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Abstract

In this paper, we propose two new self-adaptive relaxed CQ algorithms to solve the
split feasibility problem with multiple output sets, which involve the computation
of projections onto half-spaces instead of the computation onto the closed convex
sets. Our proposed algorithms with selection technique reduce the computation of
projections. And then, as a generalization, we construct two new algorithms to solve the
variational inequalities over the solution set of split feasibility problem with multiple
output sets. More importantly, strong convergence of all proposed algorithms is proved
under suitable conditions. Finally, we conduct numerical experiments to show the
efficiency and accuracy of our algorithms compared to some existing results.
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1 Introduction

Let C and Q be nonempty closed convex subsets of Hilbert spaces H; and H», respec-
tively. Let A : H — H, be a bounded linear operator with its adjoint operator A*.
The split feasibility problem (SFP) is formulated as finding a point x* € H; satisfying

x* € Cand Ax* € Q. (1

The SFP was first proposed by Censor and Elfving [6] in 1994 for solving modeling
inverse problems which arise from the phase retrieval problems and medical image
reconstruction [4]. It has been found that the SFP can also be used to model problems
with applications in different domains, for instance, intensity-modulated radiation
therapy and gene regulatory network inference [5, 7, 8, 17].

For solving the SFP, Byrne [4] introduced the applicable and best-known CQ algo-
rithm, which involves the computations of the projections P¢ and Pg onto C and Q.
In addition, the step size of CQ algorithm depends on the operator norm, which is not
easy to compute (or at least estimate). In 2004, Yang [19] generalized the CQ method
to the so-called relaxed CQ algorithm, needing computation of the metric projection
onto (relaxed sets) half-spaces C" and Q". Since Pc» and Pg» are easily calculated,
this method appears to be very practical. To overcome the criterion for computing the
norm of A (which is both complicated and costly), in 2012, Lépez et al. [11] introduced
a relaxed CQ algorithm for solving the SFP with a new adaptive way of determining
the sequence of steps 1, defined as follows:

. Pn Jn(xXn)
SN AEHTE
where p,, € (0,4),Vn > 1 such that liminf,_, o p, (4 — p,) > 0. It was proved that
the sequence {x,} with t, converges weakly to a solution of the SFP.

Some generalizations of the SFP have been studied by many authors. Recently,
Reich and Tuyen [12] considered and studied the split feasibility problem with multiple
output sets (SFPMOS). Let H, H;,i = 1,2, ..., N, be real Hilbert spaces and let A; :
H — H;,i = 1,2, ..., N be bounded linear operators. Let C and Q;,i = 1,2, ..., N
be nonempty, closed, and convex subsets of H and H;,i = 1,2, ..., N, respectively.
The SFPMOS is formulated to find a point x* such that

*el:=CcnX,A7(0)) #0. )
The solution set of problem (SFPMOS) is denoted by I'.

Furthermore, Reich and Tuyen [12] proposed the following two algorithms for
solving the SFPMOS by extending the CQ algorithm:

N
Xpp1 = Pc(on = ) AT (I = Po,) Aixn), 3)

i=1
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N
Xnp1 = f () + (L= ) Pe(ty — A Y AF(I = Po)Aixy),  (4)
i=1

where f : C — C is a strict contraction mapping, {1,} C (0, o0) and {«,,} C (0, 1).
It is proved that if the sequence A, satisfies the condition:

2

O<a=<i,=b< 2
N max;—1 2, n{l|A;il“}

for all n > 1, then the sequence {x,} obtained weak and strong convergence results
for (3) and (4), respectively.

However, we note that each iteration step of Algorithm (3) and Algorithm (4)
requires the computation of metric projections onto sets C and Q; and have to calculate
or estimate the operator norm || A; ||. In general, this is not an easy task in practice.

Next, we consider several self-adaptive projection methods that would avoid the
above case. In 2019, Yao et al. [14] presented two self-adaptive iterative algorithms
for solving the multiple-sets split feasibility problem (MSSFP) and proved the weak
and strong convergence results. MSSFP is to find a point x* such that

s t
x*e(Ciand Ax* e () Q;. 5)

i=1 Jj=1

where {C;}}_, and {Q; }3: | are two finite families of closed convex subsets of Hy and
H>.

Yao et al. [14] proposed the following self-adaptive method with selection tech-
nique:

zn = P, Xn,
yn = A*(I — Pg; )Axp, (6)
Xl = Xp — Tn(Xn + Yu — Zn),
where
in € {l| Illéalx ”xn - PC,-xn”» Il = {1a 2» ey S}}9
1

jn € {Jlmax ”Axn - PQ,‘A-xn”’ 12 = {la 27 tees t}}?
Jeh ’

2 2
e = zallT 4 Dyl
n —”n k)
20xn + yn _Zn”2

in which A,, > 0.

In 2022, Reich et al. [14] introduced a split inverse problem called split common
fixed point problem with multiple output sets. To solve this problem, they proposed
a self-adaptive algorithm which is based on the viscosity approximation method and
prove a strong convergence theorem. More details in [14].
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Very recently, Taddele et al. [16] propose two new self-adaptive relaxed CQ algo-
rithms for solving SFPMOS. The algorithms they proposed are as follows:

N
X1 = Xn — P} (I = Pen)xy — 7y ) 0iAF(I — Pgn) Aix,,

i=1

N
Xt = it + (1 = 0) (X — P} (I = Pon)xy — Ty Y 9iAF(I — Pgn) Aix),

i=1

P8 X1 9: (T —Pon) A
7,2

Ty = max{|| o 9 AT — Pon)Aixnl, B}-
They establish a weak anda strong convergence theorems for the proposed algorithms.
We note that although the step size of the algorithms of Taddele are adaptive, the
computational effort required to compute the sum of the first N terms with respect to
the projection Pon is undoubtedly enormous.

In addition, variational inequalities are crucial for both optimization theory and its
applications. More importantly, we also turn our attention to the variational inequality
problem over the solution set of the SFPMOS (in short, P2). Let F : H — H be
a given operator. Suppose that the solution set I' of SFPMOS is nonempty, P2 is
described as follows:

where 1, ;=

Find a point x* € T such that (Fx*,x —x*) >0, Vx € T. @)

The solution set of problem (P2) is denoted by VIP(F, I').

Motivated and inspired by [14] and [20], we further improve Reich’s algorithms
(4) for solving the SFPMOS (2). Especially, we develop and improve some previously
discussed results in the following ways:

1. In contrast to Reich’s algorithms (4), we propose two new relaxed CQ algorithms
with adaptive step size to solve SFPMOS. It is worth noting that the parameters of
these two algorithms are chosen without the prior knowledge of the norm of the
transfer mappings. Our proposed algorithms employ selection techniques that reduce
the computational effort of projection.

2. Based on these two algorithms in [14] and [20], we present compute the projec-
tions onto half-spaces instead of onto a closed convex set. Strong convergence results
of the proposed Halpern-Type algorithms are proved.

3. As a generalisation of our proposed algorithms, we propose two new adaptive
algorithms for solving the variational inequality problem over the solution set of the
SFPMOS (7), which may not have been solved by others until now.

The paper is organized as follows: In Sect. 2, we recall some existing results, lem-
mas, and definitions for subsequent use. In Sect. 3, we present algorithms for solving
SFPMOS and as a generalisation problem P2 in turn, and analyse the convergence of
the proposed algorithms. To demonstrate that our proposed approach is implementable,
several numerical examples are provided in Sect. 4.
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2 Preliminaries

Let H be a real Hilbert space with inner product (-, -) and || - ||. Let the symbols “—"
and “—" denote the weak and strong convergence, respectively. For any sequence
{xn} C H, wy(xy) = {x € H : I{x,,} C {x,} such that x,, —x} denotes the weak
w-limit set of {x,}.

Definition 1 [2] Let C be a nonempty, closed and convex set of H. For every element
x € H, there exists a unique nearest point in C, denoted by Pcx such that

lx = Pex|| = min{[lx —y| : y € C}.

The operator Pc is called a metric projection from H onto C.
It has the following well-known properties which are used in the subsequent con-
vergence analysis.

Lemma2 []10] Let C C H be a nonempty, closed and convex set. Then, the following
assertions hold forany x,y € Hand z € C :

(i) (x — Pcx,z— Pcx) <0;
(i) | Pcx — Peyl < Ilx — vl
(iii) ||Pcx — Pcyll> < (Pcx — Pey, x — y);
(iv) [IPcx — z)|* < llx — z)|* — |lx — Pex|*.

Next, we give some inequalities required for proving convergence analysis. For
each x, y € H, we have

lx + ylI* < Ix1 +2(y, x + y). ®)

Lemma 3 (Peter-Paul Inequality) If a and b are non-negative real numbers, then
b= veso
a —+ —, Ve>0.
~ 2e 2

Definition4 [2] Let f : H — (—00, +00] be a proper function, and let x € H. Then
fis called

(i) Lower semicontinuous at x if x, — x implies f(x) < liminf,_  f(x);
(ii)) Weakly lower semicontinuous at x if x,—x implies f(x) < liminf,_ ~ f(xp).

Definition 5 [2] Let f : H — (—o00, +00] be proper. The subdifferential of f is the
set-valued operator

8f:H—>2H:x|—>{ueH|(y—x,u)+f(x)§f(y),Vy€H}.

Let x € H. Then f is subdifferentiable at x if d f (x) # @J; the elements of d f (x) are
the subgradients of f at x.
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1446 X.Tong et al.

Lemmaé6 [11] A mapping T : H — H is said to be:

(i) L-Lipschitz continuous if there exists a constant L > 0 such that
ITx =Tyl <Llx —yll, Vx, y € H;
(ii) «-strongly monotone if there exists a constant k > 0 such that
(Tx —Ty,x —y) >«lx—y|>, Vx, y € H.

Lemma?7 [15] Let {Y,} be a positive sequence, {b,} be a sequence of real numbers,
and {a,} be a sequence in the open interval (0, 1) such that Zf;l oy, = 00. Assume
that

Tout1 = (I =)y +ayby, Yo > 1.

If lim supy_, o by, < 0 for every subsequence {Y,,} of {Y,} satisfying liminfj_,

(Tnk+l - Tnk) < 0, then llmn_)oo Tl’l =0.

3 Results

In this section, we consider a general case of the SFPMOS, in which C and Q; are
level sets of convex and subdifferential functions ¢ : Hf — Randg; : H; - R
defined as follows:

C={xeH:c(x) =0} and Q; ={y € H; : qi(y) =0}.

Let dc and dq denote the subdifferential of ¢ and g. Then ¢ and ¢ are also weakly
lower semicontinuous. We define the half-spaces C" and Q7 (i = 1,2,...,N) of C
and Q;, respectively:

C":={xeH:clxy)+ (En.x —x,) <0}, &, €0c(xn),

n n n (9)
Qi ={yeH:qi(Aixp) + 0,y — Aixy) <0}, n; €9q;i(Aixn).

By the definition of the subgradient, it is easy to see that C € C" and Q; C Q7 ([9]).
Now, we introduce two self-adaptive relaxed CQ algorithms for solving the SFP-
MOS (2) in the case where the SFPMOS is consistent (i.e. ' # 0).

3.1 Two iterative algorithms for solving SFPMOS

Theorem 8 Suppose the sequences {)\,}, {pn} and {a,} are in (0, 1) satisfying the
following conditions:

(i)0<a<t<b<1l,0<c<p,<d<1;
(ii) nli)ng()o%:Oande:Oan:oo.
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Algorithm 1 Self-adaptive relaxed CQ algorithm I for SFPMOS

Step 0. Choose initial points x( arbitrary. Setn = 1.
Step 1. Set

dn = llxn = Penxall,
dp = max{||A;x, — PQ;’ Aixpll,i=1,2,..., N},

ine{i:l,l“qN:HAMn—IbnAmﬂhzﬁL
1

Step 2. Let A, =Amax{dAn, dy).
Case 1: dy = Ap. If x; = Pcnxy, then stop; else compute

Yn = Xp — An(xn — Pcnxp). (10)
Case 2: dy = Ap. If Aj,Xn = Pon Aj, xn, then stop; else compute
in
Yn = Xn — an;‘kn (Ai,,xn - PQ;?n Ainxn),
where

IAiy 20 = Por gy xnll?
n

(11)

n

" 1AT, (A — Por Aj,xm) |2
n
Step 3. Compute
Xn41 =aopu + (1 —ap)yn. (12)

Setn =n + 1 and go back to step 1.

Then {x,} generated by Algorithm 1 converges strongly to a solution x*, where x* =
Pru.

Proof Let x* € I'. The proof is divided into four steps as follows.
Step 1. The sequence {x,} is bounded. We consider the following two cases:

Case 1: dA,, = A,.
From the definition of {y,}, we have

2 2
”)’n _x*” = ||xn — Ap(xp — Penxy) — x*”
=[xy — x*I1% + A2 lxn — Ponxnll* = 200 (xy — x*, X — Ponxy)

= llxn — x*I1% + A2lxn — Penxnll* = 200 (xn — PenXn, Xn — Peniy)
- 2)‘¢n<PC”xn _-X*s Xn — PC"xn>

2 2 2 2
= [lxp — X*” + A, llxn — Penxpll” — 244 | xn — Penxy||

— 2 (Penxy — x*, xp — Pcnxp).
(13)
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Since x* € C C C", it follows from lemma 2 (i) that
(xn — Penxy, Ponxy —x*) > 0.
This implies that
yn = x*17 < llan = 217 = 22 (1 = Al — Penxall®.

Case 2: d, = A,,.
Using (11) and lemma 2 (i), we have

2 2
lyn = x*1° = llxn — ta A} (Aj,xn — Por A, xn) = x|

= ltn = x* 1 + 23 1AT, (Aj, 50 = Por Aj, )|

in

— 27 (xp — x™, A?‘n (Aj,xn — PQ?n Aj, Xn))

= llxn = x* 12 + 23 1AS, (Ai, xn = Poyp Aj,xn)|?
— 2t (A}, xn — Ai,,X*» Aj,Xn — Per_:n Aj,Xn)

= llen — 5" 1 + 23 14T, (Aj,xn — Por Aj, )|

— 21’" (A,-nxn - PQ:ln A; Xn, Al-nxn - PQ:’ln Ainxn)

in
— 2'[,1(PQ;1” Ai,,xn - Ain.x*, Ajxp — PQ?n Al-nxn)

2 2 2
< llxn = x*1° + 7 1A} (Aj, %0 — Pon A, xn) ™ — 2mllA;,

PullAi, xn = Por Aj,xn

2
= fln — 2|17 + ¢
! 1A}, (Ai, xn — Por Aj,xnl

pullAi,xn = Por Aj,xn
1A} (Ai,xn = Pon Ai,xnll®

-2 | Ai,xn = Por Aj,xull?

R

2
< llxn — x*I7 = 2pn (1 — pn) .
A7 (A, xn — Por Aixn)l?

By (13) and (15), we obtain

Iy = x*I < llxn — x*|I.

(14)

2
Xn — PQ[’.’n Ajxnll

)2 1A], (Aixn — Por Apxn)|?

15)

(16)

We next demonstrate that the sequence {x;,} is bounded. Indeed, using (8) and (16),

we get

041 — X*1% = Jlogu + (1 — ay)yn — x*|°
= flan ( — x*) + (1 — o) (yn — x|
< (0 = o) — X+ 20 (0 — X, xp41 — x)
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< (1= ap)llyn — X* 1% + 200 (u — x*, X1 — x*)
< (1= an)llxn — X + 200 (0 — x*, xpp1 —x%). (17)

It follows from lemma 3 and (17) that

2 2
%1 — x| (A —ap)llxn —x™ 17 + 20, (u _X*,xn+1 —x%)

2
< (L= o) llxn — 217 + 2ol — x| 2041 — x|

1
2 2 2
(I —an)llxn = x*|I7 + 4ot llu — x* |17 + —apllxp1 — x|

<
- 4
11—« To 16
< — e — 2P+ e — X2
I—Zan I—Zan 3
*112 16 *12
< max{llo, — x*I%, - llu = x*I1%) (18)
*112 16 *112
< max{llxo = x|1%, =l — 1%} (19)

This implies that the sequence {x,} is bounded, and {y,} and {A;x,},i =1, ..., N as
well.
Step 2. ||x, — Pcnxy|l — Oand ||A;, x, — Per_z A;, xn|| = Oare hold as n — o0.
By (17), we obtain !

1 = X117 < (1= o) [l — X |12 + 20 (4 — X*, X0q1 — ). (20)
Setting Y, = ||x, — x*||%, we obtain
Tn-i—l < (1 - Oln)Tn +anbn, (21)

where b, = 2(u — x™*, x,41 — x™).
In view of lemma 7, it suffices to demonstrate that lim sup,_, o, b,, < 0 for every
subsequence Y, is an arbitrary subsequence of Y}, satisfying

lim inf (Y, — To) = 0.
From (17), we also obtain
X1 — X112 < lyw = x* 117 + 200 (6 — x*, x 1 — x7). (22)
If we put (14) in (22), we obtain that

2 2
%51 — X7 < % — X7 4 20 (u _X*»xn+1 —x*)
2
=20, (1 = X)) llxn — Penxu|l”.
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Using the hypothesis A, € [a, b] C (0, 1), we get from the inequality above that
lx, — P 12 < _ Ty — Yyg1 +anM)
X, nX, o
n crxnll = 20 (L— ) n n+1 n

< —— (0, -7 M), 23
< i gy T = Yt + o) (23)

where M > 0 is a constant such that 2|ju — x*||||x;+1 — x*|| < M, foralln € N.
Since x* € T, we note A?‘(I — PQ:;)A,-x* = 0. Hence, we can get
IA7 (I — Pom)Aixy — A7 (I — Pon)Aix™|| < (11223\1 A 1) 12 — x*]I.
Since {x,} is also bounded, we have the sequence {||A7 (] — Pom)Ajxy 152 is also
bounded. Similarly, using (15), (22) and p, € [c, d] C (0, 1), we see that

2

K
14i 60 = Pop A xall* < 2o (T = Yus + M), (24)

where K > 0 is a constant such that ||A;*n - PQ;; A, xu|l < K, foralln € N.
Since Y, — Y41 — Oand o, — 0 (n — 00), it follows from (23) and (24) that

lim |[x;, — Pcnxy|l =0 and lLim |[|A;,x, — Por Aj, xnll = 0. (25)
n—oo in

n— oo

Step 3. We show that w,,(x,) C T

Let ¥ € wy(xy,), there exists a subsequence {x,,} of {x,} such that x,, —X as
k — oo.Foreachi =1, 2, ..., N, since dc is bounded on bounded sets, there exists a
constant & > 0 such that ||§,|| < & forall n > 0. Then, from the fact that Pcnx,, € C"
and (9), it follows that

C(xnk) =< (gnka Xny — PC”kxnk> < ”Enk I ”xnk - PC"kxnk I < &I — Pceme )xnk Il.
By applying (25) and the weakly lower semicontinuity of ¢, we have

¢(X) <liminf c(x,,) <O0.
k— 00

Consequently, X € C. In the same way, there exists a constant n > 0 such that
||77?” || < nforall n > 0. Since Pon Aj xp € Q?n, it follows that

qi, (Aj, xn,) < (ﬂz,k, AiyXn, — Por Ai,Xn)
< 03 11 Aiy X, — Por Ai, x| (26)
=l = Pyr) Ai, X |-
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By applying (25) and the weakly lower semicontinuity of g;, we have

gi, (A;,X) < liminf g;, (A;,xn,) <O.
k— 00

According to the definition of i, it turns out that A;x € Q; fori = 1,2, ..., N.
Consequently, we have X € I', which implies that w,,(x,) C T.

Step 4. We prove that Y, — 0.

We now show that [|x,,+1 — x5, || — 0 as k — oo. Indeed, it follows from the
boundedness of the sequence {y,} and the assumption of t, — 0 that

Xne+1 = Yl = eyl =y ll = 0, k — 0. 27)
In Case 1, from the definition of y,, A,,, p, and (25), we obtain that
IYne = Xni | = Ang X0, — PemeXn Il = 0, k — oo0. (28)
In Case 2, from the definition of y,, 7, p,, and (25), we have

”)’nk — Xny I = Tny ”A;kn (Ainxnk - PQf’k Ainxnk)”
1Ai, X0 — Pgr A, xaI* (29)
- . — 0, k = oo.

147, (A, xn — Por Ai, xn)l

= Pny

Thus, from (28) and (29), we get ||y, — xn, || — 0. Consequently, we have
Jim (g, 1 = x| = 0. (30)
Assume that {x,,kj} is a subsequence of {x,, }, we also have
x,,kj—\)?, j — oo.
Furthermore, according to (30), x* = Pru and lemma 2 (i), we have

lim sup by, = lim sup 2{u — x™, xp, 41 — x™)

k—o00 k—o00
= lim 2(u — x*, 4 —x*
m 2= X7 gt = X G1)
=2(u—x* % —x%)
< 0.

Finally, applying Lemma 7 to (21), we conclude that Y, — 0, that is x,, — x*. This
completes the proof. O

Assume that the sequence {x,} generated by Algorithm 2 is infinite. In other words,
Algorithm 2 does not terminate in a finite number of iterations.
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1452 X.Tong et al.

Algorithm 2 Self-adaptive relaxed CQ algorithm II for SFPMOS

Step 0. Choose initial points x( arbitrary. Setn = 1.
Step 1. Let

zn = Pcnxp,
Yo = Af(Aixn = Pon Ajxn).

dp = max{|lx, + ¥ —zpl,i =1,2,..., N},

ineli€l,2, .. N:|lxn 4 yi — 20l = du}.
Step 2. If d,, = 0, then stop; else compute

1 = et + (1= o) — tn i + 33 = 2n)]. (32)
where
e = Penxull® + 11 4i, %0 = Pon g, xnll?

In = pn in 2 . (33)
2|lxp + yu' — znll

Step 3. Setn = n + 1 and go back to step 1.

Lemma9 Let {x,} be a bounded sequence. If || x, + yi':l — zull = 0 holds if and only
if x, is a solution of Problem 2.

Proof Assume ||x, + y,i{’ — 2|l = O holds. For any x* € T, by lemma 2 (iii), we have

llxn — Penxall® +11(1 = Pon ) Ai, xa)?
< {xyp — Pcnxp, x, — X*> + (U — PQ;?n)Ai,,xn’ Ainxn - Ai,,x*>
= (x, — Pcnxy + A;kn(l - PQ;’H)Ai,,xn, Xn _x*> (34)
= (x, + yf[‘ — Zny Xp — X7
< lxn + 35— zallllxn — x*|I.
Since {x,} is bounded and together with d, = 0, we get
||Xn — Pcnxn” =0 and ||(I — PQz"n )A,-nx,,|| =0.

According to the definition of i,, it follows from the above equation that

I(Z = P} )Aixy| =0, foralli € 1.

Hence x,, € C" and A;x,, € Q:.’. From (9), we have that x,, € C and A;x,, € ﬂlNzl Q.
Therefore, x, € I'. |

Theorem 10 Suppose the sequences {a, } and {p, } satisfying the following conditions:
(CI) lim o, =0and )y ;2 oy = 00;
n—o0

(C2)0 < liminf p, < limsup p, < 4.
n—00 n—00
Then the sequence {x,} generated by Algorithm 2 converges strongly to x* = Pru.
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Proof The proof is divided into four steps as follows.
Step 1. The sequence {x,} is bounded.
Set w, = X, — t, (X + Vi — 25). It follows from (33) and (34) that

lwy — X117 = llxn — t(tn + ¥ — 2,) — x*|?
= llxp — x*12 4 1210 + ¥ — 20l = 2t (X0 — X*, X + Vi1 — 25)
< lxw = x* 12 + 17110 + yir — 20 1? = 21Xy — Ponxy?
+ 1 = Pz )Ai,xa1?)

5 1 (lxn—=Perxal>+11Ai,xu — Por A, xa1?)?
=l —x" 11" = 4o (1= 7 pn) -

[l +y;¢" - Zn”2

.2 1 (xn— Porxall>+11Ai,xu— Pop Ai,xul*)?
< lxn—=x"N" = pun (1=~ pon) .

4 1+ y3 = zn1?
(35)
It implies that
lwn — x*|| < [l — x™|. (36)
From (32) and (36), we get
X4t — 2" = llowue + (1 — ) wy, — x*||

= llan (u — x*) + (1 — ) (wy, — x5 ||

< apllu — x*|| + (1 — o) [w, — x™|

< allu = x*| + (1= o) [xn — x| 37)

A

max{flu — x|, [lx, — xI}

IA

max{[lu — x|, [lxo — x|}

Hence, {x,} is bounded and so are the sequences {Ax,}, { Pcx,} and {Pp,x,}(i € I).
Step 2. || x, — Pcnxp|l — Oand ||A;,x, — Per_- A;,xn|| = Oare hold, n — oo.

From (8) and (35), we deduce

1 — X117 = Nlotau + (1 — ) wy, — x*|12
llen (= x*) + (1 — ) (wy — x™)|1?
(1 — ) lwy — x| + 206 (u — x*, X1 — x*)
(1= ap)llxn — x* |12 + 200 (u — x*, Xpqe1 — x*)
1 (lxn = Porxall® + 1 Ai, xn = Pop Aj,xull®)?

—(I —ap)pn(l - an) 7
lxn + yu' — zn

IA

IA

I
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< (= an)lln = 217 + o[ 200 = 2%, 204y = 2

1 - a, 1 Ul = Ponxall® + 1Ai,xn — Py Ai,xal®)?
——pu(l = 20) - RED
n lxn + yu' — znll
Set Y, = ||lx, — x*||%, we have
Tn—i—l < —=a)Y, +apb,, n>1, (39)
where
* * —On 1
by =2(u — X", xp41 —x7) — on(1 — —pp)
oy, 4

(xn = Penxn|l® + 1| Ay, xn — Poy A, xnll?)?
X .

llxn + )’;ln - Zn”2

Now, we prove that Y,, — 0 by lemma 7. Suppose that {Y},,} is an arbitrary
subsequence of satisfying

liminf (Y, , — Yp,) = 0. (40)
k— 00

k+1

Let M > 0 be a constant such that 2|ju — x*||||x,+1 — x*|| < M, foralln € N. By
(38), we have

(%, — Pemexn 12 + 11 Ay X, — Py Aj, X 12)2
in

(1 - ank)pnk(l - _pnk) :
4 1%, + Yt — Zng |12

2 2
< (1 = ap)lxne = X1 = X1 — X% + 20, (4 — x*, Xy — x*) (@D
2 2
< lxn = X517 = It — X% + 20, — x| X1 — x|
S T”k - T”k-%—] +05nkM

From (40) and (41) together with conditions (C1) and (C2), we have that

. 1
lim Sup(l - otnk),onk(l - ank)

k— o0

(%, = Pemexn 117 11 A, X = Py A X 1)
in

' ”xnk + )’;{2 - an ”2 (42)
lim sup(Yy, — Yyyy + 2 M)

k— 00

IA

— likm inf (Y, — Yn,) + limsup oy, M
— 00

k— 00

k41

IA

0.
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Thus we see that

(%, = Pemexn 17 11 A, X — Py A, X 1)
n

lim - =0,
k=00 ||)an + )’n'L - an ”2
which yields
% = PemXn | = 0, | Ai, Xny — Pric Aiy Xy || = 0. (43)

Step 3. We show that w, (x,,) C T.
Assume that X € wy,(x,) and {x,,} is a subsequence of {x,} which converges
weakly to X. Since Pcnx, € C" and (9), it follows that

) < (ngs X — PemicXng) < NEni 1xXny, — Pomcxn |l < &N — Peme)xn, || (44)

where & satisfies ||§,, || < &. By applying (43) and the weakly lower semicontinuity
of ¢, we have

c¢(X) <liminfc(x,,) <O0.
k—o00

Consequently, x € C. In the same way, there exists a constant n > 0 such that

||17?n"|| <nforalln > 0.

Since PQ;Zc (Ai,xn,) € Ql'.’n", it follows that

Qi (AiyXn) SO0 Aiy Xy, = Py Ay )
< i A Xy, = P Ay i | (45)
=l = Py ) A, X Il

By applying (43) and the weakly lower semicontinuity of g;, we have

qi, (A;,X) < likm inf q;, (A, xn,) < O0. (46)
—00

Itturns out that A; X € Q, fori = 1, 2, ..., N. Consequently, we have X € I", which
implies that wy, (x,) C T.
Step 4. We prove that x,, — x*.
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Moreover, we have the following estimation

”xnk+l — Xng | = ”anku +(1— ank)(xnk — Iy (xnk + y;[}( - an)) — Xnyi I
<aullu— Xny |+ (1— O‘nk)tnk ”xnk + y;,';( — Zny Il

S (67 ||u - xnk ” + tnk ”xnk + yyll’;( - an ”

47)
=< Uy ”u - )an ” + pnk
g = Pom X 1>+ 1A, X — Py Aiy X |12
X _ n
2||xnk + le{}{ - an ”
Since {x,} is bounded, (43) together with (C1) and (C2), we have that
lim [}y, — Xn 411 = 0. (48)
k—o00

Assume that {xnkj} is a subsequence of {x,, }, we also have x,,kj—\)?, as j — oo.
Furthermore, due to (48), x* = Pru and lemma 2 (i), we infer that

limsup b,, = lim b”k,’
k—o00 J—0o0 ’

= lim [2(u =X Xy 41 — X7

2
(||x,,kj — Pcnk_,-xnkj ||2 + ||Aixnkj — Pthkj Aixnkj ”2)
in

S ) . |
Oy AT Xne; + ri; = 2 12

< lim 2(u — x™, xpy .41 — x™)
Jj—00 J

<2(u —x*,x —x*)
<0. (49)

Finally, applying Lemma 7 to (39), we conclude that I',, — 0, that is x, — x*. This
completes the proof. O

3.2 Two iterative algorithms for variational inequalities over the solution set of
SFPMOS

Now, we introduce two self-adaptive algorithms for solving variational inequalities
over the solution set of SFPMOS (7). Before convergence analysis of our algorithms,
the following conditions are assumed.

Assumption 1 The control sequences satisfy the following conditions:

() O0<a<ri<b<1l,0<c=<p,<d<1;
(i) {B.} C (O, 1)’nli>néoﬂ” =0and ) 2 By = 00;

(iii) y is a positive real number in the open interval (0, 2« /L?).
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Algorithm 3 Self-adaptive algorithm I for P2

Step 0. Choose initial points x( arbitrary. Setn = 1.
Step 1. Set

dn = llxn = Penxall,
dp = max{||A;x, — PQ;’ Aixpll,i=1,2,..., N},

in €{i=1,2,..., N: | Ajxn — PonAjxall = dy).
1

Step 2. Let Ap = max{dAn, dy).
Case 1: dy = Ayp. If x4, = Pcnxy, then stop; else compute

Yn = Xp — An(Xp — Penxp). (50)

Case 2:dy = Ap. If Ajyxn = Pon Aj, xn, then stop; else compute
in

inxn)’

Yn = Xn — TnA;‘kn (Ainxn - PQ”_’ A
n
where

I AipXn — Pon Ajy,xal?
n in n (51)

T =P
AL A

In

An — PQ”_’ Ai,,xn)Hz.
n
Step 3. Compute

Xp+1 = — Bny F)yn. (52)

Setn =n + 1 and go back to step 1.

Lemma 11 Suppose that F : H — H is L-Lipschitz and k-strongly monotone, then
(i)
I = Buy F)yn — (I = By E)x™| < (1 = Bu)llyn — x™ |,

where

¢=1—\/1—V(2K—J/L2);
(ii)
Ixn41 = X1 < N2 = x* [ 4 Bay Ba¥ | Fyull®* — 2{yn — x*, Fyn))
—2n (1 = M) [0 — Ponxnll?;
(iii)

llxn+1 — x*| < llx, — X*” + IBnV(,BnV”FyHHZ —2(yn —x*, Fyn))
1Aixn — Por Aixa|* (53)
1A (Aixn — Pon)[I*

=20, (1 = pn)
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Proof (i) Taking any x* € T, it follows from Lemma 3.1 in [18] that
I =y F)yn — (I —yF)x*|I* < 1 =y Q& —yL))llyn —x* 2. (54)
From (54), we have

(L = Buy F)yn — (I — By F)x*|
= ”([ - ﬂn)(yn - x*) + ,Bn(yn - x*) - ,BnVFyn + ﬂnyFX*”
< (I = B)llyn = x* 4 Ball I =y F)yn — (I — y F)x*| (55)

< = B)llyn —x*I + ﬁn\/l =y Q@ =y L) |yn — x"|.

(i1) Using (14), we get

Ixn41 — x> = | = Buy Fyn — x*|1?
< llyn = x* = Buy Fynll®
<y = x* 12+ Bey 21 Fyull* = 2Bay (yn — x*, Fyn)  (56)
< llxn = X1 + By Buv I Fyull®
— 2{yu — X*, Fyp)) — 2hn(1 = Ap) Xy — Ponxnll”.

(iii) Similar to (ii), through (15), we have

IXn1 — X512 < M1xn — ¥ 12+ By By I Fyull* — 2(yn — x*, Fy,))
| Aixy — Po,n Aixa||* (57)
1A} (Aixy — Po) |

= 2p,(1 — pn)

Theorem 12 Let F : H — H be an L-Lipschitz and k-strongly monotone operator
and under Assumption 1. Then the sequence {x, } generated by Algorithm 3 converges
strongly to the unique solution of VIP(F,T").

Proof Let x* be the unique solution of the variational inequality VI P(F, I'), that is,

(Fx*,z —x*)>0,Vzel. (58)
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From (16) in Theorem 8, (52) and lemma 11 (i), we have

(I = Buy F)yn — x™|
(I = Bny F)yn — I — ,BnVF)x* - ,BnVFx*”

41 — x|

< NI = Buy F)yn — U = By F)X* | + Buy 1 F x|
= (1= Bu@)llyn — x*| + Bay | Fx™||
4

< (1= fug)ln =51+ g N FR" 59)

4
< max{[lx, — x|, [ Fx*||}

2

* y *

< max{flxo —x II,allFx I}

This implies that the sequence {x,} is bounded, and {y,} and {A;x,},i =1, ..., N as
well. Using lemma 11 (i), we get that

X1 = x*17 = (U = Buy F)yn — x*, Xpp1 — x¥)
= (U = BuyF)yn — U = Bpy F)X*, Xpq1 — X¥) = Buy (Fx™, Xpq1 — x¥)
_ N =By F)yn = = Buy F)x* 1> + llxug1 — x|

2
- ﬂnV(FX*, Xn+1 _X*) (60)
_ o ¥)12 k2
- (I = Bu)lIyn x2|| + llxp+1 — x| By (Fx*, xps1 — x*)
_ %2 k2
- (I = Bug)llxn x2|| + llxp+1 — x| By (Fx*, a1 — x%).
Hence, we infer that
[0t — x*12 < (I = Bug)llxn — x*1* = 2By (Fx*, xpy1 — x¥).
Set Y, = ||lx, — x*||2, we have
Yiut1 < (1 —a) Yy +ayby, (61)
where o, = B,¢ and b, = —%’(Fx*, Xpp1 — X™).

Now, we prove that Y,, — 0 by using lemma 7. To this end, suppose that Y}, is an
arbitrary subsequence of Y, satisfying

lim inf (Y,

k—o00

- Tnk) =0. (62)

k+1

Since {x,} is bounded, {y,} is bounded too. Hence, there exists a positive real number
M such that max{sup,, || yull, sup, [[Fyall} < M.
In Case 1, from lemma 11 (ii) and {A,} C [a, b] C (0, 1), we get

2a(1 = b)|1xn, — Pemexn I < Yoy — Yugoy + Buy (Buy M +2M + 2| x* VM.
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Thus, by (62) and B, — 0, we obtain that

lim sup || X,y — Pene X ||
k—o00

< ———limsup[ Yy, — YVuut1 + By (Buy M +2M + 2|x*|)M]
2a(1 —b) tomo

_ %[m SUp(Y, — Yt 1) + i sup By (Buy M + 257 + 2| x* ||)M]
a(l —=b) k— 00 k— 00
1
= 2a(1—b)
<o.

[ — Hminf (O, = T, +lim sup By (B M + 201 + 2" )M |
-0 k—o00

(63)

In Case 2, the same process as above, by lemma 11 (ii) and the condition {p,} C
[c,d] C (0, 1), we infer that

2c(1 — d)||Aiy xn, — P Ay x, |1*

Qi
< K2 (Y = Yugoy + By (Bay M +2M + 2||x*|) M),

In

where K > 01is a constant such that ||Aj‘n (I—Pgn)A
we obtain that

xp|| < K, foralln € N. Thus,

in

lim sup [|A;, Xp, — Pgl‘ Ay xn |1

k—00 "

2

_K _ 7+ 20 e B L)
=< lim sup[Yn, — Yupt1 + Bay (Buy M +2M + 2||x7[) M ]

c(l=d) >0

<0.
This implies that

inXny | =0.

1%, = Pemicxm | = 0, 1A, Xn, — Py A
By the same process as Step 3 of Theorem 1, we obtain wy, (x;) C [. Let X € wy (x,),
there exists a subsequence {x,, } of {x,} such that x,, ~% as k — oo.

Next, we show that li]:n sup b,, < 0. Assume that {x,,kj} is a subsequence of {xy, },
— 00
we also have Xny —x. Thus, using the above mentioned and (58), we have

liminf(Fx*, x,, —x*) = lim (Fx*,x,,kj —x™)
k—o00 j—o00

= (Fx*, x —x%) (65)
> 0.
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From (27)—(30) in Theorem 8, we have
lim xp,+1 — Xu |l = 0. (66)
k—o00

From (61) and (66), we have

. . 2y “
lim sup b,, = limsup ———(Fx™, X, 41 —x")
k—00 k—o00 %

2
— Y fiminf (Fx*, x40 — x%)

@ koo (67)
2

= 2 Fxt 5 — )
¢

<0.

Therefore we can immediately conclude that Y,, — 0, that is, x, — x* asn — oo.
This completes the proof of the theorem. O

Algorithm 4 Self-adaptive algorithm II for P2

Step 0. Choose initial points x( arbitrary. Set n = 1.
Step 1. Let

n = Pcnxp,

Yo = Af(Aixn — Pon Aixn).

dy = max{||x, + y;I —zull,i=1,2,...,N},
in€{i € 1,2, Nt 0 + ¥} — znll = dn).

Step 2. If d,, = 0, then stop; else compute
Xnat = (I = Buy F)tn — ta (n + Y — 2a)), (68)
where

lxn = Penxnl® + 11 Ajy xn — Pon Aj, xull®
n

In = pn in 5
2|lxp + yu' — znll

Step 3. Setn = n + 1 and go back to step 1.

Theorem 13 Let F : H — H be an L-Lipschitz and k-strongly monotone operator
and under assumption 1. Then the sequence {x,} generated by Algorithm 4 converges
strongly to the unique solution of VIP(F,T").

Proof Set w,, = x, — t,(x, + yf,” — z,). It follows from (35) that

1
lwn — x* 1% < llxn — x*[1* — pa(1 — 2
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(lxn = Penxn|l® + 1A, xn = Por A, xnl?)?
X > 9
llxn + yfz" - Zn||2

which implies
lwp =X < llxn — x*|I.

Using the above inequalities, we get

Ixns1 — X1 = | = By Fwy — x*|*
< lwa — x* = Buy Fuy|?
< llwn = x*1> + Bry | Fwall> — 2By (wn — x*, Fwy)
< % = x* 12+ Bay By [ Fynll* = 2(yn — x*, Fyn))
1 (lxn = Porxall® + 11 As, xa — Por Ai,xul?)?

—pn(1 — —pn) -
4 X, + yi' — znll?

(69)

According to (59), replacing w, by y,, we get that {x,} is bounded.
From (60)-(61), the following result obviously holds. Set Y,, = ||x, — x* 12, we
have

Yout1 < (1 —ap) Yy + ayby, (70)

where o, = B, and b, = —z—y(Fx*, Xpp1 — X*).
Now, we prove that Y, — 0 by lemma 7. Suppose that {Y},} is an arbitrary
subsequence of satisfying
lim inf (Y, ,, — Yp,) = 0. (71)
k—00

k+1

From (69), we get

1l = Penxall® + 11 Ai, xn — Por Aj,xul*)?
pon(l — Z)On) o
lxn + yu' — za

+ Buy Buv I Fyull® = 2(yn — x*, Fyn)).

<Y, - Tn+1

E )

Thus, from Assumption 1 (ii) and (62), we obtain

(%, — Pemen 117 11 A, X = Pyri A X 1)
in

lim sup pnk(l - _Pnk)

k—00 4 X, + Vit — 2, |12 (73)
< limsup[ Yy, — Yopyy + Bue¥ Buy M +2M + 2||x* )M ]
k— 00
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= — likm 'gcl)f(wrnk+1 —Yy,) + limsup B, ¥ (B, y M +2M + 2||x* )M (74)
g k— o0

50’

where M is a positive real number satisfying max{sup, ||y, sup, [|Fynl} < M.
Under Assumption 1, we see that

1%, = PemeXn 17 + 1 Aiy Xng — P Aiy X, 12)?
In

lim - © =0,
k=00 ||)an + )’n'L - an ”2
which yields
1%, = PemicXm | = 0, 1A, Xn, — Py A, Xy || = 0. (75)

By the same process as Step 3 of Theorem 1, we obtain w,,(x,) C I'. Furthermore,
based on the assumptions of the parameters, we obtain

1% 41 = Wil = Buy ¥ | Fwn | < MyBo, — 0, k — oc. (76)
and
lwny, — Xl = tng X + 30 — 2|
g = Pome X 12+ 1A, X, — Py Ay X |12
= Pny i - (77
2||xnk + Yn’;( - an ”
— 0, k—> ©
From (76) and (77), we get
lxng+1 — Xm Il = 0, k — oo.
Therefore, we infer that
. . 2y s *
limsup b,, = limsup ———(Fx™, X +1 —x")
k—00 k—00 @
2y
= —— liminf(Fx*, x —x*
@ k—oo ( ng+1 ) (78)
2
=~ ipar 2 —x)
@
< 0.

Finally, applying Lemma 7 to (70), we conclude that I',, — 0, that is x,, — x*. This
completes the proof. O
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Remark 1 We have the following comments for Algorithm 1-4.

e Algorithm 1-4 are based on the gradient algorithm with selection technique. In
each iteration, Algorithm 1 only needs to compute two projections, one from
Pcn and another one from {PQ? A ixn}{\; |- Algorithm 2 only needs to compute the
projection of {x,, — Pcnx, + A;‘ PQ;z A;x,}in each iteration. This technique reduces
the computational effort of the projection and speeds up the rate of convergence
of algorithms.

e Different selection methods of the proposed algorithms result in different represen-
tation of adaptive steps. Algorithm 1 and Algorithm 2 are two different projection
and Halpern-type algorithms, which results in a different range of step sizes. Algo-
rithm 1 and Algorithm 3 use the same step size, as do Algorithm 2 and Algorithm
4.

4 Numerical experiment

In this section, we provide some numerical examples to prove we proposed the con-
vergence of the algorithm. All codes for the numerical computations are implemented
using MATLAB R2015b. The numerical results are carried out on a personal computer
with an Intel(R) Core(TM) i5-1035G1 CPU @ 1.00GHz 1.19 GHz.

Using ||x,4+1 — xa|l < 1070 as the stopping criterion, we plot the graphs of TOL =
[l Xn41 — X, ||* against the number of iterations for each n. The numerical results are
reported in Figs. 1 and 2 and Tables 1 and 2.

Example 1. [12] Consider H = R!°, H; = R?°, H, = R¥ and H3 = R*. Find a
point x* € R'? such that

el :=CnAT'(Q)N AT Q)N AT (Q3) #9,

where C = {x e R0 : |x —¢|?2 < r?}, Qi = {x e RUTDXI0 .1 — )2 < rl.z}, and
A RO 5 R0 4, RIO 5 R3O, Ajz R0 — R4 are bounded linear operators
the elements of the representing matrices of which are randomly generated in the
closed interval [-5, 5]. In this case, for any x € R, we have c(x) = ||x — ¢||® — r?
and g; (A;x) = |Ajx — ¢;||> — r? fori = 1,2, 3.

The half-spaces C" and Q;’ (i =1,2,3), are defined by

C" =f{x e R xy — > = r? < 2(xy — ¢, x4 — X))},
and
0" ={z e R : |Ajxy — cil* — 1 < 2(Aixy — ci, Aixn — ).

The control parameters for each algorithm are chosen as follows.
e Algorithm I and Algorithm 2 (Our new algorithm 1 and 2): A, = 7, = I()r:ﬁ and
1
o, = PN
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0
9 O Algorithm 1 10° O Algorithm 1
4 #  Algorithm 2 #  Algorithm 2
2 O Algorithm 3 O Algorithm 3
+  Algorithm 4 +  Algorithm 4
£ Algorithm (1.6) Algorithm (1.6)
Algorithm (79) Algorithm (79)
1072
0 100 200 300 400 500 600 0 50 100 150 200 250 300
Iter.(n) Iter.(n)
(a) Case 1 (b) Case 2
10° - =
§ O Algorithm 1 O Algorithm 1
#  Algorithm 2 #  Algorithm 2
O Algorithm 3 O Algorithm 3
+  Algorithm 4 +  Algorithm 4
Algorithm (1.6) Algorithm (1.6)
102 Algorithm (79) Algorithm (79)

0 50 100 150 200 250 300 350
Iter.(n)

(c) Case 3

0 50 100
Iter.(n)

(d) Case 4

Fig.1 Example 1: Comparison of all algorithms in different cases

e Algorithm 3 and Algorithm 4 (Our new algorithm 3 and 4): y = 0.15, B, =

m, and Fx = 2x for all x € R0,
e Algorithm (1.6) (in (4), [12]): 41 = ¢, 2

all x € R19,

e Algorithm (79) (in [16]) is as follows:

1,23 =4, and f(x) = 0.975x for

N

X1 = ctntt + (1= )5y — P} (I = Pen)xy — T 3 0iAF (I = Pgn) Aixn)),

P5 il ill (= Pom) Avxal®

where 1, := o7

i=1

T = max{|| L % AR — Pon)Aixy ||, B).

We take p} = p} = gy, 91 = ¢. %2 = 3 93 = 3, and B = 0.05.

Now we bring the results of the iterations for four cases, where e; = (1,1, ..

RI0.

Case 1: Take u = 10e; and x; = Seq;
Case 2: Take u = 3e; and x; = 0.5¢y;
Case 3: Take u = 3e; and x; = —0.5¢y;
Case 4: Take u = ej and x; = —0.2¢;.

L1 e
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10° 0
O Algorithm 1 10 O Algorithm 1
*  Algorithm 2 *  Algorithm 2
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®
[}
3 P )
= 2 N =
)

0 10 20 30 40 50 60

70 80 90 40 50 60 70
Iter.(n) Iter.(n)
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O Algorithm 1 O Algorithm 1
109 *  Algorithm 2 *  Algorithm 2
o o :gon(:mi 102 S :gon::mi
+ gorithm gorithm
Algorithm (1.6) 2 Algorithm (1.6)
@ Algorithm (79) Algorithm (79)
0
10
-
<]
=

40 60

50 60 70 80 0 20 80 100
Iter.(n) Iter.(n)
(c) Case 3 (d) Case 4
Fig.2 Example 2: Comparison of all algorithms in different cases
Table 1 Numerical results of all algorithms with different xg and u
Algorithm Case 1 Case 2 Case 3 Case 4
CPU(s) Iter.(n) CPU(s) Iter.(n) CPU(s) Iter.(n) CPU(s) Iter.(n)
Alg. 1 0.1024 220 0.1417 157 0.1275 182 0.0668 115
Alg.2 0.1165 225 0.1439 193 0.1123 155 0.0568 104
Alg. 3 0.0434 77 0.0973 124 0.0398 24 0.0756 29
Alg. 4 0.1594 215 0.1327 224 0.1143 153 0.0506 60
Alg. (1.6) 0.2311 596 0.0913 300 0.1374 303 0.1211 193
Alg. (79) 0.1399 356 0.1006 235 0.1061 190 0.0765 146

Example2.1.et H = Hy = L,([0, 1]).Forall y € L,([0, 1]),z € L2([0, 1]), (-, -) and

I - Il are defined by (y, z) := fy y(O)z(0)dt and ||yl := (Jy ly(t)]2dr)?, respectively.
Furthermore, we consider the half-spaces

1
C := {x € L([O0, l])|/ x(t)dt <1}
0
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Table 2 Numerical results of all algorithms with different xg and u
Algorithm  Case 1 Case 2 Case 3 Case 4

CPU(s) Iter.(n)  CPU(s) Iter.(n)  CPU(s) Iter.(n) CPU(s) Iter.(n)
Alg. 1 15.3756 47 23.5493 31 439618 36 57.0047 74
Alg.2 50.3079 47 41.8029 31 67.0135 36 2.7160 3
Alg. 3 3.0016 9 0.8664 3 2.3713 3 2.7160 3
Alg.4 23.8211 28 2.6605 3 2.8622 3 0.1429 2
Alg. (1.6) 142.2924 87 128.1796 71 106.4480 73 239.2246 95
Alg.(79) 80.0467 55 132.4689 33 103.2844 37 2145914 61
and

1
Q = {x € Ly([0, 1])|/ ly(t) — sint|*dt < 16}.
0

And A : L»([0,1]) — L»([0, 1]), where (Ax)(t) = folx(t)dt,\ft e [0,1],x €
L>([0, 1]). Then, A is abounded linear operator, | A|| = %and (A*x)(t) = fltx(s)ds.

The metric projections Pc and Py are defined by

_Jx®+1—-a,a>1,
and
. 4(y (1) —sin(1))
sin(t) + ==——=——2_ b > 16,
Po(y(y) = 1" O TG
y(@), b < 16,

where a = [} x(t)dt and b = [} |y(t) — sin(t)|2d1.

Now we bring the results of the iterations for four cases,

Case 1: Take u = ¢ and x| = €%';
Case 2: Take u = 3 4 2r and x| = sin(3t);
Case 3: Take u = —t and x| = 27;

Case 4: Take u = esi and x| = sin(3t).

(79)

(80)

Remark 2 The preliminary results presented in Tables 1 and 2 and Figs. 1 and 2 demon-
strate the advantages and computational efficiency of the proposed methods over some

known schemes.

e The suggested Algorithms 1-4 require fewer iterations and CPU time than

Alg.(1.6) and Alg.(79) in reaching the same stopping criterion.

e The step size of Alg. (1.6) depends on the criterion of the transfer operator, and
thus its performance is significantly weaker than that of our algorithms 1-4 with

adaptive step sizes.
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e The advantage of our proposed algorithm compared to Alg. (79) lies in the appli-
cation of the selection technique, which is shown to be advantageous when n is
sufficiently large. We have only discussed the case where n = 3.

5 Conclusions

In this paper, based on the relaxed CQ method and Halpern-type method, we proposed
two new adaptive iterative algorithms to discover solutions of the split feasibility prob-
lem with multiple output sets in infinite dimensional Hilbert spaces. More importantly,
according to different selection conditions, we give two different adaptive step sizes
without the prior knowledge of the operator norm of the involved operator. Moreover,
as a generalization, we construct two new algorithms to solve the variational inequal-
ities over the solution set of split feasibility problem with multiple output sets. Under
some suitable conditions, we established the strong convergence theorems of the sug-
gested algorithms. Finally, the advantages of the proposed algorithms are confirmed
by two numerical examples. It is interesting to extend the results obtained in this paper
to Banach spaces or more complex spaces.
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