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Abstract: Magnetic tracking technologies have a promising application in detecting the real-time position and
attitude of a capsule endoscope. However, most of them need to measure the magnetic moment of a permanent
magnet (PM) embedded in the capsule accurately in advance, which can cause inconvenience to practical applica-
tion. To solve this problem, this paper proposes a magnetic tracking system with the capability of measuring the
magnetic moment of the PM automatically. The system is constructed based on a 4 × 4 magnetic sensor array,
whose sensing data is analyzed to determine the magnetic moment by referring to a magnetic dipole model. With
the determined magnetic moment, a method of fusing the linear calculation and Levenberg-Marquardt algorithms
is proposed to determine the 3D position and 2D attitude of the PM. The experiments verified that the proposed
system can achieve localization errors of 0.48 mm, 0.42 mm, and 0.83 mm and orientation errors of 0.66◦, 0.64◦,
and 0.87◦ for a PM (∅10mm × 10mm) at vertical heights of 5 cm, 10 cm, and 15 cm from the magnetic sensor
array, respectively.
Keywords: permanent magnet, magnetic moment measurement, optimized Levenberg-Marquardt algorithm,
MAG3110 magnetic sensor, tracking system
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0 Introduction

The tracking technology based on permanent mag-
net (PM) has been widely researched in recent
years, such as medical fields (tracking of capsule
endoscopes[1]) and industrial fields (tracking and nav-
igation of automated guided vehicle[2], and position
detection of motor[3-4]). Nowadays, there are three
kinds of commonly-used tracking methods: the clas-
sical Levenberg-Marquardt (LM) algorithm, the opti-
mized LM algorithm, and the neural network and deep
learning method based on a large and high-resolution
database.

The classical LM algorithm is a fast local search op-
timization algorithm. It is based on the principle of
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solving the inverse of a system of higher order nonlin-
ear equations derived from the magnetic dipole model
to determine the position and attitude of the PM.
Schlageter et al.[5] implemented the PM tracking us-
ing the LM algorithm for the first time. However, the
exact accuracy was not indicated. Subsequently, sev-
eral studies have achieved tracking of a PM with the
localization error typically around 5mm. For example,
Hu et al.[6] established a PM tracking system with a
minimum localization error of 4.6mm and provided a
fast solution speed (0.137 s). Pham and Aziz[7] used
the LM algorithm to track a capsule in an animal with
a localization error of 5 mm. Song et al.[8] achieved
real-time tracking wireless capsules with a localization
error of up to 5.2mm and an orientation error of 6.6◦

in dynamic scenarios.
However, the classical LM algorithm needs an ini-

tial solution close to the global optimal solution before
the PM is positioned; otherwise, the results may con-
verge to a local optimal solution. During the actual
initial localization, the PM may appear at any position
with any attitude[9]. To solve this problem, optimized
LM algorithm, which is implemented by first solving
the initial value problem and then substituting the
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initial value into the classical LM algorithm to solve
for the position and attitude of a PM, is proposed. Hu
et al.[10] proposed a linear algorithm based on matrix
and algebraic calculation to track a PM with average
localization and orientation errors of 5.6mm and 1.7◦

respectively. Then, they combined linear algorithm and
LM algorithm to establish a system, whose tracking ac-
curacy values were 1.8mm and 1.6◦, and the solution
time was about 0.1 s[11]. Song et al.[12] fused the parti-
cle swarm optimization (PSO) algorithm and LM algo-
rithm to track a PM with tracking accuracy values of
0.003mm and 0.036◦. However, the results showed that
the execution time was up to 830 s, which could not
meet the real-time requirement. Su et al.[13] established
a magnetic tracking system based on LM algorithm and
PSO algorithm. The most effective tracking distance is
36—96mm, and the average tracking accuracy values
are 0.70mm and 1.22◦. However, this effective tracking
distance does not quite meet the human requirement
yet. Su et al.[14] proposed intuitive method, a magnetic
tracking approach based on LM algorithm, to solve the
magnetic tracking problem based on graph optimiza-
tion with average tracking accuracy values of 0.72mm
and 1.51◦. However, the execution time of this algo-
rithm is too long to meet the real-time requirement.

Meanwhile, the researchers proposed the use of neu-
ral networks and deep learning methods in magnetic
tracking. Qin et al.[15] proposed a hybrid feed forward
neural network and Levenberg-Marquardt (hFFNN-
LM) algorithm to track a PM with tracking accuracy
values of 0.70mm and 0.90◦, and the average single ex-
ecution time was 1.07ms. Sebkhi et al.[16] proposed
a permanent magnet localization (PML) model that
can achieve a localization error of 1.8mm, but did
not solve the attitude of a PM. Lv et al.[17] used the
prior knowledge based back propagation neural net-
work (PKBPNN) to track a PM in the far field (far
source area), and the experiments showed that the av-
erage tracking accuracy values were 8.95mm and 7.97◦

in a tracking range of 216—296mm. However, high-
precision tracking based on neural networks and deep
learning requires a large and high-resolution database
to support, and the database needs to be trained ex-
tensively before tracking.

In a word, it is clear that the optimized LM algorithm
is the most cost-effective in terms of accuracy and real-
time performance. However, this method requires pre-
measurement of the magnetic moment. Currently, there
are two methods to measure the magnetic moment of
a PM. The first method is calculating its equivalent
magnetic moment using a PM and a magnetometer[18].
The second method is implemented with a Helmholtz
coil and a magnetometer[19], based on Biot-Savart Law
and magnetic dipole model. However, these two meth-
ods are tedious and costly, which both require a high
precision magnetometer to measure. And it is neces-

sary to eliminate the influence of the earth’s magnetic
field and other constant stray magnetic fields on the
magnetometer. Besides, keeping the PM as stationary
relative to the magnetometer probe as possible is also
indispensable.

To address the above limitation, this paper proposes
a high-precision real-time magnetic tracking system
that can measure the magnetic moment of PM auto-
matically. The PM is placed at a specified position
on the calibration board, and the magnetic moment is
calculated based on the data sensed by the sensor and
known parameters to achieve automatic measurement.
Then the position and attitude of the PM are solved
based on the magnetic moment and the optimized LM
algorithm to realize the high precision real-time track-
ing of the PM.

This paper is organized as follows. Section 1 intro-
duces the working flow of the tracking system and the
method of magnetic moment measurement based on the
magnetic dipole model. Section 2 introduces the opti-
mized LM algorithm in detail. Section 3 introduces the
experimental setup of the tracking system and analysis
of experimental results. Finally, Sections 4 presents the
conclusion.

1 Methodology

Figure 1 presents the working flow of the tracking sys-
tem. First, the magnetic sensor array is configured by
the single-chip microcomputer; the sensor array senses
the magnetic induction intensity of the PM controlled
by the robotic arm and outputs the sensing data to the
multiplexer module. Second, the microcomputer con-
trols the multiplexer module to select the 16 sensors
in sequence and receives the sensing data from them;
the sensing data is transmitted to MATLAB on the
personal computer (PC). Finally, the optimized LM al-
gorithm is used to solve for the position and attitude of
the PM, and the tracking results are displayed on the
computer interface in real time.

PM controlled
by robotic arm

Tracking system

PC

Matlab receives
sensing data

Execute optimized
LM algorithm

Display the PM
tracking results

Magnetic
sensor array

Configure
Control

Multiplexer
module

Single-chip
microcomputer

Fig. 1 Block diagram of the real-time and high-precision
tracking system.
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1.1 Magnetic Dipole Model
The magnetic dipole model is the basis of magnetic

theory research, as shown in Fig. 2. Before studying
the magnetic field distribution of a PM, it is necessary
to know the spatial distribution of the magnetic field
generated by a magnetic dipole.

Magnet
H0=(n,p,q)
(a,b,c)

Pl
The lth sensor

(xl,yl, zl)

x
y

z

O

Fig. 2 Schematic of the magnetic dipole model.

The magnetic dipole is used as a simplified phys-
ical model for a cylindrical PM. The central point
of the PM is (a, b, c) and H0 = (n, p, q) represents
the components of PM magnetization orientation on
three coordinate axes. The spatial coordinates of the
lth sensor are (xl, yl, zl), 1 � l � 16. The position
vector of the PM with respect to the lth sensor is
Pl = (xl − a, yl − b, zl − c). According to the mag-
netic dipole model, the magnetic induction intensity at
the lth sensor is

Bl = Blxi + Blyj + Blzk =
μ0μrm

4π

(3(H0 · Pl)Pl

R5
l

− H0

R3
l

)
=

BT

(3(H0 · Pl)Pl

R5
l

− H0

R3
l

)
, (1)

l = 1, 2, · · · , 16,

where, Blx, Bly and Blz are the 3-axis components of
the magnetic induction intensity of the PM measured
by the lth sensor; i, j and k are the unit vectors of the
x, y and z coordinate axes, respectively; μ0 is the vac-
uum magnetic permeability; μr is the relative magnetic
permeability; m is the magnetic moment of the PM; Rl

is the modulus of Pl, as

Rl =
√

(xl − a)2 + (yl − b)2 + (zl − c)2. (2)

In this article, we propose a 5-D magnetic tracking
system (3-D position and 2-D attitude). The cylindrical
magnet can only provide 2-D rotation angles. There-
fore, the following inherent constraint of the PM’s at-
titude is added:

n2 + p2 + q2 = 1. (3)

Additionally, Blx, Bly and Blz in Eq. (1) are ex-

panded to obtain:

Blx =
μ0μrm

4π
×

{3[n(xl−a) + p(yl−b) + q(zl−c)](xl−a)
R5

l

− n

R3
l

}
, (4)

Bly =
μ0μrm

4π
×

{3[n(xl−a) + p(yl−b) + q(zl−c)](yl−b)
R5

l

− p

R3
l

}
, (5)

Blz =
μ0μrm

4π
×

{3[n(xl−a) + p(yl−b) + q(zl−c)](zl−c)
R5

l

− q

R3
l

}
. (6)

We use the sensor to measure sensing data to cal-
culate the magnetic moment m of the PM. Based on
the magnetic moment and the known parameters, the
position (a, b, c) and attitude (n, p, q) of the PM can be
solved by using the optimized LM algorithm, noted as
v0.
1.2 Measure and Calculate Magnetic Moment

To solve the problem of inconvenience in the mag-
netic moment measurement of a PM, we use the mag-
netic sensor array to measure. The magnetic induction
intensity of the PM used in the system is of Gauss mag-
nitude within the tracking distance. However, the mag-
netic induction intensity of the earth’s surface is about
0.5 Gauss. The magnetic field has an influence on the
accuracy of magnetic tracking. Therefore, the inter-
ference to the sensors should be compensated before
data collection. To effectively remove the interference
during the sensor detection, bias measurement of the
magnetic field can be performed and removed before
tracking. The operation removes not only the earth’s
surface magnetic field, but also some other constant
and stray magnetic fields. In this way, the subsequent
sensing data is in better agreement with the magnetic
induction intensity of the PM, which facilitates the pre-
cise tracking of the PM.

Figure 3 shows the flow chart of the magnetic mo-
ment calculation.

Calculate m

PC
PM

Calculate magnetic moment

6D parameters
(x1, y1, R1, 0, 0, 1)

The 1st sensor

Remove
earth’s surface
magnetic field

B1z

Fig. 3 Block diagram of magnetic moment calculation.

First, it is important to ensure that the sensing data
is not disturbed by the earth’s surface magnetic field
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before calculating the magnetic moment. The process
of compensating the interference is as follows: The PM
used for the experiment is first placed away from the
sensor array, which means that the sensors are not af-
fected by the magnetic field of the PM. Each sensor of
the array collects 20 sets of triaxial sensing data, and
then calculates its mean separately as follows:

B̄lx =
20∑

t=1

Blx,t

B̄ly =
20∑

t=1

Bly,t

B̄lz =
20∑

t=1

Blz,t

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (7)

l = 1, 2, · · · , 16,

where, Blx,t, Bly,t and Blz,t represent the sensing data
of the group t collected by the lth sensor; B̄lx, B̄ly and
B̄lz represent the mean of the lth sensor interference
bias measurement.

Second, each sensor subtracts (B̄lx, B̄ly, B̄lz), the
mean of the interference bias measurement, after col-
lecting the sensing data. In this way the interference of
the earth’s surface magnetic field and other stray mag-
netic fields to the sensor is compensated. Then in order
to simplify the calculation, only the magnetic induction
intensity of the PM gathered on the single coordinate
axis of the sensor is measured in actual magnetic mo-
ment measurement. Herein, we choose the z-axis to per-
form the calculation. The PM with fixed position and

attitude (x1, y1, R1, 0, 0, 1) is placed directly above the
1st sensor with fixed position (x1, y1, 0). After simpli-
fying Eq. (6), m can be expressed as follows:

m =
2πB1zR

3
1

μ0μr
. (8)

Finally, the data (B1z) collected by the 1st sensor is
transmitted to the PC through the multiplexer and the
microcontroller. In addition, the magnetic moment m
is calculated according to Eq. (8).

It was experimentally verified that incorporating this
method into the system, the entire process of magnetic
moment measurement was less than 5 s. In addition,
the magnetic moment of different sizes of PMs can be
measured accurately. This method has significantly im-
proved the accuracy and convenience of the magnetic
moment measurement of capsules embedded with dif-
ferent sizes of PMs.

2 Optimized LM Algorithm

Figure 4 shows the flow chart of the optimized LM
algorithm (linear calculation-LM): the sensors collect
data and send it to the computer to execute the linear
calculation once to estimate the position and attitude of
the PM. The estimated result v0(a0, b0, c0, n0, p0, q0) is
used as the initial value for the LM algorithm. Then the
LM algorithm is executed to obtain the exact position
and attitude of the PM. The LM algorithm can be used
separately for subsequent tracking, and the result of the
previous solution is calculated as the initial value for the
next solution until the end of the tracking task.

PM Linear calculation

LM algorithm

Real-time
transmission

Execute once

Optimized LM algorithm

Measured magnetic induction intensity

(B1x, B1y, B1z, …, B16x, B16y, B16z)

(a0,b0,c0,n0,p0,q0)

Feedback

Magnetic
sensor array

Weight calibration

(a,b,c,n,p,q)

Fig. 4 Structure of the optimized LM algorithm.

The system achieves a high-precision tracking not
only based on the accurate magnetic moment of PM
and the optimized LM algorithm, but also on the weight
calibration of the sensors to compensate for small
quality differences between the different sensors. The
weight factors are ξlx, ξly and ξlz, 1 � l � 16:

ξlx =
Blx

B1x
, ξly =

Bly

B1y
, ξlz =

Blz

B1z
. (9)

Then in the practical application of the algorithm,
Eqs. (4)—(6) become the following:

Blx =
ξlxμ0μrm

4π
×

{3[n(xl−a)+ p(yl−b) + q(zl−c)](xl−a)
R5

l

− n

R3
l

}
, (10)

Bly =
ξlyμ0μrm

4π
×
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{3[n(xl−a) + p(yl−b) + q(zl−c)](yl−b)
R5

l

− p

R3
l

}
, (11)

Blz =
ξlzμ0μrm

4π
×

{3[n(xl−a) + p(yl−b) + q(zl−c)](zl−c)
R5

l

− q

R3
l

}
. (12)

The detailed process of our proposed algorithm is as
follows.

The first set of data measured by the magnetic sen-
sor array is used to execute the linear calculation. The
size of absolute of the data collected by the 16 sen-
sors are compared, and the sensor with the largest sum
of the 3-axis data’s absolute is selected. Assign the
position (xl, yl) of the sensor to the initial parameter
(a0, b0). For example, if max

{|B1x|+ |B1y|+ |B1z|, · · · ,

|B16x| + |B16y| + |B16z|
}

= |B8x| + |B8y| + |B8z |, the
position parameters are (x8, y8, c0). Then assign c0 a
value of 7.5 cm, 10 cm, or 12.5 cm according to the size

of |B8x|+ |B8y|+ |B8z|. The initial position parameters
of the PM are obtained. Subsequent experiment ver-
ified that the linear calculation is easy to implement,
and the approximate position parameters of the PM
obtained from the linear calculation are used as the ini-
tial values of the LM algorithm, which can obtain the
global optimal solution.

In order to fit the PM’s position and attitude param-
eters more accurately, the following function based on
Eq. (3) is constructed:

f = n2 + p2 + q2 − 1. (13)

The Jacobian function is utilized to fit the position
and attitude parameters v(a, b, c, n, p, q). The partial
derivatives of a, b, c, n, p and q in Eqs. (10)—(12) are
solved using sensing data from 16 sensors, separately.
Then partial derivatives of a, b, c, n, p and q in Eq. (13)
are solved, separately. The Jacobian matrix with 49
rows and 6 columns is obtained as follows:

J =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂B1x

∂a

∂B1y

∂a

∂B1z

∂a
· · · ∂B16x

∂a

∂B16y

∂a

∂B16z

∂a
0

∂B1x

∂b

∂B1y

∂b

∂B1z

∂b
· · · ∂B16x

∂b

∂B16y

∂b

∂B16z

∂b
0

∂B1x

∂c

∂B1y

∂c

∂B1z

∂c
· · · ∂B16x

∂c

∂B16y

∂c

∂B16z

∂c
0

∂B1x

∂n

∂B1y

∂n

∂B1z

∂n
· · · ∂B16x

∂n

∂B16y

∂n

∂B16z

∂n

∂f

∂n

∂B1x

∂p

∂B1y

∂p

∂B1z

∂p
· · · ∂B16x

∂p

∂B16y

∂p

∂B16z

∂p

∂f

∂p

∂B1x

∂q

∂B1y

∂q

∂B1z

∂q
· · · ∂B16x

∂q

∂B16y

∂q

∂B16z

∂q

∂f

∂q

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

. (14)

The specific Jacobian matrix is obtained by substi-
tuting the known parameters (xl, yl, zl), (Blx, Bly, Blz),
ξlx, ξly, ξlz , m, μ0, μr and v0 into Eq. (14). In order
to obtain the accurate position and attitude param-
eters of PM, the errors between the calculated data
(Blx, Bly, Blz , f) based on the fitted parameters (v0)
and the actual data (B∗

lx, B∗
ly, B∗

lz , f
∗) measured by the

sensors need to be minimized. We define the objective
error function as follows:

E =
16∑

l=1

(B∗
lx − Blx)2 +

16∑
l=1

(B∗
ly − Bly)2

+
16∑

l=1

(B∗
lz − Blz)2 + f∗ − f, (15)

where, Blx, Bly and Blz are calculated by Eqs. (10)—
(12), B∗

lx, B∗
ly and B∗

lz are the measured sensing data
by the lth 3-axis magnetic sensor, 1 � l � 16, f∗ ≡ 0
is known from the inherent constraint Eq. (3), and f
is calculated from the initial parameters (n0, p0, q0) ac-

cording to Eq. (13). The known parameters are substi-
tuted into the Eq. (15) to obtain the error before the
calculation of the first iteration. The differences be-
tween B∗

lx, B∗
ly, B∗

lz , f∗ and Blx, Bly, Blz , f (1 � l �
16) are as follows:

d1 = B∗
1x − B1x

d2 = B∗
1y − B1y

d3 = B∗
1z − B1z

...
d46 = B∗

16x − B16x

d47 = B∗
16y − B16y

d48 = B∗
16z − B16z

d49 = f∗ − f

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (16)

The error matrix E is shown in

E = [d1 d2 d3 · · · d46 d47 d48 d49]. (17)
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The incremental normal matrix is constructed as

h = JTET/(JJT + λI), (18)

where, JT and ET are the transpose matrices of J and
E, respectively; λ is the damping factor to regulate the
speed of iteration; I is the 6th order unit matrix. The
specific incremental matrix is obtained by substituting
known parameters into Eq. (18):

h = [Δa Δb Δc Δn Δp Δq]. (19)

The six increments of Eq. (19) are added to the ini-
tial parameters (a0, b0, c0, m0, n0, p0) in turn, and then
the fitted position and attitude parameters are obtained
after the first iteration:

v1 = (a0 + Δa, b0 + Δb, c0 + Δc,

n0 + Δn, p0 + Δp, q0 + Δq) =
(a1, b1, c1, n1, p1, q1). (20)

The newly calculated data Bl(Blx, Bly, Blz) and f
are obtained by substituting v1 into Eqs. (10)—(13).
Then the newly calculated data Bl(Blx, Bly , Blz), f
and the measured data B∗

l (B∗
lx, B∗

ly , B∗
lz), f∗ are sub-

stituted into Eq. (15) to calculate the fitted error (E′).
The errors (E and E′) before and after the fitting of

the position and attitude parameters of PM are com-
pared. If the new error after fitting (E′) is smaller than
the error before fitting (E), the damping factor (λ) is
adjusted to 1/10 of the original one. The next iter-
ation is executed using the newly fitted position and
attitude parameters (v1) of the PM. The solving is ter-
minated when the iterative operation reaches the max-
imum number of iterations. The final fitted position
and attitude parameters (v) of the PM are obtained.
Conversely, the damping factor (λ) is adjusted to 10

times the original one and the iterative operation is
continued to the end to obtain the optimal parameters
v(a, b, c, n, p, q).

3 Experimental Verification

3.1 Magnetic Tracking System
The magnetic tracking system, which consists of a

PM, a magnetic sensor array (a multiplexer module
and 16 sensors), a single-chip microcomputer, a cali-
bration board and a six-axis robotic arm, is shown in
Fig. 5. Three types of PMs used in the experiments
are all commonly-used sizes (with sizes of ∅8mm ×
8mm, ∅10mm × 10mm and ∅12mm × 6mm) that
are suitable for embedding in capsules. The PM is po-
sitioned by a robotic arm in the 25 cm × 25 cm × 15 cm
workspace, which is above the 4×4 magnetic sensor ar-
ray with each sensor spacing 7 cm. The sensor array is
constructed of 16 sensors fixed on an acrylic board and
a multiplexer module. Dimensions of the calibration
board and the sensor array board are the same, and the
adjustable support legs between them are perpendicu-
lar to the two boards. The single-chip microcomputer
(STM32F103) obtains the real-time sensing data from
the sensors via the multiplexer module, which is con-
structed of CD4067 analog multiplexer/demultiplexer
controlled by the microcomputer. The sensing data
transmission between the microcomputer and sensors
is based on the inter integrated circuit (IIC) bus. Then
the data is transmitted to the computer through the se-
rial port. The computer is used for executing optimized
LM algorithm and displaying the PM’s position and
attitude in real time. Six-axis robotic arm (DOBOT
CR5) is used for controlling non-directional movement
of the PM with tracking accuracy values of ±0.03mm
and ±0.02◦, and verifying the localization and orienta-
tion accuracy of the system.

Multiplexer
module

STM32

Robotic arm

PM

PC
GUI

Calibration board

Sensor array

7 cm

7 cm

Fig. 5 Experimental setup of the proposed tracking system.
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In order to select suitable sensor, a finite-element
software (COMSOL) is used to establish a model to
simulate the spatial distribution of the magnetic field
of two of the PMs (the smallest: ∅8mm × 8mm and
largest size: ∅10mm × 10mm) used in the experi-
ments, separately.

Figures 6(a) and 6(d) are the dimensional drawings
of the two PMs. Figures 6(b) and 6(c) are spatial dis-

tribution diagram of two PMs’s magnetic fields that
simulated by COMSOL, respectively. The vertical de-
tection distance of the tracking system is 5—15 cm. The
simulation results show that the maximum magnetic in-
duction intensity that the sensor can collect during the
tracking is about 604μT and the minimum is about
1 μT.

Table 1 shows the important parameters of three

(a) (b) (c) (d)

1.3 μT1 μT
z
xy

O

z
xy

O

604 μT456 μT

Fig. 6 Simulation results. (a) Size of ∅8mm × 8mm magnet; (b) Simulation result of ∅8mm × 8mm magnet; (c) Simulation
result of ∅10mm × 10 mm magnet; (d) Size of ∅10 mm × 10 mm magnet.

Table 1 Comparison of sensor performance

Sensor type

Magnetic induction intensity/μT
Sampling

rate/HzFull scale

range
Sensitivity Noise

HMC5883L[8] ±800 1 0.5 (min) 75

MLX90393[20] ±5 000 0.6 0.2 (min) 90

MAG3110 ±1 000 0.10 0.05 (RMS) 80

kinds of sensors. According to these parameters,
the maximum magnetic induction intensity (604μT)
collected by the sensor in the system is within the max-
imum range (1 000μT). The minimum magnetic induc-
tion intensity (1μT) is much greater than the sensitivity
(0.10μT) and noise value (0.05 μT) of the sensor. Be-
cause the basis of accurate tracking of the system is that
the sensors can collect data that have effective changes
when the PM moves a small distance. In addition, the
data transmission rate of the sensor meets the real-time
requirements of the tracking system. After comparing,
we chose MAG3110 3-axis digital magnetometer with
high sensitivity and low noise.

The specific design of the sensor array is as follows:
the power, ground, and clock of the 16 sensors share
a common pathway, separately. In addition, they are
connected to the three pins (VCC, GND, SCL) corre-
sponding to the multiplexer module. The pins of the 16
sensors for transmitting data are connected to each of
the 16 conduction channels (I1−16/O1−16) of the multi-
plexer module. The microcontroller connects and con-
trols the inputs (A0—A3) of the multiplexer module

to select its 16 conduction channels and then its serial
data (SDA) outputs the sensing data of 16 sensors in
sequence. The microcontroller receives the data and
transfers it to the computer for processing. This design
is simple and stable for data transmission and easy to
apply.
3.2 Linear Calculation Result

According to Ref. [11], the localization and orienta-
tion errors can converge to zero when the localization
error of the LM algorithm’s initial solution is within
20 cm. We selected 36 sampling points to place the
PM. Then the computer executes linear calculation to
estimate the position of the PM. To evaluate the per-
formance of the tracking accuracy, we define two pa-
rameters, localization error (El) and orientation error
(Eo) as follows:

ea = ac − at, eb = bc − bt, ec = cc − ct

El =
√

(ea)2 + (eb)2 + (ec)2

}
, (21)

en = arccosnc − arccosnt

ep = arccospc − arccospt

eq = arccos qc − arccos qt

Eo =
√

(en)2 + (ep)2 + (eq)2

⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

, (22)

where, (ac, bc, cc, nc, pc, qc) represents the calculated
position and attitude parameters of the PM; (at, bt,
ct, nt, pt, qt) represents the true parameters; ea, eb, ec

and en, ep, eq represent the localization errors and ori-
entation errors, respectively. To enhance the readers’
understanding of the paper, the errors of n, p, q are
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converted to the angular errors of the attitude of the
PM.

Table 2 shows that the total localization absolute er-
ror is 3.05 cm, well below 20 cm. The executing result
of linear calculation is used as the initial solution of the
LM algorithm, so linear calculation is reliable.

Table 2 Localization absolute error of linear
calculation

Samples
Localization absolute error/cm

Total El/cm

|ea| |eb| |ec|

36 1.71 1.57 1.98 3.05

3.3 Specific Trajectory Experiments
Figures 7(a)—7(c) respectively show the results from

the same experiment on three trajectories with the

three PMs moving at a speed of 22.3mm/s and show
the truth trajectory (blue) and the estimated trajec-
tory(red) of the three PMs. Figures 7(d)—7(f) eval-
uate the localization and orientation accuracy of the
three sizes of PMs during the movement in Figs. 7(a)—
7(c), respectively. The red dashed lines show the av-
erage localization and orientation absolute errors. The
errors for the experiments with three PMs of dimen-
sions ∅8mm × 8 mm, ∅10mm × 10mm, and ∅12mm
× 6mm are 1.41mm and 1.68◦, 1.21mm and 1.27◦, and
1.31mm and 1.55◦, respectively. Experiments with the
three different sizes of PMs were used to verify the pro-
posed method for measuring magnetic moment. It was
demonstrated that the magnetic moment of different
sizes of PMs can be measured with high accuracy and
applied in the tracking system to solve the position and
attitude of the PM. The data shows the PM with a size
of ∅10mm × 10mm achieves the highest accuracy.
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Fig. 7 Tracking trajectory and tracking accuracy of the three PMs. (a), (b), (c) Tracking trajectories of PMs; (d) Tracking
accuracy of the trajectory in Fig. 7(a); (e) Tracking accuracy of the trajectory in Fig. 7(b); (f) Tracking accuracy of
the trajectory in Fig. 7(c).

Figure 8 shows the experimental process of the sys-
tem tracking the PM (∅10mm × 10mm) in real time
and show the position and attitude of the actual PM

(controlled by the robotic arm) and the PM fitted by
the system (shown by GUI). Figures 8(a)—8(d) are
four figures of the trajectory and attitude of the PM
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(a) (b)

(c) (d)

(c) (f)

(g) (h)

Fig. 8 Experimental process of system real-time tracking the PM. (a)—(d) Changing the position of the PM’s motion;
(e)—(h) Changing the attitude of the PM’s motion.

with fixed attitude moving in the workspace. And
Figs. 8(e)—8(h) are four figures of the trajectory and
attitude of the PM with fixed position changing its
attitude in the workspace. In order to evaluate the lo-
calization and orientation accuracy specifically, we con-
ducted quantitative experiments.
3.4 Quantitative Experiments

In quantitative experiments, the PM was positioned
at 8 × 8 evenly spaced positions spanning 25 cm ×
25 cm on three horizontal planes with an increasing
height of 5 cm to 15 cm, resulting in a total of 192 test
poses. Figures 9(a)—9(c) show the truth positions of
the PM (blue) and the estimated positions (red) cor-
responding to the three horizontal planes at different
heights as shown in Fig. 9(d), respectively. Specifically,
the PM was controlled to move along the trajectory as
shown in Figs. 9(a)—9(c) (blue lines) to reach all the

test positions. The estimated positions by our method
are illustrated in red.

Tables 3 and 4 show the localization and orienta-
tion accuracy of the tracking system, respectively. The
accuracy represented by the mean and standard devia-
tions of the localization and orientation errors of each
axis is based on the quantitative experiment, respec-
tively. The average localization errors across the 192
test poses in the 25 cm × 25 cm × 15 cm workspace are
0.33mm, 0.30mm, and 0.36mm in x, y, and z axes, re-
spectively, and the average orientation errors are 0.43◦,
0.39◦, and 0.43◦ in x, y, and z axes, respectively. As
shown in Tables 3 and 4, compared with 5 cm and 15 cm
horizontal planes, the PM has the highest tracking ac-
curacy on the 10 cm horizontal plane. The tracking
system maintains high tracking accuracy even on the
15 cm horizontal plane.
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Fig. 9 Quantitative tracking experiments. (a) 5 cm height test experiment; (b) 10 cm height test experiment; (c) 15 cm
height test experiment; (d) Three test heights.

Table 3 Localization accuracy (mean error ± standard deviation) for quantitative experiments at 192 poses
with three heights in the 25 cm × 25 cm × 15 cm workspace

Height/mm Number of poses
Localization error/mm

Total El/mm

ea eb ec

50 64 0.26 ± 0.53 0.22 ± 0.56 0.34 ± 0.65 0.48 ± 0.58

100 64 0.23 ± 0.49 0.26 ± 0.52 0.23 ± 0.56 0.42 ± 0.52

150 64 0.49 ± 0.63 0.43 ± 0.73 0.51 ± 0.59 0.83 ± 0.65

Total 192 0.33 ± 0.55 0.30 ± 0.60 0.36 ± 0.60 0.58 ± 0.58

Table 4 Orientation accuracy (mean error ± standard deviation) for quantitative experiments at 192 poses
with three heights in the 25 cm × 25 cm × 15 cm workspace

Height/mm Number of poses
Orientation error/(◦)

Total Eo/(◦)

en ep eq

50 64 0.41 ± 0.87 0.37 ± 0.76 0.36 ± 0.70 0.66 ± 0.78

100 64 0.38 ± 0.83 0.34 ± 0.70 0.38 ± 0.66 0.64 ± 0.73

150 64 0.51 ± 1.07 0.45 ± 0.97 0.54 ± 1.06 0.87 ± 1.03

Total 192 0.43 ± 0.92 0.39 ± 0.81 0.43 ± 0.81 0.72 ± 0.85

At the same time, temperature has an effect on both
the magnetic moment of the PM and the resistivity of
the sensor. The magnetic induction intensity measured
by the magnetic sensor is different for the same PM
placed in the same position at different temperatures.
When the surrounding temperature of the system in
working changes, the error of the system in tracking
the PM would become larger. So we have performed
temperature compensation, which is re-measuring the
magnetic moment before each experiment. It can be

understood as ensuring the same ratio between the
sensing data and the real magnetic induction inten-
sity data by changing the magnetic moment. We
conducted three experiments at different temperatures
(20 ◦C, 25 ◦C, and 30 ◦C). Table 5 shows that the mea-
sured magnetic moment values at three different com-
mon room temperatures are indeed different, but the
changes in the localization errors and orientation errors
of the system are almost negligible.

The factors that affect the real-time performance of
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Table 5 Tracking accuracy of the system at differ-
ent temperatures

Temperature/
◦C

Height/

cm

Magnetic

moment/

(A ·m2)

Total

El/mm

Total

Eo/(◦)

20 10 0.625 0.42 ± 0.54 0.64 ± 0.74

25 10 0.618 0.41 ± 0.51 0.63 ± 0.75

30 10 0.612 0.44 ± 0.51 0.64 ± 0.72

the system include, in addition to the three factors in
Table 6, the efficiency of the computer in solving the
data. Several experiments have verified that the rate of
solving the position and attitude of the PM and display-
ing the results in 3D plot via a computer interface can
up to 16.1Hz (966 times in 1min, 966/60 = 16.1Hz).
3.5 Comparison with Existing Work

In order to comprehensively evaluate the perfor-
mance of the tracking system, it is compared with some
methods reported in the literature. The comparison of

Table 6 Transmission rate of hardware

Hardware Rate/Hz

Sensor (sampling) 80

Multiplexer module (transmission) 1 × 106

IIC bus (transmission) 2 × 108

the 8 methods in terms of the PM size, tracking range,
localization error, orientation error, and the execution
time is shown in Table 7. It can be seen from Table
7 that our system has strong advantages in tracking
accuracy. The hardware platform and optimized LM
algorithm play important roles. Because the system’s
accurate tracking is based on the sensor (MAG3110),
which can collect data with effective change when the
PM moves a very small distance. Then the optimiza-
tion LM algorithm provides the exact solution. Finally,
the tracking system with an execution time of 0.062 s
can meet the real-time requirement in most application
scenarios.

Table 7 Comparison of tracking accuracy between different methods

Method
PM size/

(mm × mm)

Tracking range/

(mm × mm × mm)

Localization

error/mm

Orientation

error/(◦)

Execution

time/s

LM[8] 10 × 15 180 × 180 × 105 5.2 6.6 —

Linear-LM[11] 5 × 6 500 × 500 × 500 1.8 1.6 0.1

PSO-LM[12] 11 × 18 500 × 400 × 300 0.003 0.036 830

Graph optimization[14] 10 × 10 165 × 165× (66—86) 0.78 1.39 0.026

HFFNN-LM[15] 10 × 10 180 × 180 × 40 0.7 0.9 0.001

Deep neural network[16] 4.8 × 1.6 40 × 60 × 70 1.4 — —

PKBPNN[17] 10 × 10 150 × 150 × 400 3.48 4.31 —

Proposed method 10 × 10 250 × 250 × 150 0.58 0.72 0.062

Note: “—” indicates that the content of this part is not clear in the literature.

4 Conclusion

A high-precision real-time tracking system based on
the magnetic moment measurement approach and the
optimized LM algorithm was proposed. First, the hard-
ware platform of the tracking system is built. Then, the
magnetic moment of the PM is calculated by using the
sensing data. Next, the PC (using MATLAB) solves
the position and orientation of the PM based on the
optimized LM algorithm. Next, the tracking results
are displayed in 3D plot via a computer interface in
real time. Finally, the tracking performance is evalu-
ated by moving the PM in the possible positions and
attitude, e.g, some points fixed by the robotic arm or
some specific spatial lines. From the experiments, we

observe that satisfactory performance is obtained with
the average localization error 0.58mm and average ori-
entation error 0.72◦ when the PM’s movement is within
the tracking range. Compared with other systems, ob-
viously, our system has better performance. We will in-
vestigate the magnetic actuation methods to integrate
into our proposed system in the future work.
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