⎞–

Xβ tanφdz αdx+( ) Zβ tanφdz αdz–( )– S ctanφ–( )+=

tanφdφ 1
cosφ
----------- ∂φ

∂ε+
-------dε  ––⎝ ⎠

⎛ ⎞ tanφdc 1
cosφ
----------- ∂c

∂ε+
-------dε  ––⎝ ⎠

⎛ ⎞+

dS 2 Stanφ c+( ) αdψ ζ ∂ψ
∂ε  –
--------dε++⎝ ⎠

⎛ ⎞+

Xβ tanφdz αdx–( )– Zβ tanφdz αdz+( ) S ctanφ–( )+ +=

tanφdφ 1
cosφ
----------- ∂φ

∂ε  –
--------dε+–⎝ ⎠

⎛ ⎞ tanφdc 1
cosφ
----------- ∂c

∂ε  –
--------dε+–⎝ ⎠

⎛ ⎞+

α β
ζ

α β ζ

α 1 sinφsinν–
cosφcosν

----------------------------    β; cosν
cosφ
-----------   ζ; sinφ sinν–

cosφ cosν
-------------------------= = =

dS ∂T
∂ε+
-------dε  – 2T

cosν
----------- dψ sinν dψ

dε+
--------dε  ––⎝ ⎠

⎛ ⎞+ +

fxcos ψ ξ–( ) fzsin ψ ξ–( )+[ ]dε  –=

dS ∂T
∂ε+
-------dε+ 2T

cosν
----------- dψ sinν dψ

dε  –
--------dε+ –⎝ ⎠

⎛ ⎞–+

fxcos ψ ξ+( ) fzsin ψ ξ+( )+[ ]dε+ =

fx X nT
x

------ 1 cos2ψ+( )   fz;– Z nT
x

------sin2ψ–= =

Fig. 5. Zero Extension Lines: a) Directions of Zero Axial Strains on the Mohr Circle of Strains, b) Directions of Stress Characteristics (σ−,
σ+) and Strain Characteristics (ε−, ε+) 
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remarkable that for an associative flow rule assumption, it is
sufficient to substitute the dilation angle, n, with friction angle, φ ,
in all equations containing these terms which is a particular case
of the general ZEL method.

It should be also mentioned that the variation in soil strength
parameters c and φ has also been considered in these equations.
Variation in c and φ can be due to nonhomogeneity of the soil
mass. It can be also due to the difference in shear stain at different
points. This later relation has already been used in obtaining the
load–deflection behavior of structures in contact with soil
(Jahanandish, 1988; Jahanandish et al., 1989; Anvar and
Ghahramani, 1997; Jahanandish, 2003; Jahanandish and Eslami
Haghighat, 2003; Jahanandish and Eslami Haghighat, 2004).

In relatively homogeneous soils, the strength parameters c and
φ at different points may be different due to the difference in the
stress level. As mentioned before, the influence of this phenomenon
on the bearing capacity cannot be ignored. In this study, the
capability of the ZEL method in considering the variation of strength
parameters has been used for this purpose and the equations have
been solved numerically. For each point, calculations are made for
finding the location and stress from the information at the preceding
points, as is usual in the method of characteristics. The obtained
stress is then used to adjust the friction angle of that point using
Bolton’s relation given in Eq. (2). The calculations are then
repeated until there is no significant change in the location, stress
level and hence the friction angle of that point. Note that the friction
angle of the point in succeeding iterations is different from that of
the preceding points due to difference in the stress level, and this
has been observed in the above equations. The calculations are then
made for the next point in the same way. This procedure has been
implemented in a developed computer code that is further described
in the next section.

4. Outline of the Study and Numerical Investiga-
tions 

The effect of stress level on the bearing capacity of
foundations is studied in this work. A computer code in
MATLAB 7 is developed to take this effect into account by the
ZEL method. As stated before, a plastic mass at failure is
assumed to be formed beneath the foundation when the limit
load is applied. An associated flow rule is adopted for such
condition when seeking for this limit load, so that the results can
be comparable with those obtained by the other researchers. The
procedure by which the equations are solved numerically is
described first. Next, the code is verified with published results
and existing values for the bearing capacity factors and later
extended to the stress level-dependent case. 

4.1 Procedure of Numerical Solution
The developed code in MATLAB comprises of some calcula-

tion blocks, subroutines and functions to solve the equations. A
summary of the procedure implemented in the code is presented
here:

4.1.1 Block 1: Input Data
In the first block, the input parameters are defined containing

soil geotechnical properties necessary for the equations and
geometry of the problem. These parameters include soil density,
shear strength parameters, relative density, foundation size (width)
and failure mechanism (for smooth or rough base foundations)
and surcharge pressure. There are also some controlling parameters,
i.e. number of iterations and convergence criterion (precision of
the result) and mesh size (number of divisions).

4.1.2 Block 2: Calculations
In this block, the calculation procedure starts from a boundary on

which, all necessary data are prescribed. For the certain case of the
bearing capacity problem, this boundary is the ground surface over
which a surcharge pressure may or may not exists. It is however
necessary to define a very small value of surcharge pressure even
in the absence of any actual surcharge load. It is necessary to
avoid a trivial solution for the partial differential equations of the
ZEL method. The ZEL equations are first rewritten in a finite
difference form as presented in Appendix A. Then, a triple-point
procedure is used to calculate the unknown variables at the third
point, as shown in Fig. 6. Thus, once the stresses are known at
the boundaries, stresses within the field can be computed along
the ZEL directions. For solving the equations by the finite difference
forms of the equations, if the stress states and coordinates of
Points A and B are given, one can seek for the unknowns in Point
C according to Fig. 6.

It is worth mentioning that in the ZEL equations some coupling
terms, i.e. partial derivation of functions c, φ, S and ψ in negative
direction appear in positive direction and vice versa. The only
approximation to be made is to use along the positive direction,
AC, the values of negative coupling term along BC instead of AF
and along the negative direction, BC, the values of positive
coupling term along AC instead of BE. This approximation is
acceptable because the coupling terms are ψ dependent and do
not change rapidly. Thus, the following approximations are used
as suggested in the literature (Anvar and Ghahramani, 1997;
Jahanandish, 2003):

(10)∂h
∂ε  –
--------

AF

∂h
∂ε  –
--------

BC

≈ and ∂h
∂ε+
-------

BE

∂h
∂ε+
-------

AC

≈

Fig. 6. Directions of the ZEL and Integration Paths for Numerical
Solution Procedure
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where, h stands for any of the coupling terms in the ZEL
equations, e.g. ψ, φ, c or T.

There is a subroutine that performs the numerical solutions for
every point within the domain. Once the initial stresses are
computed for an arbitrary point in the domain, an iteration
procedure is performed to compute the corresponding mobilized
friction angle in the case of stress level-dependent soil friction
angle, as a function of stress level, i.e., confining pressure, σ3. In
this procedure, the stresses are first computed and then correspond-
ing mobilized maximum friction angles are obtained. Since the
stresses depend on values of φmax, the procedure is repeated for
convergence. There is also another function within which φmax is
computed. In this function, dependency of soil friction angle to
stress level is defined based on Eq. (2). Later, the computation
for the next point in the domain is performed to compute all
unknown values in the field. Once the values of soil friction
angle have been computed, based on an associative flow rule, the
value of dilation angle at each point is set equal to mobilized
friction angle. As stated before, computations consist of a
calculation procedure between three points, i.e., points A and B

(at which the required data exist) and point C (in which the four
unknowns should be found). Calculations start from points A and
B to find, first the coordinates of point C (Eq. (A1), Appendix A)
and then to find S and ψ (Eqs. (A2) and (A3), Appendix A). An
iterative procedure is also performed for convergence. A flowchart
is also presented in Fig. 7 to show the numerical procedure
utilized in the developed code. 

4.1.3 Block 3: Output
In this block, output data is presented. Output contains all

unknowns within the field, i.e., S, ψ, x and z of any point in the
domain, mobilized maximum friction angle of corresponding
points, ultimate bearing pressure and also some optional graphical
outputs. 

4.2 Boundary Condition
For smooth base foundations, a frictionless interface boundary

between the foundation and the soil was assumed. For rough
base foundations, there are some assumptions to consider the
mobilization of interface friction angle between the base and the
soil. As stated before and based on Bolton and Lau (1993)
following Meyerhof (1951), stabilization of a rigid wedge (or
cone) beneath the rough base foundations has been assumed to
be the boundary condition adopted in this research. 

4.3 Model Verification without Stress Level Consideration
There are several published works in the literature on

determination of the bearing capacity factors based on numerical
studies. It has been realized that the bearing capacity factors, Nc

and Nq can be obtained in a closed-form solution for a plane
strain plasticity problem with associative flow rule assumption as
follows (Bowles, 1996; Budhu, 2007)

(11a)

(11b)

The code was first validated for Nc and Nq values. A standard
surcharge pressure boundary condition was assumed in the right
side of the foundation. Table 1 shows a comparison between the
results of the closed-form solution and results obtained from
analysis based on the ZEL method with associative flow rule
assumption. It is obvious that the results show insignificant

Nq eπ tanφtan2 π
4
--- φ

2
---+⎝ ⎠

⎛ ⎞=

Nc Nq 1–( ) tanφ⁄=

Fig. 7 Flowchart of the Developed Code and Procedure of Numeri-
cal Solution

Table 1. Comparison Between Closed-form Solution and ZEL
Results for Nc and Nq

φ
 (Deg.)

Nc 
(Closed-Form)

Nc
(ZEL)

Nq 
(Closed-Form)

Nq 
(ZEL)

0 5.1 5.1 1.0 1.0

10 8.3 8.3 2.5 2.5

20 14.8 14.8 6.4 6.4

30 30.1 29.9 18.4 18.3

40 75.3 75.0 64.1 63.8
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difference. It is remarkable that the closed-from solution can be
obtained by the ZEL method when the number of nodes
approaches infinity, i.e., in a very fine ZEL net. 

There have been several attempts to calculate the bearing
capacity factor, Nγ. The Nγ value has the widest suggested range
of values of any of the bearing-capacity N factors. A literature
review reveals that for φ=40o, 38 < Nγ < 192 (Bowles, 1996).

An important difference between different methods is to
consider the superposition of two different contributors in the
bearing capacity; i.e. weight and surcharge pressure. Terzaghi
(1943) assumed that the components of the bearing capacity
equation can be safely superposed. Davis and Booker (1971)
performed rigorous checks on the superposition assumption for
the plane strain case and found that it was indeed conservative.
Based on a study on the effect of the surcharge pressure on value
of Nγ, Bolton and Lau (1993) concluded that if the ratio of
surcharge pressure, q, to γB (resulting in a dimensionless factor,
Ω) is 1.0, the effect of surcharge pressure leads to less than 20%
error in calculation of the bearing capacity factor, Nγ. This error
seems to be acceptable for practical problems in soil mechanics. 

The code was verified for the values of the bearing capacity
factor, Nγ, in comparison with different methods. The methods
consist of different equations suggested by well-known authors
i.e., Terzaghi (1943), Meyerhof (1963), Hansen (1970), Vesić
(1973), Bolton and Lau (1993) and the results obtained from
finite element method, regarding its wide application, by the aid
of PLAXIS 8 code. In the last method, an associative flow rule
was adapted to PLAXIS 8 model to be consistent with the results
of the developed code. In PLAXIS 8, a Mohr-Coulomb soil

model was considered for the analyses with yield parameters equal
to those assumed in the ZEL analyzed cases with an associative
flow rule assumption (i.e., ν=φ). Values of the ultimate bearing
pressure for this study have been computed in a plastic analysis
for 10% settlement of the foundation width, which is suggested
by Briaud and Jeanjean (1994) at which plastic deformations
could be considered as the main contributors. It is also adopted
by Cerato (2005) and Cerato and Lutenegger (2007) because of
its simplicity consistency for different size foundations and, may
be actually close to the average soil strain at failure when it
undergoes significant plastic strains. The soil modulus of elasticity
was chosen equal to 10 MPa and Poisson’s ratio equal to 0.3
which is common for most of frictional soils in practice. It has to
be mentioned that these elasticity coefficients are not so
important for ultimate bearing pressure comparison, which is
obtained from a plastic analysis. A Plastic Analysis Type was
chosen in the analyzed cases by PLAXIS 8 and the following
Analysis Phases were performed in every case:

● Phase 0: Initial Stress Computation, in which the initial
stresses due to soil density are computed within the field.

● Phase 1: Plastic Analysis, in which a gradually increasing load
is applied to the foundation to find the ultimate load corres-
ponding to the ultimate bearing capacity.

Soil model parameters, i.e. Mohr-Coulomb failure criterion,
and foundation size were set similar to the cases analyzed with
the ZEL method. To provide a reasonably rigid foundation in
PLAXIS 8, a plate element of 1.0 m thickness, bending stiffness
EI=1.67E7 kN/m and axial stiffness, EA=5E7 kNm2/m was used
in the analyses. Therefore, the effect of foundation flexibility was

Fig. 8. Comparison of the ZEL and Finite Element Methods for a Plane Strain Problem Rough Mechanism (φ=20o): (a) PLAXIS Total
Increments Vectors at Failure along with Normalized Stress Distribution, (b) ZEL Net Coinciding on Yielded Planes along with Nor-
malized Stress Distribution



Effect of Stress Level on the Bearing Capacity Factor, Nγ , by the ZEL Method

Vol. 14, No. 5 / September 2010 − 717 −

insignificant. It is consistent with the assumption of a rigid
foundation over a plastic soil at failure in other researches in
which the value of Nγ has been computed (Terzaghi, 1943;
Meyerhof, 1963; Hansen, 1970; Vesić, 1973; Bolton and Lau,
1993), and hence, they can be compared. 

Fig. 8 shows the comparison between the results of PLAXIS 8
and present study for the case of a 1.0 m width strip foundation
over a frictional soil with rough base (φ=20o). Fig. 8(a) shows
the analyzed case in PLAXIS: the total increment vectors of
displacements at failure and normalized stress distribution beneath
the foundation. In Fig. 8(b), the ZEL net (which coincides with
yielded planes) for the similar case and normalized stress
distribution below the foundation is depicted. Variations of stress
beneath the foundation seem to be similar in both methods; i.e.,
the maximum value is achieved at center while it reduces to zero
at the edge of the foundation. The results obtained from the ZEL
method in this case are in reasonable agreement with results
which are obtained from another numerical code, i.e. PLAXIS,
when the stress level effect is not considered. But, further study
shows some differences between the results obtained from the
developed code based on the ZEL method and PLAXIS when
soil friction angle exceeds 40°.

A summary of comparison between all methods is illustrated
in Fig. 9. It is clear that the results of this study located in the
range of different values suggested by different researchers and
thus, seem to be acceptable. Values computed by Bolton and Lau
(1993) for rough base foundations have the best consistency with

the ZEL method among the others. The possible reasons can be
related to similarities in the methods and similarities in the
boundary condition for a rough-base foundation. Similar values
to that of Terzaghi (1943), Hansen (1970) or Vesić (1973) for
φ=45o are resulted by decreasing the friction angle roughly by
1.0 degree. Also, by decreasing the friction angle roughly by 2.0
degrees similar results to those obtained from PLAXIS or
suggested value of Meyerhof (1963) can be obtained, indicating
that the computed values are in range. One of the reasons of
differences in suggested values of Nγ , in spite of dissimilarities
between the methods and assumptions, can be related to the fact
that computed values of Nγ at high friction angles are large and
therefore, the differences are significant. 

4.4 Model Convergence
A thorough study was performed to validate the model con-

vergence. The convergence was checked for an increase in both
number of divisions (number of nodes to discretize the boundaries
of the problem) and number of iterations (number of try-and-
error rounds to achieve minimum error in the numerical calculations
at each node) for convergence. Fig. 10 shows the model convergence
for the number of divisions and the number of trial rounds for a
certain problem of a rough-base foundation resting over a soil
(φ=40o, γ=20 kN/m3). It is obvious that the maximum error
associated with the solution in determination of the foundation
pressure is 20% when the number of divisions is equal to 16.

4.5. Model Verification Considering Stress Level Effect
In the previous parts, the code was verified with conventional

methods, including closed form solutions of plasticity equations
and other existing results. However, there is a major difference
between the developed code and a number of the traditional
finite element-based codes. The developed code, based on a
stress level dependent ZEL method can take the effects of stress
level dependent soil friction angle and its variations into account,
which seems to be an important ability to predict actual bearing
capacity of different size foundations over a certain soil type. As
a matter of fact, when the effect of stress level on soil friction
angle and its variation is not considered, a unique prediction of
the ultimate bearing capacity factor, Nγ, for foundations of
different sizes will be obtained. This is not always an accurate
prediction as stated before since the value of Nγ has been found

Fig. 9 The Bearing Capacity Factor, Nγ from Different Methods for
Rough Base Strip Foundations

Fig. 10. Model Convergence by Increasing: (a) Number of Nodes (Divisions) and (b) Number of Trial Rounds at 24 Divisions



M. Jahanandish, M. Veiskarami, and A. Ghahramani

− 718 − KSCE Journal of Civil Engineering

to be a function of foundation size. Therefore, application of the
ZEL method in the developed code can be considered as a useful
tool to take the stress level effect into account and hence, it is
expected to avoid small and over-conservative values of the
bearing capacity factor, Nγ, for small foundations or very high
values for larger ones where may be unsafe.

In this part, the numerical model and computer code is validated
for experimental results of Clark (1998) which were previously
described. The results of Nγ calculated from Eq. (4), suggested by
Clark (1998) for foundation load tests, are presented in Table 2. 

As it was stated before, the variations of soil maximum friction
angle with stress level are employed in this study to predict the
bearing capacity factor, Nγ. The foundation was assumed to be
over a cohesionless soil with a deep (rough base) mechanism.
The stress level based ZEL method through the developed code
with sufficient iteration rounds to obtain precise results provided
the bearing capacity factor, Nγ for different size foundations. The
results are presented in Table 2 along with the results obtained
from Clark (1998) experiments. The predictions made by the
ZEL method with stress level considerations, seem to be in good
agreement with experimental results of Clark (1998). Thus, it
can be concluded that the ZEL method and developed code work
properly in a stress level dependent condition.

Since the distribution of stress level in different locations
below a foundation is very complex, the use of conventional
methods, i.e. bearing capacity formula, cannot provide a precise
estimation of the bearing capacity of foundations. However, a
stress level based ZEL method can reasonably provide a good
estimation of the bearing capacity, considering the corresponding
shear strength of soil in different points below the foundation as a
function of stress level. It is also clear that the use of critical state
friction angle in computation of Nγ is over-conservative while
using peak friction angle is unsafe.

5. Computation of the Bearing Capacity Factor,
Nγ, Based on Stress Level and Discussion of the
Results

5.1 Computation of the Stress Level Dependent Nγ

Considering the validity of the code, the values of the bearing
capacity factor, Nγ , are computed for different size foundations at
different conditions. These results include both smooth base and

rough base failure mechanisms. The procedure is described in
the following. 

5.1.1 Soil Shear Strength Parameters as a Function of
Stress Level

The stress level dependency of soil shear strength can be
considered as a nonlinear Mohr-Coulomb failure envelope as it
was stated before. This dependency can be expressed as a general
relationship between soil internal friction angle and confining
pressure in the laboratory. Without violating the generality of the
problem, a simple assumption for this variation is utilized similar
to Eq. (2) recommended by Bolton (1986) and Kumar et al.
(2007). Employing this equation requires the values of critical
state friction angle and relative density of soil to be determined
from laboratory tests results. 

5.1.2 Model Parameters and Assumptions 
Propagation of generated stresses in the soil mass due to the

boundary conditions of the problem and soil weight, provide
different stress levels in the medium. Mobilized friction angle of
the soil mass is supposed to obey stress level dependency, i.e.,
maximum friction angle, φmax, of soil elements are functions of
critical state friction angle, φc.s., relative density, Dr, and stress
level. The variation of the bearing capacity factor, Nγ, is computed
for different values of φc.s., Dr and foundation size. Since the
value of soil density is required for actual stress level at different
locations in the soil mass, it is supposed to be equal to 20 kN/m3

which seems to be valid for most of soils. The values are
obtained for both rough base (after Prandtl, 1921) and smooth
base (after Hill, 1926) failure mechanisms. The lower most value
of φmax is limited to φc.s. in calculations. Relative densities were
considered as 50% and 75% which seem to be reasonable in
practice.

5.2 Results of the Numerical Modeling and Discussion 
The bearing capacity factor, Nγ , is computed for different cases

of soil friction angle with different relative densities and for
different foundation sizes. The ZEL net for the case of a rough
base strip foundation on a soil mass with φc.s.=30o, B=1.0 m and
Dr=50% is illustrated in Fig. 11(a). The distribution of the
maximum mobilized soil friction angle, φmax, in the soil mass is
shown in Fig. 11(b) which is resulted from different stress levels
at different points. As it was expected, the mobilized maximum
friction angles are achieved in zones of the lowest stresses, i.e. in
passive Rankine zone at the right side. Fig. 11(c) represents the
normalized stress distribution beneath the foundation. Fig. 12
shows similar results for B=10 m. In this case, the decrease of the
friction angle due to an increase in stress level distribution in the
soil mass is evident in comparison to the previous case of smaller
foundation.

In Fig. 13, similar results for a smooth base strip foundation
with B=1.0 m over the same soil are presented. Fig. 14, depicts
similar results for larger foundation (B=10 m) on the similar soil
with similar properties. Again, larger foundation generally reduces

Table 2. Comparison of the Results for the Bearing Capacity Fac-
tor Nγ

Diameter
(m)

Nγ

Error
(%)Clark (1998) 

Experiments
This Study 

(Considering 
Stress Level)

0.5 406 440 8.4

1.0 325 335 3.1

5.0 194 185 4.6

10.0 156 160 2.6
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the maximum mobilized friction angle, φmax, in a major portion
of the soil mass. It is worth mentioning to note that for the soil
with given properties, according to Eq. (2), this soil has a φpeak=
45o at unit confining pressure.

In general, according to the numerical study, it can be concluded
that the larger the foundation the higher the imposed stress levels
at any arbitrary point in the soil mass below the foundation. It
results in lower values of mobilized friction angle and as a
consequence, lower values of Nγ . The results obtained from

numerical analyses, coincide with experimental observations of
many researchers as stated earlier.

Figs. 15 through 18 show the variation of the bearing capacity
factor, Nγ , versus foundation size, with critical state soil friction
angle and relative density for both rough base and smooth base
failure mechanisms. These charts have been provided by a
similar scheme described before and in each graph, critical state
friction angle, φc.s., and soil relative density, Dr, were assumed to
be constant. It is also assumed that the soil obeys Bolton’s (1986)

Fig. 12.Strip Foundation with Rough Base (φc.s.=30o, B=10.0 m and Dr=50%): (a) ZEL net, (b) Variation of Soil Friction Angle, (c) Normal-
ized stress Distribution Beneath the Foundation

Fig. 13.Strip Foundation with Smooth Base (φc.s.=30o, B=1.0 m and Dr=50%): (a) ZEL Net, (b) Variation of soil Friction Angle, (c) Normalized
stress Distribution Beneath the Foundation

Fig. 11. Strip Foundation with Rough Base (φc.s.=30o, B=1.0 m and Dr=50%): (a) ZEL Net, (b) Variation of Soil Friction Angle, (c) Normalized
stress Distribution Beneath the Foundation
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equation which is true for many frictional soils. Changes in Nγ

are resulted from variations in mobilized maximum friction
angle, φmax, due to an increase or decrease in foundation size and
in fact, different pattern of stress level distribution beneath the
foundation. The decreasing rate in Nγ can be observed but it
decreases by increasing the foundation size and for reasonably
large foundations, Nγ approaches a constant value corresponding

to the critical state soil friction angle. It is also evident that the
bearing capacity factor, Nγ, is different for a certain case, i.e.,
similar foundation size and soil properties, but with different
failure mechanisms, foundations with rough base show higher
values of Ng. Therefore, the effect of foundation roughness can
be considered as another important factor in the bearing capacity
of foundations as well as foundation size. 

Fig. 14.Strip Foundation with Smooth Base (φc.s.=30o, B=10.0 m and Dr=50%): (a) ZEL Net, (b) Variation of Soil Friction Angle, c) Normal-
ized stress Distribution Beneath the Foundation

Fig. 15.Variation of the Bearing Capacity Factor, Nγ, with Founda-
tion Size (φc.s.=20o) 

Fig. 16.Variation of the Bearing Capacity Factor, Nγ , with Founda-
tion Size (φc.s.=25o)

Fig. 17.Variation of the Bearing Capacity Factor, Nγ, with Founda-
tion Size (φc.s.=30o)

Fig. 18.Variation of the Bearing Capacity Factor, Nγ , with Founda-
tion Size (φc.s.=35o)
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6. Conclusions

There have been several attempts to relate the shear strength
parameters of soils to the level of applied stress. Unlimited
increase of the bearing capacity factor, Nγ, has been a major
concern resulted in very high and illogical values of the ultimate
bearing capacity of foundations. Considering the dependency of
soil shear strength parameter, i.e. maximum internal friction
angle, φmax, to the stress level provides a basis for more realistic
estimation of the bearing capacity of foundations through a stress
level-based numerical model. Stress level beneath the foundations,
is mainly affected by the size of the foundation, and the larger the
foundation the higher the produced stresses in the soil mass
resulted from the foundation load.

The ZEL method with considering the dependency of soil
maximum friction angle, φmax, to the confining pressure was used
to predict the bearing capacity factor, Nγ , as a function of
foundation size. Thus, the simultaneous effect of stress level and
foundation size on the bearing capacity of foundations has been
studied. 

The stress level-based ZEL method, was first employed in the
developed computer code and then verified for a number of
existing numerical and experimental results. The verification
also included the comparison between the code and similar
computer software, i.e. PLAXIS, which is common in geotechnical
engineering analyses for cases without considering the effect of
stress level. These comparisons showed that the results are
located in the common range presented by the researchers. For
high values of soil friction angles, e.g., φ >40o the results have
the best consistency with those suggested by Bolton and Lau
(1993) due to similarities in the assumptions and boundary
conditions. Further comparison with existing experimental results
of Clark (1998), on small to large foundations, showed that the
prediction of the bearing capacity considering the stress level
effect by the ZEL method with stress level considerations provides
reasonable results. It is also noticeable that assuming a constant
soil friction angle, as arbitrarily assumed in many conventional
methods, provides inaccurate results. The computer code was
later employed for prediction of the bearing capacity factor, Nγ ,
for small to large foundations. The model was applied to both
rough base and smooth base foundations.

The results show that the use of stress level based ZEL method
can reasonably provide practical values of the bearing capacity
factor, Nγ, as a function of foundation size. A number of design
charts have been presented to provide practical values of the
bearing capacity factor, Nγ, assuming Bolton (1986) equation to
take the stress level effect. These charts require the critical state
friction angle and soil relative density to be determined from
laboratory tests. Values of the bearing capacity factor, Nγ, can
then be obtained as a function of foundation size for soils obey-
ing Bolton (1986) equation. As it was expected from experi-
mental observations of many researchers, it is also evident from
these charts, obtained by theoretical approach, that stress level
and foundation size, as well as base roughness have considerable

effect on the bearing capacity of shallow foundations. The value of
Nγ , decreases with an increase in foundation size but the
reduction rate decreases when foundation size increases. By
using these charts, it is possible to find the corresponding value
of Nγ , based on the size of the foundation and soil geotechnical
parameters.
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Notations

A : Constant parameter 
B, D : Foundation width and diameter
c : Soil cohesion strength intercept
Dr : Soil relative density
fx, fz : Defined in Eq. (9)
h : An arbitrary function
Ir : Soil dilatancy index
M : Exponent
Ni : Bearing capacity factors consists of Nc, Nq and Nγ

n : An integer equal to 0 for plane strain problems and 1
for axi-symmetric problems

Q, R : Constants in finding Ir 
q : Surcharge pressure
qult : Ultimate bearing capacity
S : Mean stress, (σ1+σ3)/2
T : Radius of Mohr’s circle of stresses equal to Ssinφ

+ccosφ
X, Z : Horizontal and vertical body and/or inertial force
x, z : Measures of distance for horizontal and vertical

directions
: Parameters using in compacted forms of the ZEL

equations, defined in Eq. (7)
ε−, ε+ : Measures of distance for minus and plus strain

characteristics (ZEL) directions
φ : Soil friction angle (in general)
φc.s. : Critical state friction angle
φmax : Maximum mobilized friction angle
γ : Soil density
µ : Angle between the stress characteristics lines and

major principal stress direction
νmax : Maximum soil angle of dilation
ν : Soil angle of dilation
σ : Stress (in general)
σ −, σ + : Measures of distance for minus and plus stress

characteristics directions
σ1, σ3 : Major and minor principal stresses 
σx, σz : Normal stress acting in x and z directions
σθ : Circumferential stress in an axi-symmetric problem
τxz : Shear stress

α β ζ, ,
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ψ : Inclination of the major principal strain and stress
with respect to horizontal direction

ξ : Angle between the Zero Extension Lines and major
principal strain direction
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Appendix. Finite Difference Forms of the Equa-
tions

As stated before, there are four equations and four unknowns

at each point, e.g., point C, which should be calculated based on
existing data from previous two points, namely, A and B. The
finite difference forms of these equations are as follows:

(12)

Jahanandish (2003) Equations:

(13)

(14)

For tive ZEL: zC zA–( )
xC xA–( )

-------------------+ tan ψ ξ+( )=

For tive ZEL:
zC zB–( )
xC xB–( )

-------------------+ tan ψ ξ–( )=⎩
⎪
⎨
⎪
⎧

Along  the  plus (+) ZEL:

SC SA–( )
TC TB–( )
∆BC

--------------------∆AC
2T

cosν
----------- ψC ψA–( ) sinν ψC ψ B–( )

∆BC
----------------------∆AC–⎝ ⎠

⎛ ⎞+ +

 frcos ψ ξ+( ) fz sin ψ ξ+( )+[ ]∆AC=
Along  the  minus (-) ZEL:

SC SB–( )
TC TA–( )
∆AC

--------------------∆BC
2T

cosν
----------- ψC ψB–( ) sinν ψC ψA–( )

∆AC
----------------------∆BC–⎝ ⎠

⎛ ⎞–+

 frcos ψ ξ–( ) fz sin ψ ξ+( )+[ ]∆BC=⎩
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎧

∆AC xA xC–( )2 zA zC+( )2+ dε+= =

∆BC xB xC–( )2 zB zC+( )2+ dε  –= =⎩
⎨
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