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Abstract

In the present article, we introduce a Durrmeyer variant of certain approximation
operators. We estimate the moment-generating function and moments of these opera-
tors employing the Lambert W function and establish some direct results. We further
provide a composition of these operators with Szdsz—Mirakjan operators and esti-
mate direct results for the composition operator. Additionally, we provide a graphical
comparison of the approximation properties of the operators.
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1 Introduction

Theory of positive linear operators is a very active topic of research due to its signifi-
cance in computer-aided graphics design, mathematical finance, differential equations,
etc. In recent years, several new operators have been constructed by combining the
existing approximation operators. In [2], Abel and Gupta gave some operators by
combining certain integral-type operators with discrete operators. In [7], Govil et al.
studied some new classes of Durrmeyer variants of certain operators. In [8], Gupta et
al. discussed Baskakov type P6lya-Durrmeyer operators.
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For any function f : [0, 00) — R, the Szdsz—Mirakjan operators [12] are defined
as

(S0 =Y s/ (5). (M
v=0

and the Szasz—Mirakjan—Durrmeyer operators are defined as

($if) @) = )»ZSA ,(X)/ s, () f(@)dt, @)

j=0

where s, j(x) = e‘“%, x € [0, 00) and A € N,

If we take R, f = (S oSy f ) then we get integral operators of Durrmeyer-type,
unlike the reverse order composition of S, o S), which is a discrete operator [1] and
the new Durrmeyer-type operators are given by

oo oo

B )(x) = i Z ( ')2 Z 7u()»x)vvl / 7uujf (%) du. 3)

Au

By simple computation with exp 4 (1) = e*", we have

(SA epr) (x) =exp (Ax (eA/)‘ - 1)) ,

— A MAx
(SACXPA)(X):)L_AGXP()L_A) *>A),

and

A
(Rs.exp,)(x) = ——— exp (Ax (eﬁ - 1)) (> A).

Very recently, Gupta-Sharma [9] introduced a new discretely defined approximation
operator (4), by combining the two exponential operators, namely the Ismail-May

operator [11] and the Szdsz—Mirakjan operators, which are respectively connected to
x(1 4+ x)? and x.

Lof) @) = a0 f (%) , @

j=0

where

o0
—ax A+ v)v L X v (1+2r) v/
B j(x) = €T ) e \T/—.
: ! !
= v! 1+x j!

@ Springer



Durrmeyer variant of certain approximation operators 3719

The MGF of this operator is given by

(L;Lepr) (x) =exp<—A{W <11

1
al exp A 4 -2) )+ al ,
X 14+x I+x

where W stands for the Lambert W function. These discrete operators £, are not
suitable enough to approximate Lebesgue integrable functions. We overcome this issue
by presenting the Durrmeyer variant of these operators, by taking Szdsz—Mirakjan
weight function, in the following form:

(Drf) (x) = ?»Zfﬁx /(X)/ s, (1) f(0)dr, (&)

j=0

where ¢ ;(x) and s; () are as defined above.

This article deals with the convergence properties of the operators D, . We esti-
mate moment-generating function and moments of these operators via the Lambert
W function and establish some direct results. In the next sections, we further consider
composition of these operators with Szdsz—Mirakjan operators and estimate direct
results. Finally, we provide a graphical comparison of their approximation properties.

2 Estimation of moments

Lemma1 For A € N, the MGF of the operators D,,_is given by

(Diexpy) (x) oo ([T (- -
R ' B AT TR ) ) A > A,
1 €XPa AP 1 x .

where W denotes the Lambert W function and exp 4(q) = e,

Proof From the definition of D;, we have
(Dy. exp A) (x)

—ix AL 4 )] v 20 vl [0 e A (hp)]
Ay e Z—((l—i—x) ey [T 00T,
0

(A+v)” ! _1\? —u20 1 o\
' <(1+x)>el+XﬁA—A

+.>” l(mﬂ) N () (o)

—(142%)

Since for x > 0, we have We T+ ei-A > %1, therefore there exists s with
—(142x) A

|s| < 1, such that —e T+x ei-4 = —se~*. By the definition of Lambert W func-

j=0 v=

¥
+‘>a
9 J'DM%%
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. B € 2 R S . L. . .
tion, W (ﬁe THx eAfA) = —s. Using the following inversion formula, given by
Lagrange

ia(a+k)k 1 —Z)k’

k=0

with 0 < ¢ < oo and |z| < 1, we get

(DA epr) (x)

A e AT
= AgH—x ZT(se )

A —

A —
= e 1+; e)‘s
A—A

A —AX —X =420 _a
= exp A4 e Tt ei-4 A>A),
L—A 14+x 1+ x

hence the lemma follows. O

Remark 1 Let us denote the g-th order moments for the operators D, by (D;\eq) (x),
then these can be obtained by the following relation between them and moment-
generating function:

a4 A —AX —X A (1420)
(Dreg) (x) = v exp 4 @A Thx i
dA? | L —A 1+x 14+ x Ao

where e, (t) = t7, ¢ = 0,1,2,---. Similarly, the central moments, denoted by
M.,q(x) = (Dy(e1 — xep)?) (x), may be obtained using the following relation:

@) BEd A —AX AW —X ~AA_UIA;M A
xX)=|— ex - e | — Ax ,
Hig oad | x— A P\T+x I +x o

whereg =0,1,2,---

@ Springer



Durrmeyer variant of certain approximation operators 3721

Lemma 2 The moments for D;, follow this linear combination:

2 ¢q (Daeg) @)

q=0
1 5 x(5+2x + x?) 2
=co+(x+z>c1+(x +f+ﬁ)cz
N (x3 N 3x2(x2 4 2x + 4) N x(3x* + 10x3 4+ 21x2 4 24x + 28) N 6 >C3

) 22 23
N ( . 6x5 + 12x* 4 2243 N 15x6 + 525 4 114x* + 132x3 4 1272
X

A A2

15x7 + 70x% + 179x> 4 284x* + 325x3 + 254x%2 + 185x 24
+ 3 + 2 ch+ ...,

where cg’s are arbitrary constants and g € N U {0}.
Proof The proof follows by the application of Lemma 1 and Remark 1. O
Lemma 3 The central moments for D, follow the linear combination as follows:

242 2
(x(x + x—|—3)+_>

1
Zcqm,q(x) =ctcite - 2

q=0

A2 A3
(15x7 +70x6 + 179x5 + 284x* + 325x3 + 254x2 + 161x
4

xGx* 4+ 10x3 +21x2 +24x4+22) 6
+c3 + =

A3

3x0 4+ 12x5 +30x* 4+ 36x3 +27x2 24
+ 2 + el R ,

where c;’s are arbitrary constants and g € N U {0}.

Proof The proof follows by the application of Lemma 1 and Remark 1. O

3 Approximation

Let us denote Cg[0, 00) = {f | f : [0, 00) — R, f is continuous and bounded} and
let C*[0,00) ={f |f :[0,00) = R, f iscontinuous and lim,_, o f(x) < oo}.

Theorem 1 If f € Cp[0, 00), then

(i) The operator D;, satisfies the following property with operator R;, defined in Eq.
3)

lim (D f (1) G) = (R f (1)) (x).
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(ii) For operator L, defined in Eq. (4), we have
lim (L f00) (3) = (810 S0 1) ).

wheren > 1 and x > 0.

Proof For A € N, we have

(i) By simple calculations,

) x
Alggo (an expis)») (X)

n . —nAx —X n__q__x_
= — lim exp| —— — nAW en—is Thx
n—1is r—o A+ x A+ x

n exp (nx (e% — 1) > = (Rn expjy) (x).

n—is

where exp; ; (4) = cos(sAu) + i sin(sAu) and s € R.
(ii) In a similar manner, we have

) X
)\ILH;O (»an expisk) <X)

. —X is/n X nAx
= lim exp| —nAW exp|e”/" —1— —
A—00 A+ x A+x A+x

= exp (nx <ee"1 - 1) ) = (Sn o Suexp;,) (x).

Now, the proof concludes from [4, Theorem 1] and [5, Theorem 2.1]. O

Now, we establish Korovkin—type theorem, similar to the one given in [6, 10], as
follows:

Theorem 2 [10] Let A), : C*[0,00) — C*[0, 00) be endowed with uniform norm

| Ax exp_, —exp_, [ [0.00) = C!, q€{0,1,2} and C} — 0as » — oo, then

145f = flo.00) = €L 1 F looey + (€9 +2) " (f; CL+2C, + C%) :

where w*(f; 0) = sup | f (x1) — f (x2)] is the modulus of continuity.
x1,x2>0
|eix1 —e %2 |§U

Theorem3 For f € C*[0,00) and ). € N, let ||D,\ eXp_, — exp
where g € {0, 1,2} and lim; _, Bg =0, then

IDsf = flljo.00) < 2007 <f; \/m) .

—q ” [0,00) B)?’
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Proof Since D; preserves constants, therefore BY = 0. With the help of software
Mathematica, we get

(D;L exp_l) (x) —exp_; (x)

—x <3x6 — 10x* — 483

1 —Xx 3 2 1
= 2x2 +3 —2)
e (x+x+x + 333

2
—69x% — 88x + 24) +o (1—3) .

Next, we have

supe ¥ = 1land supx”e™ =m"e™, m=1,2,3,---,

x>0 x>0
whence, we get

B} (x) = sup |(Dsexp_;) (x) —exp_; (x)]

x>0
1 /273
< —
~ A

3
-F4e_2+-§e_14—1>
1 ¢ 3207 4 69 , 11
+F(58326 tI ST e e £

+0(k_3> — 0as A — oo.
In similar manner, we have

(D exp_s) (x) — exp_, (x)

2 2
- Xe—z)‘ (x3 +2x2 4 3x — 1) + 3?e—“ <3x6 +6x° + 10x* — 613

—214% — 44x +6) + 0 (27%).
Also,
m
supe > =1 and supx"e > = (T) e, m=12.3,.--,
x>0 x>0
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whence, we get

B (x) = sup |(Ds.exp_s,) (x) — exp_, (x)]

1 (27e73
< ( Z —|—4e_2+3e_1+2>

~
w4 (asses 4 3125¢73 N 320e4 N 27¢73 et 4 4de~! 4
— e e
22 8 3 2
+0(A‘3) — 0as A — oo.
The proof readily follows from Theorem 2. O

Theorem 4 Let f, f/, f” € C*[0, c0), then

1
‘A [(Dif) (@) = F )] = /() = 5x (x4 20 +3) £ ()

<2 L|f”()c)|—|—z—i—x(xz—l-Zx—l-3)
- [ 2x A

1
+ 32 (P2 (exp—y ) = exp_; ()*) () - m,4(X))2]w* (f”; %) .
Proof Applying Taylor’s formula on f, we have for x, [/ € [0, 00),
1
FO =10 +=0f' )+ 50 =0 f"(0) + T = 0)°C 0,

where lim;_, , ¢ (I; x) = 0. Operating D;, and using Lemma 3, we have

1
MDaf) (0) = f (] = f10) = 33 (¥ +20 +3) £ ()

< | @] 42| (Dist 0 @ - 0?) ) ©)

For § > 0, the modulus of continuity satisfies the following property [3]

@ —exp_y D)
02001 O (178

Z(l;X)SZ(l—Ir
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Applying Cauchy—Schwarz inequality on the last term in R.H.S. of (6) gives

M (Prstio 0= 0%) )]
< 24" ("5 8) a2 (x)

2\ 1/2
+ 8—260* (f":9) (Dx (exp_y (x) —exp_, (l))4) vV aa(x).

The proof follows by selecting § = —=. O

5

4 Further composition with Szasz-Mirakyan operator

Combining the operators D, and Szdsz—Mirakjan operators yields a new operator,
denoted by E; and represented as

(Enf) (x) := (DroSif) (x).

Lemma4 The MGF of the operators E)_is

1 —Ax —1,5C lA/x_(lltrzxx)
(s exp) () = 5 exp (1 =AW (01 + 07 e .

Furthermore, let us denote the moments of q-th order by (Ejey)(x), where eq(x) = x4
andg =0,1,2,---, then

Y dy(Ereq)(x)
q=0
1 , xX*+2xr4+6x 3
=dy+ d; <x+x>+d2 (X +f+ﬁ>

3x% 4+ 6x3 4 1542 N 3x0 4+ 10x* + 24x3 + 30x2 + 44x 13)

ds |+ =
+3<x+ . 2 +A3

6x° + 12x* 4 28x3 N 15x° + 525 4+ 132x* + 168x3 + 206x2

d 4
+4<x+ k 2

15x7 +70x° 4+ 197x° + 344x* + 458x3 +412x% +389x 75
+ 3 MErl REREE

wheredy’s, ¢ =0, 1,2, --- are certain constants.
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Lemma5 For the central moments of q-th order, which are denoted by [iy 4(x) =
(Ex(e1 — xep)?) (x), we have

Y dyfis g (x)

q>0
d; X 4+2x2+4x 3
=dy+—+dy [ ———— — + =
0+ X +da ( . 2
3x7 4+ 10x* 4+ 24x3 +30x2 +35x 13
+d3 +

22 23

3x0 4+ 12x° + 36x* + 48x3 + 48x2
+ dy 2

15x7 + 70x0 + 197x5 + 344x* + 458x3 + 412x2 +337x 75
+ 3 LTl R

where d;’s, q = 0, 1,2, --- are certain constants.
Now, we present some theorems analogous to those for the operator D;,.

Theorem 5 If f € Cp[0, 00) and n > 1, then
lim (B fG0) (3) = Vaf @) ).

where V f := (R) o S, f) and x > 0.

Proof For . € N and s € R, we have

)»lggo (EnA expis)») (;\_C)

. 1 —nix —x 1=
= lim - exp — W ez_gm/n x
A—>o0 2 — eis/n A4+ x a4+ x
1 1
=5 o &P (nx (e““/ - 1) ) = (Vi expiy) ().

Now, the conclusion follows from [4, Theorem 1] and [5, Theorem 2.1]. O

= M1

Theorem6 For f € C*[0,00) and ) € N, let |Ej exp_, —exp 1,

—-q “ [0,00)
where g € {0, 1,2} and lim; _, oo M}l = 0, then

1E.f = fllo.00) < 200° (f; 2M) + M)%) :
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Proof Since (E; 1) (x) = 1, therefore MS = 0. Next, we have

(Exexp_;) (x) —exp_ (x)

1
= ﬁe”‘ (x3 +2x% 4+ 4x — 2) +

—ﬁﬁ-ﬁ@x+%)+0(rﬁ,

e (3x6 — 4x* — 48%3
2472

and

(E;L exp_z) (x) —exp_, (x)
2 2
= Xe_zx <x3 +2x% 4+ 4x — 1) + ﬁe_zx (3x6 +6x° + 16x*
-4%2-ﬂh+9)+0<x4)

Using

mx X m_—m

supe "™ =1, supx"e™ =m"e™™, and
x>0 x>0

m m
supxme_z’C = (5) e ™ m=1,2,3,---,
x>0

we get

Ad;(x)::su%|(EAexp_1)(x)——exp_1(x)

1 (2773
§X< Z +4e_2+26_1+1)

128¢4

1 35
+ (5832e6—% +54e3 +12¢72 + ?;el—kl.5>
+0(k‘3>—>0ask—>oo.

and

M)%(x) = sug |(Ek expfz) (x) —exp_, (x)|

1 (27e3
< x( Z +4e7? 447! +2)

1 3125¢7> 5124 70e~!
+ 5 <14586_6—% < R My

R ¢ 3
+0(A*3>—>Oask—>oo.

The proof readily follows from Theorem 2. O
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Theorem7 Let f, f', f” € C*[0, c0), then

1
'A [ELf) () = f (0] = /G0) = 5 (x? +2x +4) £ ()

< 2[% £ ] + ; +x(x% +2x +4)
7 1
+32 ((Ex (exp_y 0 —exp_; 1)) (0 m,ux))z]w* (f”; ﬁ) .

Proof Applying Taylor’s formula to the operator E; and using Lemma 5, we have

1
‘x (ELf) () = f (0] = /() = 5 (x2 + 20 +4) £ ()

< ||+ 2| (Ee 0 007 .

Now, for § > 0, applying Cauchy—Schwarz inequality on the last term from above

2
and using the property ¢ (I; x) <2 (1 + (exP"(x);Xp"(l)) ) w* (f"; 8), we have

A (Ere 0 @ = 0%) )
< 240" (f":8) fta2(x)

2 1/2
+ 550" (£7:6) (Ex (exp_y 0 —exp_y 0)*) 7 Vo).

The proof follows by selecting § = —=. O

-

5 Graphical representation

We present following graphs to give a comparison among the rate of approximations
of the operators D,, E) and R;.
In Fig. 1, the approximations of exponential function f (x) = e~*', by these operators
are compared (see Fig.a and Fig.b).

Likewise, in Fig. 2, the graphs (Fig.c, Fig.d) compare the approximations of cubic
polynomial f(x) = x3 4 2x2 4 6x + 2.

We observe that R, yields the best approximation, followed by D,, with E; being
the least precise; which indicates that higher order compositions produce less precise
approximations. Moreover, as A increases, the approximations become more precise.
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Comparison among graphs of (Dxf)(x), (Exf)(x) and (Raf)(x)
for f(x)= €™4* with A=15 (Fig. a)

f(x)

Comparison among graphs of (Daf)(x), (Exf)(x) and (Rxf)(x)
for f(x)= e™#X with A=80 (Fig. b)

7(x)

0101
020+
— Dif o008t — Dy f
0.15) Exf Exf
0.06
— Ryf — Rif
0.10 -4 iy
— & quf — X
0.05- 002
x x
5 3 4
Fig.1 Comparison among graphs of D, , E; and R; for f(x) = e
Comparison among graphs of ( Df)(x), (Exf)(x) and (Rxf)x) Comparison among graphs of ( Df)(x), (Exf)Xx) and (Raf}(x)
for f(x)=x>+2x%+ 6x+2 with A=15 (Fig. c) for f(x)=x3+2x%+ 6x+2 with A=80 (Fig. d)
f(x) fx)
80
— Daf — Dif
& — Eif Exf
RS — Ryf
a0t — P — x*+2x°
+6x+2 +6x+2
20
" . . . . . §
05 1.0 15 20 25 30

Fig.2 Comparison among graphs of D, , E; and R; for f(x) = X34 2x2 4 6x +2
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