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Abstract

An improved conjugate gradient algorithm is proposed that does not rely on the line
search rule and automatically achieves sufficient descent and trust region qualities.
It is applicable to solve unconstrained problems and large-scale nonsmooth prob-
lems. Furthermore, it demonstrates global convergence properties without the need for
Lipschitz continuity conditions. Numerical experiments on nonconvex unconstrained
problems and large scale nonsmooth convex optimization problems demonstrate the
effectiveness and efficiency of the proposed algorithm compared with the same struc-
tural algorithm. Finally, the new algorithm is applied to Muskingum model solving
in engineering problems and image restoration, which shows the prospect of the new
algorithm.
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1 Introduction
Consider optimization problem:

min{g(x)|x € R"}, (H

D<) Haishan Feng
516791535@qq.com

Huiyun Liu
2206301021 @st.gxu.edu.cn

School of Mathematics and Information Science, Center for Applied Mathematics of Guangxi
(Guangxi University), Guangxi University, Nanning 530004, Guangxi, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12190-024-02088-2&domain=pdf
http://orcid.org/0000-0002-9036-9340

3258 H. Liu, H. Feng

where g(x) : R" — R, is a convex function that possibly is nonsmooth. With
the rapid advancement of information technology, optimization techniques are being
applied to various aspects of production and daily life. The need to investigate large-
scale nonsmooth convex optimization problems has become increasingly urgent. This
paper presents an algorithm for addressing large-scale nonsmooth problems, using the
problem of image restoration in image processing as an illustrative example. Image
restoration refers to observed images are reconstructed into their original, yet unknown,
real forms by establishing image degradation models. In the practical processes of
image generation, storage, and transmission, image quality deterioration is an issue
that cannot be avoided due to technological constraints and objective factors. To obtain
more valuable information and ensure that images meet the high-quality research and
application standards, image restoration has become a necessary technique. The fol-
lowing are common image degradation models

B = Ax + €,

where B € R™ and x € R” respectively correspond to the observed and original
images, A is an m x n matrix responsible for blurring, ¢ € R™ is the noise term. To
solve €, We first solve problem

: 2
min [[Ax + B[" + Al Dx|l1, 2
xeR"
where A as regularization parameter, D as linear operator. In this paper, || - || denotes
Euclidean norm, || - ||{ is /; norm. Since /; norm is nonsmooth, (2) described above falls

into the category of nonsmooth convex optimization problems, which are typically of
large scale.

Compared to unconstrained problems, the objective function of non-smooth
problems may include discontinuous components, which pose challenges to problem-
solving. Furthermore, in the current conjugate algorithms, the assumption of Lipschitz
continuity is required to ensure bounded gradient variations. This condition is a key
requirement in the convergence analysis of line search. However, in practice, there
are instances where the Lipschitz continuity hypothesis may not hold or cannot be
readily verified due to complexity of the objective function or limitations in obtaining
accurate gradient information. Some algorithms [1, 2] that do not require Lipschitz
continuity have been proposed. To overcome these constraints, we present a novel
algorithm in this paper. It tackles unconstrained and nonsmooth issues employing the
Moreau-Yosida regularization technique.The new algorithm possesses three charac-
teristics:

o It fulfills the prerequisites of a sufficient descent and trust region properties, elim-
inates need to specify a step size.

e The algorithm’s performance is improved by incorporating function value and
gradient information into the search direction.

e The algorithm integrates Wake-Wolfe-Powell (WWP) linear search(5)(6) and
exhibits global convergence for nonLipschitz continuous nonconvex problems and
nonsmooth functions.
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In Sect. 2, an algorithm is presented which has some good properties for solving
unconstrained optimization problems. In Sect. 3, the algorithm is used to solve non-
smooth problems. Section4 states numerical findings of algorithms for unconstrained
and nonsmooth problems. Additionally, we show the algorithm’s numerical perfor-
mance in image restoration problems. The paper ends with a summary in Sect. 5,
outlining possible directions for further investigation.

2 Unconstrained optimization

Regarding problem (1), we first discuss the situation under smooth conditions, i.e.
min{f (x)|x € R"}, 3)

with f(x) : R" — Ris a continuously differentiable nonconvex function. For solving
(3), conjugate gradient(CG) algorithm proves to be highly effective, particularly when
its dimension n is of a large scale. CG algorithm generates an iterative sequence by
the following formula:

X4l = Xk +ogdi, k=0,1,...

where o > 0 is a steplength determined by line search, the search direction dj is
generated by

dy = —hp + Brdr—1, do = —go,

where &y is the gradient of f(xx). CG algorithm can be classified according to the
choice of parameter S, among them, Polak-Ribiere-Polyak(PRP) methods has advan-
tages in dealing with large-scale problems because of its high computational efficiency
and small storage capacity. Despite employing strong Wolfe line search, achieving
global convergence for PRP methods with general nonlinear functions remains chal-
lenging. And its primary applications are currently mostly limited to dealing with
smooth problems. The BFGS algorithm constructs an approximate Hessian matrix to
expedite the convergence of the objective function, the search direction dj, is generated
by

dip = —B,:lhk,

where By, is the approximate Hessian matrix. BEGS algorithm has made some progress
on global convergence of general functions under WWP line search [3]. Butits applica-
bility is challenged in large-scale computations due to storage constraints. An adaptive
memoryless BEGS method [4, 5] is proposed that adaptively adjusts Hessian matrix
approximation, avoiding the need to store Hessian matrix or its inverse. In an attempt
to advance the CG and BFGS techniques, a family of conjugate gradient algorithm is
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introduced, which d can closely aligned with scaled memoryless BFGS method [6]

hy Yk—1 Iyl st vt hlsi-

k k—1 k—1 &k Sk—1

4 () = e+ | === | ne+ = 7 ) 7 di1,
1 Yk—1 Se_1Vk—1 k=1l —1Yk—1

where sy_1 = xx — xx—1, hi represents gradient of f(x), yx denotes the self-scaling
parameter and the optimal choice for efficiency is

T
_ Sg—1Yk—1

= -
llsk—1ll

Li [7, 8] made some modifications based on the Dai-Kou algorithm, resulting in dif-
ferent numerical outcomes. To enhance convergence, we implement a novel technique
ensuring that the search direction dy adheres to trust region property automatically.
This plays a crucial role for establishing global convergence.

Besides directly modifying iteration formula for dy it is also a viable approach
to make adjustments to the quasi-Newton equation. Yuan [9] designs a new quasi-
Newtonian equation so that y;" has information about the gradient of the function, and
also about the function itself

Biesi—1 = Y- 1»
where yi' | = yr—1 + %%—1, ok—1 = (i + he—) T sk—1 + 2(fim1 — fo),
denote fy = f(xy). Compared with the previous yi, y;" enables the new algorithm to
obtain satisfactory results in less iterations and shorter operation time, and has better
numerical performance and theoretical results.

Drawing inspiration from the previously mentioned techniques, a novel hybrid
conjugate gradient algorithm is introduced. dj is as follows

Wi (1)]%

T,m m 2
e it <hk Yo Iyl rk) Gt + tﬂy}il, do=—ho. (&
Wik
where wp = cplld—1 11y Il + o llbil?, e = h,{dk_l. By choosing the first term
of wy, di is endowed with a trust region property, and the second term sets a lower
bound for wy, guaranteeing global convergence. Interestingly, wy is never equal to
zero, which guarantees that dy, is well-defined.
The algorithm is outlined below
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Algorithm 1 BPRP(unconstrained optimization)

Step 0. Input and Initialization. Select k = 0 and xg € R", dy = —hg,€ > 0,0 <pu <v < 1,¢1 > 0,
¢ >0,and0 <1, <7 < 1.

Step 1. Calculate |||, if ||hx|| < €, Terminate the iteration; otherwise turn to Step 2 to continue the
iterative calculation.

Step 2. Select oy, that satisfies the WWP line search

fQx +opdy) < fio + poghl d, (5)

h(xg + axdi) T dy = vl dy, (6)

with0 < < % 1 < v < 1 are constants.

Step 3. Update iteration point x| can be obtained using x;4+1 = x; + o dg.
Step 4. Calculate dj, with (4).

Step 5. Turn to step 1 for the following iteration, let k = k + 1.

Assumption 1 Consider f(x) continuously differentiable, and

V= {x|f(x) < fo}
is bounded.

Lemma 1 All di follows sufficient descent property
hidi < —zllhel, )
trust region property
ldill < cllll, (®)
withz:l—%andc:l—i—lj—l’—i—é.

Proof Given thatdy = —h(, we observe thathgdo = —||ho||2, fulfilling (7) fork = 0.
In light of di’s definition, we can confirm that for all k > 0,

(14 1)? R R i o
hicdi < =hill? + il + —=—5— = ==
% Wy
(14 1)?
=—(1-—— 17k )12,

which implies that (7) holds.

When k = 0, using dy = —h as a starting point, we obtain ||dy|| = ||hg], implying
(8). Fork > 0, we canuse (7) and Cauchy-Schwarz inequality to establish (8). Assume
y,i"fl # 0, consider

o = crlldi—1 Iy -
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Then, we have

Ry, __HYleﬂzrk - Akl Tyl +_”YZ11“2”hk””d%71H
o7 a)]% - (o) a)]%
Akl ||y1T_1||2||hk||||dk—1|| _ L 1 (A
T oerlldi—a iy b Cealldi—a Iy ID? c ) ldiall’
and
th_k 2l -1 _ . 72k
o |~ crlldk=1 Iyl cillyy |l
Combining (9) (10) (4), we yield
L1\ 7kl Al
ldill < lhell + | — + = ldk—1ll + 7 ——— 171l
ci et ) ldi-ll crllyg !

1+1 1
§<H- +7)mw
C1l Cl

The proof is completed.

Theorem 1 Combining Algorithm 2 and Assumption 1, then

liminf ||/2]| = O.
k—o00

©)

(10)

Y

Proof Proofs by contradiction. If (11) is incorrect, suggests that exist constant € > 0

and have

Akl = €.

12)

Sequence {oy} is assumed to converge and denote o = lim sup;_, o, @x. We observe

that @ > 0. Accordingly, the discussion follows.

Case (i):@ > 0. Whenk; > k, exists subsequence {ay; } and constant & > 0 satisfies

lim oy, > &,
11— 00

By applying (5) and summing up from k = 0 to oo yields
o0
— hid, — i ,
M];ak e < fo kin;ofk < 00
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then

. T
lim —ay, g, di, = 0.
11—

By (7) and (12), thus

1 2 1 2
lim (1 — d+o Yok, |l€))? < lim (1 — d+o Yag 1 1> < lim —ay hl dy, = 0.
i—00 4 ! i—00 4 ! ! i—00 L
This implies

lim oy, =0,
1—> 00

which contradicts our assumption. Therefore, the (11) is true.
Case (ii)) @ = 0. From (6)

h(xg + Olkldk,)Tdkl — vh,{ldkl > 0.
So we obtain

Jim A + ey di) " diy — vh(xg) dyg = (1= v)h(H ) 2 0. (13)

Combine with (7) and (12), then
h(x*)Td(x*) < —z||h(x*)||* < —ze < 0. (14)

This is contradictory to (32). O

According to Theorem 1, we assume limg_, oo Xy = X. Then, under the following
additional assumptions, we further discuss the convergence rate of BPRP algorithm.

Assumption 2 Assuming f that is uniformly convex and has continuous second
derivatives in R", gradient & satisfies Lipschitz continuity. So f has unique mini-
mal point X with minimum value f, for all x € R” satisfying

2

1 2 N 1 ~
so =57 = fe0 = f = 0| - | (15)

and

¢ | =27 < Whell® < & | — 2|

) (16)

where 0 < ¢ < ¢ are constants.
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Lemma 2 {x;} is obtained by BPRP algorithm. If the conditions in Assumption 1 and
(15) (16) are satisfied, for all k > 0 one can derive

ax = U, a7)

where ¥ > 0 a constant.

Proof Denote

1
Q-1 = / V2 f (k1 + Ese—1)d,
0
By to mean-value theorem,
he — hik—1 = Q—15k—1 = Qp—10k—1dk—1.

From (6), we have

1 T
h (x4 odi)” dy = <hk + Otkdk/ V2 f (xx + Coedy) d{) di > vh} dy,
0

which implies
1
akdkT/ V2 f (u + Copdy) ddy > (v — 1) hl dy. (18)
0

Based on Assumption 2, then olld|? < dTV?f(x)d < ¢|d|>, combining with (18)
have oy ||di|> > (v — 1) h dy.. Based on (8), we have

1 2
v —Dhid _ (=) (1 - )||hk||2

o = >
b llde |2 ® lldi 117
-2
_ 2
Z(1 V) 1_(1+t) 1+1+t+l 2y
¢ 4 1 c
(17) is obtained by setting ¥ = min{1, 9}. o

Theorem 2 According to Assumption 2, {x;} converges to X, satisfies
llxx — 21| < bo*, (19)
where b > 0 and 0 < o < 1 are constants.

@ Springer



A conjugate gradient algorithm without Lipchitz... 3265

Proof From (5) in WWP, (7)(15) and (16)
fis1 = f < fo+ poghlde — f

<fima- 0,2 L (h=F) -7

-(1-(1-252). 2;)(fk—f).

Setting 0 = (1 - (= %)mﬁ%)z, so have

fk—fscﬂ(fk,]—f)5...502k(f0—f).

Combining (15), then

(fo—f) *,

(fo—f)) : O

I — )7 < 2 (5i— F) <
@

‘SIN

ASHLS
Bf—

which shows that (19) holds, where b= (

3 Nonsmooth problem

Adding regularization term to nonsmooth convex problem (1)
min F(x) £ min{g(r) + L||r —xI% (20)
xeR”n reR”? 2)( ’

where F : R" — R, x > 0. (20) is considered equivalent to (1). Setting ®(r, x) =
q(r)+ % |r —x||%, and £(x) = argmin, ®(r, x). For every x, ©(-, x) exhibits strong
convexity. So F is denoted as

1
F@x) =q@) + l1£x) - x|
X

F has the following properties:

(1) It is Finite-valued and convex. Denote gradient of F as

M) = VF@) = 2280

it exists in R” and continuous
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(ii)) When ﬁ(x) =0, i.e. £(x) = x, (1) has unique solution. By minimizing ®(r), can
get £(x), which can expresses F(x) and ﬁ(x). But finding exact minimizer ® (r)
can be quite challenging or even unfeasible, F'(x) and fz(x) are difficult to express
explicitly. We can use the finite-valued of F'(x). For any § > 0, exists £“(x, §) that
satisfies

1
q(Z“(x,S))—i-g||Z“(x,8)—x”2 < F(x) +3. 1)
Therefore, the estimates of F'(x) and fz(x) are expressed as

a a 1 a 2
F(x,8) =q (¢ (x,@))+ﬁ e x,8) — x|, (22)

x —£%x, )

h(x)*(x,8) = (23)

For non-differentiable convex function, some useful algorithms are available to
obtain £4(x, §), as introduced in [10].

Proposition 3 Assuming F*(x, §) andfl(x)“ (x, 8) are obtained from (22)(23), where
£%(x, 8) satisfies (21), we can deduce [11]

F(x) < F(x,8) < F(x) +34,

[ x.8) — e < V2x3,
(x,8) — heo | = /287 24)

This means that F“(x, §) and h(x, §) can be considered to be close enough approx-
imations of F(x) and & (x).

Combine above conditions and discussion in Sect. 2, iterative formula for dj is as
follows:

- G, 80Ty ey 1P
di = —h" (xx, 8k) + ( el R 12 di—1 +

()% wk

tkflk

p—
Wk

1 (25)

where @y = i lldi—1lllly{"; I+ca el Fx = h (xg, 8i) T di—1, with0 < 1 < T < L.
dy also exhibits sufficient descent and trust region properties, i.e.

h (e, 80T dy < =211 G, 80112,
Il < EllA (xk, 8, (26)

141

A+’ & o g L Th d ies of the algorith
—g . Cc= +’_+2'T e steps and properties of the algorithm

where 7 =1 — o

are as follows.

Theorem 4 {x;} and {ﬁk} are generated by Algorithm 2, we have limy_, o ||lAz(xk)|| =
0, and any accumulation point of xy is an optimal solution of (1).
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Algorithm 2 BPRP(Nonsmooth problem)
Step 0. Choose x(, constant 0 <p<v<lc>0c>0¢€>00<8 <1,limg, o8 =0and
t €(0,1), 1 < 1.Let dy = —h%(xq, 8¢), and k = 0;
Step 1. When ||h% (xg, 8)|| < €, stop algorithm;
Step 2. Choose a suitable value of parameter o by WWP line search

FO + ardy, Sa1) < FOGu, 8) + pogch® (g, 810 T dy, 27

A G + agdye, )T die = vh® (g, 81) T d. (28)

Step 3. Using x4+1 = X + axdy get next iteration point;
Step 4. dy, is updated according to (25);
Step 5. Set k = k + 1, return to Step 1.

Proof The first part. Prove that

lim [|A% (xg, &) = O. (29)
k— 00

Assuming (29) is incorrect, thus exist subsequence A, constant §, > 0, and k, € Z
that satisfy

129 (g, )1l = 84, VA 3 k > ks, (30)

For sequence {x;}, x* is one of its limiting points, then have

lim  xp =x™. (31)
keK, k—oo

Consider two cases for discussion.

Case(l). limsup;_, o > 0. Thus, there exists subsequence f{oy;} such that
lim; _, ok, > T, T > 0is a constant, k; > k. By (27),

F(xx, ) — F(xg + andy, Sx1) > —pah® (xi, 8¢) 7 d.

Hence
oo
—u Zakh“(xk, 8T dy < F(x0,80) — lim F9(xy, ) < oo.
= k—00

Then

. ~ T _
jll)rgo—akjh“(ij,Skj) di; = 0.
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Combining (26), we can derive

1+ 1)2 .
lim (1 — @)ak.ne*n? < lim —a h*(x., 8c) dy, = 0.
j—00 4 / j—o00 / S /

It means that

lim o, =0,
j—o0 /

which contradicts the assumption of this case.
Case (II). lim sup; _, o, ax = 0. From (28) and (26),

fz“(xk + aidg, 8k+1)Tdk - vfz”(xk, Sk)Tdk >0

We can conclude:

Tim A% o, ey iy Si0) " diey — v (i 8) T, = (1—=)h(x*)Td (x*) = 0.

J—>00

(32)
Combine with (26) and (30), then
hGHTd(*) < =Z|h(H)]? < =28, < 0. (33)
This is contradictory to (32). So (29) holds, and (24) can see that
N o 268k
1A% (xks 85) — ()|l < 1/7.
Combined with limy_, o 6y = 0, means
lim |[A(x)] = 0. (34)
k—o00

The second part. Verify x; that converge to a solution of problem (1). By definition of
h(x), we get h(xg) = W Then, by (34) and (31), x* = £(x™) holds. Therefore,
x* is an optimal solution of (1). O

4 Numerical experiments
Four experiments are used to evaluate the BPRP algorithm’s performance. These
results are from a series of experiments, including unconstrained optimization, large-

scale nonsmooth problems, Muskingum model in engineering, and Color image
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e ====:TTCGPM
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: ’ : TPRP
s = = ‘HTTCGP
03F

Ppir(p,s)<
o
[$,]
=
\
LY
A

Fig. 1 Performance of algorithms in terms of number of iterations(NI)

restoration. Experimented on Windows 10 computer with 8§ GB RAM and 2 GHz
CPU.

4.1 Test of unconstrained optimization

Efficacy of BPRP, TTCGPM, TPRP, and HTTCGP algorithms in addressing uncon-
strained optimization problems becomes evident through the examination of 74 such
problem instances. To facilitate a more intuitive comparison regarding the computa-
tional efficiency of these algorithms, the analytical tools proposed by Dolan and More
[12] are utilized. These tools offer insights into the algorithms’ performance metrics.

This investigation focuses specifically on evaluating the computational performance
across three dimensions (3000, 6000, and 9000) for the 74 problems. Throughout the
experiment, parameters ¢| and ¢, are assigned values of 0.001 and 0.01, respectively.

m T
Additionally, the calculation of #; to the formula #; = min{r, max{0, 1 — M}}

lyg 112
and T =0.1.

The outcomes are presented in Figs. 1, 2, and 3, where t signifies the reciprocal of
the algorithm’s performance ratio (NI, NFG, and CPU time) when tackling a specific
problem, relative to the optimal performance among all algorithms. The parameter
P(p:r(p,s)<r) on the vertical axis succinctly denotes the proportion of problems suc-
cessfully resolved out of the total problem set when the algorithm’s ratio falls below
T.

By observing the data in Figs.1, 2, and 3, a trend emerges, the efficacy of the
BPRP algorithm in addressing a majority of the examined test problems. Figure 1
shows that the BPRP algorithm has the least number of iterations in 70% problem
solving, and can solve 90% of the problems. It can be seen from Fig.2 that BPRP
algorithm calculates function value and gradient value least in 60% of the problems,
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Fig.2 Performance of algorithms in terms of total of function and gradient evaluations(NFG)
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Fig.3 Performance of algorithms in terms of CPU time

and adding function value information in the search direction does not cause too much
computation burden. Figure 3 shows that the BPRP algorithm can solve 40% of the
problems first, and the computational efficiency is relatively high. The performance
curve include NI, NFG and CPU time, demonstrates the superior performance of the
BPRP algorithm over TTCGPM, TPRP, and HTTCGP algorithms. In summary, BPRP
constitutes an efficient and robust approach for addressing unconstrained optimization
problems.
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Table 1 Problem descriptions for large-scaled testing problems

No Problems

1 Generalization of MAXQ (convex)

2 Chained LQ (convex)

3 Chained CB3 (convex)

4 Chained CB3 2 (convex)

5 Number of active faces (nonconvex)

6 Nonsmooth generalization of Brown function 2 (nonconvex)
7 Chained Mifflin 2 (nonconvex)

8 Chained crescent (nonconvex)

9 Chained crescent 2 (nonconvex)

4.2 Nonsmooth problems

Given significant advantages of CG algorithm in handling large-scale problems, we
study BPRP algorithm’s efficacy for large-scale non-smooth problems. A comparative
analysis is conducted, juxtaposing the BPRP algorithm with the structurally HTTCGP
algorithm in [13]. Compared to the BPRP algorithm, the primary distinction of the
HTTCGP algorithm is the selection of wy and yg. This is precisely the area where
we have made modifications, and we can provide proof of their effectiveness.The test
issues listed in Table 1 are taken from [14]. The algorithm stops when F¢ (xx_1, §xg—1)—
F%(xx, 8;) < 1077 is satisfied. The data are listed in Table 2. Parameters were chosen

T
skt
Jk—1
TN }} where 7 = 0.1.

Observing data in Table 2, BPRP algorithm has certain competitiveness in the
number of iterations and the number of function evaluation, and the final function
value is more satisfactory. Additionally, as dimensionality increases, the number of
iterations do not exhibit a significant escalation. In summary, it can be conclusively
affirmed that the BPRP algorithm proves to be effective in this context.

as ¢y = 100, ¢, = 100 and #; = min{r, max{0, 1 —

4.3 The Muskingum model in engineering problems

In solving many practical problems in life, optimization plays a vital role, especially in
the field of engineering applications can not be ignored. In order to achieve excellent
performance in engineering problems, an excellent optimization algorithm is essential.
In the field of hydrologic engineering, Muskingum model is widely used to deal with
flood flow problems, and improving the accuracy of model parameters is of great sig-
nificance for problem solving. Determine Muskingum model’s parameters by applying
BPRP modified PRP algorithm, compare the performance of this approach with the
HTTCGP, TPRP, and TTCGPM algorithms. The Muskingum model, as defined by
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Fig.4 The Muskingum model in 1960

Ouyang et al. [15], is as follows

n—1

min £ (x1, %2, x3) = ) |

i=1

I 7 1 9ie1)
<< - ?) X <X2 it1+ (1 —x2) Qz+1>

- <1 - %) X1 (XZii + (I —x2) Qz‘)x3

(1) (- 0))

At

2

(i-2)

where the variable n as total time, x| as water storage time constant, x; is weighting
coefficient, and x3 is supplementary parameter. Az signifies the length of the calcula-
tion period, I; stands for observed inflow flow, 0; represents observed outflow flow.
Setting initial point as x = (0, 1, I)T, calculation period At is specified as 12h. The
observational data utilized in this experiment are from actual observations of flooding
processes along the South Canal of Tianjin Haihe River Basin, spanning the years
1960, 1961, and 1964. Detailed datasets are sourced from [16].

Various algorithms were employed to compute the flows for the years 1960, 1961,
and 1964. The calculated results were summarized and juxtaposed with the actual
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Fig.5 The Muskingum model in 1961

observed flows, as illustrated in Figs.4, 5, and 6. The analysis indicates that the data
obtained through the BPRP method exhibit no discernible deviation from the observed
data, shows comparable performance to other methods. The BPRP method demon-
strates no lagging behind in its effectiveness when compared to alternative approaches.

4.4 Image restoration problems

The classic application of optimization problem in real life is to restore the damaged
image. In this section, the color image damaged by pulse noise is restored using
the BPRP method. ColorCheckerTestImage(1542 x 1024), llama (1314 x 876), car2
(3504 x 2336) and carl (3504 x 2336) were selected as test images, and 25%, 50%
and 75% pulse noise were applied to them. Then the BPRP, TPRP, HTTCGP, and
TTCGPM methods were applied to restore the noisy image. The outcomes of this
restoration process are showed in Figs.7, 8, and 9.

To facilitate a more intuitive comparison of the recovery capabilities of various
algorithms, the relevant data of the restored images are detailed in Table 3. Peak
signal-to-noise ratio (PSNR) is used to evaluate the mean square error between the
original image and the restored image, and is one of the commonly used indicators
to measure the quality of the restored image. Structural similarity index (SSIM) is
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Fig.6 The Muskingum model in 1964

(c)TPRP

(h)TPRP

(p)25%noise (q)BPRP (r)TPRP

Fig.7 25% salt-and-pepper noise
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Fig.8 50% salt-and-pepper noise
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Fig.9 75% salt-and-pepper noise

a reference index to measure the similarity between images. We consider these two
indexes comprehensively to evaluate the image recovery quality. The findings from
Table 3 show that: (1) Bprp, TPRP, HTTCGP and TTCGPM methods can all complete
image restoration, and the restoration effect is good, SSIM is greater than 0.8, PSNR
is similar, and image quality of all four is similar. (2) Among four algorithms, BPRP
algorithm has slightly lower CPU time and higher computational efficiency. (3) As the
level of noise increases, the quality and efficiency of recovery reduced significantly
for all four algorithms, indicating the impact of noise ratio on the overall recovery
effectiveness.
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5 Discussion

The proposed improved CG algorithm achieve sufficient descent and trust region
properties, doesn’t rely on choice of step size. For unconstrained optimization, the
algorithm’s global convergence is proven, removing the requirement for Lipschitz
continuity conditions. The global convergence of the algorithm is proved for nons-
mooth convex problems. The improved algorithm is competitive when compared to
other algorithms with comparable structures, according to numerical experiments.
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