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Abstract

In this manuscript, we introduce the notion of interval-valued picture (S, T')-fuzzy
graphs (IVP-(S, T)-fuzzy graphs) which is the interplay between (S, T)-norms and
picture fuzzy graphs. Interval-valued picture (S, T')-fuzzy graphs (IVP-(S, T')-fuzzy
graphs) is also the extension of the picture fuzzy graphs. Since interval-valued picture
fuzzy sets (IVPFSs) is the most extended form of the fuzzy sets to deal uncertain-
ties, interval-valued picture (S, T)-fuzzy graphs (IVP-(S, T')-fuzzy graphs) would
be more efficient to deal with the problems containing vagueness. For the sake of
investigation, firstly we introduce and apply various operations like union, join, carte-
sian product, direct product, lexicographic product, ring sum, complement etc to
interval-valued picture (S, T')-fuzzy graphs. Then, we study the structural proper-
ties of interval-valued picture (S, T')-fuzzy graphs IVP-(S, T')-fuzzy graphs) through
homomorphism, co-weak homomorphism, isomorphism etc. Afterwards, we initiate
different types of interval-valued picture (S, T)-fuzzy graphs such as regular, total
regular, constant etc. Moreover, we also explore some relationships among different
types of interval-valued picture (S, T)-fuzzy graphs. Finally, we provide an applica-
tion of interval-valued picture (S, T')-fuzzy graphs IVP-(S, T')-fuzzy graphs) towards
multiple attribute decision-making (MADM).
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1 Introduction

Fuzzy sets (FSs) was first introduced by Zadeh in [1] which become an efficient tool
to deal the problems containing uncertainties. Corresponding to any non-empty set,
the fuzzy set gives us the degree of membership of an object. Afterwards, numerous
generalized forms of fuzzy sets were introduced in the literature. Zadeh [2] himself
introduced the very first generalization of fuzzy sets named interval-valued fuzzy sets
(IVFSs). In IVFSs, a closed sub-interval of [0, 1] is used to express the membership
degree of an object instead of a number as was considered in the case of fuzzy sets. Sub-
sequently, Atanassov [3] proposed the term intuitionistic fuzzy sets (IFSs) in which he
introduced two values that are membership and non-membership under the condition
that the sum of both values must belong to a closed unit interval [0, 1]. Furthermore,
he also introduced the notion of interval-valued intuitionistic fuzzy sets (IVIFSs) [4]
in which both the values are the closed sub-intervals of [0, 1]. Following the work of
Zadeh and Atanassov another important generalization of FSs and IFSs named picture
fuzzy sets (PFSs) was introduced by Cuong [5]. He also explored few new operations
and characterizations of PFSs. Actually, PFS is the direct generalization of an IFS
with the addition of another value called “abstinence value”. In a PFS we allocate
three memberships values to an object that are positive, negative and neutral. Bo et al.
[6] defined many operations and relations on PESs. Cuong et al. [7] added different
types of fuzzy logical operators in the theory of PFSs. The term interval-valued picture
fuzzy sets (IVPFSs) was proposed in [8]. In IVPFSs, all of the three values consist
of the closed sub-intervals of [0, 1]. Like PFS, in IVPFES the sum of the supremum
of all three sub-intervals must lie within [0, 1]. Evidently, IVPFSs are more general-
ized form of the fuzzy sets as compared to the other generalizations of FSs like IFSs,
IVESs, IVIFSs and PFSs. Recently, W. A. Khan et al. introduced several new relations
on bipolar picture fuzzy sets (BPPFSs) [9]. For more on generalizations of FSs, one
may consult [10-13].

The notions of triangular norms and conorms were first introduced by Schweizer
and Sklar in [14, 15]. These operators are widely used in different fields such as multi-
criteria decision support, fuzzy logics, fuzzy set theory and several fields of information
sciences. For further details about these operators, one may consult [16—19]. Cuong
et al. [7] also studied these operators in the setting of PFSs.

The study of the graph theory based on fuzzy sets become an attractive field for
the researchers due to having many applications in different field of sciences. Firstly,
Rosenfeld introduced the concepts of fuzzy graphs(FGs) [20]. Bhattacharya [21] incor-
porated few new terms in the fuzzy graphs theory. Different new operations were
explored and applied on fuzzy graphs (FGs) in [22]. Complement of fuzzy graphs
(FGs) was investigated in [23]. Subsequently, the extended form of the FGs termed
interval-valued fuzzy graphs (IVFGs) was introduced in [24]. Rashmanlou and Pal
studied some properties of highly irregular interval-valued fuzzy graphs in [25]. Intu-
itionistic fuzzy graphs (IFGs) were explored in [26]. Many operations were introduced
and applied to IFGs in [27]. The concepts of the complex intuitionistic fuzzy graphs
along with its applications towards networking were discussed in [28]. Ring sum in
product intuitionistic fuzzy graphs was discussed in [29] by Borzooei and Rashman-
lou. Borzooei et al. [30] introduced the notion of #-fuzzy graphs(¢z-FGs). The notion
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of interval-valued intuitionistic (S, T')-fuzzy graphs (IVI-(S, T)-fuzzy graphs) was
introduced in [31, 32]. Recently, Zuo et al. [33] introduced the term picture fuzzy
graphs(PFGs). They also introduced some operations on PFGs and explored some
applications of PFGs in social networking. Consequently, the notion of picture fuzzy
multi-graph (PFMG) was explored in [34]. Muhiuddin et al. [35] introduced the notion
of cubic graphs along with application. Poulik and Ghorai solved some real world
problems using generalizations of FGs in [36, 37]. Moreover, Poulik [38] introduced
Randic index for bipolar fuzzy graphs along with application. Further extended form
of the PFGs termed regular picture fuzzy graphs (RPFGs) along with its applications
in networking was discussed in [39]. Koczy et al. [40] further added some new terms in
PFGs. They also provided evidences that the PFGs are more effective than the FGs and
IFGs. Recently, the concepts of balanced picture fuzzy graphs (balanced PFGs) [41]
has also been added in the literature. Amanathulla et al. [42] discussed the application
of PFGs in MADM problem. Recently, Khan et al. introduced the notion of bipolar
picture fuzzy graphs along with its application towards social networking [43] and
the notion of Cayley picture fuzzy graphs along with its application in interconnected
networks [44]. For more on fuzzy graphs theory, one may consult [21-23, 45-48].
Currently, many researchers studied different problems containing uncertainties
through FGs and its generalizations. In our study, we focus to deal with such problems
in the picture fuzzy environment with (S, 7')-norms. Since IVPESs is the most gener-
alized form of FSs in which we consider the membership, neutral and non-membership
degrees on the interval [0, 1]. Therefore, our newly established structure termed IVP-
(S, T')-fuzzy graphs would be more useful as compared to the other generalizations
of FGs to deal with uncertain real world problems.
We describe the motivations, limitations and novelty of our work as follows.

1. The generalization of FGs termed 7-FGs and the generalization of IFGs named
IVI-(S, T)-fuzzy graphs motivated us to introduce the notion of IVP-(S, T')-fuzzy
graphs which is the generalization of PFGs.

2. Our proposed structure can be applied in such circumstances where the traditional
FGs and its other generalizations fail. In such cases the notion of IVP-(S, T)-
fuzzy graphs can be used by choosing the most suitable types of (S, T')-norms
according to the situations. Moreover, some other norms such as Dombi (S, T)-
norms, Hamacher (S, T)-norms, Einstein (S, 7)-norms, Yager (S, T)-norms,
Frank (S, T)-norms etc can be adjusted in the setting of IVP-(S, T')-fuzzy graphs.

3. Since interval-valued picture fuzzy sets (IVPFSs) is the most extended form of
the FSs to deal with the problems containing uncertainties, interval-valued picture
(S, T)-fuzzy graphs (IVP-(S, T)-fuzzy graphs) would be more efficient to deal
such problems.

4. The domain of IVP-(S, T)-fuzzy graphs is very vast, we can twist it towards FGs,
IVFGs, t-FGs, IFGs, IVI-(S, T)-fuzzy graphs and PFGs by assigning different
memberships values. Thus the qualitative characteristics of FGs, IVFGs, ¢-FGs,
IFGs, IVI-(S, T)-fuzzy graphs, PFGs are combined in a single IVP-(S, T')-fuzzy
graphs.

5. We present the most useful method along with an efficient algorithm to solve the
problems occurring in MADM through IVP-(S, T)-fuzzy graphs. In this regard,
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we provide a numerical example as an evidence which reflects that IVP-(S, T)-
fuzzy graphs is more efficient and is easy to apply.

This paper consists of five sections. In Sect. 2, we provide the necessary definitions and
terminologies which are useful in understanding the forthcoming sections. In Sect. 3,
we initiate the notion of interval-valued picture (S, T)-fuzzy graphs (IVP-(S, T)-
fuzzy graphs) followed by various operations like union, join, ring sum, complement,
cartesian product, direct product, lexicographic product etc to interval-valued picture
(S, T)-fuzzy graphs. Homomorphism and co-weak homomorphism of IVP-(S, T)-
fuzzy graphs are also discussed. Different types of IVP-(S, T)-fuzzy graphs such
as regular, total regular and constant IVP-(S, T)-fuzzy graphs are also introduced.
In Sect. 4, we provide the application of IVP-(S, T')-fuzzy graphs towards multi-
attribute decision making theory. We also provide a numerical example and algorithm
for convincing the practicality of our theoretical structure. In Sect. 5, we highlight the
worth, limitations and possible extensions of the work presented in this study.

2 Preliminaries

An interval number denoted by o is an interval expressed as 0 = [0, o 1], with
0 <o~ <ot <o and D[0, 1] is the collection of all interval-numbers. The interval
[o, o] is identified with the numbers o € [0, 1].

Now for any collection of interval numbers say g; = [o;, 0i+] e D[0,1]andi € I,
their supremum and infimum are

Inf(6;) = [/\a—, /\a+i|

iel iel

and

Sup(6;) = [\/ o, \/0+:| .

iel iel

Moreover, for any two interval numbers a1, 02 € D[0, 1], we have
(i) 61 <& iffo; <o, ando; < o5

(ii) 61 =6 iff o, =0, and o) = 05"

(iii) 01 < oy iff 61 < 0 and g1 # o

(iv) k6 = [ko~, ko] where k € [0, 1].

Here, (D[O, 1], <, Vv, A) is a complete lattice with 0 = [0,0] and 1 = [1, 1] are

the smallest and largest element, respectively. Similarly, an interval number fuzzy set
(i.e., Fon X) is the set F = {(s, [up-(s), up+(s)]) : s € X}, where up- and pp+
are two fuzzy subsets of s such that up- < up+, for all s € X. By stating urp =
[p-(s), up+(s)] we see that F = {(s, ur) : s € X}, where ur(s) : S — DIO, 1].

Definition 1 [49] A f-norm (s-norm) is the function A : [0, 1] x [0, 1] — [O, 1]
satisfying
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L A(s, 1) =5 (A(s,0) =)

. (A(s, 1) = (A, 9))

- (A, 1), u) = (A(s, (A2, u))
4. A(s,u) < A(s, w) where u < w

W N =

forall s, ¢, u, w € [0, 1].

If for all o € [0, 1] we have A(c, o) = o, then A is an idempotent #-norm (resp.,
s-norm). For idempotent -norm (resp., s-norm) A is the map A : D[0, 1] x D[0, 1] —
DI0, 1] defined by A(07, 02) = [A(o] , 0, ), A(of‘, a;')] is also idempotent and is
said to be an idempotent interval #-norm (resp., s-norm).

Definition2 [I]JAFS Pin T istheset P = {p,&5(p) : p € T}, where £5(p) : T —
[0, 1] denotes the membership degree of p to FS P.

Definition 3 [2] An IVFS P in T can represented as P = {p, &p(p) : p € T}, where
&p(p) : T — P([0, 1]) is a closed interval in [0, 1]. £5(p) is sub-interval of [0, 1]
and represents the membership degree of p.

Definition 4 [3] An IFS P in T is the collection P = {p,&5(p), ¥5(p) : p € T},
where&5(p) : T — [0, 1]and ¥ 5(p) : T — [0, 1] represents the membership degree
and non-membership degree of p, respectively such that0 < &5 (p) + ¥ 5(p) < 1 for
allpeT.

Definition 5 [4] An IVIFS on a non-empty set 7 is defined by Atanassov in the form
of

P={(p. Mp(p). Np(p) : p € T)
where Af/f;s(p), ]V;—,(p) are IVFSs on T such that
0 < SupMp(p) + SupNz(p) < 1

IVIFSs are represented by P = (M\;E (p), ]V;B (p)).

Definition 6 [5] A PFS P in T can be described as P = {p, &5(p), ¥5(p), {5(p)
peT}),whereés(p): T — [0,1], ¥p(p) : T — [0,1]and {5(p) : T — [0, 1]
represents the membership, neutral membership and non- membership degree of p,
respectively with 5 (p), ¥ p(p), ¢p(p) < 1, forall p e T

Definition 7 [50] An IVPFS on a non-empty set 7 is defined as
P ={(p, Mp(p). N3(p). O3 (p) : p € T}

where Mj(p), N3 (p) and Op(p) are IVFSs (i.e., M3(p) : T — D[0, 1], N5(p) :
T — D[0,1]and Op(p) : T — DI[0, 1]) on T such that

0 < SupMp(p) + SupN3(p) + SupOp(p) < 1

IVPFESs is represented by P = (M (p), N3(p), Op(p)).
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Definition 8 [51] The score function for any interval-valued picture fuzzy number
a={p" p"1.1q", q"1. Ir' .71 : 0 < p* +g" +r" < 1} is defined as

pl_ql_rl+pu_qu_
3

scor(a) =

Definition 9 [33] A FG G for any non-empty set V of verticesis givenby G = (V, E),
where V is fuzzy subset of V and E is a fuzzy relation (symmetric) on V, ie., V :
V> [0,1]and E : VXV — [0, 1]with E(p,q) = (V(p)NV(q)),forall p,q € E.

Definition 10 [24] AnIVFGonagraph G* = (V, E) canbedescribedas G = (V, E),
where V = [py,, py1isIVFSon V and E = [pg, pflisIVFSon E.

Definition 11 [52] An IFG on any graph G* = (V, E)is G = (V, E), where V =
(Yv,¢y)isalFSon V and E = (Yg, pg)isanIFSon E = V x V with jk € E

VE(. k) = min(yy (), Yv (k)
Pe(j, k) = max(¢v(j), ov(k))

Definition 12 [31] An interval-valued intuitionistic (S, T')-fuzzy graph on G* =
(V E) is an_ ordered pair (V, E), where V = (MV, NV) is an IVIFS on V and
= (PE, QE) is an IVIFS on E such that for all j. ke V, we have

Pp{j. k} < T{My (j). My (k)}
Qklj. k} = S{Nv(j), Ny (k)}
Definition 13 [33] A PFG on any graph G* = (V, E) is given by G = (V, E), where

V = (Yy,¢yv,ey)isaPFSonV and E = (Y, ¢r, ¢r)isaPFSon E =V x V
such that for each jk € E

VE(, k) = min(Yy (), Yv (k)
¢E(j. k) < min(py(j), ¢v (k)
ve(j, k) = max(ey (j), ev (k)

3 Interval-valued picture (S, T)-fuzzy graphs(IVP-(S, T)-fuzzy graphs)

In this section, we initiate the concepts of IVP-(S, T)-fuzzy graphs. Throughout, we
use the norms 7 (x, y) = (x1 A y1, x2 V y2) and S(x, y) = (x1 V y1, X2 A y2), unless
otherwise we specify.

Definition 14 An IVP-(S, T')-fuzzy graph on V is an ordered pair (A, B), where A =
(MA NA, OA) isanIVPFSon V and B = (PB, QB, RB) is an IVPFES on E such that
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forall m,n € V, we have

Pg{m,n} < T{Mu(m), Ma(n)}
Oplm,n} < T{Na(m), Na(n)}
Rp{m,n} > S{04(m), Os(n)}.

Example1 Let G* = (V, E), where V = {u,v} and E = {uv}. Then the graph
G = (A, B) defined on G* shown in Fig. I can be described as

u v u v u v
A= V7 5 )7 ( ) ’ ’
< ([0.4, 0.4] [0.2,0.4]" '[0.2,0.4] [0.3, 0.4]) ([0.1, 0.2] [0.3,0.3] )>

uv uv uv
B =(E, : ). (
< ([0.3,0.4]) ([0.3,0.3] [0.1,0.3]>>

Clearly, A and B are interval-valued picture fuzzy subsets of V.and E = V x V,
respectively. By using the norms 7' (x, y) = (x1 A y1,x2 V y2) and S(x, y) = (x1 V
V1, X2 A y2), we have

Pgim,n}y < T{Ma(m), Ma(n)}
[0.3,0.4] < T([0.4,0.4],[0.2,0.4))
[0.3,0.4] <[0.2,0.4]

Qplm,n} < T{Na(m), Na(n))
[0.3,0.3] < T([0.2,0.4],[0.3,0.4])
[0.3,0.4] <[0.2,0.4]

and

Rg{m,n} > S{Ox(m), Ox(n)}
[0.1,0.3] > §([0.1, 0.3], 0.3, 0.3])
[0.3,0.3] > [0.3,0.3].

Hence the graph in Fig. 1 is an IVP-(S, T')-fuzzy graph.

Definition 15 Let G} = (Vy, Ey) and G} = (V,, E3) be the underlying graphs of
two IVP-(S, T)-fuzzy graphs G| = (A1, By) and G2 = (A», By), respectively. Then

(v, [0.2,0.4],
[0.3,0.4],
[0.3,0.3])

(U, [0.4,0.4],

[0.2,0.4], (uv, [0.3,0.4], [0.3,0.3], [0.1, 0.31)
[0.1,0.3])

Fig. 1 IVP-(S, T')-fuzzy graph
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thelr umon G u G, is the ordered pair (A, B), where A = (AZ, ﬁ;;, 5;\) and
(PB QB, RB) are IVPFSson V = Vi U Vs and E = E| U Ej, respectively with

1. MA(s) = M, (s),if s € Vi and s ¢ Vo Ma(s) = Ma,(s),if s € Vaand s & V)
and Ma(s) = S(My, (s), Ma,(s)),if s € Vi N V5

2. Iﬂ(s) zjv:;?(s),ifs e Viands ¢ Vo JV;;(S) :m(s), ifs e Voands ¢ Vi
and N (s) = S(Na, (5), Nay(s)), if s € Vi N V3

3, 6}(5) _/OTI(S) ifs € Viands ¢ V2 0A(s) = Oa,(s).if s € Vaand s ¢ V)
and OA(s) = T(OAI(S) OAz(s)) ifseVin Vz

4. PB(st) = PBl(st) 1f st € E1 and st ¢ E; PB(st) = PBz(st) if st € E> and
st ¢ E1 Pg(st) = S(Ppg, (st), Pg,(s1)), if st € E; N Ey

5. ZZ}(SZ) = ag(st) if st fst e E1 and st ¢ E, @Tg(st) = Eg(st), if st € E> and
st ¢ Ey QB(St) = S(QBl (s1), QBZ(SZ)) ifst € E; N Ey

6. RB(st) = RBI(St) if st G Ej and st ¢ E> RB(st) = RBZ(St) if st € E, and
st ¢ E; RB(SZ‘) = T(RBI(SI) PBZ(S‘I)) if st € E1 N E>.

Proposition 1 The union of two IVP-(S, T)-fuzzy graphs G = (A1, By) and G, =
(A2, By) defined on G| = (V1, Ey) and G5 = (Va, E3) is an IVP-(S, T)-fuzzy graph.

Proof Let st € E1 N E». Then we have

(Pp, U Pg,)(st) = S(Pg, (s1), Pp,(s1))
< S(T(Ma,(s), Ma, (1)), T(Ma,(5), Ma, (1))
= T(S(M, (5), Ma,(5)), S(M, (1), M, (1))
= T((Ma, UMa)(s), (Ma, UMa) (1))
(05, U Q5 (s1) = S(Q, (51), 5, (s1))
< S(T(Na, (). Na, (1), T (N (5), N, (1))
= T(S(Na, (5), Nay(5)), S(Na, (1), Nay (1)
= T((Na, UN(s), (Na, UN())
(Rp, U Rp,)(st) = T (Rp, (s1), Rp, (s1))
> T(S(0a,(5), 0, (1)), S(O, (5), O, (1))
= S(T (O, (5). Oy (). T(O, (1), Oy (1))
= S((0a, U0m)(s), (04, UOL)(0)).

Similarly, if st € E| and st ¢ E; or st € E; and st ¢ Ey, then

(P, U Ppy)(st) < T((My, UMa,)(s), (Ma, UMa) (1))
(05, UQB)(s1) < T((Na, UN&)(s), (Na, UNa) (@)
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and
(Rp, URp,)(s1) > T((Ox, UOx)(s). (0, UOA)1))

O

Definition 16 The join of the two IVP-(S, T')-fuzzy graphs G| = (A1, B1) and G2 =
(Ay, By) over Gt = (V1, E1) andﬁj = (Va, Ey) is represented by G| + G2 is the
ordered pair (A, B), where A = (M4, Na, O4) and B = (Pp, Qp, Rp) are IVPFSs
onV=ViUV,and E = E{ U E; U E’ (where E’ consists of all the edges of V| and
V1), respectively satisfying
1. m(s) :m(s), ifseViands ¢ V;

m(s) = m(s), ifse Vyands ¢ Vi

and Ma(s) = S(Max, (s), Ma,(5)),if s € Vi N Vs
2. Na(s) —ﬁ;(s) ifseViands ¢ Vs

z’va(s) NAz(s) ifs € Vaands ¢V

and NA(S) = S(NAI(S) NAZ(S)) ifseVinNnv,
3. OA(s) = OAl(s), ifseViands ¢ V,

Oa(s) = Opy(s).ifs € Vaand s ¢ V)

and O (s) = T(On,(5), Oa,(5)).if s € Vi N V>
4. Ii@(st) = }:@(st), if st € E1 and st ¢ E»

Q;(st) = szgt), if st € E> and st ¢ Eq

Pg(st) = S(PBl (st), Pp,(st)),if st € E1 N Ey
5. QB(st) = le(vt) if st € E1 and st ¢ E»

QB(st) = ng(st) 1fst € E> and st ¢ E

QB(SI) = S(Q31 (s1), QBz(St)) ifst € EYNE
6. RB(st) = RB] (st) if st € E1 and st ¢ E»

RB(st) = RBz(st) if st € E; and st ¢ E

RB(st) - T(RBI (s1), PBz(st)) if st € Ey N E,
7. PB(st) - T(MAl(st) MA2 (s1))

Py(st) = T (N, (s1), Nay (51)

Pg(st) = S(OAl(st), OAz(st)), if st € E’.

Remark 1 If G| and G, are two IVP-(S, T')-fuzzy graphs, then G| + G is also an
IVP-(S, T')-fuzzy graph.

Definition 17 Let G = (V1, E) and G} = (V,, E3) be the underlying graphs of
two IVP-(S, T)-fuzzy graphs G = (Aj, By) and G2 = (A2, By), respectively. Then
thelr rlAg sum G1 @ G, is the ordered pair (A, B), where A = (M4, N4, O4) and
= (P, QB, RB) are IVPFSson V = Vi U Vs and E = E U Ej, respectively with
1. MA(S) = MAI(S) ifseViands ¢ V»
ATA(S) MAz(s) ifs € Vyands ¢V
and MA(s) = S(MAl(s) MAz(s)) ifseVinNnWw,
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2. Na(s) —YV]T(S) ifseViands ¢ Vs
ﬁ/}(s) NAz(s) ifs € Vaands ¢ V
and NA(S) = S(NAI(S) NAZ(S)) ifseVinNnv,
3. OA(S) = OAI(S), ifseViands ¢ V»
OA(s) = Op,(s).if s € Voand s ¢ V)
and 04 (s) = T (O, (), Oy (), if s € Vi N Vs
4. &;(st) = Ijég)(st), if st € E1 and st ¢ E»
Pg(st) = Pp,(st),if st € E> and st ¢ E|
PB(SZ‘) = 0 ifst e E{NE>
5. QB(st) = le(st) if st € £ and st ¢ E»

QB(st) = ng(st) if st € E; and st ¢ E
QB(st) = 0 ifste EyNE;

6. Rg(st) = RB] (st) if st € E1 and st ¢ E»
Ijg(st) = RBz(st), if st € E; and st ¢ E
Rp(st) =0,if st € E; N E>.

Remark 2 1f G| and G, are two IVP-(S, T')-fuzzy graphs, then G| @ G is also an
IVP-(S, T')-fuzzy graph.

Deﬁnltlon18 Let G = (A,B) be an IVP-(S, T) fuzzy graph, where A =
(MA,NA, oA) = (M, M1, [NA,N+] [0,,0%]) isan IVPFS on V and B =
(Pg, 0, Rp) = ([Py, PJ], Q5. 01, 1QF. QB]) is an IVPFS on E. Then the
complement of G is G = (A, B), where A = A and for B we have

P_l;(m, n) =0,if P > 0and Py (m,n) =min (M, (m), M (n)), otherwise
ﬁ;(m, n) = 0,if Pj > 0and P4 (m,n) = min (M} (m), M} (n)), otherwise
Q_E (m,n) =0,if Q5 > 0and Q(m,n) =min (N, (m), N, (n)), otherwise
éjg(m, n) = 0,if Q3 > 0and Q(m, n) = min (N (m), N (n)), otherwise
R_E(m, n) =0,if Ry > 0and Rz (m,n) =min (0, (m), O, (n)), otherwise
R_g(m, n) = 0,if R} > 0 and R} (m, n) = min (O} (m), O (n)), otherwise

forallm,n e V.

Example2 Let G* = (V, E), where V = {u, v, w, x} and E = {uv, vw, uw, wx}.

An IVP-(S, T)-fuzzy graph G = (A, B) defined on G* shown in Fig.2 is described
as

A <V < u v w X )
“\ 7\ [0.3,0.5]° [0.1,0.4]" [0.2,0.3] [0.2,0.4] )’

< u v w X >
[0.4,0.6] [0.4,0.7]’ [0.2,0.4]" [0.3,0.5])°

( u v w x )
[0.1,0.3]° [0.3,0.2] [0.3,0.5]  [0.2,0.3]

B_lE uv vw uw wx
~\ 7\[0.3,0.4] [0.2,0.4] [0.3,0.4] ' [0.2,0.3] )’
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(u, [0.3,0.5],
[0.4,0.6),

[0.1, 0.3]) J

(w, [0.2,0.3],
[0.2,0.4],
[0.3,0.5])

(uw, 0.3, 0.4], 0.4, 0.61, [0.1, 0.21)

(uv, [0.3,0.4],[0.4,0.4],10.1,0.3])
(19'0 ‘T°0] “1T°0 ‘7’0 “L€'0 ‘T°0l "XM)

(v, [0.1,0.4],
[0.4,0.7],
[0.2,0.3])

(x, [0.2,0.4],
[0.3,0.5],

(0.2, 0.3])

Fig.2 IVP-(S, T)-fuzzy graph

(u, [0.3,0.5],
[0.4,0.6],
[0.1,0.3])

(w, [0.2,0.3],
[0.2,0.4],
[0.3,0.5])

(v,[0.1,0.4],
[0.4,0.7],
[0.2,03])

(x, [0.2,04],
[0.3,0.5],
[0.2,0.3])

(vx, [0.1,0.4], [0.3, 0.5, [0.2, 0.21)

Fig.3 Complement of IVP-(S, T')-fuzzy graph
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uv vw uw wx
[0.4,0.4]" [0.3,0.5]" [0.4,0.6] [0.2,0.2] )’

< uv Vw uw wx )>
[0.1,0.3]° [0.2,0.7] [0.1,0.2]  [0.1, 0.6]

The complement of G denoted by G = (A, B) is shown in Fig. 3 and is verified as

- u v w X
A = V, ) ) ) ’
< ([0.3, 0.5] [0.1,0.4] [0.2,0.3] [0.2, 0.4])

< u v w X )
[0.4,0.6] [0.4,0.7]’ [0.2,0.4]" [0.3,0.5])°

< u v w X >>
[0.1,0.3]" [0.3,0.2] [0.3,0.5]  [0.2, 0.3]

- ux VX
B = E7 ) )
< ([0.2, 0.4] [0.1, O.4]>

< ux vx > ux vX )
[0.3,0.5]° [0.3,0.5]/ \[0.1,0.3] [0.2,0.2]

Clearly, G is an IVP-(S, T)-fuzzy graph.

Theorem 1 The complement of an IVP-(S, T)-fuzzy graph is an IVP-(S, T)-fuzzy
graph.

Proof Straightforward. O

Definition 19 Let G = (V1, E1) and G5 = (Va, E3) be the underlying graphs of
two IVP-(S, T)-fuzzy graphs G| = (A1, By) and G> = (A», B»), respectively. Then
their cartesian product G1 x G, is the ordered pair (A, B), where A = (m, ]V;, 5;‘)
and B = (PB QB, RB) are IVPFSs in V. = Vi x Vo, and E = {(s,5)(s, ) :
s € Vi,st € E2} U{(s1,)(t1, 1) 1 s € Vi, 511 € Eq, sotr € Ej}, respectively
satisfying

1.
Ma(s1,82) = T(Ma(s1), Ma(52)), Na(s1, 52)

= T(Na(s1). Na(s2), OA(s, 52)
= S(Na(s1), Na(s2)

for all (s, s2) € Vi x V»
2.

Ps((s,52), (5, 12)) = T(Ma, (s), Ppy(s212))
05((s.2), (5.12)) = T(Ma, (s), 5, (5212))
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and

Rp((s,52), (5, 12)) = S(Ma, (5), Rp,(s212))

where s € Vi, 52t € Ep
3.

Pg((s1,u), (11, u)) = T(Pp, (s111), Pay (1))
05 ((s1, 1), (t1,u)) = T(Qp, (s111), Qa, ()

and

R((s1,u), (t1, 1)) = S(Rp, (s11), Ra, (1))
where u € Vo, s1t; € Ej.

Remark 3 1If G| and G, are two IVP-(S, T')-fuzzy graphs, then G| x G, is also an
IVP-(S, T')-fuzzy graph.

Definition 20 Let G} = (Vi, E1) and G5 = (V», E») be the underlying graphs of two
IVP-(S, T)-fuzzy graphs G| = (A1, B1) and G, = (A2, B>), respectlvely Then their
direct product Gl % G, is the ordered pair (A, B), where A = (MA, NA, OA) and
B = (PB QB, RB) are IVPFSson V = Vi U V, and E = {(s1, s2)(t1, 1p) : s1, 1 €
E1, saty € Es}, respectively satisfying
L. Ma(s1,52) =T (Ma(s1), Ma(s2))

NaGs1.52) = T(Np(s1). Na(s2))

0a(s1,52) = S(0a(s1), Oa(s52))

\yllere (5s1,82) € Vi x Vo N N
2. PB((Sl, 52), (11, 12)) = T (P, (s111), Pp, ($212))

QB((Sl,Sz) (t1, 1)) = T(QBI(Slfl) QBZ(Szfz))

Rp((s1,2), (11, 1)) = S(R31 (s111), RBZ(Sztz))
where st € E1 and sptr € E».

Proposition2 Let G = (V1, E1) and G4 = (V,, E2) be the underlying graphs of
two IVP-(S, T)-fuzzy graphs G1 = (A1, B1) and G2 = (A3, By), respectively., then
G1 x Gy is also an IVP-(S, T)-fuzzy graph.

Proof Let sit; € E| and s>ty € E;. Then, we have

(Pp, * Pg,)((s1,52), (t1, 1)) = T (Pp, (s111), Pp,(5212))
< T(T My, (51), Ma, (1)), T (M, (52). M, (12))
= T(T(Ma, (51), May(s2)), T (M, (11), M, (12))
= T((Ma, x Ma,)(s1.52), (M4, x Ma))(11,12))
(05, * 05,)((51,52). (11, 12)) = T(Qp, (s111). O, (s212))
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< T(T(Na, (s1). Na, (1)), T (N, (s2), Na, (12))

= T(T(Na, (51), Nay (52)). T(N, (11), Ny (12))

= T((Na, x Nay)(s1,52), (N, x Nay)(11,12))
(Rp, * Rp)((s1.52), (11, 12)) = S(Rp, (s111). R, (5212))

> S(S(0,(51), O, (1)), S(O,(52), O, (12))

= S(S(0x,(51). Oa,(52)), S(Ox, (11), O, (12))

= S((04, x Oa))(51,52). (O, x O)(11, 12)).

This completes the proof. O

Definition 21 Let G} = (Vi, E1) and G5 = (V», E») be the underlying graphs of two
IVP-(S, T)-fuzzy graphs G| = (A1, B1) and G = (A2, By), respectlvely Then thelr
lexicographig P@UCL G - G, is the ordered pair (A, B), where A = (M A, N A, 0 A)
and B = (P, Op, Rg) are IVPFson V = V| x Vo and E = {(s1, s2)(t1, 12) :
Vi, s2t0 € Ex} U {(s1, s2)(t1, 1) : 51,11 € E1, s2t2 € E3}, respectively satisfying

L. Mas1,2) = T (Ma (s1), May (52)
NaGst,52) = TN, (51), Nay (52))

Oa(s1,52) = S(OAl(Sl) 0A2(52))
where (s, s2) € Vi x V»

2. Pp((s,52), (5. 12)) = T (M, (51), Py (5202))
QB((S $2), (5,1)) = T(NAl(Sl) QBZ(Sztz))

R((s,52), (5. 1)) = S(RAl(Sl) RBZ(Sztz))
where s € Vi, spt0 € Ep

3. Pp((s1,2), (01, 12)) = T(Pp, (s111). Ppy(5212))
05 ((s1.52), (11.12)) = T(Qp,(s111), O, ($212))

Rp((s1,2), (11, 1)) = S(RBl(Sltl) RBZ(Sztz))
where st € E1, 52t € E».

Proposition3 Let GT = (V1, E1) and G5 = (Va, E2) be the underlying graphs of
two IVP-(S, T)-fuzzy graphs G1 = (A, B1) and G, = (Az, Bo), respectively. Then
G1 - Gy is also an IVP-(S, T)-fuzzy graph.

Proof Lets € Vi, s2tp € E». Then, we have

(Pg, - Pp)((5,52). (5, 1)) = T (M, (5), Pp, (522))
< T(My, (). T(T (May(s2). T(Mp, (12))
= T(T(Ma,(5). Ma,(52)), T(Ma, (5), M, (12)))
= T((Ma,. Ma)) (s, 52), (Ma,, Ma,)(s. 12))
(08, - 08,)((5. 52), (5.12)) = T(Na, (5), O, (5212))
< T(Na, (5), T(T(Nay (s2), T (N, (12))
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= T(T(Nx,(5), Nay(52)), T(Na, (5), Na, (12)))

= T((Na,. Nap) (s, 52). (N, Nay) (s, 12))
(Rp, - R5,)((5,52). (5.12)) = S(Oa, (5), Rp, (5212))

> 5(04,(5), S(S(O,(52), S(O,(12))

= S(S(04,(5), O, (52)). S(Ox,(5). O, (12)))

= S((04,. 01,)(5,52). (O, Ox,)(s. 12)).

If 51 € E1, sotp € E», then we have

(Pp, - Pp)((s1. 52), (11, 1)) = T(Pg, (s111), Pp,(5212))
< T(T(Ma, (s1). Ma, (1)), T(Mp, (52), Ma, (1))
= T(T(Mx, (51), Ma, (s2)). T (M4, (52). M1, (12)))
= T((Ma,. M) (51, 52). (May. M) (11, 12))
(05, - 05,)((s1,52). (11, 1)) = T(Qp, (s111), Op, (5212))
< T(T(Na, (s1). Na, (1), T(Na, (s2), N, (12)))
= T(T(Na, (51), Na, (52)). T (N, (52), Ny (12))
= T((Na,. Nay)(s1.52), (N Nay) (11, 12))
(Rp, - Rg,)((51.52). (11, 12)) = S(Rp, (s111). R, (5212))
> S(S(04, (51), O, (1)), S(Oa,(52), O, (12))
= S(S(0x,(51). Ox,(52)), S(O1,(52), O, (12)))
= S((04,. O1,) (51, 52), (O, O)(11, 12)).

]

Definition 22 Let G} = (Vi, E1) and G} = (V2, E») be the underlying graphs of two
IVP-(S, T)-fuzzy graphs G| = (A1, By) and G> = (A3, B»), respectively. Then

1. a homomorphism f is a mapping f : V1 — V2 with
(@) M, (s1) < May(f (s1)), Nay(s1) < Nay(f (s1)), O, (1) = Oy (f(s1), for
all 51 € Vi
(b) PB] (s152) = PBz(f(sl))(f(SZ)) 05,(5152) < 0, (f(s))(f(52)),
Rp, (s152) = Rp, (f(s1))(f (52)). for all 515, € Ey
2. abijective homomorphism f : G| — G is called a weak isomorphism, if
Mo, (51) = May (f (s0), Nay (s1) = Nay (£ (51), O (51) = Oy (f (s1)), for all
s1 €V
3. co-weak isomorphism is abijecti\wmomorpm/\sg f Gy — Go,if
Pp,(s152) = P, (f(s)(f(52)). O, (s152) = O, (f (s0))(f (52)),
Rp, (s152) = Rp, (f(s1))(f (52)), for all s152 € E}.
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A bijective homomorphism g : G; — G is called an isomorphism, if it satisfies
conditions (2&3).

3.1 Regular IVP-(S, T)-fuzzy graphs

Definition 23 The degree of vertex s of any IVP-(S, T)-fuzzy graph is described
as deg(s) = (degm(s),degn(s),dego(s)), where degy(s) = 3 . Pp(st),
degn(s) = . Qp(st) and dego(s) = > ., Rp(st). If degu(vi) = ki,
degn(vj) = kj and degp(v;) = k;, for all v;, v;, v;. Then such a graph is called
regular IVP-(S, T')-fuzzy graph of degree (k;, k;, k;).

Definition 24 The closed neighborhood degree of vertex s of any IVP-(S, T)-fuzzy
graph G = (A, B) is defined by deg[s] = (du[s], dnls], dols]), where

duls] = degm(s) + Ma(s)

dnls] =degn(s) + Na(s)

and

dols] =dego(s) + 0a(s).

If in G, every vertex has same closed neighborhood degree i.e., m = (m’f, m’z‘, m}‘),
then such graph is a totally regular IVP-(S, T')-fuzzy graph with degree m.

Proposition4 Let G| and Gy be two IVP-(S, T)-fuzzy graphs. If G| is isomorphic
to Gy and G is regular(totally regular) IVP-(S, T)-fuzzy graph, then G is also
regular(totally regular).

Proof For both the cases, let G is isomorphic G,. For the first case, let G is an
n = (ny, na, n3)-regular IVP-(S, T)-fuzzy graph. Since

degls] = (degm(s),degn(s), dego(s))

S Ao, X Grlon. Y oo
s#y s#EY SEY

= (n1, n2, n3)

we have

ny = degu(s) = Pg(sy) = Pp(g(s)g(y)) = degug(s)
ny =degn(s) = Qp(sy) = Qp(g(s)g(y)) =degng(s)
n3 =dego(s) = Rp(sy) = Rp(g(s)g(y)) = degog(s).
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Hence, G, is an n-regular IVP-(S, T)-fuzzy graph.
Now for second case let G| is an m = (m1, my, m3) totally regular IVP-(S, T)-
fuzzy graph. We defined earlier that deg[s] = (dy[s], dn(s], do[s]) where dy[s] =

degp(s) + My(s), dn[s] = degn(s) + Na(s) and do[s] = dego(s) + Oa(s).
Therefore,

mi = degu(s) + Ma(s) = degug(s) + Ma(g(9)) = dulg(s)]

my = degn(s) + Na(s) = degng(s) + Na(g(s)) = dnlg(s)]

m3 = dego(s) + 0a(s) = degog(s) + 0a(g(s)) =dolg(s)].

It implies that G, is an m-totally regular IVP-(S, T')-fuzzy graph. O
Definition 25 For any IVP-(S, T)-fuzzy graph G = (A, B)
1. Order of G is O(G) = (O (G), On(G), Op(G)), where

Om(G) =) Ma(v)

veV

ON(G) = Na(v)

veV

and

00(G) =) 0a(v).

veV
2. Size of G is S(G) = (Su(G), Sn(G), So(G)), where
Su(G) =) Pp(uv)
u#v

SN(G) =) Qp(uv)
uF#v

and
S0(G) =) Rp(uv).
uFv

Definition 26 An IVP-(S, T')-fuzzy graph G = (A, B) on G* = (V, E) is called
constant IVP-(S, T)-fuzzy graph of degree (k;, k;, k), if for all v;, v;, vx € V, we
have dy (v;) = ki, dn(vj) = kj and do (vi) = ky.

Definition 27 The total degree of a vertex v € V for any IVP-(S, T)- fuzzy graph
G=(A,B)onG* = (V,E)is

1d(v) = [dy (v) + Ma(v), dy (V) + Na(v), do(v) + 04 (V)]
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Remark 4 We say that G is an IVP-(S, T')-fuzzy graph of total degree (r1, r2, r3), if
total degree of all vertices is same i.e., (r1, 12, 13).

Theorem2 Let G* = (V, E) be the underlyzng graph of an IVP-(S, T)-fuzzy graph
= (A,B) and A = (M A, N A, OA) be any constant function. Then the below
statements are equivalent.

1. G is a regular IVP-(S, T)-fuzzy graph

2. G is totally regular IVP-(S, T)-fuzzy graph.

Proovaet A= (1\7:;, IV:;, 5j4) be any constant function, where M;\ =c, m =)
and O4 = c3, foralls e V.

(1) = (2) : Assume that G is an n-regular IVP-(S, T')-fuzzy graph, then

(degy (s) = ny, (degn(s) = ny, and (dego (s) = ny, foralls € V.

So,

dyls] = degm(s) + Ma(s) = ny +ci,
dyls] = degn(s) + Na(s) =n, + 2

and

dols] =dego(s) + Oa(s) =n, +c3

for all s € V. Thus G is totally regular IVP-(S, T')-fuzzy graph.
(2) = (1) : Let G is a totally regular IVP-(S, T)-fuzzy graph, then dy[s] = ki,
dnls] = ka, dols] = k3 or decy (s) + Ma(s) = ki, degn(s) + Na(s) = ka,

dego(s)+04(s) = ksordegy(s)+ci = ki, degn(s)+ca = ka,dego(s)+c3 = ks,
foralls € V,ordegpy(s) = ki —c1,degn(s) =ky —ca,dego(s) = k3 — c3, for all
s € V. Thus, G is aregular IVP-(S, T')-fuzzy graph. O

Proposmon 5 If an IVP-(S, T)-fuzzy graph G is both the regular and totally regular,
then A = (MA, NA, OA) is a constant function.

Proof Let G be a regular and totally regular IVP-(S, T)-fuzzy graph. Then

degy(s) =ny,degn(s) =npy and dego(s) = n3, forall s € Vq,
dM[S] = kl, dN[S] = kz and do[s] = k3 forall s € Vl.

It follows that

dyls] = ki & degy(s) + Ma(s) = ky
& nj +m =k
& 1@\(?) =k —ny,
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for all s seV. Snmlarly, Na(s) = ky—npand O4(s) = k3 —ns3, foralls € V. Hence,
(M A, N A, 0, A) is a constant function. O

Remark5 1. if n is odd, G is regular iff B is a constant function.
. 1f n is even, G is regular iff PB(U, 1) = PB(v,+1v,+2) QB(v, ;) =
QB(U,+1U,+2) and RB(U, ;) = RB(U,_HUH_Q) 1 <i < n,wherei + 1 and
i 4+ 2 are in module 7.

4 MADM using IVP-(S, T)-fuzzy graphs

Among the other generalizations of fuzzy sets, IVPFSs is the best and become an
efficient tool to deal with uncertainty. In this section, we deal MADM problem through
interval-valued picture (S, T')-fuzzy graph. For illustration we introduce an algorithm
to solve MADM problem in the interval-valued picture fuzzy environment.

LetA ={Ay, Ay, ..., A} be the set of alternatives and C = {Cy, C», ..., C,,} be the set
of attributes. w = {wy, wo, ..., w, } be aweighted vector of attribute C;, i = 1,2, ..., n,
where w; > Ofori =1,2,..,nand ) /_, w; = 1.

Let M = (bj)mxn = (P Dhj k)T )mxn be an interval-valued picture fuzzy decision
matrix, where py;, gx; and ri; denote positive membership, negative membership and
neutral membership values of alternatives A; to attributes C; given by the decision
maker. Here positive membership value represents the extent to which any alternative
A j satisfy attribute C; given by decision maker, negative membership value represents
the extent to which any alternative A; does not fulfill attribute C; given by decision
maker and neutral membership value represents the extent to which any alternative
A j does not satisfy attribute C;, given by decision maker, where py;, gij, rij € [0, 1]
and 0 < pgj +qxj +rij < 1.

The interval-valued picture (S, T)-fuzzy relation between two attributes C; =
(Ma,. Na,. Ox) = ([p, P Lal g1 Il rfD) and C; = (M4 Naj, Oa)) =
(1P} P41 Ig) a1 I}, ri) is defined as ¥ij = (P, O, . Rp,)). where

Pg, < T{My,. My}

QB,,- < T{Na;, Na;}
Rp, = S{04,, 04,}.

Foralli, j = 1,2, ..., m. Otherwise ¥;; = ([0, 0], [0, O], [1, 1D).
Now we provide an algorithm to solve a MADM problem using IVP-(S, T')-fuzzy
graphs. It consist of following steps.

1. Determine the impact coefficient between attributes C; and C; using

1 l
o (pl/+p?/)+2_(qu+ql/)+2 (rij—l—rl"j')
ij =
6
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where ¥;; = ([P, i Pi il [% e [rl T /]) is an interval-valued picture fuzzy
edge between vertices C; and Cj, fori, j = 1,2, ..., m. We have v;; = 1 and
Yij = Yji fori = j.

2. Find the attribute of the alternative Ay by

Ak = 1/3(Pr. Gk, 1) = 1/3(Z7_w; (B[ hijbki))

where by = ([pi,-, Piils [q,la., g1, [r,ld, ri]) is an interval-valued picture fuzzy
number.
3. Find the score function of the alternative Ay = [p,l{, il [q,i, q; 1, [r,l(, i1 by

Pl rk+pk K — Tk

3

scor(Ag) =

4. Rank all the alternatives Ay depending upon the values of their score function and
select the best alternative.
5. End

4.1 Numerical example

A famous university has three campuses (i.e., E1, E2, E3) in its major cities. At the
end of every year the university has to select a “student of year” based on the overall
performance of the student throughout the year. For this, each campus first shortlist the
name of their best student. Then, from these three students the group of judges (decision
makers) have to decide the best one. All the selected students are highly competent.
Firstly, the overall performance of the student is expressed by the Judges in term of an
1nterva1 valued plcture fuzzy number (M A, N A, 0, A) = ([p P ] [q q 410, i,
where M, A = [p, p*]represents the positive attitude of student, N, A = g, g1 shows
negative attitude of the student and 0 A= [rl, r'] is for the neutral attitude of student
in campus.

As the judges (decision makers) have to select the best student for the “student of
year” award, so three measurable alternatives are given below.

1. Campus one student A
2. Campus two student A;
3. Campus three student A3

The panel of judges(decision makers) makes decision on the basis of the following
three attributes:

1. Academic record of the student C;
2. Behavior of the student in campus C»
3. Performance in extra-curricular activities C3

The weight vector of the criteriais givenby w = (w1, wz, w3)” = (0.20, 0.25,0.55)7.
On the basis of three attributes the overall performance of alternatives is measured by
judges and they give their results in the form of interval-valued picture fuzzy infor-
mation. The interval-valued picture fuzzy decision matrix M is shown in Fig.4 below
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([0.2.0.4].[0.2,0.5],[0.2.0.7)) ~ ([0.1.0.4].[0.3.0.7].[0.3.0.8])  ([0.2.0.3].[0.1.0.7].[0.2.0.6])
([0.1,0.4], [0.3,0.6],[0.3,0.7])  ([0.1,0.5],[0.2,0.5],[0.2,0.4]) ([0.3.0.5],[0.2.0.7],[0.1,0.5])
([0.3,0.4],0.1,0.3],[0.2,0.5]) ~ ([0.2,0.5],[0.1,0.6].[0.3,0.4]) ([0.1,0.4], [0.5,0.7], [0.2,0.4])

Fig.4 Interval-valued picture fuzzy decision matrix

Academic
record of the
student Cy

Behavior of

the student (C,C5, [0.1,0.2], [0.2,0.3], [0.1,0.7])
in campus

(€2)

extracurricul

ar activities

(%))

Fig.5 Graph relationship between criteria

The relationship among the said attributes can be described by using a complete
graph G = (V, E), where V is the set of edges representing the attributes and E is
the set of edges representing the relationships among the attributes.

E = (Y12, Y23, ¥13), where yio = ([0.2,0.4],[0.4,0.5],{0.2,0.8]), ¥23 =
([0.1,0.2], [0.2,0.3], [0.1, 0.7]) and 13 = ([0.2, 0.3],[0.3, 0.5], [0.2, 0.4]).

The corresponding IVP-(S, T')-fuzzy graph is shown in Fig.5.

We use the algorithm defined above to find out the best alternative that is the winner
of the year award.

The impact coefficient between the attributes is given below.

02+04)+2-(04+05+2-(0.2+4+0.8)

Ao = 3 =045
_ 0.1402)4+2-(02403)4+2—-(0.140.7) _05
= G =0.

02403)4+2—(034+05+2—-02404)
13 = 6 =0.516
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Now we find overall criterion of alternatives givenby Ay = 1/ 3(2)13.:1 w; (E?Zlki ibki)).
So, for k = 1, we have

Ay = 1/3(2)_w; (B ijb1i)
= 1/3(wy x (A1b11 + A21b12 + A31b13) + w2 X (A2b11 + A2ob12 + A32b13)
+ w3 X (A3b11 + Aazbia + A33D13))
= 1/3(0.20 x ([0.2,0.4], [0.2,0.5],[0.2, 0.7] 4+ (0.45 x [0.1, 0.4],[0.3, 0.7],
[0.3,0.8]) + (0.516 x [0.2,0.3], [0.1,0.7]. [0.2, 0.6])) + 0.25 x ((0.45
x [0.2,0.4],[0.2,0.5],[0.2,0.7] +[0.1, 0.4], [0.3, 0.7], [0.3, 0.8] + (0.5
x [0.2, 0.3], [0.1, 0.7], [0.2, 0.6]))) 4+ 0.55 x ((0.516 x [0.2,0.4],[0.2, 0.5],
[0.2,0.7]) + (0.5 x [0.1, 0.4], [0.3, 0.7], [0.3, 0.8]) + [0.2, 0.3], [0.1, 0.7],
[0.2,0.6]))
= 1/3(0.20 x ([0.3482, 0.7348], [0.3866, 1.1762], [0.4382, 1.3696]) + 0.25
x ([0.29, 0.73], [0.44, 1.275], [0.49, 1.415]) + 0.55 x ([0.3532, 0.7064],
[0.352, 1.308], [0.4532, 1.3612]))
= 1/3([0.06964, 0.14696], [0.07732, 0.23524], [0.08764, 0.27392]
+[0.0725, 0.1825], [0.11, 0.31875], [0.1225, 0.35375] + [0.19426, 0.38852],
[0.1936, 0.7194], [0.24926, 0.74866])
= 1/3([0.3364, 0.71798], [0.38092, 1.27339], [0.4594, 1.37633])
A; =10.1121,0.2393], [0.1269, 0.4244], [0.1531, 0.4587].

Fork =2

Ay = 1/3(E]_w; (B Aijbai))
= 1/3(w1 x (A11b21 + 221022 + A31b23) + w2 X (A12ba1 + Aoob2o + A32023)
+ w3 x (A13b21 + A23b2a + A33b23))
=1/3(0.20 x ([0.1, 0.4], [0.3, 0.6], [0.3,0.7] + (0.45 x [0.1, 0.5], [0.2, 0.5],
[0.2,0.4]) + (0.516 x [0.3,0.5],[0.2,0.7], [0.1, 0.5])) + 0.25 x ((0.45
x [0.1, 0.4],[0.3, 0.6], [0.3,0.7]) + [0.1, 0.5], [0.2, 0.5], [0.2, 0.4] + (0.5
x [0.3, 0.5], [0.2, 0.7], [0.1, 0.5])) + 0.55 x ((0.516 x [0.1,0.4], [0.3, 0.6],
[0.3,0.7]) + (0.5 x [0.1, 0.5],[0.2, 0.5],[0.2,0.4]) + [0.3, 0.5],
[0.2,0.7], [0.1, 0.5]))
= 1/3(0.20 x ([0.2998, 1.399], [0.4932, 1.1862], [0.4416, 1.318]) 4+ 0.25
x ([0.295, 0.93], [0.435, 1.12], [0.385, 0.965]) + 0.55 x ([0.4016, 0.9564],
[0.4548, 1.2596], [0.3548, 1.2596]))
= 1/3([0.0598, 0.2798], [0.09864, 0.23724], [0.08832, 0.22636]
+ [0.07375, 0.2325], [0.10875, 0.28], [0.09625, 0.24125] + [0.22088, 0.52602],
[0.25014, 0.69278], [0.19514, 0.58366])
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= 1/3([0.35443, 1.03832], [0.45753, 1.21002], [0.35271, 1.05127])
Ay =10.1181, 0.3461], [0.1525, 0.4033], [0.1175, 0.3504].

Fork =3

Az = 1/3(27_w;(E{L2ijb31))
= 1/3(w1 x (A11b31 + A21b32 + A31533) + w2 X (M12b31 + A2ab32 + A32b33)
+ w3 X (A13b31 + Aazb3a + A33D33))
= 1/3(0.20 x ([0.3,0.4], [0.1, 0.3],[0.2, 0.5] 4+ (0.45 x [0.2, 0.5], [0.1, 0.6],
[0.3,0.4]) + (0.516 x 0.1, 0.4], [0.5, 0.7], [0.2, 0.4])) + 0.25 x ((0.45
x [0.3,0.4],[0.1,0.3],[0.2,0.5]) +[0.2, 0.5], [0.1, 0.6], [0.3, 0.4] + (0.5
» [0.1,0.4], [0.5,0.7], [0.2, 0.4]))) + 0.55 x ((0.516 x [0.3, 0.4], [0.1, 0.3],
[0.2,0.5]) + (0.5 x [0.2,0.5],[0.1, 0.6],[0.3,0.4]) + [0.1, 0.4], [0.5, 0.7],
[0.2,0.4]))
= 1/3(0.20 x ([0.4416, 0.8314], [0.4030, 0.9312], [0.4385, 0.8864]) + 0.25
x ([0.3850, 0.8800], [0.3950, 1.0850], [0.4900, 0.8250]) + 0.55
x ([0.3548, 0.8564], [0.6016, 1.1548], [0.4532, 0.85801))
= 1/3([0.08832, 0.16628], [0.0806, 0.18624], [0.0877, 0.17728]+
[0.09625, 0.2200], [0.09875, 0.27125], [0.1225, 0.20625] + [0.19514, 0.47102],
[0.33088, 0.63514], [0.24926, 0.4719])
= 1/3([0.37459, 0.8573], [0.51023, 1.09263], [0.45946, 0.85543])
Az =[0.1248, 0.2857], [0.17007, 0.3642], [0.1531, 0.28521].

The score value of each alternative by using the score function is given by

sco(Ap) = —0.2705
sco(Ap) = —0.1865
sco(A3) = —0.1873

Clearly, we have
sco(Ap) > sco(A3) > sco(Ay).

Hence, the student of the year award goes to the candidate from campus E.

5 Conclusion
In different fields of sciences fuzzy graph is proven an effective tool to model any

uncertain real world problem occur in decision making theory, computer science, pat-
tern recognition etc. Many generalizations of fuzzy graphs have been introduced to deal
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with the uncertain real life problems. In our study, we have provided the generalization
of PFGs termed IVP-(S, T')-fuzzy graphs. Initially, we have defined and applied differ-
ent operations which include complement and ring sum to IVP-(S, T)-fuzzy graphs.
Homomorphism and co-weak homomorphism of IVP-(S, T')-fuzzy graphs have also
defined. We introduced different types of IVP-(S, T')-fuzzy graphs like regular, total
regular and constant IVP-(S, T')-fuzzy graphs. We have explored through application
that to model the uncertain real world problems IVP-(S, T')-fuzzy graphs is the best
among the other existing generalized FGs. As an evidences, we have provided the
solution of the problem related to MADM. In addition, we have also provided an algo-
rithm to handle MADM problems using IVP-(S, T')-fuzzy graphs. In this regard, we
have provided the analytic and numerical solutions of the problem occur in MADM
by using IVP-(S, T)-fuzzy graphs. During this, we have observed that our analy-
sis is more perfect and efficient than any other solution of such type of problem in
MADM. Moreover, the domain of IVP-(S, T')-fuzzy graphs is very vast, one can twist
it towards FGs, IVFGs, t-FGs, IFGs, IVI-(S, T')-fuzzy graphs and PFGs by giving dif-
ferent memberships values. Thus, the qualitative characteristics of FGs, IVFGs, t-FGs,
IFGs, IVI-(S, T)-fuzzy graphs and PFGs can be viewed in a single IVP-(S, T')-fuzzy
graphs. One could extend this study towards balanced picture fuzzy graphs, incidence
picture fuzzy graphs, bipolar picture fuzzy graphs etc.
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