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Abstract: In this paper, we consider the replacement of a single unit with catastrophic failure mode. Besides
replaced at a preset time, the unit is also replaced at failure time or if it encounters a production wait and its
age has reached a threshold. The joint preventive maintenance interval and threshold optimization problem are
formulated with the objective of minimizing the expected cost per unit time in long run. A numerical example is
presented to illustrate the applicability of the model.
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Nomenclature

Cf — Average cost of a failure replacement
Cp — Average cost of an age replacement
Cw — Average cost of a replacement at production wait
C(T, τ ) — The long run cost per unit time
E[C] — The expected renewal cycle cost
E[Z] — The expected renewal cycle length
fX(t)— Probability density function of X, t ∈ (τ, T ]
FX(t)— Cumulative distribution function (CDF) of X
N(t)— The number of production waits that occur dur-

ing [0, t]
T— The planned replacement time which ranges over

[0,∞)
X— The random variable denoting the age of the unit

with PDF fX(t) and CDF FX(t) ≡ P{X � t}
Y — The random arrival time of the nearest production

wait that occurs after time τ
Z— The random length of a renewal cycle
λ— The arrival rate of the production wait
τ— The age threshold representing the minimum age re-

quirement for replacing the unit at production wait

0 Introduction

Failures of units are roughly classified into two
modes: catastrophic failure in which a unit fails sud-
denly and completely, and degraded failure in which a
unit fails gradually with time due to performance dete-
rioration. In practice, a catastrophic failure may cause
interruption of production and incur heavy loss. It is
an important problem to determine when to replace or
preventively repair a unit before failure[1]. In case of
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degraded failure, maintenance costs of a unit increase
with its age, whereas its performance may suffer some
deterioration. It is also required to measure some per-
formance parameters and to determine when to replace
or preventively repair a unit before it degrades into fail-
ure state[2]. In this paper, we consider the replacement
of a single unit with catastrophic failure mode. Some
electronic and electric parts or equipment are typical
examples. A typical replacement policy for such a unit
is “age replacement”[3]. A unit is always replaced at
failure or time T if it has not failed up to time T , where
T is constant. Age replacement policies have been stud-
ied by many authors. The known results were summa-
rized and the optimum policies were studied in detail
in Ref. [3]. Some chapters of the recently published
books[4-6] summarized the basic results of age and the
other replacement policies.

In practice, a unit may experience some production
wait due to exhaustion of raw material or installation
of a new mold. The unit can be replaced to avoid
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unnecessary interruption to the production process if it
encounters a production wait before T and its age has
exceeded a certain threshold value τ , where τ ∈ [0, T ]
is also a decision variable. The optimal preventive re-
placement interval and the optimal threshold are stud-
ied in this paper.

1 Model Assumptions

We propose the following assumptions for our model.
(1) The time horizon considered is infinite.
(2) The arrival of production wait observes a Poisson

process.
(3) The time that each production wait lasts is

negligible.
(4) The time for unit replacement is negligible. A

new installed unit begins to operate instantly, and is
independent of the former.

(5) There exists only a single failure mode for the
single-unit system[7]. Once the unit fails, the failure
can be detected immediately.

(6) Repair or replacement is regarded as renewing the
system, though for a single-unit system, replacement
might be the only option.

2 The Cost Model

Consider a single unit subject to catastrophic mode.
The unit is replaced or preventively repaired to “as
good as new” every time T to prevent it from unex-
pected failure, though replacement might be the only
option for a single-unit system[7]. Besides replaced at
T , the unit is also replaced in case it fails before T or it
encounters a production wait before T given that its age
has reached a threshold τ . The replacement scenarios
of the unit are as shown in Fig. 1.
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Fig. 1 Illustration of replacement scenarios

From the model assumptions in Section 1, we can
obtain the probability that the nearest production wait
after time τ occurs after y (y ∈ (τ,∞)):

P{Y > y} = P{N(y) − N(τ) = 0} = e−λ(y−τ). (1)

Furthermore, the probability density function (PDF)
of Y can be obtained as

fY (y) = −dP{Y > y}/dy = λe−λ(y−τ), (2)

and the expected value of Y is given by

E[Y ] =∫ ∞

τ

yfY (y)dy =
∫ ∞

τ

yλe−λ(y−τ)dy = τ +
1
λ

. (3)

This section formulates the cost model using renewal
theorem to optimize the planned replacement T and
the age threshold value τ [8-9]. There are three different
kinds of renewal cycles: failure replacement, replace-
ment at production wait, and age-based replacement.
The expected renewal cycle cost E[C] requires the prob-
ability model for each kind of renewal cycle[9].

Firstly, a failure replacement happens in two situa-
tions: the unit fails before time τ , or the unit fails at

time x ∈ (τ, T ] and no production wait occurs during
[τ, x]. So the probability for a failure renewal is given
by

P1 = P{X � τ}+P{τ < X � T, N(X)− N(τ) = 0} =

FX(τ)+
∫ T

τ

P
{
N(X) − N(τ) = 0

∣∣X = x
}
fX(x)dx =

FX(τ) +
∫ T

τ

e−λ(x−τ)fX(x)dx. (4)

Secondly, a replacement at production wait happens
when the unit fails at time x ∈ (τ, T ] and at least one
production wait occurs during [τ, x], or the unit fails
after T and at least one production wait occurs during
[τ, T ]. So the probability for a preventive replacement
renewal under production wait is given by

P2 = P{τ < X � T, N(X) − N(τ) > 0} +
P{X > T, N(T )− N(τ) > 0} =∫ T

τ

[1 − P{N(x) − N(τ) = 0}]fX(x)dx+
∫ ∞

T

[1 − P{N(T )− N(τ) = 0}]fX(x)dx =

∫ T

τ

[1 − e−λ(x−τ)]fX(x)dx+
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∫ ∞

T

[1 − e−λ(T−τ)]fX(x)dx = 1 − FX(τ)−
∫ T

τ

e−λ(x−τ)fX(x)dx − e−λ(T−τ)[1 − FX(T )]. (5)

Finally, an age-based replacement happens when the
unit fails after T and no production wait occurs during
[τ, T ]. So the probability for an age-based replacement
renewal is given by

P3 = P{X > T, N(T )− N(τ) = 0} =

e−λ(T−τ)[1 − FX(T )]. (6)

The cost parameters Cf , Cw and Cp are introduced.
Then the expected cost of one cycle is given by

E[C] =CfP1 + CwP2 + CpP3 =

Cf

[
FX(τ) +

∫ T

τ

e−λ(x−τ)fX(x)dx

]
+

Cw

{
1 − FX(τ) −

∫ T

τ

e−λ(x−τ)fX(x)dx−

e−λ(T−τ)[1 − FX(T )]
}

+

Cp{e−λ(T−τ)[1 − FX(T )]}. (7)

There are three different kinds of renewal cycles and
each happens in its certain situations. So the length of
a renewal cycle Z can be expressed as follows.

(1) If X � τ , or if τ < X � T and N(X)−N(τ) = 0,
there is Z = X .

(2) If τ < X � T and τ � Y � X , X � τ or if
X > T and τ � Y � T , there is Z = Y .

(3) If X > T and N(T ) − N(τ) = 0, there is Z = T .
Accordingly, the expected length of a renewal cycle

can be obtained as

E[Z] =
∫ τ

0

xfX(x)dx+

∫ T

τ

xP{N(X) − N(τ) = 0|X = x}fX(x)dx+

∫ T

τ

∫ x

τ

yfX(x)fY (y)dydx+

∫ ∞

T

∫ T

τ

yfX(x)fY (y)dydx+
∫ ∞

T

TP{N(T )− N(τ) = 0|X = x}fX(x)dx =

∫ τ

0

xfX(x)dx +
∫ T

τ

xe−λ(x−τ)fX(x)dx+

∫ T

τ

∫ x

τ

yfX(x)λe−λ(y−τ)dydx+

∫ ∞

T

∫ T

τ

yfX(x)λe−λ(y−τ)dydx+

T e−λ(T−τ)

∫ ∞

T

fX(x)dx =

∫ τ

0

xfX(x)dx − 1
λ

∫ T

τ

e−λ(x−τ)fX(x)dx+
(
τ +

1
λ

)
[1 − FX(τ)] − 1

λ
e−λ(T−τ)[1 − FX(T )]. (8)

Let C(T, τ) be the long run cost per unit time. Since
each maintenance action renews the system with asso-
ciated costs, the objective function is given by[9-10]

C(T, τ) = E[C]/E[Z] = (CfP1 + CwP2 + CpP3) ÷{∫ τ

0

xfX(x)dx − 1
λ

∫ T

τ

e−λ(x−τ)fX(x)dx+
(
τ+

1
λ

)
[1 − FX(τ)] − 1

λ
e−λ(T−τ)[1 − FX(T )]

}
. (9)

Based on the cost model, the optimal combination of
the preventive replacement interval and the age thresh-
old value, i.e. (T ∗, τ∗) that minimizes the expected cost
rate C(T, τ), can be solved.

3 Numerical Example

A numerical example is presented to show the appli-
cation of the model to minimize the expected cost per
unit time in this section. The Weibull distribution has
been widely used in industrial practice, and shown to
be able to provide a close approximation to the lifetime
distribution of different units and systems[11]. There-
fore, this paper assumes that the PDF for fX(x) follows
Weibull distribution with parameters (a, b) as

fX(x; a, b) =

⎧⎨
⎩

b

a

(x

a

)b−1

e−(x/a)b

, x � 0

0, x < 0
, (10)

where b > 0 is the shape parameter and a > 0 is the
scale parameter of the distribution. In addition, the
cost parameters for the example are assumed and listed
in Table 1.

Besides the parameters in Table 1, it is also assumed
that the preventive replacement interval T ranges from
1 to 100 and age threshold value τ ranges from 0 to T .

(1) When Cw � Cp, the optimal solution is set as
τ∗ = T ∗. In this situation, the model becomes the “age
replacement model”, and the replacement takes place at
only failure or planned time T . This is consistent with
intuition, as it is not cost effective to replace at produc-
tion wait if its cost is higher than the age replacement
cost.

(2) When Cw < Cp, the optimal solution is set as
τ∗ < T ∗. That is, besides replaced at T , the unit is also
replaced in case it fails before T or when it encounters
a production wait after a threshold τ but before T .
This means that replacement at production wait may
reduce costs. It can be seen that the replacements at
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production wait save more costs when the production
wait is more frequent (when λ increases from 0.25 to
2).

The cost parameter settings of Models 1 and 8 in
Table 1 are drawn for graphical illustration, as shown
in Figs. 2 and 3.

Table 1 The distribution and cost parameters

Model λ a b Cf Cw Cp (T ∗, τ∗) C (T ∗, τ∗)

1 0.5 50 1.5 1 000 80 30 (8, 8) 11.556 2

2 2 50 1.5 1 000 300 200 (34, 34) 19.725 0

3 0.5 50 1.5 1 000 300 300 (51, 51) 21.218 7

4 2 50 1.5 1 000 300 300 (51, 51) 21.218 7

5 0.25 50 1.5 1 000 150 200 (87, 23) 18.535 2

6 0.5 50 1.5 1 000 150 200 (54, 24) 18.484 2

7 1 50 1.5 1 000 150 200 (49, 25) 18.469 4

8 2 50 1.5 1 000 150 200 (33, 26) 18.465 6
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Fig. 2 Output result of Model 1
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Fig. 3 Output result of Model 8

4 Conclusion

In this paper, we consider the preventive maintenance
policy with consideration of the production wait. Be-
sides replaced at T , the unit is also replaced in case
it fails before T or when it encounters a production
wait after a threshold τ but before T . The cost model
is proposed through analysing all the possible renewal
scenarios, and the optimization problem is formulated.
Numerical example is presented to illustrate the appli-
cation of our model. A future work is to extend the
model to more complex systems considering delay time
and inspection with arbitrary number of components
and clustering maintenance.

References

[1] Nakagawa T. Maintenance theory of reliability [M].
London: Springer-Verlag, 2005.

[2] Wang W B. An overview of the recent advances in
delay-time-based maintenance modelling [J]. Reliabil-
ity Engineering and System Safety, 2012, 106: 165-
178.

[3] Barlow R E, Proschan F. Mathematical theory of
reliability [M]. New York: John Wiley & Sons Ltd.,
1965.

[4] Dohi T, Kaio N, Osaki S. Maintenance, modeling
and optimization [M]. Boston: Kluwer Academic Pub-
lishers, 2000.

[5] Kaio N, Dohi T, Osaki S. Stochastic models in re-
liability and maintenance [M]. New York: Springer-
Verlag, 2002.

[6] Dohi T, Kaio N, Osaki S. Handbook of reliability
engineering [M]. London: Springer-Verlag, 2003.

[7] Wang W B. Models of inspection, routine service, and
replacement for a serviceable one-component system
[J]. Reliability Engineering and System Safety, 2013,
116: 57-63.

[8] Wang W. Delay time modelling, in complex system
maintenance handbook [M]. Amsterdam: Springer-
Verlag, 2008.

[9] Wang W B, Zhao F, Peng R. A preventive mainte-
nance model with a two-level inspection policy based
on a three-stage failure process [J]. Reliability Engi-
neering and System Safety, 2014, 121: 207-220.

[10] Ross S M. Introduction to probability models [M].
New York: Elsevier, 2007.

[11] Wang W, Christer A H. Solution algorithms for
a nonhomogeneous multicomponent system inspection
model [J]. Computer and Operations Research, 2003,
30: 19-34.


