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Abstract

In this paper, we present low-density periodical burst correcting linear codes. Existence
of such codes are studied. We also provide decoding error probability of such codes.
Weight distribution and Plotkin’s type bound for the set of low-density periodical burst
errors are also presented. Further, we present weight distribution and Plotkin’s type
bound for some other periodical bursts which will be detected by such codes.
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1 Introduction

To protect information in memory system from noise [2], or to protect quantum infor-
mation from errors due to decoherence and other quantum noise [14], or to analysis
biological information about the DNA molecule [12], error control codes are used.
Choice of error control code depends on what type of errors are required to be dealt
with and what type of communication channels are being used.

In 1994, Lange [13] observed that the disturbances in some communication channels
(e.g. power lines, car electric, compact discs, etc) are not only clustered but also
periodical in nature. Also, Schmitz et al. [19] found that mixing between the two
heterodyne frequencies in lithographic stages for semiconductor fabrication results
in periodical errors superimposed on the desired displacement data. Such type of
disturbances is called periodical burst error and defined as follows.
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Definition 1 [5] An s-periodical burst of length b is an n-tuple whose nonzero com-
ponents are confined to distinct sets of b consecutive positions such that the sets are
separated by s positions and first component of each set is nonzero.

Examples of 3-periodical bursts of length 4 in a 14-tuple are 1010 000 1100 000,
01000 000 1001 00, 00 1001 000 1000 0, etc.

In [13], detection of periodical bursts using cyclic code is studied. For correction
of periodical burst, two generator polynomials are presented. In [5], the correction
and Hamming weight distribution of periodical bursts using linear code, and error
decoding probability of such linear codes is also studied. Another paper [6] presents a
study on periodical bursts and multiple burst-correcting MDS codes derived by Villalba
etal. [22]. In [23], Wyner introduced the concept of low-density in burst error in which
disturbances within a burst of length b normally affect only a few positions. Motivated
by this, we consider the number of disturbed bits within b consecutive positions of an
s-periodical burst error of length b does not exceed w (1 < w < b). We call them as
s-periodical bursts of length b with weight up to w. In this paper, we present a study
on linear codes correcting such errors and denote such a code by P p,|wBC-code. For
similar works in this direction, one may refer to [4, 8, 10, 11, 21]. Further, to measure
its goodness, we present the probability of decoding error P Dy, (E) of an Py p,, BC-
code (refer Section 3.7.2, [15]). Finally, we give some periodical burst errors other
than s-periodical bursts of length b of weight at most w, which will be detected by
Ps pw BC-code. Weight distribution and upper bound on the minimum weight of the
set consisting of such errors are derived. The weight are taken in the Hamming sense
only in this paper.

The rest of the paper is organized as follows. Section 2 derives necessary and
sufficient conditions for existence of a g-ary Py p|yy BC-code. In Sect. 3, we derive
the total probability of s-periodical bursts of length b in an n-tuple. Then we give the
weight distribution of the error pattern and a bound on the largest attainable minimum
weight by a vector in the set of the errors. We also give the decoding error probability
of an P |,y BC-code over a binary symmetric channel. Finally, Sect. 4 gives weight
distribution and upper bound on the minimum weight of some periodical burst errors
other than s-periodical bursts of length b of weight at most w that are detected by
Pg pjwBC-code.

In what follows,

|x] : the floor function of x.

[x] : the ceiling function of x.

E(s bjw),n,q : setof all s-periodical bursts of length b with weight at most w (w < b)
in an n-tuple.

: a function from {1,2,...,s +b — 1} to {1, 2, ..., b} defined by

rif 0<r<b

vin = b if b<r<b+s.
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2 Existence of Ps p,,,BC-code

This section presents necessary and sufficient conditions for existence of a g-ary
Ps p|w B C-code. Examples are provided to support the results also. To prove our results,
we start with the following lemma.

Lemma 1 For given non-negative integers n, b and s (n > b + ), let N pjw),n,qg =
|E(s,b\w),n,q|~ Then

n—i+1J
s+b

n

w—1 bh—1 ‘
N(A‘,blw),n,q = Z Z ( ] )(f] - I)H_"

i=1 j=0

min{w—1,g;—1}

i—1 ;
x Y (gj )(q—l)lﬂ,

J=0

min{w—1,g;—1}

where gi = y((n—i+1) mod (b+s)) and § (g,’ )(q—1)1+f=1
: J
Jj=0

ifgi =0.

Proof 1If periodical burst error starts from the jth position (1 < i < n) in a vector of
length n, the number of sets (excluding the last set) in which nonzero components of
s-periodical burst of length b with weight at most w (w < b) are confined, is (see [5])

{n —i+1 J
s+b 1
In each set, the first component is always nonzero and remaining » — 1 components
-1 (b—1
we can choose by Zw | < . ) ways. The number of complete sets of b consec-
Jj= J
n—i+

1
TJ , so total number of s-periodical bursts of length b
s

with weight at most w in these sets is

utive components is {
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The last set contains g; = y ((n —i+1) mod (b+ s)) components, out of which the
first one is nonzero if g; > 0. The number of ways the last set can be selected is

1 if =0
min{w—1,g;—1} 1
Z (gl ] )(q—l)lﬂ otherwise.
=0 /

Therefore, the number of s-periodical bursts of length b with weight at most w if
it starts from the i’" position is

n—i+1
s+b J min{w—l,g,~—1}<

w—1
Z(b;1><q—1>l+f x

j=0 j=0

8i - 1>(q _ i
J

min{w—1,g;—1}

1 )
where Z (g, ] )(q — D' =1ifg =0.
J

Jj=0
Summing for i from 1 to n, we get the total number of vectors in Es pjw),n,q s

n—i+1
n w—1 bh—1 - L s+ b J
N(S,blw),n,q = Z Z ( j )(q -1 +

i=1 j=0

min{w—1,g;—1}

i—1 ;
< Y (gj )(q—l)‘ﬂ,

j=0

min{w—1,g;—1}

1 )
where Z (gl . )(q — 1)1+] =1lifg; =0. O
J

J=0

Example 1 Takingn = 15,b =2,5s =3, w = 1 and ¢ = 2 in Lemma 1, we have

16 —i
e gl
Neamasz =Y D (]) 1+

i=1 j=0

.S (J/((16— i) mod 5) — 1)11+J. s

j=0 J
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Then, the total number of 3-periodical bursts of length 2 with weight up to 1 in a
vector of length 15 are

100001000010000, 010000100001000, 001000010000100, 000100001000010,
000010000100001, 000001000010000, 000000100001000, 000000010000100, 000
000001000010, 000000000100001, 000000000010000, 000000000001000, 000000
000000100, 000000000000010, 000000000000001.

Now, a necessary condition for existence of a g-ary Py p|,, BC-code is given below
which is equivalent to Fire bound [9] and Theorem 4.16 of [16].

Theorem 1 For given non-negative integers n, b and s (n > b + s), an (n, k) g-ary
Ps pjwBC-code (w < b) must satisfy

" F > 14 N bwyng (1)

where N(s plw),n,q IS given by Lemma 1.

Proof For correction of errors by a linear code, all the errors should be in different
cosets of the code. So, by Lemma 1, we have

qnik > 1+ N(s,blw),n,q-

Remark 1 Equation (1) gives

n

k q

q < —.
1+ Nes,blw).n,q

n

4
L+ Nsbwyng

Next, we provide a sufficient condition for existence of a g-ary P{") BC-code (equiv-
alent to Varshamov-Gilbert-Sacks Bound [18] and Campopiano Bound [1] (also see
Theorem 4.7 and Theorem 4.17 of [16])). The proof of the result gives a technique to
construct the code in which we keep on adding the columns one after another keeping
in mind that syndromes of the errors remain nonzero and distinct.

That is, the cardinality of an (n, k) g-ary Pg p|,, BC-code is at most

Theorem 2 For given non-negative integers n, b and s (n > b + s), we can always
construct an (n, k) g-ary Ps p|y, BC-code (w < b) provided
5]
—1
s+b

w—1 w—1
=Y (b R 1)<q —i x| Y (b R 1)<q i
=0~ 7 =0~

min{w—1,g—1}

g—1 -
x 2 ( j )(q_l)H’XN(s,bw),n-b,q,

j=0
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min{fw—1,g—1} 1
whereg:y(n mod (s+b)), Z (g ] )(q_l)lﬂ =1ifg =0, and
; J
Jj=0
N(s,b|w),n—b,q is given by Lemma 1.

Proof Take any nonzero (n — k)-tuple as the first column A of the (n — k) x n
parity-check matrix H of the code and suppose the columns h», k3, ..., h,_1 are
added suitably to H. Then a nonzero column #%,, is added to H provided that it is
not a linear combination of w — 1 or less columns within the set of the immediately
preceding b — 1 columns together with linear combinations of columns of previous
sets of b consecutive columns with at most w columns from each set, along with a
linear combination of w or less columns taken from the last set of b or less consecutive
b columns with the condition that the sets are also at gap of s columns. This can be
written as

b—1 b—1 b—1
hn # (Z aithn—i + Y bithy—(s+by—i + Y bidhn-a(stp)-i
i=1 i=0 i=0

g—1
+--+ Z bishn—n(s+b)—i
i=0
b1 b1 b1
' (Z cithj—i + ) Bithy—un—i + ) Bizh 21—
i=0 i=0 =0
g -1
+.. 4+ Z IBi)L/hj/_)\"(S—l-b)—i ) (2)
i=0

where a;;, b;j, ij, Bij € GF(q) such that with number of nonzero ¢;; < w — 1, and
that of b;j, &, Bij < w with bo;, atoj, Boi # 0; j' <n—b; g =y(n mod (s + b)),
! i’ n ’ n_b_]/+l
g:)/((n—b—j +1 mod(s+b)),k=t +bJandk:’V '|
s

s+b
Note that in Expression (2), g and g’ will be zero if n and n —b — j’ + 1 are multiples

g1 g1
of s+b and in that case we take Z bishy—y(s+p)—i = 0and Z biyhjr v (s+p—i = 0.
i=0 i=0
The condition (2) ensures that syndromes of any two error patterns are distinct.
We now calculate the linear combinations on right hand side (R.H.S.) of (2) as
follows:
The number of ways a;;’s in the first bracket on R.H.S. of (2) can be chosen is

w—1
b—1 :
(e

Jj=0
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The number of ways b;;’s (1 < j < A — 1) can be chosen is

w—1 r—1
[Z(bfl)@—l)lﬂ} :
=0~

The b;;’s in the last summation of the first bracket can be chosen by

1 if g=0
min{fw—1,g—1}
g—1 -
> ( . )(q—l)”f if g>0.
=0 J

Therefore, total combinations of the first bracket on R.H.S. of (2) is

wol I T minte-n ,
Z( j >(q,1)JX Z( ; )(q,l)w <y ( ; )(qfn”f,
j=0

Jj=0 Jj=0 J=

min{w—1,g—1} 1
where Z (gj )(q_1)1+j:1ifg:0.
j=0
The seco]nd bracket on R.H.S. of (2) gives the number of s-periodical burst errors
of length b with weight up to w in a vector of length n — b. This number, including
the zero combination, is given by Lemma 1 as Ns pjw),n—b.q-
Thus, the total number of all possible linear combinations on R.H.S. of (2) is

w—1 b_1 ' w—1 bh—1 ' Al
Z( .)(q—l)fx Z( .)(q—l)lﬂ
j=0 7 im0~/

minfw—1,g—1}

g—1 -
x Z ( Jj >(q B 1)1+] X Nis,blw),n—b,q>

=0
minfw—1,g—1} _1
where (g , )(q— DI+ = 1ifg =0.
; j
j=0
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Since there are q”’k available columns, we can add the nth column provided

A—1

w—1 w—1
DD (b_. 1)<q =/ x ("_. 1)<q -t
A =0~ 7

min{w—1,g—1}

g—1 -
X Z < ] )(6] - 1)1+j X N(s,h\w),n—b,qa

J=0

min{w—1,g—1}

-1 .
where Z <g i )(q - D =1ifg=0. O

Jj=0

Now, we provide three examples of codes discussed in Theorem 2: two for binary
and one for ternary case.

Example 2 Consider n = 18, s = 5,b = 4, w = 2 and ¢ = 2 in Theorem 2, then
18
A= L?J =2,1=0.Then

1 3 1 3 ! minf{l,g—1} o — |
A < ) <[ ( ) x ( j ) x N(s,42),14,2-

j=0 j=0 j=0
Now
n—i-+1
N = L s+b J
NGapaaz =) < i >(2 n'*
i=1 | [j=o

min{2—1,g;—1} 2 1
i~ 1+j
X Cje-n
x ()

Jj=0

! ==+

3 .
= » 2Dt
<j>( :

i=1 || j=0
minf{l,g;—1} 1
x D (g’ ‘ )(2—1)1+f
j=0 /
— 415 44 4l8) 54l 145 34 4lv ) 2 4 4l5) 14 4als) x
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F45) 41480 x4 44180 x 444130 4 1 418) x 444150 %3
+4l3) 2 44l x
=4 4+ 42 44 x34+4x2+4xT+3+2+1=86,

0
1 .
where g; = y((l4 —i+1) (mod?9)) andZ (g’ ) )(2 — 1)1+/ =1lifg =0.
j=0

So

2"k S 4 x 4 x 86 = 1376
=n—k> 10.

We take n — k = 11 and this gives rise to a binary (18, 7) linear code whose parity
check matrix H of order 11 x 18 is given by

[100000000000001001 |
010000000001001010
001000000000101100
000100000000011100
000010000000001100
H=]000001000001000001
000000100001001101
000000010001010110
000000001000100011
000000000101000110
1 000000000010010001

11x18

It can be verified that the syndromes of all 5-periodical burst errors of length 4
with weight up to 2 are nonzero and distinct, showing that the code can correct all
5-periodical burst errors of length 4 with weight up to 2. So, the code is a (18, 7)
binary Ps 42 BC-code.

Example 3 Consider n = 20, s = 5,b = 4, w = 3 and ¢ = 2 in Theorem 2, then
20
A= LKJ = 2,1 = 2. Then Theorem 2 gives

5 5 A—1
4-1 4 4-1 .
2”"‘>Z< , )(2—1)f>< Z( , )(2—1)“/
j=0 J Jj=0 J
min{3—1,2—1} )1
x Z ( j )(2 — D X Ns.a3).162
j=0

= 2"k S 7 %7 x2 x 294 = 28812
—n—k>15.
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Taking n — k = 18, we get a binary (20, 2) linear code whose parity check matrix H
of order 18 x 20 is given by

[10000000000000000000]
01000000000000000000
00100000000000000000
000100000000000000T11
00001000000000000001
00000100000000000010
00000010000000000000
00000001000000000010
00000000100000000001
00000000010000000000
00000000001000000011
00000000000100000010
00000000000010000001
00000000000001000010
00000000000000100000
00000000000000010010
00000000000000001001

|100000000000000000100 |

18x20

Here also the syndromes of all 5-periodical burst errors of length 4 with weight up
to 3 are found to be nonzero and distinct, showing that the code is a binary (20, 2)

Ps 4;3BC-code.

Example4 Consider n = 23,5 = 5,b =4, w = 1 and ¢ = 3 in Theorem 2, then
23
A= I_?J = 2,1 = 5. Then Theorem 2 gives

3K S I x2x2x62
=n—k>35.

Considering n — k = 6, we get a ternary (23, 17) linear code whose parity check
matrix H of order 6 x 23 is given by

1010000020000001100100

1

01000010010000101100000
00200020001002001010000
00011012000200000020000
12001010000020100001100

00001201010000010001010

6x23

Here also the syndromes of all 5-periodical burst errors of length 4 with weight up to
1 are nonzero and distinct, showing that the code is a (23, 17) ternary Ps 41 BC-code.
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3 Weight distribution and error decoding probability

This section presents the weight distribution of the errors in E s pjw),n,q- One may refer
to [3, 7, 20] and their references for weight distribution of other type of errors. We also
provide an upper bound on the minimum weight of a vector in the set E s p|u),n,q Which
is equivalent to Plotkin bound [17] (also Lemma 4.1 of Peterson and Weldon [16]).
We then derive the total probability of the error pattern and decoding error probability
of an Py p|,y BC-code in a binary symmetric channel.

Lemma2 For0 < j < n,let E¢ pjw)n,q(J) = {e € E¢ plw).ngSuchthat weight of eis j}
and N(s,b\w),n,q(j) = |E(s,b|w),n,q(j)|' Then

n b—1 b—1
Nisswrng(D =2 D < )( )

i=1j1,j2, iy Jy J1 )2
JI; JU

wheie i y\(n 1+ mod (b + 5 , ANj = , L = and
gl 1 s E 1 s l
jl’ j2’ R jliv jl’ aienomlegatite i”tege’s sucn that '-“i jl j2 e jl,‘ jl’ - j’

0<iji,j2e-njy <w—1and0 < jy <min{g; — 1, w —1}.
Proof The nonzero components of the error pattern that starts from i position (1 <

— 1
i < n)areconfinedtol; = L%J sets of b consecutive components followed by
S

the last set consistingof g; = y ((n —i+1) mod (b+s)) consecutive components, first
position of each set is nonzero. Then we can select any j; positions (i = 1,2, ...,[;)

from b — 1 positions for nonzero components by (bj_[l) ways and jp positions from the
last set by (g"jjl) ways, where j; < w — 1 and jy < min{g; — 1, w — 1}. Therefore
the total number of s-periodical burst errors of length b with weight at most w that
has weight j is

b—1 . b—1 .
( . )(q— IDEREAI ( , )(q— Dt
J1 J2
b—1 , i —1 ,
x ( . )(q — D x (g’ . )(q — 1)t
JI; JU
B (b '_ 1) (b i 1) . (b i 1) (gi ) 1><61 — DRIy
J1 J2 Jl,' JU

0ifg; =0
1 otherwise

wherel; +6+ j1+jo+- -+ j, +jr =j.0 = { O i j2se-s iy <

w—1land 0 < jy <min{g; — 1, w — 1}.
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So, total number of vectors in Es pjw),n,q(J) is

N(s,b\w),n,q (J)

= Z D (b A l) (b ; 1) - <b i 1) (gi . 1><q — Dt

i=1 2ty J1 J2 Ji; i
n—i+1

where A\ = I; +8 = IV—
s+b

such that A; + j1 + jo+ -+ j, +Jjr = Jj,0 = ji,jo,---,Jj;; < w—1and
0<jr <min{gi —1,w—1}. o

—‘, and ji, j2, ..., ji;, jy are nonnegative integers

Remark 2 Observe that for given non-negative integers n, b and s (n > s + b), the
maximum number of nonzero components in a vector of Es p|w),n,q can be found
when the periodical burst starts from the first position. This number W,,,, is given by
g if g=w

n
Whax = LS—Jw +y'(g), where y'(g) = o othermise

+b
So, E(s,b\w),n,q (j) =0for Wpax < j <n.

Theorem 3 The minimum weight of a vector in the set E (s pjw),n,q IS at most

Wmax .
Zj:l ]N(s,b\w),n,q ()

)

N(s,blw),n,q
where Ns pw),n,q is given by Lemma 1 and N pjw),n,q(j) by Lemma 2.

Proof By Lemma 1 and Lemma 2, the average weight of a vector in Es p|w),n.q 1S

1

Wmax .
Zj: JN(s,b\w),n,q (])

N(s,b\w),n,q

As the minimum weight of a vector in a set can be at most the average weight, this
follows the theorem. O

Remark 3 1f w is odd, we consider the two s-periodical bursts of length b:

(x{OxéOng...Ox;)OO...O 00...0 x{0x50x70...0x,,00...0 00...0...... )and
b § b §

(OxQOxQOng. ..X},_100...0 00...0 0x50x;0x50...x,_,00...0 00...0...... )
b § b §

where x;, x] € GF(q) \ {0}.
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If w is even, then consider the two s-periodical bursts of length b:

(x10x30x50...x},_100...0 00...0 x{0x50x50...x},_;00...0 00...0...... ) and
b s b s
(0x50x0x60.. .. 0x,,00...0 00...0 0x50x;0x40...0x;,00...0 00...0...... ),
b s b s

where x/, x;' € GF(q) \ {0}.

In both cases, difference of the two vectors gives an s-periodical burst of length b
with weight W,,4,. So, the minimum distance of the set Es pjw),n,g < Wmax and the
maximum distance of the set E(s pjw),n,q > Winax-

Now, total probability of vectors of Es pjw),n,q in @ binary symmetric channel is
given in the following theorem.

Theorem 4 The total probability Py, (E) of errors from the set E(s pjw)n2 over a
memoryless binary symmetric channel with transition probability € is given by

ro-£ 2 000

JUsd2seees Jip syt

x ehitUitpt -+, +j//)(1 _ 6)’!”\:‘*]'1*]’2*'-'*]11- —Jr

) n—i—+1 n—i+1
where g; = y((n—t—}— 1) mod (b+s)), A= ’Vs—i——b-‘ l; = LWJ
0<ji,jo,..,jp Sw—1and0 < jy <min{g; —1,w — 1}.

Proof As the first position of each set of the error pattern has nonzero component,
the number of always nonzero components in a periodical burst that starts from i
n—i+1
. . + b .
from the remaining positions such that each set contains not more than w nonzero
n—i+1
—J sets of
+b
b consecutive components followed by a set of g; = y((n —i + 1) mod (b + s))
consecutive components, the total probability of s-periodical burst errors of length b

of weight at most w that starts from ;" position is given by

2 G000

position (1 < i < n)is A; = { —I The other nonzero components come

components. As the nonzero components are confined to /; = L

JUsd2se iy Jy
ehitUitjat+j; +j1/)(1 _ e)"—)\f—jl—h—'“—jli —j,/’
where 0 < ji, jo, ..., ji, Sw —1land 0 < jy <min{g; —1,w — 1}.
Taking i = 1,2, ..., n gives the result. m]
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Next, we give the probability of decoding error for a binary Py p,, BC-code as
follows.

Theorem5 Let PD,, (E) be the probability of decoding error of an (n, k) binary
Ps pjw BC-code on a memoryless binary symmetric channel with transition probability
€, then

Wma.\'
PDy(E)=1-— Z N(s,b|11)),n,q(j)-€](1 - E)n_j,
j=1

where Ns plw),n,q(J) is given by Lemma 2.

Proof As the probability of correcting an error is the probability that the error is a coset
leader in the standard array for the code, the probability of a vector of Es, pjuw),n,q ()
being one of the coset leaders is

Nis.blwyng ()€’ (1 = €)" 7.
Therefore, the probability P D, (E) of decoding error of the code is given by

Winax

PDy(E) = 1= Nisbjuwy.ng(i)-€/ (1 — )"
j=1

4 Detection and weight distribution of some periodical bursts

In this section, we give detection of some periodical burst errors by Ps 5,y BC-code
(other than correctable errors). Weight distribution of those errors and upper bound on
the minimum weight of the set of such errors are given. For this, we first define two
sets.

For s > b, let A be the collection of all (s — b)-periodical bursts of length 2b of
the form:

(x1oo-~~ox2oo-~~000...0)C3oo~~~ox4oo~~~000...OX5oo~~-ox600~~-o ...... ),
e e M S e e —— e — e — ——
b b s—b b b s—b b b

and for s < b, A’ be the collection of all 1-periodical burst errors of length b +s — 1
of the form:

(x1oo~«~oxzoo~~oOX3oo~~ox4oo~~~oOX5oo~~ox600~-00 ...... ),

b s—1 b s—1 b s—1

where x; € GF(q) \ {0} and e € G F(q) such that consecutive b — 1 bullets have at
most w — 1 nonzero components.
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Theorem 6 An g-ary P pjw BC-code detects all periodical burst errors from the set
A and A

Proof As every member of A or A’ can be expressed as the sum (difference) of two
s-periodical bursts of length b of weight at most w. So, no element of A or A’ can be
a codeword of Py p|,, BC-code. This follows the theorem. O

Now we give weight distribution of vectors of A and A’.

Lemma3 If A; be the collections of the vectors of A having weight j and gD =
rifn (mod (b+s)) <2b
2b otherwise.

Y1 (n mod (b + s)) where y(r) = i Then

L ifg" =y(n mod (b+s)) =0,

21

b—1 . )
|A]| = Z 1_[ < ] ) (q _ 1)2l+jl+./2+'"+121’
o

J1sJ2seesior | p=1

where 2l + j1 4+ jo + -+ juy = j such that 0 < ji, jo,..., ju < w — 1 and

l:Ls-l:-bJ'

2. if1<gW =y(n mod (b+s)) <b,

21

b—1 M1 L _—

. .
JUsJ2sesoisjy | p=1 Jo Ji

where 2l + j1+ jo+---+ ju+jr+1=jsuchthatO < ji, jo, ..., i <w—1,

0< iy <mi (1)_1’ -1 dl={—J
< jr < min{g w } an s

3 ifb+1<g® =y1(n mod (b+s)) <2b,

2l

e [RE]6)

Jrodaeatodpin L p=1 N 7P Ji

M _p
X (g jl,b 1)(q Ry 2

where 2l + ji+ jo+- -+ ju+jr+jir +2 = jsuchthat0 < jy, jo, ..., ji, jr <
n
w—1,0< jy <min{g" —b—1,w—1}andl = L

s+bJ
Further, maximum weight of elements of A is
n

1
Winax =2st+b

4™,
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gt if0<gW <w
ifw+1<g®<bh

w+gW—b ifb+1<g®V <b+w

2w ifb+w+1<gh <2b.

where y'(gV) =

Proof Observe that if n (mod (b + s)) = 0, all nonzero components in any vector
of A are confined to L "
s

bJ sets that are separated by s — b consecutive zeros. If n

(mod (b+s)) # 0, nonzero components in a vector of A are confined to L _T_ bJ +1
s

n
sets that are separated by s — b consecutive zeros, where each of L bJ sets has 2b

s+
consecutive components and the last set has g1 = y, (n mod (b + s)) components,

] d (b <2b
where y;(r) = roifn (m.o b+s)) = . Then the cardinality of the set A ; of
2b otherwise
the vectors of A having weight j is calculated as follows.
Sub-case (i). If g1 = 0, the number |A ;| of the vectors of A having weight j is

given by

S G Y (i R e ) R I
. J1 J2

. 21
J15J250045J21 J
21

= Z 1_[ (b B 1) (g — DAttt
‘ Jo

J1sJ2sesjar | p=1

where 2/ + ji + jo + --- 4+ joy = jsuchthat 0 < ji, jo,...,juy < w — 1 and

IZLstJ'

Sub-case (i1). If 1 < g(l) < b, the number |A ;| of the vectors of A having weight
Jj is given by

> (7 e (P -
J1 J2

JUsJ2sees 2o Jy

b—1 , M1 ,
><~--x( . )(q—l)”ﬂfx(g . )(q—l)”/l’
J21 Jr

21

_ 1 _

] !
Jrodniotdy Lo=1 N P Ji

where 21 + j1 + jo+---+ ju+ jr + 1 = jsuchthat0 < ji, jo, ..., i <w —1,

0<ji <minfg® -1, w—1}and! = LLJ
-0 T s+b

@ Springer



Low-density periodical burst correcting codes... 4553

Sub-case (iii). If b + 1 < g < 2b, the number |A ;| of the vectors of A having
weight j is given by

> (e (P -t
J1 J2

JUsJ2seees ot Jyt s Jyr

b—1 , b—1 . M _p_1 ,
x ( : >(q = DI x ( : )(q — DI (g : )(q — Dl
J21 JU o

21

e |1 (o (o

JUsJ2sees ots gy | p=1

O _p_

where 21+ j1+ jo+- - -+ jor+ jr +jir+2 = jsuchthatO < ji, ja, ..., ji, jr < w—1,
n
0 < jp Smin{g(l)—b—l,w—l}andlzt

s+bl
Maximum weight can be calculated by taking 2w weight in each L _T_ bJ sets of
s
complete 2b components and the last set having maximum weight
g if0=gV<w
Y1 (g ) = 1) . 1)
w+gW—-b ifb+1<g"V <b+w
2w ifb+w+1<g®<2p
This shows that
wl oo=2w L—n J +{'(g™)
max s+b 1 .
(]

Lemma4 Let A’j be the set of all vectors of A whose weight is j and g® =

] d (b b -1
ya(n mod (b +5)) where y2(r) = r ifn (@o (b+s)<b+s
b+s—1 otherwise.

Then
L ifg®» =y(n mod (b+s)) =0,
b =1\ o (s —2
- - - 2+ jitjot+
- 3 (O am e
1

L= 201
J1sj2sejor | p=1 J2p p=

where 2l + j1 + jo + -+ ju = j such that O < ji, ja, ..., ju—1 < w — 1,
0 < j2, jas ..o, ju <min{fw — 1,5 =2} and | = | 5.
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2.if1 <g@ =y(n mod (b+s)) <b,

l bh—1 l
A
|AG| = Z H(]z 1)1_[(]2 >
JUsJ2sees 21y Pmp=1 8
2 _
x (g i 1)(q — PRI R

where 2l + j1 + jo+- - -+ jou+jr +1 = jsuchthatO < jy, j3, ..., jau—1 S w—1,
0<jo,jay...,ju <minfw—1,s =2}, 0 < jy < min{fw — 1,g(2) — 1} and

s+bl
30fb+1<g® =y(n mod (b+s)) <b+s—1,

l

=y E(?_l)g(”‘.”)

e 201 2
1o J2eees J2 eyt sy 120 J2p

— (2) _

where 21+ ji+ja+- -+ jar+jr +jir +2 = jsuchthatO < ji, j3, ..., ja—1, jr <
w_l,o < j2, j4, ey j2] < mln{w—l,s—Z},O < jl” < mln{w_l’ g(z)_b_l}

n
andl = L

s+bl

Further, maximum weight of elements of A’ is

Wr%zax 2w{ —i—bJ + v (8(2))a

g@ if 0<g?<w
; @
where yJ'(g@®) = w if wil=g?=<b
2 w+g? —b if b+1<g®<b+w
2w if b+w+1<g®P<b+s—1.

Proof In this case also, if n (mod (b+s)) = 0, all nonzero components in any vector

of A are confined to

—T—bJ sets that are separated by one zero. If n (mod (b +
Ls

s)) # 0, nonzero components in a vector of A are confined to L%J + 1 sets
s

n
that are separated by one zero, where each of L bJ sets has b + s — 1 consecutive

s +
components and the last set has g? =9y (n mod (b+s)) components, where y»(r) =
] d (b <b -1
" if n (m_o G+s))=b+s . Then the cardinality of the set A’, of
b+s—1 otherwise y

the vectors of A’ having weight j is calculated as follows.
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Sub-case (i). If g = 0, the number |A’j| of the vectors of A’ having weight j is
given by

> (7 a0 (U )@= (U g ot
: . J1 J2 J3

J1sJ2seeen ol

) . b — )
x (S . )(q—l)”ﬂ* X oo x( )(q DR
J4 Joi—1
-2 .
x (S. )(q—l)“m
J2i

= Z IL[ (b - 1) lj ( > )

Jlsd2eeenio | =1 J2p—1

where 21 + j1 + jo+ -+ ju = jsuchthat 0 < ji,j3,..., /-1 < w—1,
0<j2,jay..o, ju <minfw— 1,5 —2}and [ = [ ;35 ].
Sub-case (ii). If 1 < g® < b, the number |A’j| of the vectors of A’ having weight

Jj is given by
b—1 ; -2 .
) ( . )(q—l)lﬂlx(s. )(q—l)lﬂz
J1 J2

JUsJ2ses 215 Jp

_1 ‘ ) .
x (b . )(q—n”ﬂ x (s . )(q—1>1+f4
J3 J4
X oo X (b_ 1)(61 _ )l
J21—1

_2 _ @ _q )
x (S . )(q — D i (g . )(q — 1yt
J21 JU

1

-2 o)

JUsJ2seees ol Jyr =1

g(2) -1 20+ ji+ jot-+ ju+ gy +1
U )b S

where 2/ + ji + jo+- - -+ ju + jr +1 = jsuchthat 0 < ji, j3, ..., jo—1, <w—1,
0 < jo,jareosju < minfw—1,5s —2},0 < jy < min{w —1,g® — 1} and
n

s+bl
Sub-case (iii). If b+ 1 < g@ < b+ s — 1, the number |A’/.| of the vectors of A’
having weight j is given by .

@ Springer



4556 P.K. Das, L. Haokip

Z <b—1>(q_1)1+j1
J1

JUsJasesdols Jy sy

-2 ; b—1 . ) '
X (S . )(CI - 1)1+12 X ( ) >(q _ 1)1+J3 > (S . >(q _ 1)1+]4
J2 J3 ja
X X (b_ 1)(q — DFa-t (s - 2)(61 — it
J21—-1 Jar

b—1 . @ _—p-1 <
x( . )(q—l)”ff’ x (g . )(q—l)”h"
JU Ji

1

Lz [neone

= 201 2
JUsd2sees ot dy sy | p=1 20 p=1 J2p

_ 2 _p_
" (b 1) (g b 1)(51 _ 1)21+j1+j2+"'+j2[+j1’+j1”+27

Jr i

where 2+ j1+ jo+- - -+ ju+jr +jir+2 = jsuchthat 0 < jy, j3, ..., jo—1, jr <
w—1,0<jo, jay ..., ju <minfw—1,5s—2},0 < jir <min{w—1,g% —b—1}

and/ = L n .
s+b
Maximum weight of a vector of A’ can be calculated in the same way as
Lemma 3. O

Finally, we put Plotkin’s type of bound for the set A and A’ whose proof is similar
to Theorem 3.

er‘ld\’
T AG)
Theorem 7 The minimum weight of a vector is bounded by Jv;l— for the set
> AL
j=1
Wi%mx Al
DA
A and ]v;z—for the set A, where A(j), A’(j), W} and W2, are given
> a)
by Lemma 3-4.

5 Conclusion

This paper presents the conditions for existence of low-density periodical burst cor-
recting linear codes along with its decoding error probability. Weight distribution and
Plotkin’s type bound for the error set are also presented. The same is also studied
for some other periodical bursts which will be detected by such codes. There may
be a more systematic way of constructing such an error correcting code which can
be investigated. Optimum codes which correct only such errors and no others can be
interesting to look for.
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