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Abstract: To address fixed-time consensus problems of a class of leader-follower second-order nonlinear multi-
agent systems with uncertain external disturbances, the event-triggered fixed-time consensus protocol is proposed.
First, the virtual velocity is designed based on the backstepping control method to achieve the system consen-
sus and the bound on convergence time only depending on the system parameters. Second, an event-triggered
mechanism is presented to solve the problem of frequent communication between agents, and triggered condition
based on state information is given for each follower. It is available to save communication resources, and the
Zeno behaviors are excluded. Then, the delay and switching topologies of the system are also discussed. Next, the
system stabilization is analyzed by Lyapunov stability theory. Finally, simulation results demonstrate the validity

of the presented method.
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0 Introduction

Multi-agent systems (MASs) are the systems in which
a number of agents complete large and complex tasks
through limited local information exchange and coor-
dination. In the last few years, the consensus prob-
lems of MASs are investigated in formation of multiple
robots!!? track control of satellites>4 and distributed
sensor networks(5-6l. One of the important issues is how
to design an effective controller based on the informa-
tion exchange among the agents. Some first-order fixed-
time consensus results are obtained by researchers!”8!.
However, second-order and higher-order systems are
common in practice. Unlike the first-order MASs, the
consensus problems for second-order MASs are more
challenging as the consensus of position and velocity
are required simultaneously!®!.

The convergence rate is a key performance index
to evaluate the MASs consensus protocol. Compared
with the control methods of traditional asymptotic con-
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vergence and finite-time convergence'%'1 the fixed-
time consensus algorithms are more effective for solving
the disadvantages of convergence time tending to infin-
ity and dependence on the initial value. In Refs. [12-
14], the consensus control algorithms are designed to
achieve the fixed-time convergence for second-order
MASSs. The consensus problems of fixed-time and finite-
time are considered under the unified framework!5!: the
MASSs converge in fixed-time and finite time by adjust-
ing parameters, separately. In Refs. [16-17], fixed-time
containment control for MASs is investigated, and the
sufficient condition of convergence is obtained by em-
ploying the sliding-mode control method. In addition,
the communication resources and computing power of
agents are limited. This motivated the study of event-
triggered mechanism to reduce the frequency of the con-
troller updates. In Refs. [18-20], both first-order and
second-order MASs under undirected topology are dis-
cussed. In Ref. [21], the fixed-time consensus problems
of second-order MASs with uncertain bounded distur-
bances are investigated. Moreover in Ref. [22], based on
the fixed-time consensus algorithm, the mechanisms of
self-triggered and team-triggered are designed to avoid
continuous communication. In Ref. [23], the problems
of fixed-time consensus under continuous communica-
tion and intermittent communication are studied.

On the other hand, since some factors are out of con-
trol such as imperfect data transmission and changing
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communication environment, the delay and switching
topologies are inevitable. Noticeably, it is meaningful
to investigated fixed-time consensus of MASs with the
delay and switching topologies. There are many re-
sults of consensus problems for first-order MASs with
delay[?¥. In Refs. [25-26], the system with delay is con-
verted to a system without input delay by employing
an extension of the Artstein’s reducing transformation.
In Ref. [27], the fixed-time consensus tracking control
for second-order nonlinear MASs with delay is com-
pleted, and a sliding-mode controller is added in order
to eliminate chattering. The convergence problem for
high-order MASs with delay is transformed into Nash
equilibrium seeking problem in Ref. [28]. The fixed-
time convergence of nonlinear MASs with stochastically
switching topologies and time-varying topologies is re-
searched in Refs. [29-30]. In Refs. [31-32], the track-
ing control of second-order and high-order MASs with
time-varying communication topologies can be achieved
at fixed-time, respectively. In Ref. [33], the problem of
fixed-time fault-tolerant control is studied, and the con-
tinuous control action can be provided in both switch-
ing and fixed topologies by employing the sliding-mode
control.

In previous work, many results are obtained on the
problems of continuous trigger and disturbance. How-
ever, there are few conclusions that discuss the fixed-
time consensus of second-order MASs with delay and
switching topologies, and these problems are frequent
in practical applications. This paper is motivated by
these factors to design a consensus algorithm to solve
the problems. Inspired by the above discussion, event-
triggered fixed-time consensus algorithms for second-
order nonlinear MASs with delay and switching topolo-
gies are presented. Compared with fixed-time consen-
sus algorithms in Ref. [12], an event-triggered mecha-
nism is designed to save communication resources and
avoid Zeno behaviors, and the control parameters are
adjusted to reduce the threshold of the control input. In
addition, the external disturbances and nonlinear term
are also discussed. Motivated by Ref. [22], according
to the fixed-time consensus algorithms for first-order
MASs with delay and switching topologies, this paper
extends the results to second-order MASs. In the case
of switching topologies, all agents can connect arbitrar-
ily if there is at least one path between followers and
leader. Under the action of the controller, the veloc-
ity and position of all followers can reach agreement
with the leader in fixed-time and the setting time can
be obtained. In contrast to previous work, the control
protocol designed in this study is effective to reduce the
cost and improve the practicability of the MASs.

The main innovations can be summarized in two as-
pects. First, the event-triggered mechanism is used to
reduce the frequency of the controller updates. Second,
the fixed-time consensus problems of the second-order

MASs with delay and switching topologies are solved.

The structure of this paper is given as follows. Some
necessary basic knowledge of graph theory and system
dynamic model is provided in Section 1. The event-
triggered fixed-time consensus algorithms for second-
order MASs with delay and switching topologies are
given in Section 2. Finally, a simulation is presented
and the result proves the availability of the controller
in Section 3.

1 Problem Statement

1.1 Graph Theory

Suppose a system which contains N 4 1 agents. The
communication topology is described by a digraph G =
(V,E, A), where V = {1,2,--- | N} is a finite nonempty
node set. The edge set is denoted as E = V x V
and the set of neighbours of the ith node is denoted
by N; = {j : (4,j) € E,j # i}. If node i can de-
liver a message to node j, there exists an edge between
node ¢ and node j, and the edge is described as (i, 7).
In an undirected graph that satisfies (i,7) € F and
(4,7) € E for any i,j € V, if the graph is directed, then
the above equation does not hold. The adjacency ma-
trix A = [a;j]nxn is used to represent the connection
relationship between the agent ¢ and their neighbours.
Assume that a;; = 0 for all ¢ € V. If there exists a
path from ¢ to j, then a;; > 0; otherwise, a;; = 0. The
Laplacian matrix L = [l;j]nxn of the graph is associ-

N
ated with the adjacency matrix A, where l;; = Z aij
i=1

and the non-diagonal elements are l;; = —a;;. Herein,
|| - || represents the induced 2-norm for matrices and the
Euclidean norm for vectors.

Consider there are N followers and 1 leader in the
MASs. The agent is leader, and the followers are de-
noted as 1,2,---,N. The matrix B, € RV*VN =
B + L, where B = diag{by, ba, -+ ,bn} represents the
input matrix as being a diagonal matrix. If the infor-
mation from the leader can be received by the follower
i, then b; > 0; otherwise, b; = 0.

Lemma 1534 If and only if the adjacency matrix of
graph G is irreducible, then G is strongly connected.

Lemma 205 Let L define as the Laplacian ma-
trix of graph G and it is a positive semidefinite ma-
trix. If graph G is undirected and connected, for any
x = (v1,22, - ,on)T, the following equality xT Lz =

N

1

§Zaij(xi —x;)% i =1,2,---,N holds. Here, 0 is
j=1

the unique smallest eigenvalue of L and none of the
other eigenvalues are negative. There are eigenvalues
0, Ao,-+- , Ay satisfying 0 < Ao < --- < Ay and 1 is
the associated eigenvector of 0 eigenvalue. If 1Tx = 0,
then T La > loxTx. Furthermore, it can be obtained
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N
1 1 F and D such as | fi(xz;(t),vi(¥),t)]| < F and
that Z(aij(x ) = (L*e)L(L:z) > haz'La |di(zi(t),vi(t), )] < D.
iy A tion 2 The topol h G is undi-
and ng:l(aij(xi _ ) = (Lia)L(Die) < 228V < ssumption e topology grap is undi

22N V(0).

Lemma 306 If there exists a function V : R" —
R U{0} and it is continuous and radially unbounded,
some constants are denoted as a > 0,0 > 0,0 < v <
1 < w, such that:

(1) V(z) =0« x=0;

(2) For any x(t) that satisfies the inequality

V(x(t) < —aV*(z(t) — V" (2(1)),

then the global fixed-time stability is reached. One has

T(EL'()) < Tmax = — =

where@>0,v:1—%andw:1+%. The MASs

consensus is reached in settling time T'(x(), where x
is the initial state.
Lemma 4087 If there exists a set of constants

K1,K2, -+ ,kN = 0, 0 < p. Then,

N

N
Zﬂf > (Zf%)p, 0<p<l,

=1 i—1

N P
an}Nl_P(Zm) , 0<p<oo
i—1 i=1

1.2 System Model

There exist IV followers and 1 leader in the system.
The node 7 is the representative of the agent in an undi-
rected graph, and the nonlinear dynamic functions of
the followers are given as follows:

@;i(t)
vy (t)

v;(t)
u;(t) + fi(zi(t),
d;i(zi(t), vi(1),1)

where, i = 1,2, -, N represents the number of agents;
x;(t) € R™ is the position and v;(t) € R™ is the velocity
of the ith follower; u;(t) € R™ is the input of the con-
troller, and uncertain disturbance and nonlinear term
of agent i are written as d;(z;(t),v;(t),t) € R™ and
fi(xi(t),v;(t),t) € R™ respectively.

The dynamic of the leader is formulated as

Zo(t) = vo(t)

’f)o(t) = fo(iL’o(t), ’Uo(t),t)} ’

where @ (t) is the position of leader and vy (t) € R™ is
the corresponding velocity.

For convenience, some necessary definitions and as-
sumptions are presented.

Assumption 1 The ||fi(xi(t),vi(t),t)] and
ldi(x;(t),vi(t),t)]| in the system are bounded as

vi(t), )+ ¢, (1)

(2)

rected and there is a spanning tree in graph G, i.e.,
By, is full rank.

Definition 1 For any initial value, the second-
order MASs (1) and (2) can achieve a fixed-time stabil-
ity if and only if the state of agent ¢ satisfies

Jin fl2i(t) — 2o(8)]| = 0}

Jim [lv;(t) = vo(t)]| = 0 (3)

i€{1727"'7N}7

where T is bounded, and there exists Tiya.x > 0 such
that T < Tinax is true.

Definition 206 If the system is Lyapunov stable
and there is a set time T'(xg) > 0, such that the system
converges to the equilibrium point within 7'. Then, the
origin is said to be finite-time stable. Furthermore, for
any initial state @ if 37 > 0, such that T < Thax, the
origin of the system is fixed-time stable.

Definition 3 For each agent, the controller is up-
dated if and only if inf{t — ¢} } > 0.

Fori=1,2,---, N, define the error function as

2,(1) = i (t) — wo<t>} , (4)

0;(t) = vi(t) — vo(t)

Remark 1 Assumption 1 is used for stability anal-
ysis in the following sections. Assumption 2 is used to
ensure the communication between agents and it is a
necessary condition for consensus of the MASs.

2 Main Results

The stability analysis of fixed-time consensus prob-
lems for MASs (1) and (2) is proposed in this part.
Then, the availability of the event-triggered mechanism
is also demonstrated. Finally, the consensus problems of
the system in the case of delay and switching topologies
are discussed as follows.

2.1 Event-Triggered Fixed-Time Consensus
Algorithm

The fixed-time consensus controller is designed as fol-
lows:

First, the virtual velocity v} is designed as follows:

N
vl (t) = — klsig( Z a;;sig(x;(t) — x;(t))+

j=1

bisig(a:(t) — @o(t)) " -
N

kgsig( Z a;j(z;(t) —x;(t)+
j=1

b4x4w<-m0a»)w«+voa):
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—klsig(ia isig(a; (t —wj(t)))w_

j=0

N
kosig ( Z a;j(xi(t

J=0

) v, )

where k1 and ko are positive constants, 0 < y; < 1 and
b2 > 1.

Remark 2 For the sig(x)?, there exist « € R and
a > 0 such that sig(x)® = sign(x)|x|*. Additionally,

d
the derivative satisfies d—sig(a:)“ =alz|*" L.
x

The tracking error is written as

ei(t) = vi(t) — v; (t). (6)
From Egs. (1), (5) and (6), one has

éi(t) ( )+f1(ml(t)7vl( )7 )
t)+

d;(@;(t ) i(t),
km‘ Zaijsig(:ci(t) S
=0
N
{Z a;j (v (t) ’Uj(t))} +
j=0
N v2—1
Rave| Y asig(ai(t) — z;(0)| T x
§=0
N
(> it —vi()] -
§=0
Jo(zo(t), vo(t), ). (7)

In order to simplify the process, let fi(x;(t), v;(t),1),
So(zo(t),vo(t),t), and d;(x;(t),v;(t),t) be replaced by
fi fo, and d;, respectively.

According to the above analysis, the event-triggered
fixed-time consensus protocol is proposed:

u;(t) = — kasig(e;(th,))”

N
k| Y ausig(@i(th) - 2 (t)

=0

N
[Z aij(vi(ty) —
=0

— kasig(ei(},))" —

71—1
X

v (t)] -

vy2—1
X

N
Rava| D aig(@ilth) — 25(8))
=0

N
(S asiti) = vit)] + fo— £ ®)
7=0

where ti is the latest triggered time of agent i, k3 and
k4 are positive constants, p; € (0,1) and pg > 1.

The measurement error is defined as

E;(t) = kssig(e;(t},))" + kasig(es(t},))”*+
N -1
ki | D aisig(@i(ty) — @) x
j=0
N . .
{Z ai;j (vi(t},) — v; (ﬁ:))} +
j=0
N . . y2—1
ke Y au(@i(th) — o,(1)] T x
=0
N . .
[ i (wilth) = v; (1)) -
§=0
Jo + fi — kssig(ei())” — kasig(e;(t))” —
N _
| S asgsis(aea(t) — ;)] x
j=0
N
(> aistwitt) — w;(0))] -
j=0
N y2—1
sz’ Y ai(@i(t) —z;(t)| - x
j=0

N

Yy v+ - f O
j=0

Based on Egs. (7), (8) and (9), é;(t) can be expressed

éi (t) = — E1 (t) — kgsig(el- (t))pl —
kasig(e;(t))? + d;. (10)

According to the measurement error E;(t) and the
tracking error e;(t), event-triggered mechanism can be
designed as

Ai (Ez (t), €; (t), t) =
1| — (ks

where w; € (0,1) is the triggered parameter. Then the
next triggered moment of follower 7 can be obtained:

ei(t),t) =0} (12)

From Definition 3, the Zeno behavior of the system
can be avoided if and only if Eq. (12) is satisfied. The
system cannot be triggered infinitely many times in fi-
nite time.

Remark 3 Any follower ¢ updates its controller
only at triggered moment t{,#% ---. In addition, the
leader has no event-triggered time.

Theorem 1 Suppose the undirected communica-
tion topology based on MASs (1) and (2) satisfies As-
sumptions 1 and 2. Under the action of controller (8)

P2
— D)|eil”wi, (11)

a1 = inf{t > ¢, A;(E; (1),
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and event-triggered function (11), the consensus prob-
lem for MASs (1) and (2) can be addressed in a fixed-
time. For any initial condition, the convergence time T’
can be obtained and the bound is as follows:

T = Tl + T2 Tlmax + TQmax -
27
+p 1—p +
(p2 — Pl)\/k321+ PR N T (1 - wy)
27 (13>
Y2 — M1 1(2A2( DL 2 K2 =
k1 (220 (Br)) 172 by N2

Proof The Lyapunov function of the system is cho-
sen as V (t) = Vi(t) + Va(t).

(1) The first step is to make the true velocity v;
converge to the virtual velocity v} based on the back-
stepping control method. The corresponding Lyapunov
function of this part is constructed by tracking error:

Vilt) = 5 D€t (14)

Take the derivative of the Vi(t) and combine
Egs. (8)—(10):

Z e;(t)(—E;(t) — kssig(e; ()" —
=1
kysig(ei(t))"? +d;) <
N
> ei(t)(—Ei(t) — kasig(ei(t)” —

N
_ k‘sz le; (¢ |p1+1 k4z les(t |p2+2

Nz:l
— > lei(®)|(Ei(t) — D) <

=1 N plTH pz;l
~ks(Yoetw) T - k(Do)

i=1 i=1

N
— > lei(®)|(Bi(t) = D) (15)

=1

In the above equation,
N
> lei®)] (Bi(t) = D) <

=1
les @I (11 i (t)
‘/1( )P2+

le:OIE: @] — D) =
)

p2+1

Vi(t) T =

1

lleit )II(IIE-( W=D) _ V()

S22
2 [les (t) o=+

Hei( =72 (1E: (@) _D)V]_(t)p22+1. (16)

p2+1
2

According to Lemma 4 and combine Egs. (15) and

(16):

pP1+1 N p2+1
2

—kg(ie?@)) ~ki(Xetn) T -

) —p2 — o
llei(®)]] (Hfl( W=Dy, e
2 2
_ k32 (t) 2+1 _ k42p22+1N1—2p2V1(t) P22+1+
e;(t)]| = (|| E:(t)|| + D pat1
le:@)l] ;,JQH( N+ D)y oy (17)
2

From Lemma 3, the event-triggered condition is de-
signed as

[ Eill < (Ka - D)llei||”?wi,  (18)
which has
i) < — ka2 ()55 - [R2 N -
k421+p2N¥wi+D 1 —w; pa+1
s G
2

_ kg2% (t)'”% _ [MQTN%_

k4 ;. D(1—w) pa+1
2p2+1 - 2p22+1 :|‘/1(t) 2 =
— k2T A ()~ [ka2 T N (- wi)-
D(1 - 2+1
%H)}Vl( ) 2 <
+1
— k2" (t )'” _
1-py pa+1
(k42 2 - D) (1—w)Vi(t) (19)
1 1 4
Letplzl—g,ng—l-l,then@: , and
P2 — pP1
the tracking time T} can be obtained:
Tl <Tl max —
2
= (20)

1 2p2 (1 _ U-)i)

(p2 — pl)\/k321+%

Within the fixed-time T, the tracking error e;(t) con-
verges to 0 and the virtual velocity v} (t) is tracked by
true velocity v;(t).
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(2) When e;(t) = 0, we have

N
— k:lsig( Z a;i;sig(a; (¢
7=0

) - i) -

N
kgsig( Z ai;(x;(t

j=0

z;(1)) " +vo(t). (21)

Consider the Lyapunov function in the second part
constructed by state error:

1

Va(t) = f?(t)BLii(t)- (22)

According to Lemma 2 and take the derivative of

Va(t):

—z;(t)vi(t) =

7.]:\[1 j;O
DS ai(@it) — x;(t) (vilt) — vo(t) =
i=1 j=0
N N
DO aij(@i(t) — x;(t)x
=1 j=0
[~ sin( i) - ) -
7=0
N Y2
kasig( Y ay(@i(t) —25(1)) | =
7=0
N N
— k1Y Y aij(@i(t) - 2(t))x
i=1 j=0
N 71

sig (D aus(@i(t) - @5(1) -

§=0

N N
ko Z Z aij(zi(t) — x;(t))x
1=1 j=0

lejirjzo
ko ZE la; (i (t) — a;(t)) >
i=1j=0
3 - y1+1
“k1 D Jlay(@ilt) 2O -
i=1 j=0

N N

Z |[as; (3 (t)
7=0

—7</‘1(2)\2(BL))712+ (6"~
y2+1 Y241

T (20(BL) T Ve(1) (23)

where A3 (Br,) is the smallest non-zero eigenvalue of the
matrix By,. Additionally, T3 is expressed as

Ty <Tomax =
2
T (24)
(72 —'71 \/kl 2/\2 BL))I_»,_'u Y2
According to Lemma 3 and based on Egs. (20) and

(24), the consensus problem for MASs (1) and (2) is
solved. In addition, convergence time 1" satisfies

21

T< - — "
(p2 — ,01)\//4321+¥ (1 - w;)
2
T - . (2)
(72 — 71)\/k1(2)\2(BL>>1+ PP kN

(3) The analysis of global stability is necessary to
ensure that the agent state does not escape before the
true velocity is tracked to the virtual velocity.

When ¢ € [0,71], one can get that v} (¢) and e;(t)
are bounded from Egs. (5), (6) and (21). In addition,
v;(t) = vi(t) + e;(t), so v;(t) is bounded. According
to the virtual velocity v; (¢) designed in Eq. (5) and the
dynamic functions of Eq. (1), we can obtain

zi(t) =vi(t) = v} (t) + eit) =

e;(t) — kisig ( i a;jsig(x;(t) — x; (t))) "

j=0
N J
kQSig( Z Qi (.’131 (t)
j=0

Because e;(t) is bounded at ¢ € [0,T%], x;(t) is
bounded. According to Lemma 3 and Eq. (23), the
tracking of x;(¢) can be completed at ¢ € [T1,Ts]. The
proof is completed. O

Next, event-triggered mechanism is discussed with
the following event-triggered condition:

xj(t)))” Foo(t). (26)

P2
[ Es|| < (K —D)lleil”wi.  (27)
E;
The first trigger time is and e(0) = 0. ||| |l|2 gets
e;

the maximum value (k,2'*°2 2 D)w; when the
MASs event-triggered condition (11) is violated. So
the minimum interval between events is determined
Eill _ 4 JEl

lleil|?= lealle>

by the shortest time from

(K4

— D)Ldi
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Theorem 2 For the MASs (1) and (2), the Zeno be-
haviours are avoided under the action of controller (8)
and event-triggered mechanism (11). The time-interval
T; is a strictly positive number and expressed as

T, =
1—p: D
=
ci(ea+c )[c +c3+ (k oltp2 N*H2 4 L)w}
1(C2 +¢3)(c2 +c3 4 Ni=p )i
(28)

E

Proof Let n = || p2||. Combined with the mea-
e

surement error in Eq. (9),

z = kssig(e; (1)) + kysig(e;(t))?+
y1—1

N
kl’yl Z a”81g(az1(t) — I, (t)) X
7=0

N
(3 aijwitt) — ;1)) +
j=0
N Y2—1
k2ya Z aij(xi(t) — x;(t)) x
§=0
N
(> aiswitt) — 0s(0))]. (29)
=0

Take the derivative of the n and in every time period
[ths t41) there exists

g4 _(ETE)E
dt ((er2)T (er)):
1

ey [(ETE) HE)(B) ()T (e) -

((e”)T(ep?))_%(e"Q)T(e”)’(ETE)%] =

(B (e)(e) |B|
1Blller= - ller=]> ller=]|* =
El(e) (e”)T(e”) |B| _
IEer=ll ller=l> [ler=]|?

p2)/

~(1+ IE] )(H(e )H) <

lles=] /X Jlee=|

pallell”~ ]|
ler2]]

palle]|*= (1 +m) (1 +

—(1+n)

X

kssig(e)Pt +kysig(e)?? — d) o
e h
ksllel|”* + kalle[|”* + D) <
e h

pallell”*~ (1 +n) (n +

pallef 711 +n)x

ks D ) (30)

k3
pP1L—pP2
e N

According to Lemma 1, |le] = vVeTe < 2V] <
v/2V1(0); then, it can be obtained:

1 < pallel|2 (1 + n)x

k3 p1—pP2
{77‘1' m(mfl(o)) 7+
—p2 k4
DEV(0)) # + i +1] <
ci(ea +es+m)%, (31)
P2_1 k:g P1—P2
where ¢; = po|e]] , Co = WQW(O)) T+
kg

and ¢ = D(2V41(0)) 2* + 1. Let

N1-p2
vi=cilextes+ i) 0,00 =vh. (32)
Therefore, n;(t) satisfies

i (t) < st ¥f), (33)

where 1;(t, %) is the solution of Eq. (32).
A solution can be obtained:

Tici(c2 + ¢3)?
i(13,0) = ——————. 34
w( ) 1—7’1'61(024‘63) ( )
According-to the event-triggered condition (11), we
obtain

FE 1-p
|||,|3.||12 < (k2"7NF D (35)
Based on Lemma 4, one has
1Bl _ 1 B
lefez = N1=r2 [|e;]lr= =
1 1
ka2 TN H wy — Dwige =
1-p D
<k421+P2N 2 2 m)wi =

Tic1(co + ¢3)?

_— 36
1—7ic1(ea + ¢3) (36)

Then, it can be obtained that the minimum triggered
interval is written as

T; =
1—p: D
(ka2 N = i e
1—p D :
ci(ea +¢3) {62 +c3 + <k421+P2N - m)wz}

(37)

Then the minimum interval 7; > 0. The proof is
completed. O
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2.2 Fixed-Time Consensus Problem with De-
lay and Switching Topologies

Due to problems such as defective data transmission
and processing after data reception, delay is frequent
in MASs and the stability of systems will be affected.
On the other hand, the communication between agents
cannot remain unchanged, and the new communication
connections are possible in practical applications. The
consensus problem of the MASs under delay and switch-
ing topologies is discussed as follows.
2.2.1 FEwvent-Triggered Fized-Time Consensus Algo-

rithm with Delay

For the MASs (1) and (2) with delay, the nonlinear

dynamic functions of followers are redefined as

where h; is delay and h; > 0.

As mentioned above, the true velocity ¥;(¢) is traced
to the virtual velocity v by backstepping design
method, and the virtual velocity is adjusted as

o7 (t) = — klsig( i aisig(d(t) — &; (t))) n

=0

k2Sig( i ai; (i (t) — &, (t))) V2-|-
7=0

t
’Uo(t) —/ ’lfLAT)dT (39)
t—h;
The tracking error under the delay is expressed as
éi(t) = vi(t) — 7 (t). (40)
The controller 4;(t) is designed as

— kasig(&; (1))
71—1

N
kim Z aijsig(2q(ty) — 2;(t}.)) x

Jj=0

N . .
[ aij(0i(th) — 5(t0)] -
j=0

Yy2—1

0 (t) = — kasig(&i(t}))"”

N
ka2 Z Qij (a%(tZ) - ig(t@) X
=0

N
[ ais@itth) -
j=0

0; (1)) + fo—fir  (41)

According to the tracking error €;(t), the measure-
ment error E;(t) is represented as F;(t), and event-

triggered mechanism is designed as
Ai(E;(t), &(t),t) =
1Bl = (Ka

S - D)lleillrws. (42)
Taking the derivative of é;(t) and combining Eq. (9),
one can obtain
&it) = v,(t) — vi (t) =
;(t — hi) + fi(t) + di(t)+

7y1—1
X

N
am| Y ausis(@i(t) - 2(1))
=0

N
[ ais@i() — 50|+
=0
) [iaij@i(w - 4;(0)] -
j=0

fo(t) =+ ﬁi(t) — ﬁi(t — hz> =
— E;(t) — kssig(é;(t))" — kysig(é;(t))”? +d;.  (43)

Theorem 3 For the MAS (2) and Eq. (38), under
the controller (41) and based on virtual velocity de-
signed in Eq. (39), the fixed-time consensus with delay
is achieved and the Zeno behaviour can be excluded
by event-triggered mechanism (42). The bound of T is
expressed as

kaya [(#i(t) — 2

T=T1+T» <
2 n
(102 _ pl)\/k32l+ Pl;PQ . 1*2/32 (1 _ U-)i)
2
+ 1—~ +
(’yg — ’71)\/]61 (2/\2(BL))1+W12 2 k‘gNTQ
max(h;). (44)

Proof Lyapunov function is constructed by track-
ing error:

N)I)—l

Z (45)

According to Egs. (19) and (43), the derivative of

Vi(t) is given:

= éit)e(t) =

i=1

é(t)(—Ei(t) —

kasig(é;(t )) +d; )
)2

p1+1
Vi(t
P2

] =

kasig(éi(t))” —

.
Il

1—p2

_k32 2
(1—wi)Va(t) "

- (ka2®

+
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The proof process of Lyapunov function can be given
by Theorem 1. According to Lemma 3, the error &;(t)
converges to 0 in time 77 yax, and the convergence time
is satisfied:

. 2n
T max = . (47)

(p2 — Pl)\/k321+p1?2 kaN"72 (1 - w;)

Remark 4 When t = T} max, we can get that
Vi(t) = 0 and the error é;(t) = 0, which implies
( =% —D)||&]|*?w; = 0. In this case, the con-
sensus is not achieved if @;(t) # 0. The event-triggered
condition || E;|| — (k4 7% D)|é;||”*w; > 0 can
be satisfied, the system is updated, and ;(t) converges
to 0. Therefore, ;(t) = 0 is true before the consensus

t

can be achieved. In addition, / u;(T)dT converges
t—h;

to 0 at time T1 max + ;. Therefore, T1 can be obtained:

Tl < Tl max T max(hi) =
271
(p2 — /J1>\//‘3321+p1;p2 kyN 2 (1 —w;)
max(h;). (48)

+

According to the above analysis, Eq. (21) still
N

holds and @;(t) = ¥} (t) = —klsig(Zaijsig(ﬁ%(t) -

3=0
N

.’f}j(t ) —kQSlg(Za”
7=0

Egs. (4) and (21), it follows that

t)))”+vo(t). From

&i(t) =07 (1) — wolt) =

- klsig(i a;jsig(@;(t) — -’i}j(t)))’h_

j=0
NJ
kQSig( Z Qi (.’fll (t)
j=0

Consider the Lyapunov function as

) (49

Va(t) = & () Bri(t). (50)

(51)

The position of followers converges to the leader in
fixed-time and T is written as
TQ < TQ max —
2n

(v2 — 71)\/191 (2X2(Br)"*

Under the action of controller (41) and event-
triggered mechanism (42), the consensus problem of the
MAS (2) and Eq. (38) is solved in fixed-time T, satis-
fying as follows:

T < max(h;)+

(52)

yit2
2

kN 22

27
+p 1—p +
(p2 — pl)\/k:%?“’p12 FRaN T (1 - wi)
2n (53)
(72 — ’71)\//€1(2)\2(BL))1+ Ry N
The proof is completed. O

2.2.2  Event-Triggered Fized-Time Consensus Algo-
rithm with Switching Topologies

Consider that the communication topology is time-
varying and connected. For the MASs (1) and (2), a
switching signal is introduced that 6(¢) : [0, +00) — @
and the topologies of the system can be determined by
d(t). The communication graph is fixed if and only
if §(t) is constant. Otherwise, @ = {1,2,---,N} is
a finite set and it is an index set for the set of undi-
rected graphs G = (V, E, A;(;)), where adjacency ma-
trix Asy = [afj]NxN and afj is used to represent
the adjacency relationship between the agent ¢ and j.
Gs(1) € Gs is used to represent the topology at time ¢
and tg,t1,--- are the switching time series.

For the MASs under switching topologies, the non-
linear dynamic functions of followers are redefined as

Ti(t) =v;(t)
O,(t) = (t) + fi(&i(t), 0;(t), 1)+ ¢ - (54)
di(Z;(t),vi(t),t)

The virtual velocity (5) can be rewritten as

N
0 (1) = — kasig (D aljsig(@i(t) - #(1))) "~

§=0
N
kasig (Y b (#:(t) = %5(1))  +wo(t). (55)
§=0

The error function is

éi(t) = vi(t) — v (1). (56)

We can obtain
(1) = — kssig(&;(t}))”
N e iy [
k| Y aljsigl@ (1) - &5(t)| %

=0

— kusig(&;(t},))"* —
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N . .
PCIAREHTAE
7=0
N ) .o ve—1
kave| Dl (@(1h) — &5(6)|
7=0
N . .
[l @ilth) —o,(0)] + fo— fi  (5T)
j=0

The measurement error E;(t) is adjusted to E;(t) and
event-triggered mechanism is designed as

Ai(E;i(t), &(t),t) =
||E~1H _ (k421+p2N1}p2

—D)&ll”?wi.  (58)

Theorem 4 Under the Assumptions 1 and 2, the
fixed-time consensus can be obtained by virtual velocity
(55) and consensus protocol (57) for the MASs (54) and
(2). And the event-triggered function (58) is used to
avoid Zeno behavior. The bound of T is expressed as

T=Ti+T <
2n
(p2 _ pl)\/k321+91;92 k4N1—2p2 (1 o UJi)
min ntl
r/{(ve =) [k1 (405" (Loy(1440))) 2 X

1—7v2

. yo+1 -1
kaN 27 (AN (Loy(140) 2 ]2}, (59)

where Lg/(14+,), L2/(14+,) are the Laplacian matrices

_|_

of communication topologies G (Aﬁ) and G (Aﬁ ),
and A5 (Lo (144,)), A3 (L2/(14+.)) are the minimum
eigenvalue of Ly 14y,) and Lyj(14,,), Tespec-
tively. In addition, there exist A3""(La/(14+,)) =
min{Az(La/(144,)(t0)), A2(L2j(144,) (1)), -+ }
and A3 (L2 (142)) =
min{Az(La/(14+,)(t0)), A2(L2/(1442) (1)), - }-

Proof Construct a Lyapunov function as

N
Talt) = 5 &), (60)

Based on the measurement error E;(t), take the
derivative of Vi (t) as

i=1
kasig(€;i(t))” + di) <
N
Z &;(t)(—E;(t) — kssig(é;(t))”
i=1

1

— k2" ()T — (k2 NTF - D)x
~ p2+1
(I —wi)Vi(t) 2 (61)
The tracking time T can be obtained:
Tl < Tl max —
2
- (62)

(p2 — Pl)\/k321+ R N (1 - w)

Lyapunov function ‘72(t) is constructed by position
of agents. Take the derivative of V(t):

_ 1M
Ta(t) = 5 > &), (63)
N szl ) N ) )
Va(t) = Z z;(t)x;(t) = Z-’il(t)fh(t) <
N =1 N =1 )
St~k Y al @) - &)™
i=1 =1

N — —
WACIOREAOSE

jl_ N N ) B B B
- §k1 Zzagj |(531(t) - iJ(t))‘Vl (~1(t) - ij(t))_

i=1 j=1
T B B B
§k2 Zza?j |(i1(t) - i](t))}w (@i(t) — @;(t) <
i=1 j=1

1 N N +1
LD IACORENO
1 Nz_Nj_(; = = vy2+1
She > > al @) - &) <

1 B J;V N 52 B 712+1
-k (XX a T @ - 200]) T -

=1 j=1
1 N 52 B B 722+1
k(30D a T @) - ;0%) T <
i=1 j=1

- %k1(4/\12nin(L2/(1+’Y1)))’Yl;l Vo(t) ™7 —
%@Nl’z” (ANP™ (L (1)) 2 Vo) 2 (64)

According to Lemma 3, the consensus time T» is sat-
isfied as follows:

T2 = TQ max —
min hia
47“/{(’72 - 71) [k1(4/\2 (Lz/(1+v1))) 2 X

1-7v2

i yo+1-.1
ke N2 (AN (Loy(1442))) 2 )7 - (65)
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Therefore, it can be concluded that the system con-
sensus achieves within the fixed-time:
2n
T< = - +
(p2 — pl)\//%Qlerzp2 kaN == (1 - w;)

+1

4n/{ (2 — 1) [k1 (AN (Lo (140))) 2 X
yo+1_ 1
k2N ()\mm(L2/(1+w))) > ]2} (66)

The proof is completed. O

Remark 5 The proof of event-triggered mecha-
nism is similar to that of Theorem 2. The parame-
ters in Eq. (31) are adjusted to ¢; = pal|€]|P27L, ¢a =
S (2V(0) "2 1 and & = D214 (0) # +
1. It can be obtained that the result in Theorem 2 is still
available. In addition, it is ensured that the topology
graph is connected within the event-triggered interval.

Therefore, event-triggered mechanism is still valid in
the switching topologies.

3 Simulation Example

A simulation example is provided to validate the ef-
fectiveness of the event-triggered fixed-time consensus
algorithm. The undirected connection topologies are
given in Fig. 1, and the example in the fixed topology
is represented by Fig. 1(a). In addition, Fig. 1 shows
the switching topologies. Consider that the switch-
ing interval is 0.5 s and the switching sequence satisfies
(a) — (b) — (¢) — (a). Figure 2 shows the work-
ing principle of the controller. Assume that there is a
leader and five followers in the system.

O . (2 0&9

/]
69}9

(c¢) Graph Gy

(b) Graph G,

Fig. 1 Communication topology graphs

Some simulation parameters are given. Assume that
the information of initial position and velocity for each
follower is proposed as x(0) = [-1 —2 2 1 3]
and v(0) = [2 1 3 2 1]. The corresponding infor-
mation of the leader is ¢(0) = 1 and vo(t) = 0.4 +

635
oo : Nz v Event
| r—>| Sensor ¢ >l detector i| ]
| [Follower i : ° ; i
: ! (1), vi(t)
! 1
X | ol 8(1 —
MAS! ! SW}tchlng () |Communication
! ! | signal graph
I
! 1
! | Leader ! T u(t) '
! «{Actuator i< Controller 4
I

Fig. 2 Event-triggered fixed-time consensus controller

0.3sint. In addition, the other parameters are given
as fi(xi(t),v;(t),t) = 0.3cos(0.5t), d;(x;(t),vi(t),t) =
0.2 COS(.’Bl( )), /€1 = 2, /€2 = 1, kg = 3, /€4 = 2, Y1 = 09,
vo = 1.1, p1 = 0.3, p2 = 1.05, and w = 0.5. The
choice of the parameters is derived by performing mul-
tiple tests within the given range.

As shown in Figs. 3—38, it can be seen that the con-
sensus of position and velocity can be achieved in these
figures. Figures 3—75 are the path of position, the path
of position with the event-triggered and the path of
position with the delay and switching topologies, re-
spectively. Figures 6—38 are the corresponding velocity
information.

Figures 9—10 show the tracking error and measure-
ment error of the system. It is clear that the errors

4

3\/‘
2F — Agent 1

4% 1_/ — Agent 2
A Agent 3
ok —Agent 4
—Agent 5
—1F Agent 0
_2 1 1 1 1 J
0 1 2 3 4 5

Time/s

Fig. 3 Position of leader and followers

4_
3 ‘H\_\/
2F / — Agent 1
) a —
= lf Agent 2
& Agent 3
ok — Agent 4
—Agent 5
-1 Agent 0
_2 1 1 1 1 J
0 1 2 3 4 5

Time/s

Fig. 4 Position under event-triggered mechanism
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4 —
3
2 =
% — Agent 1
& 1r — Agent 2
ok Agent 3
— Agent 4
-1 — Agent 5
Agent 0
72 1 1 1 1 J
0 1 2 3 4 5
Time/s
Fig. 5 Position of delay and switching topologies
7 —
— Agent 1
5 — Agent 2
Agent 3
. — Agent 4
E 3R — Agent 5
% Agent 0
> 1\
V\~— —_—
) Uf\
_3 1 1 1 1 J
0 1 2 3 4 5

Time/s
Fig. 6 Velocity of leader and followers

7 —
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5 — Agent 2
Agent 3
. — Agent 4
2 3 — Agent 5
% Agent 0
> 1n
» Ur\
-3
0

Tlme/ s

Fig. 7 Velocity under event-triggered mechanism
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- N I
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Fig. 8 Velocity of delay and switching topologies
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(a) Tracking error with fixed topology
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(b) Tracking error with delay and switching topologies

Fig. 9 Tracking error of true velocity and virtual velocity
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(a) Measurement error with fixed topology
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(b) Measurement error with delay and switching topologies

Fig. 10 Evolution of error norm and threshold
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converge to 0 in less than 2s. In addition, the change of
the switching topologies can be seen in the time nodes
of Figs. 9(b) and 10(b).

For the MASs with delay and switching topologies,
Figs. 11 and 12 show the inputs of agents and the sam-
pling number of event-triggered mechanism. It can
be seen that the inputs converge to 0 in around 2 s
in Fig. 11, and the event-triggered interval is shown
Fig. 12.

Figures 13 and 14 show the control inputs for Refs. [7]
and [12] respectively. It can be seen from the results
that the computational complexity of the controller de-

80r
— Agent 1
601 — Agent 2
B Agent 3
2 — Agent 4
B= — Agent 5
=
=]
3
O
_ 1 1 1 1 |
600 1 2 3 4 5

Time/s
Fig. 11 Input of controller

Y " NV.YNNN M AAAA
4fmoo m ooo Imm @ 0000
53
<
Dfork K Ik Fok W kK
1 1 A Il 1 |
0 1 2 3 4 5
Time/s
Fig. 12 Sampling of agents
800
— Agent 1
6oOF — Agent 2
- 400k Agent 3
g — Agent 4
E 200 — Agent 5
o]
Be 0
S
© —200
—400F
_600 1 1 1 1 J
0 1 2 3 4 5

Time/s
Fig. 13 Input of controller in Ref. [7]
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1000f
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— Agent 2
600F Agent 3
é — Agent 4
£ 200 — Agent 5
'_‘8 %
= —200
S
O
—600F
_ 1 1 1 1 |
L 0000 1 2 3 4 5

Time/s
Fig. 14 Input of controller in Ref. [12]

signed in this paper is lower.

4 Conclusion

A protocol of event-triggered fixed-time consensus for
second-order nonlinear MASs with delay and switch-
ing topologies is proposed in this paper. The problem
of convergence time dependence on initial value is ad-
dressed by employing the fixed-time consensus control.
The control inputs are updated if and only if the mea-
surement error of agents meets the trigger threshold
condition. It is effective to avoid the Zeno behaviors.
In addition, it is necessary to prove the availability of
controller through stability analysis. The stabilization
of the system is proved by Lyapunov stability theory.
It can be seen from the results that the stability of
the system can be ensured under the influence of ex-
ternal disturbances and nonlinear term. The controller
is still valid in the case of delay and switching topolo-
gies. Therefore, the robustness and practicality of the
system are improved. Finally, the simulation exam-
ple indicates that the control algorithm is effective for
solving the fixed-time consensus problem of the system.
The object of this paper is second-order and homoge-
neous MASs. However, heterogeneous MASs are com-
mon in practical applications, and it is inevitable in
the study of consensus problems. Furthermore, there
are many other factors that affect the stability of the
system, such as data packet loss and cyber-attack. The
problems mentioned above are difficulties that need to
be studied intensively in the future.
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