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Abstract
This paper is concernedwith second order iterative functional boundary value problem
with two-point boundary conditions on time scales. By utilizing Schauder fixed point
theoremand contractionmapping principle,we establish some sufficient conditions for
the existence, uniqueness and continuous dependence of bounded solutions. Finally,
we provide an example to support our main results.
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1 Introduction and preliminaries

Iterative differential equation, as a special type of functional differential equations,
in which the deviating argument depends on the state [19]. Many researchers have
concentrated on studying first order iterative functional differential equations by dif-
ferent approaches such as Picard’s successive approximation, fixed point theory and
the technique of nonexpansive operators, see [2,8,13,21]. But the literature related to
the second and higher order is very less since the presence of the iterates increases the
difficulty of studying them, see [5–7,11,12,15–18,20]. This motivates us to study the
following second order iterative functional boundary value problem on time scales
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z��(s) + g
(
s,z(s),z[2](s),z[3](s), · · ·,z[n](s)

) = 0, s ∈ [a, b]T, (1)

subject to the two-point boundary conditions

z(a) = za, z(σ2(b)) = zb, (2)

where T is a time scale, g : [a, b]T ×R
n → R is a continuous function and z[2](s) =

z(z(s)), ···,z[n](s) = z[n−1](z(s)). Formore details about the theory of time scales,
refer to [1,3]. By applying Schauder fixed point theorem and contraction mapping
principle, we establish the existence and uniqueness of solutions to the BVP (1)–(2).
Equation (1) in real continuous time scales describes diffusion phenomena with a
source or a reaction term [12]. We refer the interested reader to [9,10,14] and the
references therein for more details.

The commonly used technique in the theory of BVPs on time scales involving
transforming the BVP (1)–(2) as an equivalent integral equation (see, Chapter 7 of
[4])

z(s) = za + zb − za

σ2(b) − a
(s − a)

+
∫ σ(b)

a
G(s,t)g

(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)
�t, s ∈ [a,σ2(b)]T,(3)

where

G(s,t) = 1

σ2(b) − a

{
(s − a)(σ2(b) − σ(t)), i f s ≤ t,

(σ(t) − a)(σ2(b) − s), i f σ(t) ≤ s.
(4)

Moreover, we note that G(s,t) is nonnegative on [a,σ2(b)]T × [a, b]T and

G(s,t) ≤ G(σ(t),t), (s,t) ∈ [a,σ2(b)]T × [a, b]T. (5)

We difine

M = max
s∈[a,σ2(b)]T

∫ σ(b)

a
G(s,t)�t. (6)

Lemma 1 For any s1,s2 ∈ [a,σ2(b)]T, the Green’s function (4) satisfies

∫ σ2(b)

a
|G(s1,t) − G(s2,t)|�t ≤ N|s1 − s2|,

where N = 4(σ2(b) − a).
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Proof Set G1(s,t) = (s−a)(σ2(b)−σ(t))
σ2(b)−a

and G2(s,t) = (σ(t)−a)(σ2(b)−s)

σ2(b)−a
. Let

s1,s2 ∈ [a,σ2(b)]T with s2 ≤ s1. Then

∫ s2

a
|G1(s1,t) − G1(s2,t)|�t = 1

σ2(b) − a

∫ s2

a
|(s1 − a)(σ2(b) − σ(t))

− (s2 − a)(σ2(b) − σ(t))|�t

≤ 1

σ2(b) − a
|s1 − s2|

∫ s2

a
|(σ2(b) − σ(t))|�t

≤ 1

σ2(b) − a
|s1 − s2|

∫ s2

a
|(σ2(b) − a)|�t

≤ (σ2(b) − a)|s1 − s2|,
∫ s1

s2

|G1(s1,t) − G2(s2,t)|�t = 1

σ2(b) − a

∫ s1

s2

|(s1 − a)(σ2(b) − σ(t))

− (σ(t) − a)(σ2(b) − s2)|�t

≤ 1

σ2(b) − a

∫ s1

s2

(s1 − a)(σ2(b) − σ(t))�t

+ 1

σ2(b) − a

∫ s1

s2

(σ(t) − a)(σ2(b) − s2)�t

≤
∫ s1

s2

(s1 − a)�t +
∫ s1

s2

(σ(t) − a)�t

≤ 2(σ2(b) − a)|s1 − s2|
and

∫ σ2(b)

s1

|G2(s1,t) − G2(s2,t)|�t = 1

σ2(b) − a

∫ s2

a
|(σ(t) − a)(σ2(b) − s1)

− (σ(t) − a)(σ2(b) − s2)|�t

≤ 1

σ2(b) − a
(σ(t) − a)

∫ s2

a
|s1 − s2|�t

≤ (σ2(b) − a)|s1 − s2|.
Thus,

∫ σ2(b)

a
|G(s1,t) − G(s2,t)|�t

=
∫ s2

a
|G1(s1,t) − G1(s2,t)|�t +

∫ s1

s2

|G1(s1,t) − G2(s2,t)|�t

+
∫ σ2(b)

s1

|G2(s1,t) − G2(s2,t)|�t ≤ 4(σ2(b) − a)|s1 − s2|.
��
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Consider the function space

�[a,σ2(b)] = {z |z : [a,σ2(b)]T → R is continuous}

and for L > 0, define

B(L) = {z ∈ �[a,σ2(b)] | ‖z‖ ≤ L, ∀s ∈ [a,σ2(b)]T}.

Then B(L) is a Banach space with the norm

‖z‖ = max
s∈[a,σ2(b)]T

|z(s)|.

For L > 0 and k > 0, define the set

B(L,k) = {z ∈ B(L) | ‖z‖ ≤ L and |z(s1)

−z(s2)| ≤ k|s1 − s2|, ∀s1,s2 ∈ [a,σ2(b)]T}.

Then B(L,k) is a closed convex and bounded subset of B(L). Also, it can be seen
from the definition of B(L,k) that for every ψ,φ ∈ B(L,k),

‖ψ[ι̇] − φ[ι̇]‖ ≤
ι̇−1∑

j=0

k
j‖ψ − φ‖, ι̇ = 1, 2, · · · (7)

Now define an operator ℵ : B(L,k) → B(L) as

(ℵz)(s) = za + zb − za

σ2(b) − a
(s − a)

+
∫ σ(b)

a
G(s,t)g

(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)
�t, s ∈ [a,σ2(b)]T.(8)

Then z is a solution of (1)–(2) if and only if z is a fixed point of ℵ.

2 Existence and uniqueness of solutions

This section deals with existence and uniqueness of solutions for (1)–(2). In order to
reach our goal, we assume the following condition hold:

(H1) Let α1,α2, · · ·,αn be positive constants such that

|g(t,z1,z2, · · ·,zn) − g(t, ẑ1, ẑ2, · · ·, ẑn)| ≤
n∑

j=1

αj‖zj − ẑj‖
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Lemma 2 Suppose (H1) holds. Then operator ℵ is continuous and compact on
B(L,k).

Proof Let z, ẑ ∈ B(L,k) and s ∈ [a,σ2(b)]T. Then by (H1), (6) and (7),

‖(ℵz)(s) − (ℵẑ)(s)‖ ≤
∫ σ(b)

a
|G(s,t)|

∣∣∣g
(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)

− g
(
t, ẑ(t), ẑ[2](t), ẑ[3](t), · · ·, ẑ[n](t)

)∣∣
∣�t

≤
∫ σ(b)

a
|G(s,t)|

n∑

j=1

αj‖z[j] − ẑ[j]‖�t

≤ M
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z − ẑ‖.

Thus, ℵ is continuous. It can be seen by Arzela-Ascoli theorem that ℵ is compact. ��
Lemma 3 Suppose (H1) and the following hold.

(H2) 2|za | + |zb| + M
[
g� + L

∑n
j=1 αj

∑j−1
ι̇=0 k

ι̇
]

≤ L, where g� =
maxt∈[a,σ2(b)]T |g(t, 0, 0, · · ·, 0)|.

Then |(ℵz)(s)| ≤ L for all s ∈ [a,σ2(b)]T and z ∈ B(L,k).

Proof Let z ∈ B(L,k) and s ∈ [a,σ2(b)]T. Then

|(ℵz)(s)| =
∣∣∣∣za + zb − za

σ2(b) − a
(s − a)

+
∫ σ(b)

a
G(s,t)g

(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)
�t

∣∣∣
∣∣

≤ 2za + zb +
∫ σ(b)

a
|G(s,t)||g(

t,z(t),z[2](t),z[3](t), · · ·,z[n](t)
)

− g(t, 0, 0, · · ·, 0)|�t

+
∫ σ(b)

a
|G(s,t)||g(t, 0, 0, · · ·, 0)|�t

≤ 2za + zb + M
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z‖ + Mg�

≤ 2za + zb + M

⎡

⎣L
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇ + g�

⎤

⎦

≤ L.

��
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Lemma 4 Suppose (H1) and the following hold.

(H3)
|zb−za |
σ2(b)−a

+ N
[
g� + L

∑n
j=1 αj

∑j−1
ι̇=0 k

ι̇
]

≤ k.

Then |(ℵz)(s1) − (ℵz)(s2)| ≤ k|s1 − s2| for all s1,s2 ∈ [a,σ2(b)]T and z ∈
B(L,k).

Proof Let s1,s2 ∈ [a,σ2(b)]T and z ∈ B(L,k) with s1 ≤ s2. Then

|(ℵz)(s1) − (ℵz)(s2)| ≤ |zb − za |
σ2(b) − a

|s1 − s2| +
∫ σ(b)

a
|G(s1,t)

− G(s2,t)||g(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)|�t

≤ |zb − za |
σ2(b) − a

|s1 − s2| +
∫ σ(b)

a
|G(s1,t)

− G(s2,t)|
∣∣∣g

(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)|�t

− g(t, 0, 0, · · ·, 0)
∣∣∣�t +

∫ σ(b)

a
|G(s1,t)

− G(s2,t)||g(t, 0, 0, · · ·, 0)
∣∣∣�t

≤ |zb − za |
σ2(b) − a

|s1 − s2|

+ N
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z‖|s1 − s2| + Ng�|s1 − s2|

≤ |zb − za |
σ2(b) − a

|s1 − s2|

+ N

⎡

⎣L
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇ + g�

⎤

⎦ |s1 − s2|

≤ k|s1 − s2|.
��

Lemma 5 Suppose (H1)–(H3) hold. Then ℵ(B(L,k)) ⊂ B(L,k).

Proof It is clear from Lemmas 3 and 4 that ℵ maps B(L,k) into itself. ��
Theorem 1 Suppose (H1)–(H3) hold. Then BPV (1)–(2) has a solution in B(L,k).

Proof From Lemmas 2 to 5, we see that all the conditions of Schauder’s fixed point
theorem are satisfied on B(L,k). thus there exists a fixed point z� in B(L,k) such
that ℵz� = z�. Therefore, z� is a solution of (1)–(2). This completes the proof. ��
Theorem 2 Suppose (H1)-(H3) and the following hold.

(H4) M
∑n

j=1 αj
∑j−1

ι̇=0 k
ι̇ < 1.
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Then BPV (1)–(2) has a unique solution in B(L,k).

Proof Let z, ẑ ∈ B(L,k) and s ∈ [a,σ2(b)]T. Then by Lemma 2,

‖(ℵz)(s) − (ℵẑ)(s)‖ ≤ M
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z − ẑ‖

Therefore, by the contractionmapping principleℵ has a unique fixed point inB(L,k).

This completes the proof.

3 Continuous dependence

In this section, we establish continuous dependence of the unique solution on g.

Theorem 3 Suppose (H1)–(H4) hold. Then unique solution of (1)–(2) obtained in
Theorem 2 depends continuously on g.

Proof Let g and ĝ be two given functions and consider the corresponding operators ℵ
and ℵ̂ defined by (8). Next by Theorem 2, there exist two unique functions z(s) and
ẑ(s) inB(L,k) such that z = ℵz and ẑ = ℵ̂ẑ. Then,

‖ℵẑ − ℵ̂ẑ‖ ≤
∫ σ(b)

a
|G(s,t)|

∣∣∣g
(
t, ẑ(t), ẑ[2](t), ẑ[3](t), · · ·, ẑ[n](t)

)

− ĝ
(
t, ẑ(t), ẑ[2](t), ẑ[3](t), · · ·, ẑ[n](t)

)∣∣∣�t

≤
∫ σ(b)

a
|G(s,t)|

[∣∣∣g
(
t, ẑ(t), ẑ[2](t), ẑ[3](t), · · ·, ẑ[n](t)

)

− ĝ
(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)∣∣
∣

+
∣∣∣̂g

(
t,z(t),z[2](t),z[3](t), · · ·,z[n](t)

)

− ĝ
(
t, ẑ(t), ẑ[2](t), ẑ[3](t), · · ·, ẑ[n](t)

)∣∣∣
]
�t

≤
∫ σ(b)

a
|G(s,t)|

[
‖g

− ĝ‖ +
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z − ẑ‖

]
�t

= M
[
‖g − ĝ‖ +

n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z − ẑ‖

]
.

123
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Therefore,

‖z − ẑ‖ ≤ ‖ℵz − ℵẑ‖ + ‖ℵẑ − ℵ̂ẑ‖

≤ M
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z − ẑ‖ + M

[
‖g − ĝ‖ +

n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇‖z − ẑ‖

]
.

That is

‖z − ẑ‖ ≤ M

⎡

⎣1 − 2M
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇

⎤

⎦

−1

‖g − ĝ‖.

This completes the proof. ��
Example 1 Consider the time scale T = {10m |m ∈ Z} ∪ {0} and za = 1,zb = 2, a =
0, b = 1 in the (1)–(2). It follows from (6) that, for s = 1

10m , m = −1, 0, 1, · · ·,

max
s∈[0,100]T

∫ 10

0
G(s,t)�t = max

m

[

lim
k→+∞

∫ 1
10m

1
10k

10t(102 − 1

10m
)�t

+
∫ 10

1
10m

1

10m
(102 − 10t)�t

]

= 10

11
max

m

[
101 × 10−2m − 10−3m − 10−2

]

= 8181.818182.

So, M = 8181.818182 and N = 400. Next, consider the function

g(t,z(t),z[2](t),z[3](t)) = cos(t) + π

154 × 103
z(t)

+ π

256 × 103
sin(z[2](t)) + π

323 × 103
cos(z[3](t)).

Then

|g(t,z1,z2,z3) − g(t, ẑ1, ẑ2, ẑ3)| ≤ α1‖z1 − ẑ1‖
+α2‖z2 − ẑ2‖ + α3‖z3 − ẑ3‖,

where α1 = π
154×103

,α2 = π
256×103

,α3 = π
323×103

and

g(t, 0, 0, 0) = cos(t) + π

323 × 103
≤ 1.000009726 := g�.
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Further, let L = π
2.42×10−4 and k = π

4.95×10−3 . Then

2|za | + |zb| + M

⎡

⎣g� + L
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇

⎤

⎦ = 12692.87935 ≤ L,

|zb − za |
σ2(b) − a

+ N

⎡

⎣g� + L
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇

⎤

⎦ = 620.3552127 ≤ k

and

M
n∑

j=1

αj

j−1∑

ι̇=0

k
ι̇ = 0.3471772648 < 1.

Thus, all assumptions (H1)–(H4) hold. Therefore, the BVP

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

z��(s) + cos(s) + π

154 × 103
z(s)

+ π

256 × 103
sin(z[2](s)) + π

323 × 103
cos(z[3](s)) = 0, s ∈ [0, 1]T,

z(0) = 1,z(σ2(1)) = 2,

has a unique solution in B
(

π
2.42×10−4 ,

π
4.95×10−3

)
and depends continuously on the

function g.

4 Conclusion

Iterative differential equation, as a special type of functional differential equations,
in which the deviating arguments depend on the state. Many researchers have con-
centrated on studying first order iterative functional differential equations by different
approaches such as Picard’s successive approximation, fixed point theory and the tech-
nique of nonexpansive operators. But the literature related to the second and higher
order is very less since the presence of the iterates increases the difficulty of studying
them. This work gives a criteria for the existence, uniqueness and continuous depen-
dence of solutions for nonlinear second order iterative functional boundary values
with two-point boundary conditions on time scales. In the future, we study higher
order iterative functional boundary value problems on time scales and fractional order
iterative boundary value problems on time scales.
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