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Abstract

In this paper, we develop an HIV infection model with intracellular delay, Beddington—
DeAngelis incidence rate, saturated CTL immune response and immune impairment.
We begin model analysis with proving the positivity and boundedness of solutions of
the model. By calculations, we derive immunity-inactivated and immunity-activated
reproduction ratios. By analyzing corresponding characteristic equations, the local
stabilities of feasible equilibria are addressed. With the help of suitable Lyapunov
functionals and LaSalle’s invariance principle, it is proven that the global dynamics
of the system is completely determined by the immunity-inactivated and immunity-
activated reproduction ratios: if the immunity-inactivated reproduction ratio is less
than unity, the infection-free equilibrium is globally asymptotically stable; if the
immunity-inactivated reproduction ratio is greater than unity, while the immunity-
activated reproduction ratio is less than unity, the immunity-inactivated equilibrium is
globally asymptotically stable; if the immunity-activated reproduction ratio is greater
than unity, the immunity-activated equilibrium is globally asymptotically stable. Fur-
thermore, sensitivity analysis is carried out to illustrate the effects of parameter values
on the two thresholds.

Keywords HIV infection - Intracellular delay - Saturated CTL immune response -
Immune impairment - Basic reproduction ratios

B Rui Xu
rxu88@163.com ; xurui@sxu.edu.cn

Complex Systems Research Center, School of Mathematical Sciences, Shanxi University,
Taiyuan 030006, Shanxi, China

Complex Systems Research Center, Shanxi University, Taiyuan 030006, Shanxi, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12190-021-01621-x&domain=pdf

2366 Y.Yang, R. Xu

1 Introduction

Virus dynamics has attracted worldwide attention in the academic field [1-3]. During
the past decades, a large number of mathematical models have been employed to
quantitatively or qualitatively analyze the transmission and treatment of HIV [2-5].
Nowak and Bangham [1] proposed the following model to describe virus dynamics:

x(@)=s—dx(t)=Bx (v (@),
y®) =Bx®v) —ay @),
v (1) = ky (1) —uv (7). (1.1)

Here x(¢), y(), v(t) represent the concentrations of uninfected CD4 ™ T cells, infected
CD47T cells and free virus particles at time #, respectively. The constant s represents
the rate at which uninfected CD4 1T cells are produced. Free viruses infect the unin-
fected cells at rate Sxv. Uninfected cells, infected cells and virus particles die at rate
dx, ay and uv, respectively. Infected cells produce free virus at rate ky. However,
the immune system is necessary to control the disease. In most virus infections, cyto-
toxic T lymphocytes (CTLs) could reduce viral load by attacking infected cells, which
plays a vital role in protecting infected individuals against virus-related diseases. As
a consequence, much attention has been paid to the dynamics of HI'V-1 infection with
CTLs response (see, for example, [1,6-9]). In addition, we notice that system (1.1)
assumes the rate of infection to be bilinear. Nevertheless, during the process of virus
infecting target cells, the actual incidence rate is probably not linear. Hence, it is more
reasonable to consider the nonlinear infection rate, such as Beddington—DeAngelis
type incidence (see, for example, [4,10—12]). Based on system (1.1), to consider the
joint effects of CTL immune response and Beddington—DeAngelis type incidence on
the HIV infection, Wang et al. [11] investigated the following system:

i) =5 —dx () — — PFOVO
1+aix )+ av (1)
ji) = —PEOVO oy vz,

I +aix () +axv (1)
V(1) =ky (1) —uv (1),
z(t) =cy(@)z(t) — bz (1), (1.2)

where the state variable z (¢) represents the concentration of CTL cells at time 7. The
rate for infected cells to be killed by CTLs is chosen as pyz. CTL cells are activated
by infected CD4"T cells at rate cyz and die at rate bz. The infection rate is denoted
by Beddington—-DeAngelis function Bxv/(1 + ajx + ayv), which was proposed by
Beddington [13] and DeAngelis et al. [14]. The Beddington—DeAngelis incidence
rate reduces to a saturation response [15,16] when a; = 0, ap > 0. It is supposed in
systems (1.1) and (1.2) that as long as free viruses enter the target cells, target cells are
immediately infected and new free viruses are produced simultaneously. Herz et al.
[17] introduced the intracellular phase of the life-cycle into the virus dynamics model
first. There is a fixed time delay t between infection of a cell and production of new free
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viruses. Scholars have incorporated time delay into HIV infection models and analyzed
the effect of the intracellular delay on HIV infection dynamics (see, for instance,
[5,12,16,17]). Usually, the rate of CTL cells production stops increasing and reaches a
saturation state when the concentration of infected cells reaches some level. Thus, De
Boer [18] stated that the bilinear rate cannot model several immune responses that are
together controlling a chronic infection and proposed an immune response function
based on a competitive saturation term. While Wang and Li [19] chose z/(1 + €z) asthe
CTL response function, where ¢ is a positive constant. Moreover, it is often supposed
that the presence of antigen could only simulate the immune response and ignore the
immune impairment. As a matter of fact, immune responses could be suppressed by
several human pathogens. Thereby, Iwami et al. [20] reported that HIV could cause
the impairment in CTL cells during the HIV infection. Further researches have been
carried out on HIV infection with immune impairment [20-23], which helped us to
better understand the biological interactions between virus and immune system. In
[22], Wang et al. discussed a viral infection model with immune impairment denoted
by the term nyz.

Inspired by the above works, in this paper, we consider the joint effects of intracel-
lular delay, Beddington—DeAngelis incidence rate, saturated CTL immune response
and immune impairment on the dynamics of HIV infection. For this purpose, we study
the following delay differential equations:

Bx (v @)
l4+aix (@) +aw (@)’
Lo eMBx(t—Dui—1) B
y(t)—l+alx(t_f)+a2v(t_” ay (1) = py (1) z (1),
V(1) =ky () —uv (@),

L o0zo
z(t) = 1T ez () bz (t) —ny )z (1), (1.3)

x(t)=s—dx () —

where the parameters have the same meanings as in systems (1.1) and (1.2). The
parameter 7 is the lag between viral entry into the target cells and the production
of new virus particles. Assume that the generation of virus producing cells at time
t is related to the infection of target cells at time # — 7. The term e¢~™" represents
the surviving rate of infected cells before it becomes productively infected. The term
cyz/(1 + ez) denotes the rate of saturated CTL immune response activated by infected
cells. nyz is assumed to be the immune impairment rate. It is supposed that ¢ > n. All
parameters of system (1.3) are positive.

Let C = C ([—‘L’, 0], Ri) be the Banach space of continuous mapping
the interval [—7,0] into Ri with the sup-norm, where Ri =
{(x,y,v,2): x>0,y >0,v >0,z > 0}.Itis biologically reasonable to assume the
initial condition of system (1.3) having the following form:

x(0) =¢1(0),y0)=¢200),v(0) =¢3(0),2(0) =¢4(0):
9 (0)>0,0e[-71,0],0:(0)>00G=1,2,3,4). (1.4)

@ Springer



2368 Y.Yang, R. Xu

In the light of the fundamental theory of functional differential equations [24], system
(1.3) has a unique solution (x (¢), y (t), v (t), z (t)) satisfying the initial condition
(1.4).

The organization of the paper is as follows. In the next section, the positivity and
boundedness of solutions of system (1.3) with the initial condition (1.4) are proved. In
Sect. 3, we derive two reproduction ratios of system (1.3) and investigate the existence
of the feasible equilibria. In Sect. 4, the local asymptotic stabilities of feasible equilibria
are discussed by analyzing the corresponding characteristic equations. In Sect. 5, the
global asymptotic stabilities of feasible equilibria are studied by constructing proper
Lyapunov functionals and using LaSalle’s invariance principle. In Sect. 6, we perform a
sensitivity analysis to show the effects of parameter values on the immunity-inactivated
and the immunity-activated reproduction ratios. Finally, we make a conclusion on our
work.

2 Preliminaries

In this section, we verify that system (1.3) with the initial condition (1.4) is well-posed.

Theorem 1 All solutions of system (1.3) with the initial condition (1.4) are positive
forallt > 0.

Proof We prove that x (¢) > 0 for all # > O first. Assume the contrary and let 1; > 0
be some time such that x (r;) = 0, and x (¢r) > 0, if t € [0, £1), we have

Bx (t)v (1)

Oz —dx) - ST o

It then follows that

1 Bu (1)
x (1) = x (0) exp |:/0 <_d C14aix (1) +ayv (l)) dt:| -

It is a contradiction with x (t;) = 0. Hence, we obtain that x () > 0.
As for the second equation of system (1.3), for r € [0, 7], namely, t — v € [—7, 0],
according to the initial condition (1.4), we have

o BeMx(—Dv(@E—1) _
y(t)_1+alx(t—r)+a2v(t—r) ay (1) = py (1) z (1)

> —ay () —py @)z ().

It yields that y (1) > y (0) e~ Jo @+pz®)d6 - o for all ¢ € [0, 7]. By the method
of induction, we make a recursive argument on [, 27], [27, 37],- - -, and then obtain
that y () > O for all + > 0. As for the third and fourth equations of system (1.3), by
calculations, we have that

t
v (1) = u(O)e*“er/ my () e =9 qp,
0
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t cy(0) .
z(1) =z (0) oho (H}siz(e)*b*"y(e))de'

It is apparent that v (#) > 0 and z () > O for all # > 0. This completes the proof. O

Theorem 2 All solutions of system (1.3) satisfying the initial condition (1.4) are ulti-
mately bounded for all t > 0.

Proof Let (x (t),y (¢),v(t),z(t)) be any positive solution of system (1.3) with the
initial condition (1.4). Define

GH=x@®)+e"y(t+71).

Differentiating G (¢) along positive solutions of system (1.3) with the initial condition
(1.4), we have

G(@)<s—dx(t)—e"ay(t+1)
<s—-0G(1),

yielding that lim sup,_, ., G (t) < s/o, where 0 = min {a, d}. Thereby, for § > 0
sufficiently small, there isa T > 0 such thatif r > T, we have

G <> ts.
o
Further, we derive from the third and fourth equations of system (1.3) that for¢ > T,

b (t) < ke ™" (;, + 5) —w (),

sy <e S (5 +5) — bz (1).
e \o
Since § > 0 is arbitrarily sufficiently small, we conclude that

mt mt

. ks _ . cs
limsupv (t) < —e , limsupz (r) < —e
t—00 ou t—00 gab

Hence, x (t), y (¢), v (¢), z (t) are ultimately bounded for all > 0, and the following
set

s s ks cs
=, yv,0):x<—,y<—e "M v<—e "M, z<—e "
o o ou bso

is positively invariant for system (1.3). O
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3 Feasible equilibria and reproduction ratios

It is easy to see that system (1.3) always has an infection-free equilibrium
Eo(s/d, 0,0, 0).

We now calculate the immunity-inactivated reproduction ratio of system (1.3).
Using the method of next generation matrix proposed by van den Driessche and Wat-
mough [25], we obtain

e " Bx(t—1)v(t—1)
F = ( I+arx(t—1)+arv(t—1) ) , V= (ay(t) + py(t)z(t)) .
0

—ky(t) +uv(t)

Then, we have

e—l}‘lf ﬁs
F:(O_a1s+d ) V:(“ O>.
0O 0 —ku
So the next generation matrix is given as follows:
kﬂsefmr ﬁsefm'[
FV_1 = | au(ais+d) u(ais+d) | .
0 0
Thus, the immunity-inactivated reproduction ratio has the following form:

kBse "t
Ro=p(FV H= —"
0=p( ) au(ais +d)

Ry represents the expected number of secondary infectious produced by an infective
cell in a totally susceptible population. It is easy to prove that if Ry > 1, system (1.3)
has a unique immunity-inactivated equilibrium Ep (x1, y1, v1, 0), where

s —ae™y kyi uais+d)(Ro—1)
X]=——— 0= —,y = .
! d ! u 1 kB — aajue™* + kard

Denote

_ (c—m)y1 (c—n)u(ars +d) Ry —1)

m - ’
: b b (kB — aajue™® + kayd)

where R is called immunity-activated reproduction ratio of system (1.3). In the
following, we show thatif R > 1, besides Eg and E1, system (1.3) has an immunity-
activated equilibrium E»> (x3, y2, v2, z2) satisfying the following system:

s_dr_ Py
14+ax +ayv
Be M xv 0
—_— —da - . = ’
14+ax +ayv Yo P
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ky —uv =0,
cyz
— bz — =0. 3.1
1+ez Lo -
Denote
fonge=t (2 (3.2)
H _Z_s b+ ny ’ ‘
kBse™% —u(a+ pz) (a1s +d)
A 2y= 1 (3.3)

[kB — ajue™ (a + pz) + kaxd] (a + pz)’

As is shown in Eq. (3.2), 7 is an increasing function of the variable y. By calculations,
we obtain that z = 0 when y = b/(c —n), and z = —1/¢ when y = 0. Moreover,
cy/(b+ny) — c¢/nasy — oo. Hence, the graph of function f () has an asymptote
fi=z=(c—n)/(en).

In Eq. (3.3), we know that y is a decreasing function of the variable z. It is easy to
getthat y = y; when z = 0, and y = 0 when z = a (Rp — 1)/p. When R; > 1, we
have y; > b/(c — n). Besides, by calculations, we get that f> (z) — 0 as z — oo.
So the graph of function f (z) has an asymptote fo = y = 0. Then, the curves
of two functions defined in (3.2) and (3.3) have only one intersection (z2, y2) when
z € (0, (¢ —n)/en) (see Figure 1).

-_—Y

z

(c-n)/(e*n)

Fig.1 The curves of functions y and z
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Thus, y2 > 0,z2 > 0,v2 = kyy/u > 0. In addition, deriving from the first equation
of system (3.1) at E», we have

(s —dx) (1 +a1x + ayvy) — Bxvy = 0. (3.4)
For the fixed vs, solving (3.4) yields that

[d (1 + azv2) + Bva — ars] + A
2a1d

Xy =

)

where A = [d (1 4+ apvp) + Bvy — als]2 + 4a1ds (1 + apvy) . Noting that

VA =[d(1+aw) + Bvr —ais] > VA — |d (1 + axva) + Bva — ais|
B dads (1 4+ apvr)
VA+1d (1 +av) + pva —ars|’

we therefore have xp > 0.

4 Local asymptotic stability

We are now in a position to study the local dynamics of system (1.3).

Theorem 3 If Ry < 1, the infection-free equilibrium Eo(s/d, 0, 0, 0) of system (1.3)
is locally asymptotically stable; if Ry > 1, Eq is unstable.

Proof By calculation, we have the following characteristic equation of system (1.3) at

Eo:

A+d) (L +b) [(/\ +a)(A4u) — e“*’")fki] =0. 4.1
ais +d

Obviously, Eq. (4.1) has negative real roots A; = —d and Aj* = —b, and other roots
depend on the following equation:

(G+) () =
Za) (L 41) = Rrpe . 4.2)
a u

We now claim that all roots of Eq. (4.2) have negative real parts. Otherwise, Eq.
(4.2) has a root L9 = Reig + ilmXg with Rerg > 0, then it is easy to see that
[Mo/a+ 1] > 1 > Rg and |rAg/u + 1| > |e_)‘0f|.

Thus, it follows that
A A
’<_0 + 1) (_0 + 1) ” |moeikor ’
a u

@ Springer



Mathematical analysis of a delayed HIV infection model... 2373

which contradicts Eq. (4.2). Therefore, all roots of Eq. (4.1) have negative real parts
if Rp < 1. Accordingly, Eo(s/d, 0,0, 0) of system (1.3) is locally asymptotically
stable.
Define

HO) = (a1s +d) (A +a) (A + u) — kBse”*+mT, 4.3)
Apparently, H (}) is a continuous function in terms of 1. And H (0) = au (a;s + d)
(1 —Rp) < 0. Moreover, H (A\) — +o00 as A — oo. Hence, Eq. (4.3) has a positive

root A* such that H (A*) = 0 if R > 1. That is to say, Ey is unstable if Rg > 1. O

Theorem 4 IfR| < 1 < Ry, the immunity-inactivated equilibrium E| (x1, y1, v1, 0)
of system (1.3) is locally asymptotically stable.

Proof The corresponding characteristic equation of system (1.3) at E| has the follow-
ing form:

[A—(c—n)y1 +blg() =0, (4.4)

where

g =0 +a)(+u) (A+d+ pui d + azv1) )

(1 + ayx1 + azvy)?
kB (I +apx) (0 +d) e~ O
(1 + ayx1 + axvy)?

(4.5)

Since Ri=(c —n) y1/b < 1,Eq. (4.4) always has a negative root A} = (¢ —n) y; —b,
other roots are determined by

g (L) =0. (4.6)

Next, we verify that all roots of Eq. (4.6) have negative real parts. Otherwise, Eq. (4.6)
has aroot A1 = ReA; + ilmA;| with ReA; > 0. Then it is easy to obtain

A +d kBxi (1 +ayxy) o (mtAnT

M 2
A +d+ TIT— (I +ayxy + axvy)

kB x; et
14+ay1xi4+av;

|(A14a) 1 +u)| =

=dau.

Nevertheless, itis obvious that | ()1 +a) (A1 +u)| > au, which leads to a contradiction.
As aresult, if R < 1 < Ry, E is locally asymptotically stable. O

Theorem 5 IfR| > 1, the immunity-activated equilibrium E> (X2, Y2, V2, 22) of sys-
tem (1.3) is locally asymptotically stable.
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2374 Y.Yang, R. Xu

Proof The characteristic equation at E; is given as follows:

C C—n)—E&nzg
[(/\—%+b+ny2> (k+a+pzz)+()—2pyzzz]
(I +ez2) 1+ez,
1
x [A—i—d—i— Puz (L + azv2) 2}(}\+u)
(I +ayx2 + axv2)

e~ AHmT (4.7)

— Ot d) [A— cy2 ban 2} kBxs (1 + ajxz)

——+
(1 +¢e22)? (1 + arxs + avp)?

We now claim that all roots of Eq. (4.7) have negative real parts. If not, Eq. (4.7) has
aroot Ap = Re \p +ilm ), with Re Ao > 0, then we get

A2 +d cy, kB xy (14 ajx _
— M ( -~ +5222)2 +b+ny2) - /—3i_azl(x2+al2 vzz))2 o (mHi)T
2 (14ay x2 +a3 v2)?
4.8)
k 1
< Ay — o2 > +b+ny; —'BXZ( +a1x2)2e"’”.
(I +e¢z22) (I +ajx2 + azv2)
At the same time, it follows from system (3.1) that
Bxz2 v _ kY,
—— e ™ =(a+p)Y, vV =—. 4.9)
l4+a1xy4+av; u

Substituting Eq. (4.9) into Eq. (4.8), we obtain

‘(Az—i—u) [(xz—ajgyjz)z +b+ny2) (2+a+pz) + %ph@”

cy2 b+n kBxa(1+aix) et
(1+€22)? To+ny (I+ajxa+arv2)? ’

> ))»2—

It results in a contradiction. Consequently, if 93; > 1, all roots of Eq. (4.7) have
negative real parts. That is, E> is locally asymptotically stable. O

5 Global asymptotic stability
In this section, we are ready to study the global asymptotic stability of each feasible
equilibrium of system (1.3) with the help of proper Lyapunov functionals and LaSalle’s

invariance principle.
First, we define a function

h(x)=x—1—1Inx. 5.1
It is readily seen that #(1) = 0 and A (x) attains its minimum at x = 1.
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Theorem 6 If Ry < 1, the infection-free equilibrium Ey = (s/d, 0, 0, 0) of system
(1.3) is globally asymptotically stable.

Proof Let (x (t),y(t), v (t), z (t)) be any positive solution of system (1.3) with the
initial condition (1.4). Define

1 X(l) mrt a mt
VO(t):HT(x(I)_XO_XOIHK)—Fe y(t)"‘ze U(t)
P mr ! Bx (O) v (0)
e c 2@+ /,_T I +aix )+ axv (Q)de’ 62

where xo = s/d. Calculating the derivative of Vj (¢) along positive solutions of system
(1.3), we have

. dx () —x0)* . au v (1) (1 +aix (1))
Vo (1) = —————— — "™ (1 = 9g) —
x () (1 + ayxp) k 14+ajx () +axw (1)
mr Qa2 2 (1) bp 2 (1)
k 14aix ()4 av (1) c ¢
we Y D@ p
¢ ez 0 y(@)z (). (5.3)

Since Ry < 1, we have Vo (1) <0and Vo (t) =0ifandonlyifx = xg,y =v=27=
0. Obviously, the largest invariant subset of {(x ®),y@),v(),z(@)): Vo (1) = 0}
is So = {Eo} C $2. Furthermore, based on Theorem 3, Ej is locally asymptotically
stable if 93p < 1. Hence, it follows from LaSalle’s invariance principle [24] that Ey is
globally asymptotically stable. O

Theorem7 IfR| < 1 < fRo, the immunity-inactivated equilibrium E| (x1, y1, v1, 0)
of system (1.3) is globally asymptotically stable.

Proof Let (x (t),y (t),v(t),z(t)) be any positive solution of system (1.3) with the
initial condition (1.4). Define

x(t) 1 0
Vi) =e"t x(t)—xl—/ (+a +02U1)x1d9
v (I+axy +av)0

+ 1h< m) ﬂh<v(t))+@z(t)
Vi k v

! —mt Bx (@) v (0)
a /,_, h <e ay; (1 + a1x (0) + av (9))) 9, 4

where the function 4 is defined in (5.1).
Calculating the derivative of Vj () along positive solutions of system (1.3), we have

Vi (1) = _e—mrd(l +azvy) (x (1) — x1)? - ((1 +aix (1) +a2v1)X1)

x (1) (1 +ajx; + azvy) (1 +ajx; +axvy) x (¢)
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( (I +axi +av)xt —1)v(t —1)y ) (Ul)’(f))
— ayrh —ay1h
(I+aix(—7)+aw(—1))xiv1y (1) v ()
o h(1+a1x(t)+azv(t)) py 1)z (1)
MM\ T T ax @) + aav 146200
peb+ny)y 02 (1) aazyi (1+a1x (1) (0 (1) = v1)’ 55)
b(1+ez (1)) vi (14 a1x (1) + aav (1)) (1 + a1x (1) + agv1)”

Ri—1

Due to &) < 1, it is apparent to know V;(f) < O with equality if and
only if x = x;, y = y, v = v;, z = 0. The largest invariant subset of
@,y @®,v@®),z@®): Vi (t) =0} is Sy = {E;} C £2. From Theorem 4, if
R < 1 <Ry, E is locally asymptotically stable. Consequently, in light of LaSalle’s
invariance principle [24], we conclude that E; is globally asymptotically stable if
R <1 < Ro. |

Theorem 8 IfR| > 1, the immunity-activated equilibrium E> (x2, y2, v2, 22) of sys-
tem (1.3) is globally asymptotically stable.

Proof Let (x (1), y(t), v (t), z (t)) be any positive solution of system (1.3) with the
initial condition (1.4). Define

x(t) 1 9
Vo(t) =e ™ x(t)—xz—/ (I +a +‘12U2)x2d0
v (I4aixy +av)6

ok (y(t)>+(a+l712)v2h<v(l)>+Pyzz2h<@>
2

k V2 b 22
px (6) v (0) ) p
(a+ pz2) y2 (1 +a1x (0) + azv (0)) ’

'

+ (a + pz2) yz/ h <e_"”
-7

(5.6)

where the function % is defined in (5.1).
Noting that E; is the equilibrium of system (1.3), we have the following expressions:

Bxav2 _ Bxava
A=dipy+——-""—"—— (a+pm)yp=""——""—
14+ aixy +ayvy pz2)y 1 +aix; +avy

k
u=22 p= D2 _,y, (5.7)

’

v - 146z

Calculating the derivative of V; (¢) along positive solutions of system (1.3), and sub-
stituting (5.7) into Eq. (5.6), we obtain

e d (L + @) (x (1) — x2)?
x () (1 +ajx2 +axvy)
(I 4+aix (t) +axv) x; 1+a1x () +av (1)
— h h
@tpzin [ ((1 +aixy +av)x (l)) - < 1 +ax () + axva >]
v2>’(l)) +h< +ax2+av)x(t—vE—1)ym >]
v (1) y2 (I+ax( —1)+aw(—1))x20y (1)

Vz (1) = —e

—(a+pz2)»m [h (
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@@t pm) (I +ax @) @@ -’ eepyy @) @ @) —2)°
vu(I+ax () +aw @) (I +ax (@) +avy) bl +ez) (1 +ez(t)
(5.8)

Itis evident that V2 (1) < 0. And we have Vz () =0iffx =x0,y = m,v=12,2 =
22. Clearly, the largest invariant set in {(x (t), y (t) , v (1), 2 (1)) : V2 () = 0} is the
singleton S = {E»}. Moreover, Theorem 5 implies that E» is locally asymptotically
stable if Y81 > 1. On the basis of LaSalle’s invariance principle [24], we claim that
E» is globally asymptotically stable. O

6 Sensitivity analysis

In this section, the effects of parameter values on the immunity-inactivated repro-
duction ratio R and the immunity-activated reproduction ratio R will be shown by
performing sensitivity analysis.

The parameter values are chosen as follows [26-28]:

A = 46cellsml~'day™!, d =0.0046 day~!, B =4.8x 1077 ml virion~! day ™",
0.00094 ml cells™ day ™', & = 11.349 virion cells™! day™!, u =0.25day"!,

p =
m=139day™!, t=05day, a=00lday"!, ¢=001day"!, b=0.5day .
6.1)
In the meantime, suppose that a; = 0.1 ml virion™!, a3 = 0.0003 ml virion~!,

n = 0.005 cells~'day~!, & = 0.01 cells mI~!. Firstly, we perform sensitivity analysis
of the immune-inactivated reproduction ratio R on the parameters t, u, m, k, aj, a
and B with the method of Latin Hypercube Sampling and Partial Rank Correlation
Coefficients (PRCCs) developed in [29] (see Fig. 2). In Fig. 2, it is clearly that g, k are
positively related with Ry, and B contributes more to Rp compared to k. However, t,
u, m, aj and a are negatively correlated with 9Rg, and m makes the least contribution
to R compared to 7, u, a; and a. It shows that we should reduce g or increase the
intracellular delay t to decrease the value of fRg.

Secondly, sensitivity analysis of the immune-activated reproduction ratio R; in
regard to the parameters 7, u, m, k, b, n, ¢ and f is carried out. As is shown in Fig. 3,
it is obvious that fR; is positively correlated with g, k and ¢, while PR is negatively
correlated with 7, u, m, b and n. In addition, in order to more effectively reduce R,
we can decrease the virus-to-cell infection rate and the activation rate of CTL immune
response.

7 Conclusion
In this paper, we developed an HIV infection model for the interaction of HIV, host

cells and CTL immune cells. In system (1.3), we used Beddington—DeAngelis type
incidence to describe the rate of contact between the HIV and host cells. Moreover,
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. . .
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Value of Correlation Coefficient for outcome R

Fig.2 Tornado plots of PRCCs in regard to R with parameter values assumed in (6.1)

I I I
-1 -08 -06 -04 -02 0 02 04 06 0.8 1

Value of Correlation Coefficient for outcome R,

Fig.3 Tornado plots of PRCCs in regard to $3; with parameter values assumed in (6.1)

the intracellular delay, saturated CTL immune response and immune impairment were
considered in system (1.3). We derived immunity-inactivated and immunity-activated
reproduction ratios: PRp and PRj. The expression of PR implies that PRy is positively
related to ¢ and Ry, negatively correlated to n and b. The immune impairment has an
effect on the immunity-activated equilibrium of system (1.3). Moreover, we studied the
local asymptotic stability of feasible equilibria, and the global asymptotic stability was
investigated with the help of constructing Lyapunov functionals and using LaSalle’s

@ Springer



Mathematical analysis of a delayed HIV infection model... 2379

invariance principle. It is obvious that Rp and R play crucial roles in the stabilities
of feasible equilibria of system (1.3).

Furthermore, intracellular delay does not affect the stabilities of equilibria, so it does
not induce periodic solutions or Hopf bifurcation. As is shown in sensitivity analysis,
the two thresholds Rg and fR are positively associated to the parameter values § and
k. The immunity-inactivated reproduction ratio and immunity-activated reproduction
ratio gradually decrease as intracellular delay increases, which could help us to better
control the viral load.
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