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Abstract

Under common due window assignment, a single machine scheduling problem with
learning effect, delivery time and convex resource allocation is considered. Actual pro-
cessing time is related to normal processing time, job dependent learning effect and
allocated resources. There are three objective functions are considered. They involve
earliness, tardiness, due window costs and resource costs with position dependent
weights. The first objective function is to minimize the total costs of earliness, tardi-
ness, start time of window, window size and resource allocation; the second objective
function is to minimize the total costs of earliness, tardiness, start time of window
and window size under resource-limited conditions; the third objective function is to
minimize the cost of resource allocation under the scheduling function constraint. The
goal is to determine the optimal sequence and resource allocation. All three problems
are proved that they can be solved in polynomial time and polynomial time algorithms
are given separately.

Keywords Scheduling - Common due window - Learning effect - Delivery time -
Convex resource allocation - Position-dependent weight

Mathematics Subject Classification 90B35 - 90-08

1 Introduction

With the innovation of technology, the processing efficiency is improving. The pro-
cessing time is getting shorter and shorter, this is the learning effect (Wang and Xia
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[1], Wang et al. [2], Azzouz et al. [3], Liang et al. [4], Wang et al. [5]). Qian and Zhan
[6] and Qian [7] studied a single machine scheduling problem with learning effect and
group technique. In 2022, Wang et al. [8] studied a single machine scheduling problem
with general truncated learning effects. In 2022, Gao et al. [9] studied a single machine
scheduling problem with DeJong’s learning effect and maintenance activity. In 2023,
Ferraro et al. [10] studied a flowshop scheduling problem with learning effect.

When a job is processed, the additional time that it is delivered to the customer is
called delivery time (Koulamas and Kyparisis [11]). In some scheduling environments,
delivery time is used to eliminate adverse effects on the job, which does not occupy
any machine. In 2021, Sun et al. [12] studied a parallel machine scheduling problem
with maintenance activity, delivery times and resource allocation. Qian and Zhan [13]
studied a single machine scheduling problem with learning effect, delivery time and
due date. In 2022, Wang et al. [14] studied the single machine scheduling problem
with delivery times and variable processing times. Qian and Han [15] studied a single
machine scheduling problem with deteriorating jobs and delivery time. Zhang et al.
[16] studied the parallel machine scheduling problem with delivery time and due date.
Qian and Zhan [17], Qian and Han [18], and Qian and Chang [19] studied the due
window assignment problems with delivery time. In 2023, Wang et al. [20], Ren et
al. [21] and Ren et al. [22] considered the single machine delivery times scheduling
problems with learning effects. Pan et al. [23] considered single-machine delivery
times scheduling with deteriorating jobs.

In some practical scheduling environments, the processing time is related to
resources. For example, a steel production process needs to be preheated, the more air
resources are given, the shorter the preheating time (Shabtay and Steiner [24], Yedid-
siona and Shabtay [25]). In 2014, Wang and Wang [26] studied the single machine
scheduling problems with learning effect and resource allocation. Under common due-
window, they proved that some problems can be solved in polynomial time. In 2019,
Wang and Liang [27] studied a single machine scheduling problem with deteriorating
jobs, group technology and resource allocation. Sun at al. [28] studied a no-wait flow-
shop scheduling problem with learning effect and resource allocation. Geng at al. [29]
studied a no-wait flowshop with learning effect and resource allocation. In 2020, Liu
and Jiang [30] studied a single machine scheduling problem with learning effects and
resource allocation. Shi and Wang [31] studied a flowshop scheduling problem with
learning effect and resource allocation. Sun et al. [32] studied a single machine schedul-
ing problem with group technology, resource allocation and learning effect. In 2021,
Lv and Wang [33] studied no-wait flow shop scheduling with resource allocation and
learning effect. In 2022, Yan et al. [34] studied a single machine scheduling problem
with group technology, resource allocation and deteriorating effect. In 2023, Zhang
et al. [35] and Wang et al. [36] considered single-machine scheduling with resource
allocation and deteriorating jobs. Wang and Wang [37] considered single-machine
scheduling with resource allocation and time-dependent learning effect. Shioura et al.
[38] considered parallel machine scheduling with resource allocation.

This paper studied a single machine scheduling problem with learning effect,
delivery time and convex resource allocation. The motivation comes from references
Koulamas and Kyparisis [11] and Wang and Wang [26]. For three objective functions
problems, the polynomial-time algorithms are proposed. The problem is described
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in Sect.2. The proofs of the polynomial time algorithm are given from Sects.3-5.
Three examples are presented to illustrate the process of each algorithm in Sect. 6.
The summary is given in Sect.7.

2 Notation and problem statement

There are n independent jobs J = {Ji, ... J,} continuously processed. The normal
processing time of J; is p;. As in Wang and Wang [26], if J; is at the kth position,
the actual processing time is

_ikﬂi 0
pmr=<p >» (1)

Ui
where u; represents the resources allocated to J;, B; is the learning rate, §; < 0,6 > 0.

The job at the kth position is represented by the subscript [k]. The waiting time of J
is

k=1
Wik = Zi:l Plil- @)
As in Koulamas and Kyparisis [11], the delivery time g of Jx is
k—1
g = qwpx] = o Z Plils (3)

i=1

where « is the delivery rate, o > 0. The completion time of J is

Cik) = wik) + prk) + qik)- “)
The makespan is
Cmax = jmax. Cixy- (5)

In this paper, the common due window (CONW) is considered. For tlle CONW,
each job has the same window, that is, the same start time d and end time d. The size
of window is

D=d—d. (6)
The earliness of Jj] is

E[) = max {0, d— C[k]}. @)
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The tardiness of Jix is

Tix) = max{0, Cjx) — d}. ®)

There are three objective functions are considered.
(1) The first objective function is to minimize the total costs of earliness, tardiness,
start time of window, window size and resource allocation (see Graham [39]), i.e.,

— N n
P kPi
1 puy = (T) . qpsa. CONW| Z[akE[k] + b Ty
g k=1

n
+Ckc_1 + dy D] +e Z SIIUK)» )
k=1

where g4 represents the past-sequence-dependent delivery times, ay, by, ¢k, di and
e are given positive constants, 1 < k < n (i.e., position-dependent weights, see Wang
et al. [40-42]).

(2) The second objective function is to minimize the total costs of earliness, tardiness,

n
start time of window and window size subject to Y grjux) < W, where W is the
k=1

total number of resources, i.€.,

— 8.\ 0 n n
P, kP
Upw = <lu—) ~dpsa- CONW, > gy < WY _lax Epgg
! k=1 k=1

+bi Ty + cxd + di D). (10)

(3) The third objective function is to minimize the cost of resource allocation subject
n

to > [akEpg + biTiig + cxd + di D] < M, where M is a given constant, i.e.,
k=1

—18:\? n
Dk
lpu = (;—) - qpsa» CONW., > “[ax Epgy + bi Tigg
k=1

n
+erd + di D] < M| gugup- (1
k=1

3 The problem 1|p; =

,'kﬁi n _ n
(P58, dpsa, CONW| 3 [akEpk) + by Tikg + ckd + dikD1+e Y- g
k=1 k=1

Lemma 3.1 For any job sequence, d of the optimal scheduling is the completion time
of some job.
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Proof (1) Suppose that d isn’t the completion time of some job and dis the completion
time of some job, i.e., Cjj,—1] < d < C[jl],g = Cj,, 1 < j1 < jo < n.The objective
function is

Ji—1
Z=Y a(d-Cu)+ Z b (Ciy — Cija1)
k=1 k=j2+1

n n n
+ Z ckd + ) di(Crjy —d) +e Z BIKIUIK]
= k=1 =

J1—1 J1—1 (12)
:—Zakc + Z b Crig + Zak-i-ZCk
k=jr+1
“a)as (Ya- 3 n) oY amn
k=ja+1
When d = Cyj,—1), the objective function is
J1—2 j1—2
Zakck]+ Z b C Zak+26k
k=jr+1
n n
- de> Crj-n+ de - Z b | Cliy+e ) guupm. (13)
k=1 k=ja+1 k=1
When d = C| j11» the objective function is
=1 =1
=Y acu+ Y hCu+ 2
k=1 k=jr+1

n n n
+) e de> Cij de - Z b | Clipi+ €Y gt
k=1 k=1 k=jo+1 k=1
(14)

Jji—1

Z—Z7Z = ZakJFZCk_de d—C[jlfl]), (15)

Jji—1

Z—7Z)= Zak—i-ZCk—de d—C[jl]). (16)

When leclz_ll ar+Y jp_1 ck—Y j_1 di = 0,Zy > Z > Zy;otherwise, Z| > Z > Z».
So dj is the completion time of some job.
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(2) Suppose that d and ; aren’t the completion time of some job, i.e., Cj—1] <

d < C[jl]’ C[jz—l] <d < C[j2], 1<j1 <j<n. The objective function is
Ji—1 J1i—1

Zakc —I—Zbkc Zak—i-ZCk—de
k=1

k=ja

de— Zbk d+eZg[k]u (17)

k=j2

When d = Cjj,_1j, the objective function is

j1=2 J1—2
Zakc +ZbkC Zak—I-ZCk—de Cij—1
k=j>
de—Zbk d—i—eZg (18)
k=j>

When d = C| j11» the objective function is

Ji—1 Ji—1
ZakC[k + ZbkC Zak
k=j> k=1
+ch—2dk> de—Zbk d+eZg
k=1 k=1 k=j>
(19)
Ji—1
Z — 737 Zak—l—ch—de (d - Cji-1), (20)
k=1

Ji—1

ZaHZCk—de (d - Cijn)- 21)
k=1

When Z,?:_ll ar+Y g i ck— Y p_1 di = 0,Z4 > Z > Z3;otherwise, Z3 > Z > Zj.
So d; is the completion time of some job. O

Lemma 3.2 For any job sequence, d of the optimal scheduling is the completion time
of some job.

Proof (1) Suppose that d is the completion time of some job and disn’tthe completion
time of some job, i.e.,d = Ciii- Crjp—11 < d < Cijo1-1 < j1 < j2 < n.The objective
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function is

-1 Jj1—1
Z arCiy + Z b Crey + Z ag
k=jp 22)
+ch—2dk> de—Zbk d—}-eZg
k=1 k=2
Whend = C [j»—1]» the objective function is
=1 Ji—1
Zakc +ZbkC Zak—l-zck—de Ciin
k=j2 k=1

n
de — Z bi | Crjp—11 + eZg[k]u[k]. (23)

k=2 k=1

When d = Cij,1 the objective function is

J1—1 j1—1
ZakC[k]-i- Z biCii Zak‘FZCk—de Ciin
k=j+1
n
de — Z b | Crjn -I-eZg[k]u[k]. (24)
k=jo+1 k=1
Z-7) = de— Zbk (d - Cijp-n). (25)
k=ja
Z—7)= de—Zbk (d — Cijn)- (26)
k=ja

When Yy, di — ZZ:;‘Z by > 0,Z, > Z > Z;; otherwise, Z| > Z > Z». Sod is
the completion time of some job.

(2) Suppose that d and d aren’t the completion time of some job, i.e., Cj—1] <

d < Ciin Cljp-11 < d < Cijo1- 1 < j1 < jo < n. The objective function is

Ji—1 -1

dec +Zbkck]+ Zak+ZCk—de
k=1

k=j2
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de— Zbk d+€Zg[k]u 27)

k=j>

Whend = C [j»—1]» the objective function is

Ji—1 Jj1—1
Zakc +ZbkC Zak—I-ZCk—de
k=ja
n
de - Z bi | Crjp—11 + eZg[k]M[k]. (28)
k=j k=1
Whend = C [j»1- the objective function is
Ji—1 j1—1
ZakC[k]+ Z biC Zak+ZCk—de
k=jr+1
de - Z b | Cijy +€Zg[k]u (29)
k=jr+1
Z-73= de— Zbk (d — Crjp—11). (30)
k=ja
Z—74= de—Zbk (d — Cijn)- (31)
k=ja

When Y j_, di — ZZ:/.Z by >0, Zy > Z > Z3; otherwise, Z3 > Z > Za. Sod is
the completion time of some job. O

Lemma 3.3 For the opnmal scheduling, d is equal to the jith job completion time

Ciji) J1 satisfies Y 1, ak <> pe1dk— > g ck < Zk:l ay; d is equal to the joth
Jjob completion time C Lpl» J2 satisfies ZZ:sz by <> p_di < ZZ:/Z by

Proof When d = C| j1 and d = (| j»]» the objective function is
Ji—1 Ji—1

ZakC + Z biCix) Zak+ZCk—de Cii
k=1

k=jr+1

n n n
de— Z by C[j2]+€Zg[k]u[k]. (32)

k=1 k=jr+1 k=1
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(1) When d = Clj,—1 and d= C|j,1 the objective function is

J1—2 j1=2
Zakck]+ Z b Ciwy Z"k+zck_zdk Crir-1
k=jr+1
de— Z bi | Crjo +ezg[k]u[k (33)
k=jo+1

Because the optimal position is ji,

Ji—1

Z“k+zck‘zdk (Cijn — Crji-1) =0, (34)
k=1

J1i—1

Zak+2ck—2dk<0 (35)
k=1

When d = Cyj,+1] and d= Cij,1> the objective function is

ZakC + Z biCix Zak+26k—zdk Clji+11
k=1

k=jr+1 k=1

de— Z bi | Cja) +eZg[k]u (36)

k=1 k=jo+1
Because the optimal position is ji,

Zak + ch - de (Crjyn — Crji+1p) <0, 37
k=1

k=1

Zak+2ck—2dk>o (38)
k=1

k=1

So the best position ji satisfies 3 7' ap < Y 0_ de — Y0l o < YL ax.
(2) When d = C| 711 and d = C Jj»—1]» the objective function is
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Ji—1 Ji—
ZakC[k + Zbkc Zak‘i‘zck de Crjn
k=2 k=1 k=1
n n n
de — Z bi | Cpjp—11 + eZg[k]u[k]. 39
k=1 k=) k=1

Because the optimal position is j,
Zd" - Z b | (Cijo1 — Crjp—11) =0, (40)

dodi <) b (41)

When d = Cy,) and d= Clj,+1]- the objective function is

Ji—1 Jj1—1
Zakc + Z b Criy + Zak+ch—de Cijn
k=j+2 k=1
n n n
de - Z bi | Crjp+1y +€Zg[k]u[k]. (42)
k=1 k=jo+2 k=1

Because the optimal position is ja,

Z—Zy= de — Z bi | (Cljay = Crjp1) = 0, (43)
k=jr+1
Z by < de (44)
k=j2+1
So the best position j» satisfies > i bk < Dy dk < D, be. m|

Lemma 3.4 For the problem 1|p) = (p‘ )9 qpsas CONW| Z lak Efig + bk Ty +

_ n
ckd + di D1+ e > giuik), the optimal resource allocation is
k=1

1
L o1 L
[+ (S e+ ) 101) o] gk
uf‘k]— k=1, -1
(eg[k])m
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1975

1
1 -1 7T
. G < Zj 1 dj +Zjl | 4aj +Z}}:ICJ) (P[]]]]lﬁ[”])(”rl )
Uiy = T k=i
(egrjyp) 7+

1
+1
g [(1 +a) Z d; } (PP 71
Upy = I k=41 L
(egrk) 71

1
1 23— N TP
, 97 (0‘ Yicpn b+ X d‘) (P12t 7 ,
U = 1 k=)

(eg1 o)) 7+

n 7T

07 [(1+a) Y b +b (p[k]kﬂ[k1)9+1

% Jj=k+1 )

Uk = T k=jhp+1,...,n—1;
(egrky) 7+

1
99+1 bT n.B[n] 6+1
Upy = (P J ) Jk=n.

(eg[ ]) ()+1
Proof !

k—1

Ci) = wiy + prg +owpg = (1 + ) Zp[i] + Pik]-
i=1

When d = C| ji1 and d=cC [j»]> the objective function is

Ji—1 Ji—1

Zakc[k]+ Z b Criy + Zak"‘zck _de Cijn

k=j>+1

n

+ de— Z by C[ﬁ]-l-ezg[k]“[k]

k=1 k=jp+1

k n — 6
kP
14+ o) Z“J'"'ZCJ — ag ([7[k]>
j=1 j=1

Uk]

Ji—1

k=1
Ji—1

- P’
+ otZd +Zaj ZCj ()
=1

Ugjy]

ja—1 P[k]k ﬁ[.mﬂ[/z] o
+Z(1+“)Zd( )+ o Zb+2d (“)

u ugj
k=ji+1 (k] j=i+l L2]

Uik Uin)

n—1 n ﬁ[k]kﬂlk] ﬁ[,l]nﬂl”l 0 n
+ 3 {avo Y b | () h () e g

k=ja+1 Jj=k+1 k=1

9z - (PpigkPny?

dughy j=1 =1 U

= egy — 0 (1+a)(ZaJ+ch) T:O,k:l,...,jl—

(45)

(40)

47

I;
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-1
9Z 4 (Pyjp i Py’
7—eg[m—9 OlZd +ZCIJ+Z JT 0,k=ji;
Pt UL
0z (mkjkﬂm , o
g —eg[k]—0(1+a)2d T_O k=j+1,....,0—1;
j=1 U1k
0Z n P’ .
%=€8[/‘21—9 o bj +Zd s —0,k=jz;
j= Jz+1 U ja)
9Z (P kPuny?
= egu =0 | (1 +a) Z bj + by p“‘]eﬂ =0k=jp+1,....n—1;
ou[k)
j=k+1 Ulk)
0Z nPm
= egn) _anw =0’k=n; (48)
U] +
Un)
We have
1
L —
, o [(1"'“)(2 a2 lcj>_ak:|9 ](17[k]kﬂ“‘1)"+l .
Uiy = T k=1,...,j1 —1;
(eg[k])"+'
1
oy j1—1 T . B
o (@ d X g+ ) Ba e ,
U = — k=i
(egrji) 7T
l O
07+ | (1+«a) Z dj PpgkPuy 7t
Ujjy = T =gl L
(eg(xy) 7+ (49)
1
1 2= S
, 97 (a Ylicpribi+ 2= dj) TPy )T _
U1 = . k= o
(eg2)) 7+
1 n (’Tlr' 9
O [(14+a) X bj+b (PigkPuy 7t
* Jj=k+1 . )
Uk = — k=jp+1,...,n—1;
(egiky) 7+
[ 0
Qo+t pOHT (5, pPim) T
”Tn] _ n (p[nL ) ,k —n
(eg[n])(’“
O
Substitute the optimal resource allocation into the objective function
1
P | o Jji—1 k n 0+1 0
Z=emt (em +97m> S+ D ai+d e —a | (Buggmk)7T
k=1 j= i=1
1
ji—1 ZEm]

— Y
Tl de * Z aj+ ZC/ P8t
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1

J2—1 n ot 0
+ Z (1+ot)Zdj (ﬁ[k]glklkﬂ[k])m
k=j1+1 j=1
e
0+1
0
Tl Z bj +Zd (Pjs18172127121) 7
J=j2+1
1
n—1 n o+ [
+ Y v Y bitbe | (Brasmkf)
k=jo+1 J=k+1
1 o
+b T (D gn 1) } ~ 0

Minimizing Z is the same thing as minimizing Z,

1

Ji—1 ?
7= Z (1+a) Zaj+zcj —ag ﬁ[k]g[k]kﬁ[k]

]
J1—1

+ “Zd +Z¢H+Z¢J Pringuiniin

_ 1 1 (D
-1 n 6 8
IR LR ) R MEVAES O SORS o1 [ MR
k=j1+1 L j=1 j=j+1
- 1
n—1 n 6 1
+ Z I+ Z bj+bi | Dguak™ + bl Brygimnin.
k=jp+1 | J=k+1
Z could be computed by the assignment problem.
n n
min Y > yizik
i=1 k=1
n
Youk=Lk=1,...n (52)
i=1
n

Zzik:LiZI,...,n
k=
zik=0o0rl,i,k=1,...,n

where

D

vie = | (1 +a) Za,+2c, —ar | pigikP k=1, ji—1
j=1
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1978 J.Qianetal.

Ji—1
Yik = Olzd +Za]+201 Pigijlﬂ‘,k=j1;

1

0

n
vie=|U+a)) dj| gkl k=j+1,....p—1;

=

vie = | @ Z b, +Zd pigifl k= jo;
Jj=n+1

n
vie=|(0+a) Y bj+b| Bigikl k=jp+1....n—1
j=k+1

1
Yik = by pigin® k = n. (53)

The algorithm is summarized as follows:

. kPi
Algorithm 1 1|y = (25700

n
e Y gk
k=1

Input: ay, by, ck, di. e, gi o, Bi, 0, ;. n

Output: resource allocation, the optimal sequence

1: First step : Calculate y;; by (53);

2: Second step : Determine the optimal sequence by assignment problem;
3: Third step: Calculate the optimal resource allocation by (45).

n
CONW| ) laxEpx)+bi T+
k=1

o kbBi
Theorem 3.1 For the problem 1| pjy) = (‘”’Lﬁ_ 0
_ n
ckd + di D1+ e > gquik), the complexity of the algorithm is on3).
k=1
Proof The first step requires O (n?) time. The second step requires O (n°) time. The

third step requires O (n) time. So the complexity of the algorithm is O (). O

4 The problem 1|pj = (p'

n
%, Qpsas CONW, 3" gpqupk <
k=1

n —
W[ > [akEjkg + bk Tik) + ckd + diD]
k=1

Lemma 4.1 For the optimal scheduling, d and d are the completion time of some job.
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Lemma 4.2 For the optlmal scheduling, d is equal to the jith job completion time

Ciji1, J1 satisfies Zk ) Lo < S dik =Y ik < Zk:l ai; d is equal to the joth
Jjob completion time C\ ), jo satisfies Zk:‘/2+l by <> p_di < ZZ:/Z by

=, ﬂ[‘ n
Lemma 4.3 For the problem 1|py = (p’uki o CONW, Y giqupg <
k=1
n i
W\ > lakE) + biTixg + ckd + di D), the optimal resource allocation is
k=1
1
7+1 6
. Ware (Do + X m) ] @kt .
Up) = k=1, 71— 1;
Ig[9+l
1
7T
. W( ady i 1d/+zj 1 “/4‘2_’,%:101) (P[J,]Jl f”)"“ ‘
Uy = E= k= ju
+
Lepj)
H]ﬁ o0
[(1 +a) Z dj } (PgkPr) 1
j=1 . )
uikk] . k= +1,...,p—1;
I +
Bk 1 (54)
7T 0
i w (Ul Yjmp1bj+ Z?—l d'>9 A .
Upj) = o k= o
T8y
n ﬁ ']
W (+a) X bj+bi|  (Pugkfyrt
% Jj=k+1 .
Uy = k=p+1,...,n—1;
Ig[9+l
1
. Wi (ﬁ[n]”ﬁ[”])m 3
Upy) = . Jk=n.

O+1

181

Proof When d = C{;,) and d= Cijals

J1—1 J1i—1
Z axCiig + Z bk Crig + Z ag
k=j2+1 k=1

n

+ch—2dk)C[h]+ de— Z b | Crjy
k=1 k=1 k=jo+1

n
A (Z 8IkIUIK) — W)

k=1
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n J1i—1 n ﬁ[']jlﬂ[“] 0
D di+ > ai+ > e | [ E—

J= j=1 j=1 ugjn

¥ p[k Ko B\
+Z(1+°‘)Zd( )+a2b+2d PLai2

=n Jj=i+l1 Ul jr]

n—1 n . 5 3 . )

Pk PPl

+ 2 |U+a ) bi+h (L 4, (P

k=ptl j=k+1 U] U]

n
+A (Z 8lk1U[k] — W) , 55)
k=1

where X is the Lagrangian multiplier.

IH
FY Zg[k]u[k] -W=0, .
k=1

@ Pk )5

oH k n

— =28 —0 | (+a) E aj—i-g cj | —ax T=0»k=1,--.,j1—1;
j j u
j=I1 j=1

au[k] 73

oH Ji—1 n (ﬁ[_]jlﬂm])e .
' _Ag["]_e(“ZdJFZ”ﬁZ e =0k =

o Ui
H P kﬂk]) . .
G = M1~ 9(1+Q)Zdlleﬁ_o,kzjl_i_]“”’]z_];
[k] = 7 .
of - (P ]J2 i
T 2 b+2d AT_Qk:jz;
[J2] i ul
H (P kP1y? .
ou =gk —0 | 1+ ij+bk [k]gﬁzo’kZM-i-l,...,n—l;
. Jj=k+1 [k]
oH (ﬁ[n]nﬁ[n])e
oupy) [n] " u([to]—l
We have
j i
Qo+ [(1—|—oz) (ZJ 161/+ZJ ICJ> —ak] (p[k]kﬂ[k])gﬂ
Mrk] ’k=1"~-sj1_1;

(Agmy) ot

@ Springer



Single-machine common due-window assignment and scheduling... 1981

1
1 T b
* o7 ]( adlioid; +Z]l paj i ICJ) ' (17[]‘1]J1ﬂ[~”])"+I .
Ui = k=i
Uil = T

(hgg) ™

1
9+1
o7 [(1 +a) Z di | Gkfiyea

"‘Fk]z = T Jk=j1+1,...,0—1;
(AgLk)) 7T
1 7 0
o+ (0‘ Yiprbi+ 24 d'>0 (P 2Pty 7o
ufj) = — k=
(Agrj) ™!
1 % 0
0+ | (1 +a) Z bj + by (17[k]kﬂ”")m
. j=k+1 .
U = k=j+1,....,n—1;
(kg[k])”'
L
Qo+ p o1 N
M,[kn] _ n (p[ ]n ) k=n. (58)
(/\g[n])g+1
Substitute the optimal resource allocation (58) into (56),
1
. . J1—1 k n 0+1 ,
Wt =WomT AN A+ [ Y aj+ Y i | —a | Bggmk)E
k=1 i i
]
Ji1—1 o+1 )
+“Z4+Z%+Zﬁ (P8 jt i) 7
1
J2—1 n 0+1 ,
+ 2 |U+0 ) di | Bk )T
k=ji1+1 j=
7 (59)
_ B0
1 X:h+231 (Plj1811 12 ) 751
J=i+1
n—1 n ﬁ
%
+ ) |t D bjbe|  Pugmk) e
k=j+1 j=k+1

. 0
+b T (P gin ) 7

—wlgm1l
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From (58), we have
=y
i W[(l-i-a) (Z, paj+2 1CJ>—ak] (P[k]kﬂ[”)‘”‘ .
Upg = — Jk=1,...,j1 —1;
Igﬁﬁl
1
j1—1 =) 0
. W(“Z?:ldj‘FZj-l:] aj+3 Cj) (P, ]Jlﬂ[“ ) O -
U = . k=i
+
Tgj
. T 9
W+« Zl d; (ﬁlkjkﬁm)m
/= . .
Mfkk]= N k=n+1,...,p—1;
0+1
Ty
1
o+1
. w (0‘ Yichpnbi+2j1d, ) @1, ]Jzﬁ"z')"+1 ‘
Up) = ﬁ k= jo;
> +
Lgj)
: s 9
W (d+a) > bj+b (ﬁ[k]kﬁ[k])m
% Jj=k+1 .
U = T hk=jp+1,...,n—1;
o+
Lgy
i 0
WbFH—l - I’lﬂ["] 71
iy = PO (60)
6+1
1811
O

Substitute the optimal resource allocation (54) into the objective function

1
Ji—1 k n 0+1

L
zZ=w" Z 1+ a) Zaﬁzcj —a (P guaki) 71

k=1

1
j1—1 6+1

— . B
Tl Zd + Z aj+ ZCJ (P8P 7

1
Jj2—1 n 6+1

_ 0
+ Y |0+ di | Pk
k=ji+1 j=

1
0+1

n n

_ P

+lo Z bj"'zdj (P[jzlg[jzljzﬁ“zl)“l
Jj=j+1 Jj=1
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1
_ n 7+
— 0
+ 2 [ A4@ X bitbe|  Brguk)T
k=ja+1 j=k+1
6+1
1 0
by (P &mn ) 7
= w00+, 61)
Minimizing Z is the same thing as minimizing Z,
1
j1—1 o
7 = Z 14+ (Za, + Zc,) — ag ﬁ[k]g[k]kﬂ[kl
]
Ji—1
+ O‘Zd + ZaJ"‘Zcz p[j]]g[jl]jlﬁ[j]]
1 , (62)
ja—1 n 0 n n 0
+ > |+ Y di | gk + |« Y bj+ Y di | Ppygipnf
k=j1+1 Jj=1 J=j+l1 Jj=1
1
n 3 1
+ >0 | A+ Y bj+bi| Pk + b By gn™
k=j2+1 j=k+1
Z could be computed by the assignment problem.
n n
min Y Y yizik
i=1 k=1
n
Szk=lLk=1,....n (63)
i=1
.t 4 .
§ Zzik:Ll:],...,n
k=1
zik=0o0rl,i,k=1,...,n,

where

D

n
Yik = | (0 +a) Zaj+ZCj —ar | pigikPik=1,...

!
Ji—1

Vik = Olzd +Zd1+201 pigiinP k= ji;

j=1 j=1
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vik=| (U +a) Y dj | PigkPik=ji+1,.... o1

1
n n 2
vie=\ea Y bj+> di| Pigiif k= js
j=p+1 j=1
1

0

n
vik= |+ Y bj+be| Pigikh k=jp+1....n~1L
j=k4+1

1

ik = b pigin® k = n. (64)

The algorithm is summarized as follows:

pikPi

n n
Algorithm 2 1|py; = (27 )%, 4psas CONW, Y. grqupy < W Y [axEpg +
k=1 k=1

by Ty) + cxd + dy D)

Input: ay, by, ck, di. g, Bi, 0, pj,n, W

Output: resource allocation, the optimal sequence

1: First step : Calculate y;; by (64);

2: Second step : Determine the optimal sequence by assignment problem;
3: Third step: Calculate the optimal resource allocation by (54).

5. kB
Theorem 4.1 For the problem 1|pp; = (Z&

u

n
)%, qpsa, CONW, Y guqupg <
k=1
n —
W\ > lakEk) + bk Tik) + cid + di D], the complexity of the algorithm is 0(n3).
k=1

Proof The first step requires O (n?) time. The second step requires O (n3) time. The
third step requires O (n) time. So the complexity of the algorithm is O (n3). O

5 The problem
pikPi
u;

n —_
11pig = (B0, qpsa, CONW, Y [akEpk) + by Tiky + ckd + diD] <
k=1

n
M| 3 giquik
k=1

Lemma 5.1 For the optimal scheduling, d and d are the completion time of some job.

Lemma 5.2 For the optimal scheduling, d is equal to the jith job completion time

Cij,1 Ji satisfies Z,];:_ll ar <Y p_dk— Y p ik < 21?:1 ay; d is equal to the jrth
Jjob completion time C\j,), jo satisfies g, 1 be < 3k dk < 24—, b
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n
CONW, > laxEyg + bk Tiig +

5. kBi
Lemma 5.3 For the problem 1|pjx) = (p’f. v
! k=1

_ n
ckd + di D1 < M| )" giiquik), the optimal resource allocation is
k=1

[( +a) <Z —1aj+ 2o Cj) —ak]% (PpigkPm 1ya

why = - =1, = 1;
Mg
1
1 T L0
9( Yiod; +Z] 1 “J“‘Z'Jl‘—lcj) N (P[j,]]lﬁl“])g+l .
Uiy = k= ji;
H+l
Mi ? 811

1 ” ﬁ 0
Tl (L+a) ) d; (ﬁ[kjkﬂ[“)m
j=1

ufyy = — k=141, =1
(7‘1
Migh
1 T
; Ie (WZ/ b+ 2201 ) (Prj ]Jzﬂ[’zl)g“ .
U = k= j2;
M9g0+|

[j2]
1

n m ]
é{(lw) > bj+bk} (PpigkP) 71

j=k+1

uf‘k]= : k= +1,...,n—1;
Mé 7+1
8lk]
Lo
18T (py,ynPimy ot
ity = o PO (65)
Mg,

Proof When d = Ciin andczl = Cijy)»
j1—1 Ji—1

n
H = guup +* ZakclkJ+ Z biCix) + Zak+26k—zdk Ciin
k=1

k=1 k=j2+1

de— Z bi | Crjp) =

k=jr+1
Jizl o gebur \
Ppigk?¥
_ngumﬂ{z 1+ Za,+zc, Ca (HW
i1 n 5 B\ ?
Prj1J1
e Eoe o) (1)
=1 L1l

J2—1 n n — 'ﬂ['] 0
PP Pljp1j22
+ ) (1+a)§d<“‘] >+ a Y b+ d (“2])
j=1

u - u
k=j1+1 [k] j=ja+1 [j2]
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n—1 n ﬁ[k]kﬂ[l‘] 0 ﬁ[n]nﬂ["] [
+ Y | A+ D bitb | (—— | +ba | T—) =M} (66)

u u
k=jo+1 j=k+1 k] [n]

where X is the Lagrangian multiplier.

-l = B\
_]2: (14 @) Za/—l—ch — <p[k]k[k]>

Q|

Jitl P o
+ aZd +Za1+2c (“)

Ugj]
a1 DigkPn o n n Py 2P ’ 0
+ ) (1+0!)Zd( Uik ) 2 ( “la) >
k=ji+1 =R = "
n—1 n §7] ‘ P ’
ey et U] il
k=jo+1 j=k+1
oH - Pk’ i
oupk =gk —A0 | 1+ ZGJ+ZCJ - TZO’kZl’””h_l;
k] j=t j=1 “ik
) j1—1 n i Blinyo
9z - L (Pjpyj1”h ;
Buy = S = @) di+ Y aj+) e | = G =0k =
=1 j=1 i=1 bl
97 P kPuary? . .
P x9(1+a)2d []eﬁ_o’k:]ﬁl““’”_h
= Uik
o (68)
. n n (P[‘ ]_]2’3”2]) .
o =g — 20 |« Z b; +Zd_, B =0,k = jo;
=] j=1 [j2]
9z Pk’
gy~ SR A0 (L) Z bitbi) =
farat] Uik
=0k=jr+1.....n—1;
97 (F[”]nﬁlnl)g
=g — AMby——5— =0,k =n;
dut[n) . ! “fnﬁl
We have
I k n o A
AT Q O+ [(1 + o) (Z;‘:l aj + Z,‘:l Cj) ] Pk [A])H+1
urklz _ ]. ’kzl,...,jl_l;
G+1
81k
L i1 B T
o ATOT (@ Y1, d +Z§:] aj+ Yty )T (P i Py e i
[j1] eil ’ ’
811
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1
+1
AT QT [(1 s d,} (BghPn) 757
j=1

(69)

J . .
“?k]: I k=j1+1,...,—1;
8l
1
1 1 71 [
. Arremt (“ Ylicp1bi JrZ'}:ldj)H+l By 227 .
Uy = T k=
812
1
1 1 1 o+t [
ATTOTT | (1+a) Y bj+b (Ppgk Py 7
% Jj=k+1 .
Uy = o k=g +1,....,n—1;
81k]
B R T
N ALIHT Q6+ by, (P[n]n Inl) 71
Up) = — sk =n.

(70)

Ji—1 k n O+1
1 1 1 _ 6
AOFT =M~ 00 0+ Z 1+ Z“.i+zc.i —ax (p[k]g[k]kﬁ[k])9+l
k=1 j=1 j=1
1
n Ji—1 n o+1 ,
e di+ Y ai+) ¢ Pyt jt i) 7
j=1 j=1 j=1
1
J2—1 n o+1 ,
+ 2 |G+ di | gk )T
k=j1+1 i=1
n n ﬁ
— Y T
e D0 bi+Y di| By
Jj=j2+1 j=1
n—1 n ﬁ
_ 6
+ ) |4 Y bi+be | Pk )T
k=j+1 J=k+1
7

P 0
+by " (ﬁ[n]g[n]nﬂw ) o

1 1

=M"00 0+1]7,

D=
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From (70), we have

[(1 +a) <Z] L aj +Z] 1C/) —ak]ﬁ (p[k]kﬂ[k )9%

M = k=1,...
F1
M‘;gwﬁ
1
3 T o g
* Iv ( Yj-1d; +21 1 “J +Z';‘—1 Cj) ’ (P[jl]hﬂ[“])g+l .
M = o k=i
Mgl
i l(4a) ) dj (kP 71
=
Uy = k=141, a1
M"gﬁﬁl
. T 0
Il + — . . v
¥ o (a a1 b+ 2 ) (P[jz]Jzﬂ”z')g“ _
U1 = o k= jo;
Mgg[.izl
il +a) 3 bj+b Bk 71
* Jj=k+1 )
Uik = — k=ja+1,....n—1;
Mgy
1 L
177 (p, \nPimya+
uikn] = n_ P ) Jk=n

Substitute the optimal resource allocation (65) into the objective function

1
J1—1 k n 0+1

1 L
Z=M7 Z (I+a) Zaj+zcj —ay (P[k]g[kkﬁ 1)+

k=1

Ji—1 7+1

E c By A
ezt Z 4+ ZCJ (P8t
L

J2—1 n o+

- o
+ ) A+ d (P &k ) 71
k=j1+1 P

1

n n 0+1
_ R
Tl Z bf'+zd/ (Pljzu%’[jz]12’3“21)9+l
Jj=j+1 j=I1
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1
o+1

— n
6
+ ) | AH@) Y bitbe|  (Bguk )T
k=jo+1 j=k+1
143
1 )
+b ! (B gimn) 7
_ M, (72)

Minimizing Z is the same thing as minimizing Z,

1

k n 4

J1—1
Z=) |+ | Y aj+D cj) —a| Pusuk™
k=1 i =

+ azd +Za] +ZCJ Pringuini i

1 1

Ja—1 n g n n 6
+ )0 |t di | Pugwk™ + | @ Y0 b+ Y di | Bigm i
k=j1+1 j=1 J=h+l1 j
; ‘ 1
+ Z (I+a) Z bj + bk ﬁ[k]g[k]kﬂ[k]+br?ﬁ[n]g[n]nﬂlnl. (73)
k=jo+1 J=k+1

Z could be computed by the assignment problem.

n n
min Z Z YikZik

i=1 k=1
n
Szik=1lLk=1,....m (74)
i=1
n

S.1 ze=1li=1,...,n

k=1
zik=0o0rl,i,k=1,...,n

where

n
vik = | (1 +a) Zaj—i—ch — ai ﬁig,-kﬂ",kzl,...,jl—l;

Dl—

!
Ji—1

Vik = Olzd +Zd1+201 pigiinP k= ji;

j=1 j=1
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n 0
vie=|(U+a)) dj| Pkl k=ji+1,....0—1;
L=
1
(4
vie = | @ Z b, +Zd pigil k= jo;

J=j+1

n
vik= |+ Y bj+be| Pigikh k=jp+1....n~1L
j=k4+1

1

ik = b pigin® k = n. (75)

The algorithm is summarized as follows:

Algorithm 3 1| pyq = (22 )9 dpsa» CONW, Z[akE + b Tig) + cxd + di D] <
=1

n
M| Y gk
k=1

Input: ay, by, ck, di, gi o, Bi, 0, pj,n, M

Output: resource allocation, the optimal sequence

1: First step : Calculate y;; by (75);

2: Second step : Determine the optimal sequence by assignment problem;
3: Third step: Calculate the optimal resource allocation by (65).

o kBi
Theorem 5.1 For the problem 1|pj = (p’uk[_ 0 CONW, ZZ:l[akE[kl +
bi Ty + ckg +dy D] < M| 22:1 8Ik|Uk], the complexity of the algorithm is 0(n3).

Proof The first step requires O (n?) time. The second step requires O (n°) time. The
third step requires O (n) time. So the complexity of the algorithm is O (). O

6 Example

We give an example to demonstrate the solution process.

Example 6.1 4 jobs are processed. The parameter values are as follows: e =2, o = 1,
0 =2,W =10,M = 20. ;, p; and g; are in Table 1. ag, by, cx and dy are in Table 2.
By Lemma 3.3, j; =2, j» = 3.

By assignment problem, the optimal sequence of the jobs is J1 — J4 — J2 — J3
(Table 3).

(1) For the problem 1| pp; = (

o kPi —
p’u,. o CONW| Y} _ilaxExy + b Tixy + cxd +
drD1+e Y j_ gkuk), the waiting time, delivery time, actual processing time, com-

pletion time and resource are in Table 4.

@ Springer



Single-machine common due-window assignment and scheduling... 1991

Table1 B;, p; and g;

Ji J1 Jo J3 Ja
Bi -3 —0.5 —0.5 —0.25
Di 1 2 3 5
8i 1 2 2 1
Table2 ay, by, ci and dj k 1 5 3 4
ay 3 2 2 1
by 2 1 3 8
Ck 1 2 2 1
dy 1 3 4 2
Table 3 Assignment problem i\k 1 5 3 4
1 3.8729 0.5449 0.1571 0.0442
2 15.4919 12.3288 9.7979 5.6569
3 23.2379 18.4932 14.6969 8.4853
4 19.3649 154110 16.1185 10
Table 4 Waiting time, delivery Position 1 ) 3 4
time, actual processing time, _
completion time and resource wik) 0 0.1644 0.5303 0.7847
qik) 0 0.1644 0.5303 0.7847
Plk] 0.1644 0.3659 0.2544 0.5201
Clx) 0.1644 0.6947 1.3150 2.0894
”ikk] 2.4662 6.9512 2.2894 2.0801

The due window is D = [d;, d»] = [0.6947, 1.315]. The total cost is Zi:l[akE[kl +

b Tk + Ckz +diyD] + e 22=1 8lkjUk) = 54.4695.

o kPi
(2) For the problem 1|pp; = (plui )Y, qpsd, CONW, >0 gequpe) < WD p_ [ax

Epxy + br Ty + cxd + di D], the waiting time, delivery time, actual processing time,
completion time and resource are in Table 5.

The due window is D = [d, d»] = [2.2901, 4.3348]. The total cost is 22:1 [ak Epg+
b Tk + cvd + dy D] = 59.8544.

i -
B dpsa, CONW, 3 la By + bi Tk + cid +

diyD] < M| Zzzl 8lk1U k], the waiting time, delivery time, actual processing time,
completion time and resource are in Table 6.

The due windowis D = [d, dy] = [0.7652, 1.4485]. The total costis Zizl SlkUk) =
17.2995.

(3) For the problem 1| pp = (
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Table 5 Waiting time, delivery

. L Position 1 2 3 4

time, actual processing time,

completion time and resource Wik 0 0.5420 1.7481 2.5867
q[k] 0 0.5420 1.7481 2.5867
Plk] 0.5420 1.2061 0.8386 1.7141
Clx 0.5420 2.2901 4.3348 6.8875
”ikk] 1.3583 3.8285 1.2609 1.1457

Table 6 Waiting tin.le, d.elivery Position 1 ) 3 4

time, actual processing time,

completion time and resource Wik 0 0.1811 0.5841 0.8643
q[k] 0 0.1811 0.5841 0.8643
Plk] 0.1811 0.4030 0.2802 0.5728
Crr 0.1811 0.7652 1.4485 2.3014
”Eﬂk] 2.3498 6.6231 2.1813 1.9819

7 Conclusion

A single machine scheduling problem with learning effect, delivery time and resource
allocation is considered under common due window assignment. The actual processing
time is related to normal processing time, job-dependent learning effect and allo-
cated resources. There are three objective functions are considered. The first objective
function is to minimize the total costs of earliness, tardiness, start time of window,
window size and resource allocation; the second objective function is to minimize the
total costs of earliness, tardiness, start time of window and window size subject to
Y k—1 &kiuik] < W the third objective function is to minimize the cost of resource
allocation subject to ZZ:] [ax E(x+bi ik +cpd+diy D] < M.The goal is to determine
the optimal sequence and resource allocation. All three problems are given polynomial
time algorithms. The complexity of the algorithms are O (1°). In the future, the main-
tenance activity environment can be considered to expand the research. In addition,
the resource allocation scheduling with deterioration effect can also be considered (see
Huang [43], Huang et al. [44], Zhang et al. [45], and Lv et al. [46]).
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