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Abstract

To study the impact of infection delays in human and mosquito populations, vacci-
nation with waning immunity and reinfection on the malaria transmission process,
a malaria transmission model with these factors is developed and investigated. The
local stability of disease-free and endemic equilibria have been discussed explicitly.
By taking the delay as the bifurcation parameter, the existence of Hopf bifurcation
is analyzed in four cases. Using normal form theory and center manifold theorem,
direction and stability of Hopf bifurcation are discussed. Numerically, the bifurca-
tion diagrams show that both delays can destabilize the endemic equilibrium and
cause Hopf bifurcation and irregular oscillations, and that stability switches can occur
mainly because of the delay in human. In addition, the malaria transmission case of
Nigeria is studied. Numerical analysis reveals that ignoring the waning of immunity
and reinfection may underestimate the infection risk and enlarge the critical value of
Hopf bifurcation. Moreover, combined with sensitivity analysis, we can see that even
though vaccination is not so effective in reducing the basic reproduction number, it is
efficient for controlling the disease.
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1 Introduction

Malaria, caused by protozoan parasites, is a mosquito-borne disease affecting health
systems and economies greatly. The World Health Organization (WHO) reports that
249 million cases of malaria and 608 thousand malaria deaths occurred globally in
2022 [1]. There are five parasite species that induce malaria in human: Plasmodium
falciparum (P. falciparum), Plasmodium vivax (P. vivax), Plasmodium malariae (P.
malariae), Plasmodium ovale (P. ovale), and Plasmodium knowlesi (P. knowlesi).
Of which P. falciparum and P. vivax pose the greatest threat. In the WHO African
Region, P. falciparum accounts for 99.7% of estimated malaria cases, while P. vivax
is responsible for 74.1% of malaria cases in the WHO Region of Americas. Besides,
a large proportion of malaria deaths worldwide is in four African countries in 2021:
Nigeria (31.3%), the Democratic of the Congo (12.6%), United Republic of Tanzania
(4.1%) and Niger (3.9%). Take Nigeria, for example. The death rate caused by malaria
of this country is about 0.04% in 2021, and the number of population infected with
malaria keeps increasing from 4% in 2014 to about 10% in 2021 (See Table 1 and
Fig. 1).

We know that malaria is transmitted to human through the bitten by an infected
female anopheline mosquito. And a susceptible mosquito get infected after it takes
a blood meal from an infectious human. There are incubation periods in the two
transmission processes [4—6]. In general, the time needed for mosquito to get infected
is described as extrinsic incubation period (EIP) [ 7]. And the period for host population
to get infected is intrinsic incubation period (I1IP) [8].

To prevent and control the transmission of infectious diseases, vaccination is an
effective way [9, 10]. Since October 2021, the WHO recommend the broad use of,
RTS,S/ASO01, the first malaria vaccine, among children living in regions with moderate
to high P. falciparum malaria transmission [1]. In October 2023, the WHO recom-
mended a second vaccine, R21/Matrix-M. Both are shown to be safe and effective
and expected to have high health influence when implemented broadly. In fact, the

Table 1 Reported cases (from

[17) and the population (from Year Reported cases Death cases Population(x 104)
[2]) of Nigeria 2014 8572322 6082 17,937

2015 8,068,583 9330 18,399

2016 13,598,282 7397 18,866

2017 13,087,878 8720 19,349

2018 16,972,207 14,936 19,838

2019 19,806,915 26,540 20,330

2020 18,325,240 13,072 20,832

2021 21,325,186 7828 21,340
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immunity acquisition process is not easy and years or decades may be needed [11].
And waning of immunity and reinfection may happen since the immunity may wan-
ing over time in some extent. Therefore, it is necessary to investigate the influence of
the extrinsic incubation period, intrinsic incubation period, vaccination with waning
immunity and reinfection on malaria transmission process.

Mathematical modelling have being an important way for investigating the dynam-
ics of infectious diseases long time ago. The first mathematical model depicting the
transmission process of malaria was introduced by Ross [3], and refined by MacDonald
[4]. From then on, the malaria transmission models were developed extensively [12—
16]. In [17], considered waning immunity of vaccination and treatment, the authors
established an ordinary malaria transmission model and studied the optimal control.
Considering the reinfection of recovered class, Xu and Zhou [18] developed a malaria
model with EIP and studied the Hopf bifurcation and stability. Wan and Cui [19]
studied a malaria model with both EIP and IIP. Zhang et. al. extended their result by
adding the reinfection effect in [8]. However, the influence of the vaccinated class
wasn’t considered in these delayed models.

In this paper, we divide the human population into four classes: the susceptible
Sy (1), vaccinated V (¢), infected Ij, (), recovered R, (t) and divide the mosquito popu-
lation into two classes: susceptible S,, (¢), infected I, (¢). Taking the delays of malaria
in human and mosquito, vaccination with waning of immunity and reinfection into
account, we construct model (see Fig.2)

dSy(1)
— bp(1 = p) — BuSu(t — t) It — ) — (i + ) Sh (D),
dVv
O by 4+ 1Sh(0) = BV (¢ — ) It — 1) — iV (1),
dlIn(t)
T Br(Sp(t —th) + €V (it — 1) + o Rp(t — ) Ln(t — 1)
—(un + o + I, (1.1)
dRj (1)
T yIn(t) —oBpRy(t — ) I (t — ) — Ry (1),
dS;t(’) = by — B St — T It — T) — i S (1),
1 (1)
T = ,BmSm(t — )t — ) — Mmlm(t)»

where all parameters are positive and their meanings are described as follows: 7j,:
the incubation period in human (IIP), t,,: the incubation period in mosquito (EIP),
by recruitment rate of the human population, b,,: recruitment rate of the mosquito
population, B;,: human transmission rate, 8,,: mosquito transmission rate, (45 : natural
death rate of human, 1, : natural death rate of mosquitoes, y : recovery rate of infected
human, «: disease induced death rate, o (0 < o < 1): degree of partial protection
for recovered individuals, € (0 < € < 1): the efficacy of vaccine, p (0 < p < 1):
vaccination proportion of new borns, 7: vaccination rate for susceptible class.

From the last two equations of model (1.1) we obtain that N,,, = S, + I, satisfies

% = by — wmNy. This implies that lim; oo Nip (1) = z—""n. Therefore, we can

assume that N, (t) = S,,(t) + I,(t) = /'i—';. Thus, by the limit system theory of
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Fig.1 The reported cases of malaria normalized by the population and the death rate during 2014-2021
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Fig.2 Schematic diagram for the transmission of malaria

differential equations [21], the dynamical behavior of model (1.1) is equivalent to the
following model

dS

O (= p) = BuSu(t — o) It — ) — (it + )SH(0),
dVv

dt(’) = byp + 1Sh(t) — BVt — T) I (t — T) — paV (1),
aflfe

T Br(Sp(t — ) +€V(t — 1) (1.2)

+o Ry (t — ) I (t — ) — (o +a + y) (1),

dRp(1)
=y Ip(t) —oBnRy(t — th) n(t — Th) — R (1),
dl,, by,
% = Bu(— — Lt — v In(t — ) — i L ().
1 Mm

This paper is arranged as follows. Basic properties are presented in Sect. 2. In Sect. 3,
the local asymptotic stability of disease-free and endemic equilibria is established
firstly. Then existence of Hopf bifurcation is investigated in four cases: (1) 7, = 0
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and 7, > 0;2) 1, >0and 7, =0;3) 73 =1 :=7 > 0;and @) 7, € (0, 7))
and 7, > 0, where (2)-(4) are studied under special condition. What’s more, direction
and stability of Hopf bifurcation also are examined. In Sect.4, Hopf bifurcation of
these four cases for original model and special case are both simulated numerically.
Besides, we apply our model to the transmission of malaria in Nigeria numerically.
Finally, conclusions are summarized in Sect. 5.

2 Basic properties

Let Ri = {(x1,x2,x3,x4,%x5) : x; > 0,i = 1,2,3,4,5} and T = max{ty, T, }.
For Banach space C; := C([—rt,0], Ri) consist of continuous functions from
[—7,0] to R, define the norm of ¢ = (P1,02,¢3,P4,¢95) € Cx+ by |¢|| =

1
MaXye[—z.0] (Zle |¢>,-|2)2 Define X = {¢p € Cy : ¢;(0) >0, i =1,2,3,4,5).

For any continuous function u : [—7,0) — Ri with ¢ > 0, define u; € C4 for
t € [0,0) as u;(0) = u(t + 0),v0 € [—1,0]. From the fundamental theory of
functional differential equations [22], we have the following well-posedness result of
system (1.2), and the proof is presented in Appendix A.

Theorem 2.1 For any ¢ € X, system (1.2) admits a unique solution u(t,p) with

uop = ¢ and u; (-, ¢) € X for all t > 0, and solutions are uniformly and ultimately
bounded.

Obviously, system (1.2) always has a disease-free equilibrium PO(S,(I), v©,0,0,0)

; 0 _ bn(1=p) 0 _ bu(pnp+n) ; - ;
with §) = =—=V TR By linearizing the equations of [; and I, of

model (1.2) athpoint Py, we can obtain the Jacobia matrices as follows

0 BuS)+eppV wn+a+y 0
F = b , V= .
B 0 0 Mm

According to [23], define the basic reproduction number by

’

Ro = p(Fy-1y = |Brbnbnbn 111 = )+ €Ganp + 1)
Wi bon (i + 1) (up + o +y)

where p(-) presents the spectral radius of matrix.
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Fig.3 Sketch profiles for F1(y) and F,(y)

Assume that P*(S;, V*, I, R}, I ;) is the endemic equilibrium of system (1.2).
Then we have

o — byp(1 — p) V= bupBrl), + brpun + bpn R* — vl
I R Bl + ) Bl +un+n)" " oBuli +
. (€Bpbnly + Bubi (un(1 — p) + €(pp + M) 0Bl + wn) I,
"Bl + ) Buls + a4 1) (i + @) @B LE + mn) + 1ny)’
o __ Pubnly
me ﬂmbml* +I’L2 .
h m

Substituting the expression of 1 into I;', we can get:
Fi(}) = F>(I}) 2.1

with
FL() = B (€B304Y + Bibi(ai(1 = p) + €(pptn + 1)) @Bay + 1) (b — ),
Fa(y) = ptm (€Bny + 1) (Bry + i + ) ((wn + )0 By + pn(n + o + ) -

Therefore, the existence of endemic equilibrium of system (1.2) is equivalent to
the existence of positive intersection point of functions Fi(y) and F>(y). From the
sketches in Fig. 3, we can see that there is a positive intersection point if 71 (0) > F>(0),
and there is no positive intersection if F1(0) < F>(0). Moreover, F(0) > F>(0) &

Ro > 1. Thus, there is a unique endemic equilibrium when Ry > 1 and there is no
endemic equilibrium when Ry < 1.

3 Stability and Hopf bifurcation
3.1 Stability of equilibria

The community matrix of system (1.2) at P = (S, V, I, Ry, I,,,) is given by J(P) =
L(P) + H(P)e ™™ 4+ M(P)e™*™, where
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Iir 0 0 0 O hip 0 0 0 hys
Irpylhp 0 0 O 0 hyp 0 0 hos
L(P)=|0 015330 0|, H(P)=|hs h3p 0h3q h3s |,
0 0 lyz3lgq O 0 0 0 hgq hys
0 0 0 0 Is5 0O 000 O
000 0 O
000 0 O
MP)y=|000 0 0
000 0 O

00 0 ms3 mss

with lyy = —up —n, by =0, In = —up, 33 = —(up +a +y), iz =
Y, lag = —up, Iss = —pwm, hiy = =Bplm, his = —PuSh, hoo = —€Bply, has =
—€BnV, h31 = Buln, h32 = €Bpln, hza = oPpln, hzs = Bu(Sp + €V +
o Rp), hag = —0Bply, has = —oBp Ry, ms3 = ﬁm(% —1Iy), mss = —Bm 1. The
characteristic equation of J(P) is |J(P) — AE| =0, i.e.,

ail — A 0 0 0 hljei)”rh
I a» — A 0 0 hase
h31e™*™ h3pe ™™ I35 — A hase ™ hzse™*T| =0,
0 0 143 aqq — A h45e_)‘rh
0 0 m53e_“m 0 ass — A

where a;; = l;j+hijje ™™ (i = 1,2,4)andass = Iss+msse ™ For the disease-free
equilibrium P, the characteristic equation is

(1 = 22 = W) (las = 2) (3 = (a3 + Is9) + sl (1 = RYe ™) ) = 0.
3.1

For the endemic equilibrium P*(S};, V*, I)*, Ry, 1), the characteristic equation is

0 0 0
A+ Zuojkj + Zulj)»jefh’” + Zuzj)\jff“”
— — —

0 0 0
+ Z u3jkje—K(Th+fm) + Z u4jkje_2“" + Z u5j)xje_)"(rm+2”’)

j=3 j=3 j=2
0 0
4 Z A e~ 4 Z w3 eI o= ) — (3.2)
j=2 j=1

where coefficients u; (k =0,1,2,3, j =0,1,2,3,4), u71, u70 and ugg are given
in Appendix B.
Remark 3.1 On account of the appearance of two efficient malaria vaccine RTS,S/AS01

and R21/Matrix-M, the vaccinated component is considered. Besides, factors of vac-
cination with waning immunity, reinfection and delays in human and mosquitoes
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are taken into consideration in our malaria model, which extends previous malaria
models [8, 18]. In fact, he form of the characteristic equation (3.2) is quite different
and generalizes previous ones, and therefore, Theorems 3.2-3.6 in the following are
generalizations of corresponding results in [8, 18].

According to the characteristic equations (3.1) and (3.2), we have the following
stability results for the disease-free and endemic equilibria, respectively.

Theorem 3.2 (i) Foranyt, > 0andty, > 0, if Ry < 1, then disease-free equilibrium
PY is locally asymptotically stable.

(ii) When ty, = 1, = 0, if Ro > 1, then endemic equilibrium P* is locally asymptot-
ically stable if Dj > 0 (j =1,2,3,4), where D; (j = 1,2, 3,4) are presented
in Appendix B.

The proof of Theorem 3.2 is given in Appendix C.

3.2 Existence of Hopf bifurcation

We know that all zero points of Eq. (3.1) have negative real parts if Ryp < 1. Roots of
Eq. (3.1) are continuously dependent on delays [24], and only when a root crossing
the imaginary axis its real part of a root can become positive. On account of A = 0 is
not a root of Eq. (3.1), the real part of roots for Eq. (3.1) can become positive when
A=ik,k #0.

For various delays 7, and 7, we have the following theorems about the existence
of Hopf bifurcation.

Theorem 3.3 Assume the delay 1, = 0 in model (1.2). When Ry > 1, then there is a
7 > 0 such that (1) P* is locally asymptotically stable if T,, € [0, T,7); (2) system
(1.2) undergoes a Hopf bifurcation at P* when t,, = t,},, and a family of periodic

solutions bifurcate from P*.

The proof of Theorem 3.3 is given in Appendix C.

However, for the cases 7, > 0, 17,, = 0and 7, > 0, 7, > 0, characterization Eq.
(3.2) is too complicated to analyze. Therefore, we suppose € = o = 0 for simple.
When € = 0 = 0, we have h25 = h22 = h32 = /’l34 = h44 = /’l45 = 0. And then
characteristic equation (3.2) is reduced to

0 0 0 0
)»5 + Z pOJ)"j + Z plj)\’jefkfm + Z pzj)\’ie*)nth 4 Z ij)\jef)»(‘E}rl*tm) — O,
j=4 j=4 j=4 j=3
3.3)

where p; (k=0,1,2, j =0,1,2,3,4) and p3; (j = 0, 1, 2, 3) are presented in
Appendix B.

Theorem 3.4 Assume € = o0 = 0 and t,, = 0 in model (1.2). When Ry > 1, then
there is a T, > 0 such that (1) P* is locally asymptotically stable if 7, € [0, t;);
(2) system (1.2) undergoes a Hopf bifurcation at P* when v, = t;;, and a family of
periodic solutions bifurcate from P*.
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Theorem 3.5 Assume ¢ = o0 = O and 1,, = 1, := T > 0 in model (1.2). When
Ro > 1, then there is a t™ > 0 such that (1) P* is locally asymptotically stable if
T € [0, t™); (2) system (1.2) undergoes a Hopf bifurcation at P* when t = t*, and
a family of periodic solutions bifurcate from P*.

Theorem 3.6 Assume € = o = 0 and a fixed t;, € (0, r,;k) in model (1.2). When
Ry > 1, then there is a T,, > 0 such that (1) P* is locally asymptotically stable if
T € [0, Ty); (2) system (1.2) undergoes a Hopf bifurcation at P* when t,, = T,
and a family of periodic solutions bifurcate from P*.

The proofs of Theorems 3.4-3.6 are given in Appendix C.

3.3 Direction and stability of Hopf bifurcation

Previously, we have proved that system (1.2) admits a family of periodic solutions
bifurcating from the endemic equilibrium P* in various critical values of delay param-
eters. In this subsection, we derive explicit formula to determine the direction as well
as stability of Hopf bifurcation at critical value t,,, applying the normal form theory
and the center manifold theorem by Hassard et al. [25]. In the following, for special
case € = o =0, we assume 7;, € (0, 7;) with 77 < 7,, and.

Theorem 3.7 (i) The direction of the Hopf bifurcation is determined by the sign of
wa. If o > 0 (uo < 0), then it is a supercritical (subcritical) bifurcation. (ii) The
stability of the bifurcated periodic solution is determined by B>. The periodic solution
is stable (unstable) if fo < 0 (B2 > 0). (iii) The period of bifurcated periodic
solutions is determined by T,. The size of period increases (decreases) if Tp > 0
(T, < 0).

The expressions of parameters , B2 and 75 in Theorem 3.7, and the proof of
Theorem 3.7 are given in Appendix B.

4 Numerical simulatons

In this section, we first simulate the phenomenon of Hopf bifurcation in four cases.
Then we simulate the reported cases of Nigeria with model (1.2). Based on the esti-
mated parameters, we get that the basic reproduction number of Nigeria is about
5.1448. Therefore, the disease in Nigeria will be endemic. To present some control

suggestions for Nigeria, sensitivity analysis is shown by partial rank correlation coef-
ficient (PRCC).

4.1 Simulations of Hopf bifurcation

Choosing 8, = 0.01, B, = 0.01, b, = 70, b,, = 10, @ = 0.1, up, = 0.4,
wm = 01,y =1, n = 0.1, p = 002, 0 = 0.2 and ¢ = 0.2, then P* =
(53.51,12.13,35.89, 64.5,78.21) and Ry = 3.1066 > 1. When 0 = ¢ = 0, then
P* = (55.73,17.43, 27.16, 67.89, 73.08) and Ry = 3.0243 > 1.
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Fig.4 Case (1): the first column is for €, 0 > 0, the second column is fore = o =0

In Sect. 3.2, we have shown the existence of Hopf bifurcation for cases (1): t, = 0,
T >0;2):1>0,7, =0;3) 1, =1 =7 > 0; D: 77 € (0, 7)), T > 0, where
cases (2)-(4) are analyzed under special condition ¢ = o = 0. In this subsection,
we demonstrate the Hopf bifurcation theorems through numerical simulations in four
different cases. In particular, we also simulate the dynamical behaviors of cases (1)-(4)
fore,o0 >0ande =0 =0.

Case (1): t, =0, 1, > 0. By calculating, we obtain vy = 0.081, «o = 0.29 and
0 =6.71, E/(vo) = 0.49 # 0. We can see from the first column of Fig.4 that P* is
locally asymptotically stable when 7, € [0, 7,;), and unstable for larger t,,, leading
to irregular oscillations. In addition, system (1.2) undergoes a Hopf bifurcation when
Ty cross 7,5 and a family of periodic solutions bifurcate from P* near 7,’. Last but not
the least, comparing the first column and second column in Fig. 4, we can obtain that
when € and o go to zero, the critical value of 7% becomes larger.

Case (2): 7, =0, t;, > 0. We can see from Fig. 5 that P* is locally asymptotically
stable when 7, € [0, ‘E;:), and unstable for larger tj,. In addition, system (1.2) undergoes
a Hopf bifurcation when 7, = 7;; and a family of periodic solutions bifurcate from
P* near 7. Similarly, comparing the first column and second column we can obtain
that when € and o go to zero, the critical value becomes larger.

Case(3):7, =1, =7 > 0. Whene = o = 0, weobtainky = 0.56and t* = 2.69,
erez — ejeq = 0.45 # 0. We can see from Fig. 6 that P* is locally asymptotically
stable when t € [0, ™), and unstable for larger . In addition, system (1.2) undergoes
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Fig.5 Case (2): the first column is for €, 0 > 0, the second column is fore = o =0

a Hopf bifurcation when t = t*, and a family of periodic solutions bifurcate from P*
near t*. Similarly, when € and o go to zero, the critical value of 7* becomes larger.

Case (4): 75, € (0, t;l"), T, > 0. When 15, = 2.8, Eq. (5.16) has three positive roots
k1 = 0.89, ko = 0.625, k3 = 0.20. When k = k1 = 0.89, we get three critical values
Tm1 = 0.55, 7,0 = 5.03, and 7,3 = 9.99 with g1g4 — g2¢3 equals 2.84,2.42,0.019
nonzero respectively. Under this condition, stability switches occur see second column
of Fig.7. Similarly, comparing the first row with second row in Fig.7, we can obtain
that when € and o go to zero, the critical values becomes larger. In addition, we can
see from Fig. 7 that the delay in human has great influence on behaviors of the infected
class and vaccinated class. Besides, from the first two rows and the third row one can
see that influences of human delays on infected class and vaccinated class are different
and that with the increase of incubation period of human the dynamical behaviors of
both classes become more complex. Finally, if compare Fig. 7 with Fig. 4, 5, we know
the delays in mosquito and human are both non-negligible for malaria transmission
model (1.2).

4.2 Application to Nigeria
In this subsection, model (1.2) is used to simulate the reported malaria cases in Nigeria

[1]. Some parameters values are chosen based on references and some are to match
the data. We explain part of them in the following.
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Fig.6 Case (3): the first column is for €, 0 > 0, the second column is fore = o =0

The Birth rate of Nigeria is 3.38% [26], and the total population of Nigeria in 2021
is 2.134 x 103. Therefore, the recruitment is taken by 6.06 x 10° year—!. We assume
the birth rate of mosquitoes is 10°. The Life span of human in Nigeria is 61-64 [27].
So the corresponding death rate i, is taken 0.016. The average disease induced death
rate is 7.39 x 10™* by data in Table 1. The average life expectancy of adult mosquito
is about 15 to 20 days. Here we take t,, to be 22 year™!. Incubation period in human
beings is 7-15 days [7], here we take 7, to be 0.027. Incubation period in mosquito is
10-30 days [7], here we take t,, to be 0.082.

We choose 2014 as the initial time, and suppose initial value to be (2 x 10%,2 x
107, 8572322, 107, 3 x 10°). Based on these parameter values and data in Table 1,
applying Markov-chain Monte-Carlo (MCMC), we can obtain, g, = 1.1139 x
107, B, =5.0381 x 1077, y = 0.0997, o = 0.0201, € = 0.4233, p = 0.0505
and n = 0.0033 respectively (see Fig.8). Besides, there is an appropriate match
between malaria cases of Nigeria and model (1.2) (see Fig.8).

Based on the estimated parameters, we get that the basic reproduction number
of Nigeria is about 5.1448 and there is an endemic equilibrium P* = (2.2644 x
107, 3.2996 x 10°, 6.0226 x 107, 2.8980 x 10%, 2.108 x 10%). Besides, we have coef-
ficients in Theorem 3.2 are D; = 0.2203, D, = 0.7652, D3 = 15.8331, D4 =
833.92 > 0. Therefore, P* is locally asymptotically stable when t,, = t;, = 0, as
shown in Fig.9. In addition, when 8, = 1.1139 x 1078, then Ry = 0.5145 < 1 and
the disease-free equilibrium is locally asymptotically stable, see Fig.9.
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Fig. 10 Partial rank correlation coefficients (PRCCs) for Ry
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Fig. 12 The dependence of p, n, €, o on I (t)

4.3 Sensitivity analysis

To investigate the sensitivity of the basic reproduction number Ry with respect to
parameters, we calculate the partial rank correlation coefficient (PRCC), which reflects
the dependence correlation between each parameter and Ry. We take a normal distri-
bution for each of the six parameters: B, B, P, €, 1, ¥ . Every parameters is sampled
3000 times. The correlation between input parameter and output values of Ry is sig-
nificantif p < 0.01. The PRCC bar chart is in Fig. 10, which indicates that parameters
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Bns Bm, € are positively correlated with Ry and parameters p, 1, y are negatively corre-
lated with R. Therefore, reducing contact rate between human and mosquito, waning
of immunity as well as increase vaccination rate and treatment of infected humans can
reduce the value of Ry effectively. In addition, from Fig. 11, we can see the influence
of parameters By, B, bms m, ¥, p on the basic reproduction number more directly.

The influence of vaccinated rate of newborns and susceptible as well as the rein-
fection rate and waning of immunity rate on the disease can be seen more directly in
Fig. 12. It shows that neglecting the reinfection rate and immunity rate, the risk will
be underestimated. and that the vaccination strategy should be enforced regardless of
its direct efficacy in reducing the basic reproduction number.

5 Conclusions and discussions

In this paper, a malaria transmission model with delays, vaccination with waning
immunity and reinfection is developed and investigated. Dynamical behaviors includ-
ing stability of equilibria, the existence of Hopf bifurcations and direction and stability
of delay induced Hopf bifurcation are analyzed. As an example, our model is used
to simulate the reported cases of malaria in Nigeria. Based on our analysis, some
suggestions are given on the control of malaria in Nigeria. (i) Using the long-lasting
insecticide-treated mosquito net extensively; (ii) Using indoor spraying, biocontrol
(such as Wolbachia) [28, 29] to control the mosquito population; (iii) Make sure
infected people treated timely; (iv) Screening the recovered and vaccine class regu-
larly; (v) Let newborns and susceptible class inoculate malaria vaccine in the country.

However, how to allocate the limited vaccine resources in the country isn’t studied
in this paper. We will consider this problem in the future.

Appendix A. Proof of Theorem 3.3

For any ¢ € X, define a functional g(¢) := (g1(¢), g2(#), g3(¢). ga(¢), gs(@NT :
X — R as

bp(1 = p) — Bnd1(—=tn)Ps(—7n) — (un + n)¢1(0)
bpp + n91(0) — €Brg2(—1n) s (=) — wnd2(0)
2(¢) = Br(@1(=th) + € (=th) + 0 Pa(=n))Ps5(=11) — (n +  + y)$3(0)
v $3(0) — o Bnpa(—tn)Ps(—thn) — 1np4(0)

b
ﬂm(u_ — ¢5(=Tm))P3(=Tm) — m®5(0)

Since g(¢) is continuous and Lipschitz in each compact set in X, it follows from
Theorems 2.2.1 and 2.2.3 in [22] that there exists a unique solution u(t,¢) =
Sn(, @), V(t, ), In(t, d), Ry(t, @), I, (t, $)) with respect to initial value ¢. So the
system (1.2) has a unique solution u (¢, ¢) on its maximal existence interval [0, o).
It is easy to see that g;(¢) > 0if ¢;(0) > 0, fori = 1,2, 3,4, 5. Therefore, we can
get the unique solution u(z, ¢) on V¢ € [0, o4) which is non-negative.
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Furthermore, let Ny, (t) := Sp(t) + V(t) + I(t) + Ru(1), it is easy to get from

system (1.2) that N"(t) = by — up N — a1y, which implies lim sup,_, o, Nj (1) < %

Besides, lim sup,_, ., Ny, (1) = bn Therefore, u(t, ¢) is bounded. And then oy =
by Theorem 2.3.1 in [22]. The proof is completed.

Appendix B. Coefficients of the characteristic equations

uos = =l — lp — I3z — lag — Iss,
uos = lithy + linlzs + Linlaa + bolsz + Lilss + Dolaa + Dolss + 133laa + 13355 + laalss,
uo = —liiln (33 + laa + Iss) — L1133(Usa + Iss) — Inalss(U33 + laa)
— laalss (33 + 111) — 12033144,
uor = lilonlsalag + linloolsslss + liiloolaalss + L1133la4ls5 + 122133144155,
uoo = —liilnlsslaalss, uia = —mss, w13 = liymss + lomss + [33mss + laamss,
up = —mss(l1ly + hilsz + hilaa + 1olss + Inlas + B33lag),
urr = mss(linlnlzs + hiloolas + l1l33las + 122133144),
uio = —hilnlzzlaamss, uza = —hyy — ha — haa,
uzz = hi1(la + 133 + laa + Iss) + hop(liy + 133 + laa +Is5)
+ haa(liy + loo + 133 + Iss) — hzalas,
un = —hii(nUsa + 133 +Iss) + 133044 + Is5) + laalss) — hao(I33(las + Is5)
+ laalss + 111 U33 + laa + Is5))
— haa (11 (22 + 133 + Iss) — 33(Iss + 122) — Inlss) + h3alaz (o + Iss + 111),
= h11la (33144 + 133155 + laalss) + 133la4ls55(h11 + 133144l55)
+ hooli1 (33144 + 133155 + laglss)
— haalnla3(la — Iss) — h3alonlaslss + haaliilao(l33 + Iss)
+ haalsslss(l1 + 122),
u0 = h3ali1lanlaslss — hooliil33laalss — hiilaalsalaalss — haaliilalsslss,

uz

—_

u33z = hjymss + hopmss — hasmsz + haamss,

uzy = —hiimss(xn + 133 + laa) — hoomss(l11 + 133 + laa) + h3alazmss
— haamss(l11 + haamss + 133) + hasms3z(lag + 1 + 122),

u3r = hiimss(lalsz + lolag + I33la4) + hoomss(lil33 + li1laa + [33144)
— hasms3(l11l22 + L1las + 122144)
+ haamss (Il + lilsz + 122033) — haalasmss (i + 122),

u30 = —(33laamss(hi1ln + hooliy) — haalilalazmss — hasliilolaamss
+ haali1l22l33mss),

ug3 = hi1hy + hithas + hoohaa,

ugy = hyy(h3alaz — hoo(lag + Iss + 133) — haa(lo + 133 + I55))
+ hoo(h3alaz — haa(l33 + 111 + Iss)),

ug1 = h11hnlaa (33 + Iss) — hirhaalaz(Iz + Iss) + hiil3alss (hag + hoo)

@ Springer



Analysis of a delayed malaria transmission model including... 3933

+ hithaalyn (33 + Iss)
— hpoh3alaz (11 + Iss) + hoohagly (133 + Iss) + hoohaglzslss,
u40 = hy1lss(h3alonlas — hoolzslas) — hirhaaloolsslss
+ hooh3ali1lazlss — hoohaalyi133lss,
usy = —hy1(mss(hoo + haa) — h3smsz) — ms3(hishar — has(hoo + has)
+ hash3a + h3ahas) — hophaamss,
us) = ms3(—hi1hss(laz + laa) + hishzi (2 + laa) — hishaaloy — haohas(h1 + laa),
+ hoshsp(liy + 1aa) + h3ghashiy — hashaa(lin + [22) + h3ahaslon) + mss(hi1hoa(I33 + laa),
+ hi1(haaloy — haalaz + haalsz) + hoo(haalin — h3alsz + haalsz)),
uso = —hyimss(hol3zlas — h3alnlaz + haalnlzz) + msz(hy1hssionlas
+ hash3alinlas — h3shaalinln)
— hislaams3(h31lon — haala1) + hoplaamss (hasliy — haalsz)
— h3a(haslinlamss — holiilazmss),
uer = —hi1hnhas, uer = hithaahaalsy — hithaohsalss + hiyhoohaalss,
ue0 = hi1haohsalaslss — hithahaalsslss,
u71 = hithashzamss — hiihophssmss + hishahzimss + hiihahaamss
+ hi1hzahasmss
— hi1h3shaamsz + hishzihaamsz + hoohzahasmss
— haohsshaamss + hoshazhaamss,
u70 = —hi1hy(haalzzmss — haslaamss — h3alazmss) — hiyms3(hoshsolas
+ h3ahasln — hashaala)
— hisms3(hooh3ilas + h3thaslyn — hazhaalyy)
— hooliims3(h3ahas — hashaa) + hashashaaliimss,
ugo = —ms3(hi1haohzahas — hithoohsshas + hiyhashsohag + hishoahsihas).
poa = —l11 — 2l — I33 — Iss, pos = 2l11l22 + li1l33 + 2133 + 111155
+ 2Iplss + l3slss + 13,

po2 = —llyy — Bylsy — I5ylss — lymss — 2nlnlss — 2lilnlss — Lilslss — 2Inlaslss,
po1 = lnl3ls3 + 11ylss + 135133155 + 2011102033055, poo = —l1113133ls5,
P14 = —mss, p13 = liimss + 2lpomss + 133mss, pio = —2l11lpmss

— lilszmss — 2lxnl33mss,
P11 = ll3ymss + [,l33mss + 2l 1laalzzmss, pro = —li115l33mss,
P24 = —h11, p23 =2h11ln + hilsz + hilss, pon = —hnlgz — 2h11l22l33
— 2hy1l2lss — hiilsslss,
pa1 = hiildlas + hild,lss 4 2hi1lnlsslss, pao = —hi1lal3slss,
P33 = huimss + hismss, p3x = —hisliimss — 2hi1loamss — 2hislpmss — hiilzzmss,
pa1 = hi1l3,mss + hislaymss + 2hisliilamss + 2h11lnlsamss,

2 2
p30 = —hislilyms3 — hiily,l33mss.
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Appendix C. Proofs of Theorems 3.2-3.7

Proof of Theorem 3.2. When Ry < 1, and 15, = 1, = 0, the disease-free equilibrium
PV is locally asymptotically stable. When 7; > 0, 7,, > 0, it is obvious that Eq. (3.1)
has roots with positive real part if and only if equation

A2 +aih +ay(l — Rie ey = 0 (5.1)

with a; = —(I33 + I55), a» = Is5l33 has roots with positive real part. By substituting
A =ik into Eq. (5.1) and separating the real and imaginary parts, we have

alk = —azRg Sink (T + ), —kZ 4+ ar = azR(z) cosk (Ty + ). 5.2)
Squaring and taking the sum of Eq. (5.2) yields «* + (a% —2ap)k? + a%(l — R(‘)‘) =0,

with a? — 2a, = (133)> + (Iss)> > O and 1 — R} > O since Ry < 1. Hence, all roots
of Eq. (3.1) have negative real parts. Here completes the proof. O

When Ry > 1, for 7,, = 7, = 0, Eq. (3.2) reduced to the following equation
A 4 ngdt 323 4 oA i 409 =0

. 2 4 6 7
with ng = ijouj4, n3 = ijoujg, ny = ijoujz, ny = Zj:oujl, no =
Z?:o u jo. According to the Routh-Hurwitz criteria gives Re(A) < 0 if and only if

1y ng 0 nyng 0 0

Di=n >0, Dy="1">0, Dy =|n3man|>0, Dy=|"3"2"1"00 5,
n3 np 1 ng n3 1 ng n3 ny
0 0 1 ng

Proof of Theorem 3.3. For 1, = 0, Eq. (3.2) reduced to the following equation

35+ Eadt 4 Esh? 4 B2 Evit Bo + (Wadd + Wadd o+ Woa2 + Wia + Wo)
e M = (5.3)
with E4 = uog + u24, E3 = uo3 +uz3 +ua3, Ej =ugj +uzj +usj +uej (j =
0,1,2), Wy = ura, W3 = u13 +uzz, Wo = uip +usz +usp, Wi = uyg +uz +

us1 +u7r, Wo = uio + uzo + uso + u7o + ugo. Suppose that A = i« is a root of Eq.
(5.3), then we have

b11(k) sinkty, + b1a(k) coskt, = bi3(k), bia(x)sinkt, — b11(k) cosk Ty,

= by3(«), (5.4)

where b1 (k) = Wak™ — Wak2 4+ Wy, bia(k) = Wak> — Wik, bi3(k) = k> — Ezk> +
Eik, by(k) = E4c* — Eyx? 4+ Eg, which implies

10+ C4K8 + C3K6 + 62K4 + c1/<2 +co=0 (5.5
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with cs = —2E3 + E — W7, ¢3 = 2E| + E — 2E4E> + 2WaWo — W3, ¢ =
E3 — W3 —2E3E| +2E4Eq — 2WaWo + 2W3Wy, ¢i = E7 —2EoEy +2Wa Wy —
W]2, co = E% — Wg. For simplicity denote v = «2, then Eq. (5.5) turns into

L) = v +cavt +e3vd + v + v+ = 0. (5.6)

If the assumption: (Hj) : Eq. (5.6) has a positive root vy is satisfied, then, Eq. (5.5)
has a positive root kg = ,/vg. Eliminating sin « 7, in Eq. (5.4) and letting « = xo, we
can obtain that

Tm

Ko

, 1 (bls(Ko)blz(Ko) - bzs(Ko)bll(Ko)>

— — arccos 5 2
b]z(KO) + b“(KO)

Substituting A(7,,) into Eq. (5.3), taking derivative with respect to 7,,,, we obtain

dxr

1 1 0
5 . i—1 . i—1 N, —ATm
SA+ E JEjN +(E JWiM ™ — 1, E Wir/)e " T

j=4 j=4 j=4

0
=AY Winie
j=4

Therefore,

< i >—1 Y JEM e £ Y Wit
AZ?:4 WjrJ A

dty,

-1 ’
— A — &)
Thus, when A = ik(, we can get Re (drm )A:iko = oD It can be seen that

AN ; - ' dLv) o
Re (dTm)A:iKO # 0if the assumption: (Hp) : £ (vo) = 5~ lv=y, # O is satisfied.
Therefore, by the Hopf bifurcation theorem [25], Theorem 3.2 can be obtained if (Hy)

and (H») hold. O

Proof of Theorem 3.4. For 1, = 0, Eq. (3.3) reduced to the following equation

2+ Ft 4 Pl + F)2 4 Fiao+ Fo + <X4A4 X303 4 Xan2 + X4 + Xo)
e M =0 (5.7)

with F; = poj + p1; (G = 0,1,2,3,4), X4 = pu, X; = p2j+p3; (G =
0,1,2,3).
Suppose that A = ik is a root of Eq. (5.7), then we have
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dyi (k) sinkt, +dia(k) coskty, = di3(k), dia(k)sinkty, — dyy (k) coskt, = drz(k),
(5.8)

where dj1(k) = X4K4 — X2K2 + Xo, dip(k) = X3K3 — Xk, diz(k) = K> — F3IC3 +
Fix, dy(k) = Fak® — Fax2 + Fy, which implies

K10+ r4/<8 + r3K6 + r2/<4 + r1K2 +r9p=0 5.9)

withry = —2F3+F] — X3, r3 = 2F| + F{ —2F4F,+2X4X>— X3, r» = F3 — X5 —
2F3F\+2F4Fy—2X4Xo+2X3X1, r1 = F{ —2FyF,+2X2Xo— X3, ro = F§ — X3,
For simplicity denote v = 2, then Eq. (5.9) turns into

Li(v) = v 4+ vt + v v v+ = 0. (5.10)
If the assumption: (H3) : Eq. (5.10) has a positive root v is satisfied, then, Eq. (5.9)
has a positive root k1 = ,/v;. Eliminating sin x t, in Eq. (5.8) and letting k = «1, we
: * _ 1 diz(k)d12 (k1) —dp3 (k1)d1i1 (k1)
can obtain that ;7 = %y arccos ( DT (1)

Similar to the proof of Theorem 3.3, differentiating Eq. (5.7) with respect

—1 !
and substituting A = ik, we can get Re (dd—?h)/\:ikl = W. Thus,
Re ( 4 -1 : S Y _ dLi() . .
e<d7h>k:ix # 0 if the assumption: (Hy) : £,(vy) = == lv=y # 0 is satis-
fied. Therefore, by the Hopf bifurcation theorem [25], Theorem 3.4 can be obtained
if (H3) and (Hy) hold. O

Proof of Theorem 3.5. For 7,, = 7, = t > 0, Eq. (3.3) reduced to the following
equation

0 0 0
WA gt + 3 yijale T 4> Ty ade T =0 (5.11)
=4 =4 j=3

with g; = poj, y1; = p1j+p2j. j =0, .4 yaj =p3j, j=0,---,3,
Multiplying ** on both sides of Eq. (5.11), we can get

0 0 0
W4y gid [Ty yihd + ) yile T =0 (5.12)
j=4 j=4 j=3

Let A = ik be a root of Eq. (5.12), then we have e (k) sinkt + e12(k) coSkT

e13(k), exi(k)sinkt + exn(k)coskt = ex(k), with ejj(k) = gax* + (—go +
y2)k2 + g0 — y20, enn(k) = k> — (g3 + y23)k> + (g1 + )k, e = —k +
(83 — y23)k> — (g1 — vk, exn = gak® — (g2 + y2)k? + g0 + Y20, e13(k) =
yi3k® — yiik, exs(k) = —yiac* + yiok? — y19, which implies
SINKT = w, COSKT = w. (5.13)
er1en — epeyl ej1exn — epenl
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Consequently, the following equation with respect to « is obtained
0
K04+ Kt =0 (5.14)
j=9

with

So = —2g3 — iy — 483, 58 =4g1 +284(g2 — y22) + (85 +283)* — (13
— gay14)? + 2y14 (12 + gavi3
+ y14(g3 + y23)), +284(82 + y22) + 2(g3 + y23)(g3 — y23).
57 =2(y13 — gay14) (Y11 — gay12 — y14(g2 — y22) + y13(g3 — ¥23)) — 284(g0 — ¥20)
—2(g3 +283) (281 + ga(g2 — y22) + 84(g2 + ¥22) + (g3 + ¥23)(g3 — ¥23))
= 2y14(y10 + gayi1 + y1a(g1 + y21) + y13(82 + ¥22) + y12(83 + y23))
—2g4(g0 + y20) — 2(g1 + y21)(g3 — ¥23) — 2(&2 + ¥22)(82 — ¥y22)
—2(83 + y23)(81 — ¥21) — (12 + 84y13 + Y1a(g3 + y23)%
s6 = 2(g3 +23)(84(80 — ¥20) + 84(80 + ¥20) + (g1 + ¥21)(g3 — ¥23) + (82 + ¥22) (82 — y22).
+ (83 + ¥23)(81 — y21)) — (V11 — g4y12 — Y1482 — y22) + Y13(g3 — ¥23))°
+2(y12 + 8413 + y14(83 + ¥23)) (V10 + gayi1 + y1a(g1 + y21)
+ y13(82 + y22) + y12(83 + ¥23)) + 2(80 + ¥20) (82 — y22) + 2(g1 + y21)(g1 — y21)
+2(82 + y22)(80 — y20) + (281 + g4 (82 — y22) + ga(g2 + y22) + (83 + y23) (g3 — y23))°
+ 213 — gay14)(84y10 + y14(80 — ¥20) — y13(g1 — y21) + y12(82 — y22) — y11(83 — ¥23))
+ 2y14(y13(80 + ¥20) + y12(g1 + y21) + y11(82 + ¥22) + y10(83 + y23)),
55 = =2(y11 — gay12 — y14(82 — y22) + y13(83 — ¥23))(84¥10 + ¥14(80 — ¥20)
= y13(81 — y21) + y12(82 — y22) — y11(g3 — y23))
—2(y12 + 84y13 + y14(83 + ¥23)) (y13 (g0 + ¥20)
+ y12(81 + y21) + y11(82 + y22) + yi0(g3 + y23))
—2(2g1 + g4(82 — y22) + 84(g2 + y22)
+ (g3 + ¥23)(83 — ¥23))(84(g0 — ¥20) + g4(go + y20) + (g1 + ¥21)(g3 — ¥y23)
+ (82 + y22)(82 — ¥22) + (83 + y23) (&1 — y21)) — (V1o + 84y
+ y1a(g1 + y21) + y13(82 + y22)
+ y12(83 + ¥23)% — 2y14 (11 (0 + ¥20) + ¥10(81 + ¥21))
— 2083 +283)((80 + ¥20)(82 — y22)
+ (g1 + y20(g1 — y21) + (82 + ¥22) (g0 — ¥20)) — 2(80 + y20) (g0 — ¥20)
= 2(y13 — g4y14) (¥12(80 — y20) — y11(g1 — y21) + yio(g2 — y22)),

s4 = 2((go + y20)(82 — y22) + (g1 + y21)(g1 — y21)
+ (82 + y22)(80 — ¥20)) (281 + 84(82 — y22)
+ 84(82 + y22) + (g3 + ¥23)(g3 — ¥23)) — (84¥10 + y14(80 — y20)
—y13(g1 — y21) + y12(82 — y22),
= y11(g3 — ¥23))% + 2(013(80 + ¥20) + y12(81 + y21)
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+ y11(82 + y22) + y10(83 + y23)) (Y10
+ gayir + y1a(g1 + y21) + y13(82 + y22) + y12(83 + y23))
+2(y11(g0 + ¥20) + y10(g1 + y21) V12
+ 84y13 + y14(83 + ¥23)) + (84(g0 — ¥20) + g4(8o + y20) + (g1 + y21)(g3 — ¥23)
+ (g2 + y22) (82 — y22) + (g3 + ¥23) (81 — y21))* +2(v12(80 — ¥20) — Y11 (81 — ¥21)
+ yi0(g2 — y22))(y11 — gay12 — y14(g2 — y22) + y13(83 — ¥23))
+2(20 + ¥20)(80 — ¥20)(g3 +2¢3)
+2y10(80 — ¥20) (313 — gay14),
53 =2(y12(80 — y20) — y11(g1 — y21) + y10(g2 — ¥22))(84¥10 + y14(go — ¥y20) — y13(g1 — y21)
+ y12(82 — y22) — y11(83 — ¥23)) — 2((go + ¥20) (82 — ¥y22) + (g1 + y20)(81 — y21)
+ (82 + y22)(80 — ¥20))(84(80 — ¥20) + 84(g0 + y20) + (g1 + y21)(83 — ¥23)
+ (g2 + y22)(g2 — y22) + (83 + ¥23) (81 — y21)) — (V13(80 + y20) + y12(g1 + y21)
+ v11(82 + ¥22) + 10(83 + y230)* = 2(y11(80 + ¥20)
+ yi0(g1 + y21))(Vio + gayi1 + yia(g1 + y21)
+ y13(82 + y22) + y12(83 + ¥23)) — 2y10(80 — 20) (V11 — gay12
— y14(82 — y22) + y13(83 — ¥23))
—2(80 + ¥20)(80 — ¥20)(281 + g4(82 — y22) + ga(g2 + y22) + (g3 + ¥y23)(g3 — ¥23)),
52 =2(y11(80 + y20) + y10(g1 + y21) (13(80 + ¥20) + y12(g1 + y21) + y11(g2 + y22)
+ y10(83 + ¥23)) — (¥12(80 — ¥20) — y11 (&1 — y21)
+ yi0(g2 — y22))* + (80 + y20)(82 — ¥22)
+ (g1 + y20)(81 — y21) + (82 + ¥22) (80 — ¥20))* + 2(80 + ¥20) (80 — ¥20)(84(80 — ¥20)
+ 84(80 + y20) + (g1 + y21)(83 — ¥23) + (82 + ¥22)(82 — y22) + (83 + ¥23) (g1 — ¥21))
—2y10(80 — ¥20)(g4¥10 + ¥14(80 — ¥20) — y13(g1 — ¥21)
+ yi2(82 — y22) — y11(g3 — y23)),
s1=2y10(80 — ¥20)(¥12(80 — ¥20) — y11(g1 — y21) + y10(82 — ¥22))
— 2(80 + ¥20)(80 — ¥20)((g0 + ¥20) (g2 — ¥22) + (g1 + y21) (g1 — ¥21)
+ (82 + y22)(g0 — y20))
— (11(80 + ¥20) + y10(81 + y21)%, 50 = (g0 + ¥20)*(80 — ¥20)” — ¥To(80 — ¥20)*-

For simplicity denote v = 2, then Eq. (5.14) turns into

0
g(v) = le—G—Zsjvj =0. (5.15)
j=9

If the assumption: (Hs) : Eq. (5.15) has a positive root v is satisfied. then Eq. (5.14)
has a positive root ko = /7. Letting k = k> in Eq. (5.13), we can obtain that

| (613(K2)€21(K2) - 611('(2)623(/62))

¥ = — arccos
K2 e11(k2)exn (k) — e1a(k2)exr (k2)
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Similar to the proof of Theorem 3.3, differentiating Eq. (5.11) with respect 7 and
substituting A = ik>, we can get

A\ ! erez — ejey
Rel 77 = )
At ),_ix, ka(e3+ej)

where ey = —3y13k3 + yi1 + (5k3 — 3g3k3 + g1 — 3y23K3 + ya1) coskaT* +
(2y22k2 +484k3 — 2g2k2) sinkrT*, €2 = —4yiak;3 4+ 2y1062 + (5k5 — 38363 + g1 +
3ya3ks —yo1) sin ko™ +(2ymka —4gaks +282k2) sin kT, e3 = e11 (k) cos kT —
er1 (ko) sinkaT*, eq = e12(k2) cos krT*+e22 (k) sin ko T*. Therefore, Re (Z—i‘);zlm -
0 if the assumption: (Hg) : exe3 — ejes # 0 is satisfied. Consequently, by the Hopf
bifurcation theorem [25], Theorem 3.4 can be obtained if (Hs) and (Hg) hold. O

Proof of Theorem 3.6. For 7,, > 0 and 7;, € (0, 7;;), Eq. (3.3) can be written as

0 0

2+ Z (poj + paje ™) A0 + | prar’ + Z (p1j + p3je ™)1l | e ™ = 0.
=4 =3

Considering 7, as a parameter and letting A = ik, we can obtain
Ju ) sinkty + fro(k) coskty = fi13(k), frak)sinkt, — fr1(k) coskty = f23(k),

with f11(c) = —p13&> + prik — (p33k> — p31k) cos kT — (— p32k? + p3o) sink T,
Fi2(k) = pra*—prar+pro—(p33ic3 — p31&) sin k Ty +(— p3ok >+ p3o) cos kT, fi3(k) =
—(poak* = poaic >+ poo) +(p23ic 3 — paik) sin k T — (paar* — poak+pao) cos k Ty, fr3(k) =
(k3 — posk> + poik) — (pask® — paik) cosk Ty — (paak® — poak? + pao) sinky,
which implies

0 0 0
Klo—l—Zqoszj + Zq1j/(2j COSKT, + Zqzj/czj ksinkt, =0
i=4 i=4 i=4
(5.16)

with

04 = Pos — Pra+ P2y — 2P03, 403 = Pi3 — Pis + P33 — P + 2poi
= 2po2pos + 2p12p14 — 2p2poa,
402 = Py — Pia + P — P32 + 2(PooPos — P01 P03 — P1oP14 + P11 P13
+ p20p24 — p21p23 + p31P33),
qo1 = P31 — Piy + P31 — P31 — 2poopoz + 2piopi2 — 2p20pa2 + 2p3o P32,
400 = P — Plo + P30 — P3o- Q14 = 2poapas — 223,
q13 = 2p21 — 2po2p24 + 2po3pa3 — 2poap22 — 2p13p33 + 2p1aps2,
q12 = 2poop24 — 2po1 p23 + 2po2 p22 — 2po3p21 + 2poapao + 2pi1 p33
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—2p1ap32 +2p13p31 — 2p1apo,
q11 = 2(po1 P21 — poop22 — po2p20 + P1op32 — P11P31 + P12P30)s
q10 = 2poop20 — 2pi0P30, q24 = —2p24, q23 = 2p22 +2po3p2a — 2poap23 + 2piap33,
q22 = 2p02p23 — 2po1 P24 — 2p20 — 2po3 P22 + 2poap21 — 2p12p33 + 2p13p32 — 2p1apsi,
q21 = 2po1p22 — 2poop23 — 2po2p21 + 2po3p2o + 2piop3s — 2piips2 + 2pi2p3t — 2pi3p3o,
420 = 2poop21 — 2po1 P20 — 2p1op3t + 2p1ipo.

If the assumption: (H7) : Eq. (5.16) has a positive root « is satisfied, then, from Eq.
S13(0) fro(R)— fr3(K) f11 ()

FR®)+f®) '
Similar to the proof of Theorem 3.3, differentiating Eq. (5.7) with respect 7,

(5.8) we can obtain that 7, = % arccos

and substituting A = ik, we can get Re(‘”‘) = L9494 ywhere =
& & dr, A=iK K(q]2+q%) an

(p1ak* — p1ak? + pro + p3o — pnk3)coskty + (prik — pi3k® + pykd —

p31R) sink Ty, g = —(p1ak* — p1ak? + pro + p3o — pxk?) sinkty + (prk —

pi3k> + p33k> — p31k) cosk iy, g3 = 5k* — 3posk? + por + (pa1 — 3pxk? —
T ((paak® — p2ak? + p20))) cos KTy + (2 p2ak — 4 poaik® — 1y (p23k™ — p21k)) sin k7, +
(P11 —3p13k%) coS R Ty + (2p1ok —4p1ak®) sin KTy + (p31 —3p3sk? — 1 (— pxk* +
P30)) €08 R (T + Tm) + (2p32k — Th(p31R — p33k>)) SINK (T + T, qa = —4poak> +
2p0ak + (3p23k? — pa1 + th(paak* — paak? + pao)) sinkty + 2poak — 4poaic —
th(p23k® — pa1k)) cos Rty + Bp13k? — p11) sink

+(2p12k — 4p1ak3) cos R Ty + (3p33k? — p31 + th(p3o — p32k?)) sink (tp + Tn) +

1
(2p32k — T (p31k — p33k>)) cos kK (tj + Tp). Thus, Re ( ) _ # 0if the assump-

tion: (Hg) : q194 — q2q3 # 0 is satisfied. Therefore, by the Hopf blfurcatlon theorem
[25], Theorem 3.4 can be obtained if (H7) and (Hg) hold. O

Proof of Theorem 3.7. Define C = C([—1, 0], RY) the space of continuous real valued
functions. Let 7,, = 7,, + ¢ and make time-scaling t — ¢/7,,. Let x1 (t) = Sy (t) — S},
x(t) = V(@) = V5 x3() = I(t) — I, x4(t) = Rp(t) — R}, x5(t) = L () — 1,

then model (1.2) is transformed into

dx(t)
dt

= Lo(x1) + F(o, x1), (5.17)

where x(1) = (x1(1), x2(t), x3(1), x4(), x5(1))T € R> and x,;(0) = x(1 + 0) €
C([—1,0],R%).In (5.17), L, : C — R%and F : R x C — R are given by

Lo(9) = (£ + 0) (A’¢<0) + c/go(—;—h) + Bko(—l)) ,

where
aip 0 0 O O b11 000 b5 00 0 0O
, ayrap 0 0 O , 0 000 O , 00 00O
A = 0 0az3 0 0 |,B =1|0631000b35|,C =]00 00O
0 0 ag3ap O 0 000 O 00 00O
0 0 0 O ass 0000 O 00 c53 0 cs55
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with ajp = —pup —n, a1 = 0, axn = —pup, a3z = —(Up + o +y), a43
Y, ass = —pm, b1y = —=Puly, bis = —puS;, bsr = Bul,;, bss = PuS;, cs3 =
B (2= — %), cs5s = —Bul}, and

Tk T
—Bpx1 (=2 )xs (=)
‘[,61 Tm

Bt (=L yxs(— 2y
Tm Tm

0
—Bmx3(=Dxs(=1)

According to the Riesz representation theorem, there exists a bounded variation

function ¢ (0, u) in 6 € [—1, 0] such that L,(¢) = fi)l d¢(0,0)p@), ¢ € C. We
select

(En+0)A +B +C), 6=0,

(Fn +0)(B +C), 6 el—2,0),
0,0 =1 . , o
(Tm+Q)B, 9 € (_1’_.[_:%1)7
0, 0 =—1,
For ¢ € C, define
dL(:), 0 €[-1,0),
Aoy = (5.18)

/1d§(a,9)(p(0), 6 =0,

and R(nw)p = {(;(Q o) Z i[o_l’ Y Then model (5.17) is equivalent to
dx
—- = A + R, (5.19)

where x; = u(t + 0) for6 € [—1, 0].
For ¢ € cL([o, 11, (R%)*), being the conjugated space of CL([0, 11, RY), define

_dys)

A*w(s): OdS
_/ d¢l (1. 0y (—1). s=0,
1

s € (0,1],

and the bilinear inner product

0 6
(¥, ) = ¥ (0)p(0) — / 1 /E_Olﬁ(é —0)ds(0)p(§)ds, (5.20)
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where £ (0) = ¢(6, 0). From the discussion in Sect. 4, we know that +ik 7,, are eigen-
values of A(0). Thus, +ik7,, are also eigenvalues of A*(0). We will calculate the
eigenvectors of A(0) and A*(0) with respond to ik T,,.

Assume g(0) = (1, g2, g3, qa4, qs)Te"’zfmg is the eigenvector of A(0) corresponding
to ik, namely, A(0)q(6) = ikT,,q(0) and let ¢*(s) = D(1, 47, g5, 95, qI)Tei’?fms is
the eigenvector corresponding to —ik, then we have

- N .
az1 + byse Mgy (ik — c55e'KTm)qy
q1 = S , 42 = 7 ,
Ik —daz Cc53e KT
s ikt _ikTH
ag3(ik — csse™ "t bise™""n
q3 = oz q4, 44 = ¢ oW
c53e K Tm ik —ay —brie
. A _'A *
—ik —ai] — byie KTy,
* * *
‘ZI = 07 q2 = —ikT* ) q3 = 0’
bsie h
. A - A 7‘/\ *
«  (—ik —a33)(—ik —aj —bye”"")
94 = —iR(Tf +Tm) ’

cs3bire

where D is a constant satisfying (g*(s), g(6)) = 1. By (5.20), we get

(g*(s), q(0))
= D(1 + 233 + qaq + 1,¢ 7 b1y + b31g5 + q1b32g3 + qa(b15 + b3sg3))

+ Tme g (cs3q2 + €5594))
Therefore, we can choose

D = (14 ¢33 + qa@} + 1¢ 7 % (b11 + b31g5 + q1b32g5 + qa(b1s + b3sgd))

—iKT)

+Tme qi(csaqa + c55q4)) !

such that (¢*, ¢g) = 1 and (g™, g) = 0.
To compute the center manifold Cq at o = 0. Define

2()=(q", x;), W(t,0) =x,0) —2(t)q(0) — 2(1)g (9). (5.2

On Cp, we have

Z2 2

W, 0)=W(z,z,0) = WZO(Q)E + Wi (0)zz + Woz(@)% +--0 (5.22)

Note that W is real if x; is real, so we deal the real solutions only. For solution x; € Cy
with ¢ = 0, we have

d _ _ = A .
% =iwz+ g (0)f (0, W(z(t), z2(1), 0)) + z(t)q (@) + 2(1)g(®)) = iwz (5.23)

+47(0) fo(z, 2).
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Denote fy(z,7) = fzzé + fizzz + fzzzzzz + .-+, and write equation (5.23) as
dZ(’) =iwz + g(z, 7). Besides, denote

2 ) 2=
o _ z _ z 7?7
8(z,2) =q¢"(0) fo(z,2) = 8207 + 81+ g5 g1 oo (5.24)

Then we have

820 =q"0)f2, g1 =q"(0) fez, go2 = 4" (0) f2, g21 = G*(0) f2;. (5.25)
From (5.21) and (5.22), it follows that

0 (0) = (1, q1, 92, 43, g) ¥ 2 + (1, G1, 4o, @3, Ga) e K07
2 =2

z _ z
+ W20(9)E + Win@)zz + W02(9)3 +

We have

T wer sk L w2 o, Th w, T2
xlt(_T) =ze "Th +ze"Th + Wz() (_T)* + W1] (—5)zz + W()2 (_T)* +
7’ 2 Im T’n

2 =2
. Z 7z
x5,(—f—)_q4ze RO 4 qaze T+ W, (5)(—A )E—&-Wl(f)(——)z T W (T
n

2
—iR?, — - iRt Z - .
w31 (=) = qoze™ 4 gz W§3><71>— + Wi (D22 + Wé?H)E +

22
VO Z
x5:(—1) = qaze iR Ty +q4zelkfm +W(5)( 1)7 +‘/11(5)( ])ZZ+W(§ (— 1)54,
—Brgae 2% —Bn(qs + G4) —Bngse®
0 0 0
fo= Brgae 2K s Jiz= Bn(ga + qa4) s f2= Brgae® <
0 0 0
—ﬁquqw 2k ~Pn (4204 + 4244) —Pndadse® ™
_ﬂh( W(l)(_ Ah )gse R + W(S)(— - ) —ikT)f + = W(S)(_ - ) 71;(1',1) (5.26)
0
faz = | pu5 Wz“)(——) i Gy + W.“)(—ﬂ ik 2W§”(——)‘4e*"“h* )
m
O

1 Y s 1 s
~bn(5 Wy (= D@ae + WP (= Dgae™ 5 4 ZWig) (—1)gae™%)

In order to get g11, we still need to compute Woo(0) and W11(0). From (5.19) and
(5.21), we have

W =% —2q0) —24(0)
AW —gq(0) — gq(0), 0 €[-1,0), (5.27)
AW —gq(0) — gg(0) + fo(z,2), 6 =0.
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On the other hand, in C¢, we can write (5.27) as

W =W+ Wz
= [Wa0(0)z + Wi (0)Z](ik T + g(2, 2)) + [W11(0)z + W2 (0)z]  (5.28)
(—ikTm + 8(z,2)).
Then substituting (5.22) and (5.24) into (5.27) and (5.28), comparing the coefficients
of % and zz, one can get

an —8209(0) — 802q(6), s €[-1,0),
2ik Tyl — A)YWho(0) = oz 5.29
Gt = W20 ®) {—gzoqm)—gozq(owfzz, 5 =0, 429
i < |[FEe@—gae. ser-non o
—e1q(®) — g + fiz, s =0, |

From (5.18) and (5.29) we can see that when 8 € [—1, 0), Wéo(e) =2ik T Woa(T) +
2209 (0) + g02q (6), which has the solution

Wao(6) = Agf)z (O)ikin® 4 1892 &) ~iREd | o) 2ikEnE (5.31)
3K7Zm
When 0 =0
0
/ 1d§(9)W20(9) = 2ik T Wao + £029(0) + 202 (0) — f2. (5.32)

Substituting equation (5.31) into (5.32), one can obtain
0 A A
£ = (2i;2fm1 — / ez”“'"edg(e)> fo- (5.33)
-1

From (5.18) and (5.30) we can see that when 6 € [—1, 0), W{l(e) = g119(0) +
8114 (0), which has the solution

Wi1(0) = gf“ ()¢l Kg“ G(O)e Rt 1 g, (5.34)
When 6 =0
0
f AE@OWN©) = g1g(0) +Eng(O) — [z (5.35)

Substituting equation (5.34) into (5.35) one can obtain

0
&= ( / | dcw)) for. (5.36)
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Therefore, from (5.25), (5.26), (5.33), (5.36) we can obtain

kT _ 2kt
;

220 = 28w D((—Bnqa + G4 Brga)e Bmdsq2q4e

811 = tn DB (s + qa) (=1 +3)e % — B35 (4234 + Goga)e™ ),
802 = 28w D((—Buda + @3 Brga)e > — B qogae 2 m)
- Loy, Tho= iker &), T ikt L L), Th ik
821 = 22, DI—Bu(= Wiy (—2)Gae™ T + WS (= Loye ™% 4 — W) (—oye %)
2 T Tm 2 Tm
e L T e S, T e L) T iees
+33Bn (5 Wag (=50 G+ WP (= e85 4 W) (= 2 )gae ™)
i m

Tm m 2

_ 1 PR s 1 I
- q4ﬂm(§W§3)(—1)q4e’”m + WS (—1)gae Fim 4 EWs?(—lmze iy,

After analysis and computation, we have the following quantities:

] 1 Re{C{(0
Ci1(0) = ;—w(gzogn —2lgnl* - glgozlz) + gzﬂ Mo = —%,
Im(C1(0)) + paIm{A (T)}

B2 =2Re{C1(0)}, T2 = —
w
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