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Abstract: Cranes used at sea have some shortcomings in terms of flexibility, efficiency, and safety. Therefore,
a floating multi-robot coordinated towing system is planned to fulfill the offshore towing requirements. It is
difficult to study the stability of a floating multi-robot coordinated towing system by ancient strategies. First,
the minimum tension of the rope and the minimum singular value of the stiffness matrix were separately used to
analyze the load stability. The advantages and disadvantages of the two methods were discussed. Then, the two
stability analysis methods were normalized and weighted to obtain the method based on minimum tension and
minimum singular to comprehensively analyze the stability of the load. Finally, the effect of different weighting
coefficients on the load stability was analyzed, which led to a reasonable weighting coefficient to evaluate the load
stability by comparing with a single analysis method. The research results provide a basis for the motion planning
and coordinated control of the towing system.
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0 Introduction

In recent years, with the rapid rise of the robotics
industry, researchers have gradually applied industrial
robots to offshore towing, additionally exploiting the
benefits of high flexibility and large carrying capac-
ity of robots. In some towing operations, a single
robot is commonly unable to fulfill the particular needs;
thus a multi-robot coordinated towing system has been
developed[1]. At present, the multi-robot coordinated
towing system is principally divided into three cate-
gories. One is the traditional ground multi-robot tow-
ing system[2-3], which may undertake massive load op-
erations; the theory has been comparatively mature.
Another is the aerial multi-robot towing system[4-6], the
towing cost of this sort of robot is high, but its carrying
capacity is restricted, and it can only lift objects with
tiny loads. The third type is to place the towing robot
on a floating platform for water towing. This system
contains a large carrying capacity and high flexibility,
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but the related research has just been carried out. With
the deepening of ocean exploration, the floating multi-
robot coordinated towing system has been applied more
widely, which can meet the common requirements of
current maritime salvage operations[7-9].

The floating multi-robot coordinated towing system
belongs to the class of under-constrained systems that
are sensitive to external disturbances. When the sys-
tem is subjected to a large external force, or a heavy
load, it may overturn. It is dangerous to use real objects
in stability experiments, so it is necessary to carry out
theoretical analysis and simulations of the load stability
of the towing system, which can be used as a reference
for practical applications of towing system.

The stability of a floating multi-robot coordinated
towing system can be divided into static and motional
stability from the state of motion, load and floating base
stability from the structural composition of the tow-
ing system, and structural and control stability from
the specific form of stability. In recent years, sta-
bility in robotics has been studied by several schol-
ars with several achievements. Michael et al.[10] ana-
lyzed the structure of the multi-robot towing system,
and took whether the Hessian matrix was positive def-
inite as the criterion for the static stability. If the
eigenvalues were all positive, the system would be sta-
ble, but the effect of the rope tension on the towing
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system was neglected and the system may be unsta-
ble. Bosscher[11] analyzed the stability of the towing
system based on the curvature of the trajectory of the
load, but ignored the influence of rope tension on the
system. Behzadipour and Khajepour[12] took the total
stiffness of the under-constrained parallel system as the
criterion to analyze the stability of the system, but the
system may be unstable when the stiffness matrix is an
asymmetric matrix. Carricato and Merlet[13] proposed
the under-constrained rope parallel system; the stabil-
ity was judged by optimizing the binding force. These
evaluation methods all use a single evaluation criterion
to judge the stability of the system. Since many factors
are related to stability, influence factors can be added
to the hybrid stability evaluation approach to assess
the stability of the system more comprehensively. In
Refs. [14-15], the tension distribution of ropes in the
workspace of the parallel mechanism was used; the sta-
bility of multi-robot towing system was analyzed by
the force-position index; this method considered two
factors: the position of the load and the distribution
of the rope tension. In Refs. [16-17], the stability of a
multi-robot coordinated towing system with fixed base
was studied; the influence of load posture on stability
was further considered. A combined force-position-pose
method was proposed to analyze the stability of the
towing system. Then, the stiffness factor was added
to the hybrid stability evaluation method, but the in-
fluence of each factor on the stability under different
weighting coefficients is not analyzed[18]. Most of the
systems mentioned above are rope-driven parallel sys-
tems applied to the ground, where the robot has a fixed
base and the rope tension does not affect the movement
trajectory of the towing robot. The rope tension of a
floating multi-robot coordinated towing system can af-
fect the trajectory of the towing robot, and then force-
coupling phenomena can occur in the system. There-
fore, as a relatively new research direction, this system
is not only of high engineering application value, but
also of new interest for related theoretical studies of
rope-driven parallel mechanisms.

The floating multi-robot coordinated towing system
uses multiple ropes to control the movement of the load
in a floating environment. The number of ropes in the
system is smaller than the number of degrees of freedom
of the load, which is an under-constrained system. The
balance of the load is required, depending on its own
gravity and inertial forces, and it is weakly resistant to
external disturbances. The load stability of the towing
system is the focus of this study. The above-mentioned
literature has analyzed the stability of rope-driven par-
allel systems from different perspectives. Most scholars
have used rope tension and stiffness for their analysis,
but systems in which the number of ropes is greater
than or equal to the number of degrees of freedom of
the load have mostly been studied from control algo-

rithms. Inspired by the above analysis, we analyzed
the stability of the load using the minimum tension of
the rope and the minimum singular value of the stiffness
matrix, separately. To improve the applicability of the
method, we proposed the evaluation method based on
minimum tension and minimum singularity. Based on
the distribution map and the contour map of stability,
the distribution of load stability was discussed under
different combinations of the weighting coefficients. Ac-
cording to the simulation results, choosing the optimal
weighting coefficient can avoid the load from working
in the unstable area, and ensure that the stability does
not generate large fluctuations.

1 System Configuration

The floating multi-robot coordinated towing system
consists of floating robots and a rope-driven parallel
towing system. The structure of the towing system
is shown in Fig. 1. The following coordinate systems
are established according to the structure of the tow-
ing system. In the coordinate system O-XY Z, the end
position of the floating robot is Ai = (xai, yai, zai)T,
Li is the position vector of the rope, and the junc-
tion point between the rope and the suspended load
is Bi = (xbi, ybi, zbi)T. To analyze the dynamics of the
floating robot, it is necessary to establish the coordinate
systems Oi-XiYiZi for each floating base, and the origin
of each coordinate system is established at the center
of the section of the floating base and the horizontal
plane. The coordinate system O′-X ′Y ′Z ′ is established
at the barycenter of the suspended load. The Z ′ axis is
perpendicular to the upper surface of the load. The po-
sition r = (x, y, z)T and the angle (α, β, γ)T of the coor-
dinate system O′-X ′Y ′Z ′ with respect to the coordinate
system O-XY Z are the position vector and attitude an-
gle of the suspended load. The rod length of the robot
is (ai1, ai2, ai3), and the joint angle is (ϕi1, ϕi2, ϕi3).
Since the whole system consists of three towing robots,
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Fig. 1 Structure of floating multi-robot coordinated tow-
ing system
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thus i = 1, 2, 3. The load is moved in the desired trajec-
tory by adjusting the robot end position or the length
of the rope. The rope is adjusted by the actuator at
the robot end.

According to the structure of the towing system, the
complete towing process is divided into three stages.
To reduce interference from external factors, a driving
mode is chosen for different towing stages.

(1) In the first stage, the load needs to be lifted in
the vertical direction; the driving mode of the towing
system is to fix the end position of the robot and adjust
the length of the rope.

(2) In the second stage, the position of the load in
space changes greatly; the driving mode of the towing
system is to keep the length of the rope unchanged and
adjust the end position of the robot.

(3) In the third stage, since the position and pos-
ture of the load need to be changed, but the amount
of change is small, the towing system’s driving mode is
that the rope length and the end position of the robot
change at the same time.

2 Dynamic Analysis

Due to the complex structure of the actual towing
system, the following assumptions were made in the sta-
bility analysis without affecting the analytical results:

(1) The barycenter of the three floating robots is dis-
tributed in a regular triangle on the horizontal plane,
the floating robot is a rigid body with uniform mass,
and the elastic deformation will not occur under the
action of external force.

(2) The influence of the change of the center of grav-
ity of the whole system on the position and posture of
the floating base is ignored during towing.

(3) The rope is regarded as an ideal rigid body, its
mass and elastic deformation are ignored, and the rope
can swing freely at the end of the robot.

(4) Constrained by the balancing device, the floating
base only has a heave motion along the vertical direc-
tion, and the heave motion of the base does not change
the state of the water surface.
2.1 Dynamic Analysis of a Rope-Driven Paral-

lel Towing System
Herein, B′

i is the position of the junction point be-
tween the rope and the load in O′-X ′Y ′Z ′ and B′

i is a
3×1 vector. The positions of the ropes are represented
as follows:

Li = Ai − Bi, (1)
Bi = RB′

i + r. (2)

In Eq. (2), R is the transformation matrix of the O′-
X ′Y ′Z ′ relative to the O-XY Z with size of 3 × 3:

R = Rot(z, γ)Rot(y, β)Rot(x, α) =⎡
⎢⎢⎣
cos γ − sinγ 0

sinγ cos γ 0

0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

cosβ 0 sin β

0 1 0

− sin β 0 cosβ

⎤
⎥⎥⎦

⎡
⎢⎢⎣
1 0 0

0 cosα − sin α

0 sinα cosα

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
cosβ cos γ cos γ sin β sin α − cosα sin γ sin γ sinα + cos γ cosα sin β

cosβ sin γ cosα cos γ + sin γ sin β sin α sin γ sinβ cosα − cos γ sin α

− sinβ cosβ sin α cosα cosβ

⎤
⎥⎥⎦ . (3)

The balance equation of the load is established by
using the force spinor balance principle as follows:

JTT = Fo, (4)

where, T = [T1 T2 T3]T, T s
min � Ti � T s

max; T s
min and

T s
max are the minimum pre-load tension and maximum

allowable tension of the rope, respectively. In Eq. (4),
Fo is the external force and torque acting on the load
with size of 6 × 1:

Fo =
((

Mf
dv

dt

)T

,
(
(Jx, Jy, Jz)

dω

dt

)T)T

, (5)

where, Mf is the mass of the load; Jx, Jy, Jz are the
inertia torque of the load; v = ṙ = (ẋ, ẏ, ż)T and ω =
(α̇, β̇, γ̇)T are the linear and angular velocity of the load,
respectively.

Additionally, JT = [J1 J2 J3] is the structure ma-
trix of the towing system with size of 6 × 3:

Ji =

[
ei

(RB′
i) × ei

]
, i = 1, 2, 3, (6)

where ei = Li/‖Li‖ is the unit vector of the rope
length.
2.2 Dynamic Analysis of Floating Robots

Assuming that the three floating robots have the
same structure, one of them is selected as an example
for dynamic modeling. It is assumed that the floating
robot does not roll when it makes a heaving motion un-
der the action of a regular wave. The motion equation
of a floating robot subjected to external forces is

Mz̈ = F , (7)
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where, z is the vertical displacement of the floating
robot with size of 3×1; M is the mass matrix with size
of 3 × 3; F is the external force, including buoyancy,
fluid restoring force, damping force, wave disturbance
force and the rope tension, acting on the floating robot
with size of 3×1. The dynamic equation of the floating
robot is

Mz̈ + Cż + Kz = Fe, (8)

where M consists of an additional mass matrix Ma and
a structural mass matrix Ms. According to Ref. [7], the
mass matrix can be obtained as follows:

M = (Ma + Ms) =

⎡
⎢⎢⎣
m11 + mG 0 0

0 m22 0

0 0 m33

⎤
⎥⎥⎦ , (9)

where m11 = 4ρr3/3, ρ is the density of water, r is the
radius of the floating base, and mG is the mass of the
floating robot. Similarly, the expressions for m22 and
m33 can be obtained.

In Eq. (8), C is the nonlinear viscous damping coef-
ficient matrix without considering the coupling of each
degree-of-freedom, whose size is 3 × 3, and the viscous
damping of heave motion can be calculated by using the
empirical formula with reference to the Froude-Krylov
hypothesis[9].

In Eq. (8), K is the stiffness matrix with size of 3 ×
3, and only the static stiffness of the floating robot is
analyzed, then:

K =

⎡
⎢⎢⎣

ρgπr2 0 0

0 2ρgπr3(l1 − l2) 0

0 0 2ρgπr3(l1 − l2)

⎤
⎥⎥⎦ , (10)

where g is the acceleration of gravity, l1 is the distance
from the center of the floating robot to the water sur-
face, and l2 is the distance from the center of the buoy-
ancy of the floating robot to the water surface.

Additionally, Fe is the external force acting on the
floating robot whose size is 3 × 1. The external force
on the floating base is the rope tension, which can be
obtained according to Eq. (4).

3 Stability Analysis

The ability of a load to recover its initial position and
pose after external interference is called the stability of
the load. The floating multi-robot coordinated towing
system is an under-constrained system, and the balance
of the load must rely on gravity and inertial forces to
be maintained. Due to the flexibility of the rope-driven
parallel robot, the unidirectional pulling property of
the rope, and the floating characteristic of the base,
it is easy to overturn the towing system. Therefore,

the qualitative analysis of whether the load is stable or
not does not fit the actual requirements, and the sta-
bility of the load in the workspace must be analyzed in
conjunction with the actual situation.
3.1 Stability Analysis Based on Minimum Ten-

sion of Rope
The rope tension of the towing system is divided into

a vertical component which resists the gravity of the
load, and a horizontal component that resists the ten-
sion of the other two ropes. The force of the rope is pos-
itively correlated with the degree of tension of the rope.
The tighter the rope, the greater the external force re-
quired to counteract the load, indicating a higher sta-
bility of the load. Therefore, the minimum tension of
the rope can be used to analyze the stability of the load,
and the larger the minimum tension, the more stable
the load of the towing system.

The load is pulled by three ropes in the towing sys-
tem, and the stability of the load can be judged by
the minimum tension of the ropes using a short-plate
effect analysis. Given the trajectory of the load, the
tension curves of the corresponding three ropes can be
obtained. The minimum tension of the three ropes can
be expressed as follows:

Tmin = min(T ) = min(T1, T2, T3). (11)

The distribution of the three floating robots is an
equilateral triangle, and due to the symmetry of the
structure, the pulling force of the three ropes on the
vertical line of the workspace is equal to the minimum
tension Tmin:

Ti = Tmin =
Mfg

3 cos θ
, (12)

where θ represents the angle between the rope and the
vertical line of the workspace, and the range of θ can
be calculated according to the coordinates of the lowest
point and the highest point of the load in the workspace,
so the minimum and maximum values of the rope ten-
sion of the towing system can be calculated.

Since the direction of the tension is always the same
as the direction of the rope, the force that balances
the load is the vertical component of the rope. When
the load is perturbed by an external force, the tension
of the rope changes instantaneously. Results of load
stability analysis are given according to minimum ten-
sion; the minimum tension of the rope increases, the
position of the load shrinks to the upper part of the
workspace, but the shrinkage speed is different, indicat-
ing that the equivalent points of the minimum tension
in the workspace are not evenly distributed. Therefore,
there are certain limitations in using the minimum ten-
sion of the rope to analyze the load stability of the
towing system.
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3.2 Stability Analysis Based on Minimum Sin-
gularity of Stiffness Matrix

Stiffness is the ability of a material to resist elastic
deformation when subjected to external forces. The
stiffness of a towing system is the degree to which the
position and pose of the load change when the load is
subjected to external forces. The stiffness of the load
at any position in the workspace can be represented by
a matrix. If the stiffness of the position is larger, it is
harder to deviate from the original position, indicating
that the position is more stable. Therefore, the stiffness
can be used to measure the load stability of the towing
system.

The rope stiffness is infinite in the inelastic linear
model, so the rope model needs to be further standard-
ized for the analysis of the stiffness.

(1) The rope is an ideal rope model, which only bears
the tension and produces elastic deformation when sub-
jected to external forces.

(2) The connection point between the rope and the
end of the robot, and the connection point between
the rope and the load are all ideally articulated; the
deformation at the articulated point is zero.

The stiffness K of a towing system is defined as the
ratio of the variation of the external force vector to the
variation of the position and pose of the load:

K =
dF

dX
. (13)

Since both the rope tension T and the structure ma-
trix J are functions of X (the position and pose of the
load), the stiffness of the towing system is the superpo-
sition of the structure change and the tension change:

K =
dF

dX
=

dT

dX
J +

dJ

dX
T = KT + KJ , (14)

where KJ is the stiffness arising from the change of
position and pose of the load when it is subjected to the
external forces, and is therefore called structural change
stiffness; KT is the stiffness caused by the change of
rope tension, so it is called tension change stiffness[19].
The full expression for the stiffness matrix of the towing
system will not be derived here in detail.

The load stability of the towing system is not to de-
termine whether a certain position is stable, but rather
to analyze the degree of stability of the load at different
positions in the workspace. Therefore, combined with
the characteristics of the towing system, the relevant
knowledge about eigenvalues and symmetric matrices
in matrix theory is used[20], and a scalar index which
can characterize the stiffness performance is proposed
to analyze the load stability. That is, the stability of
the load is analyzed based on the singular value σ(K) of
the stiffness matrix, and the smaller the minimum sin-
gular value σmin(K) of the stiffness matrix, the weaker
the stiffness and the worse the stability of the load at
that position.

3.3 Stability Analysis Based on Minimum Ten-
sion and Minimum Singularity

While the minimum tension and the minimum singu-
lar value of the stiffness matrix can be used to analyze
the stability of the load separately, the stability of the
load is prone to deviations from a single aspect. Thus,
the stability of the load can be analyzed by combining
the minimum tension and the minimum singular value
of the stiffness matrix. Different factors have different
effects on load stability, so it is necessary to make a dis-
tinction in magnitude. After data standardization, the
minimum tension Tmin and the minimum singular value
σmin(K) of the stiffness matrix are mapped to the inter-
val [0, 1] in proportion, and the two are superimposed
by the weighting method. In this way, a comprehensive
index for analyzing load stability is obtained:

φ = k1
Tmin

T max
min

+ k2
σmin(K)
σmax

min (K)
, (15)

where T max
min represents the maximum of the minimum

tension of the three ropes; σmax
min (K) represents the max-

imum of the minimum singular value of the stiffness
matrix; k1 and k2 are the weighting coefficients, and
k1 + k2 = 1 is satisfied.

In summary, the stability degree is obtained by
weighting the minimum tension of the rope and the
minimum singular value of the stiffness matrix, which
basically synthesizes the advantages of the two and ef-
fectively resolves the drawbacks when they are used sep-
arately as evaluation indexes.

4 Simulation Analysis

The three floating robots are arranged in an equi-
lateral triangle in space, and the ends of the three
robots are kept at the same height. The projection
of the towing system in the initial state is shown in
Fig. 2. The initial positions of the barycenters and
endpoints of the three floating robots are shown in
Table 1. The structure of the floating base is a cylin-
der with height h = 1 m and radius r = 0.5m. The
parameters of the robot are given in Table 2. The
draft depth of the floating robot resting on the water
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Fig. 2 Projection of the towing system on the X1O1Y1

plane
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surface is 0.5m, the draft-weight is 392.4 kg, and the
fluid density is ρ = 103 kg/m3. The mass of the load
is 10 kg, the rope length is 0.5m to 3m, and the initial
position of the load is (1.5, 1.25, 1)m. The radius of
the load is 0.1m, and the junction points between the
ropes and the load are B1 = (−0.05

√
3,−0.05, 0)T m,

B2 = (0.05
√

3,−0.05, 0)T m, and B3 = (0, 0.1, 0)T m.

Table 1 Initial coordinates of the floating robot

Point X/m Y /m Z/m

O1 0 0 0

O2 3 0 0

O3 1.5 1.5
√

3 0

A1 1 5
√

3/6 1.5

A2 1 −2
√

3/3 1.5

A3 7/4
√

3/12 1.5

Table 2 Parameters of the robot

Parameter Value

ϕ11/rad
(
− π

2
,
π

2

)

ϕ21/rad
( π

2
,

3π

2

)

ϕ31/rad (−π, 0)

ϕi2, ϕi3/rad
( π

12
,

5π

12

)

ai1/m 1

ai2/m 0.5

ai3/m 0.5

The equations of motion for the barycenter of the
load at the time t are assumed to be

x = 0.5 cos(0.4πt)
y = 0.5 sin(0.4πt)
z = 0.05t

α = β = γ = 0

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

. (16)

Based on the expected trajectory of the load, com-
bined with the dynamics of the towing system, the pa-
rameters can be calculated to obtain T max

min = 339.25N,
σmax

min = 2.878 9×104 N/m. In the same towing environ-
ment, if the chosen weighting coefficients are different,
the resulting stability is also different. How to choose
the weighting coefficients is the research difficulty of
the method. The stability of the first stage of the tow-
ing system is studied. Figures 3—5 show the stabil-
ity (φ) distributions obtained in the plane Z = 1m,
Y = 0.866m and X = 1.5m when taking three sets of
weighting coefficients, respectively. Different colors rep-
resent different stability, which increases continuously
from cool to warm colors. It is clear from the figures
that the closer the load is to the central point of the
triangle in the same horizontal plane, the higher the
stability of the load. The closer the load is to the top
of the workspace, the higher the stability of the load in
the workspace.

It can be clearly seen from Figs. 3—5, with the in-
crease of the weighting coefficient of the minimum
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Fig. 4 Distribution map and contour map of the stability (k1 = 0.5, k2 = 0.5)
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singular value of the stiffness matrix, the boundary dis-
tortion and uneven contour distribution of the contour
maps are improved. However, as the weighting coeffi-
cient of the minimum tension increases, the three edges
of the triangle gradually become circular arcs. For
k1 = 0.7 and k2 = 0.3, the triangular shape of the con-
tour map does not deform, which retains the advantage
of a single stability index. The weighting coefficient
of the minimum tension should not be increased, oth-
erwise the minimum tension index will have too much
influence on the stability and lose its significance for a
comprehensive evaluation.

Depending on the structure of the towing system, the
workspace of the load is always in the triprism space
formed by the endpoints of the three robots and their
projected points in the horizontal plane. Points with
stability over 0.4 are set as stability points. Therefore,
the proportion of stability points to static workspace
points in the three stages of towing is shown in Ta-
ble 3 for different combinations of the weighting co-
efficients. It can be seen that the system has fewer
stability points in both the second and third stages, in-
dicating that the stability of the load is too low. By
comparison, it is found that with the same weight-
ing coefficient, the first stage is the largest, the second
stage is the second largest, and the third stage is the
smallest, indicating that the stability of the load grad-
ually decreases during the towing process. Under the
same towing stage, the load has the highest stability
at k1 = 0.7 and k2 = 0.3. Therefore, the weighting
coefficient of the minimum tension is chosen to be 0.7,
and the weighting coefficient of the minimum singu-
lar value is chosen to be 0.3. In this way, it is rela-
tively reasonable to comprehensively analyze the load
stability of the floating multi-robot coordinated towing
system.

Table 3 Proportion of stability points to work-
space points

Stage

φ/%

k1 = 0.3,

k2 = 0.7

k1 = 0.5,

k2 = 0.5

k1 = 0.7,

k2 = 0.3

First 75.3 78.6 81.8

Second 47.5 56.9 63.1

Third 36.7 40.2 45.3

By analyzing the load stability at different towing
stages, not only the appropriate driving mode, but also
the optimal weighting coefficient can be selected. In the
meantime, the stability analysis of the load can provide
guidance for the subsequent planning of movement tra-
jectories with high stability.

5 Conclusion

The multi-robot coordinated towing system has be-
come an important tool for towing in factories, railways,
and ports, and has broad research prospects. In this pa-
per, the configuration, dynamics, and load stability of
the floating multi-robot coordinated towing system are
studied, and the main conclusions are as follows:

(1) According to the motion characteristics of the
floating multi-robot coordinated towing system, the
method of judging the load stability is obtained by
weighting the minimum tension of the ropes and the
minimum singular value of the stiffness matrix.

(2) The different weighting coefficients are selected
to analyze the stability of the load, separately, and a
relatively reasonable weighting coefficient is obtained.

(3) The distribution of load stability in the workspace
is obtained by simulation, which provides a basis for
subsequent trajectory planning and anti-swing control.

Due to the complex working conditions of the float-
ing multi-robot coordinated towing system, there are
many factors that affect the load stability. As research
deepens, more methods must be used to analyze the
load stability of the towing system at later stages. In
addition, the load stability is the subject of the present
paper, and the stability of the whole towing system is
not considered.
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