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Abstract

The purpose of the present work is to introduce and study the concept of interval
type-2 (IT2) fuzzy grammar which recognizes the given IT2 fuzzy languages. The
relationship between IT2 fuzzy automata and IT2 fuzzy (weak) regular grammars is
discussed. Specifically, the results we obtained here are (i) IT2 fuzzy weak regular
grammar and IT2 fuzzy regular grammar generate the same classes of IT2 fuzzy
languages (ii) for a given IT2 fuzzy regular grammars, there exists an IT2 fuzzy
automata such that they accept the same IT2 fuzzy languages, and vice versa. In
addition, we define some operations on IT2 fuzzy languages and it is shown that IT2
fuzzy languages recognized by IT2 fuzzy automata are closed under the operations
of union, intersection, concatenation and Kleene closure, but are not closed under
complement.

Keywords Interval type-2 fuzzy set - Interval type-2 fuzzy automata - Interval type-2
fuzzy grammar - Interval type-2 fuzzy languages

1 Introduction

It is well-known that the simplest and most important type of automata is finite-
automata and itis closely related to formal language as finite-automata can be classified
by the class of formal languages (cf., [5,6,25]). In finite automaton, the input alphabet
consists of a finite number of discrete input symbols. Fuzzy automata proposed by

X S. Sharan
shambhupuremaths @ gmail.com

Department of Mathematics & P.G. Centre, College of Commerce, Arts & Science, Patna,
Patliputra University, Patna 800020, India

Department of Computer Science and Engineering, Birla Institute of Technology, Ranchi
834001, India

Department of Mathematics and Statistics, Universiti Tun Hussein Onn Malaysia, Batu Pahat 86400,
Malaysia

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12190-021-01577-y&domain=pdf
http://orcid.org/0000-0001-7974-7518

1506 S.Sharan et al.

Wee [30] considered as a generalization of finite automaton in which the knowledge
about the system’s next state is vague or uncertain. Thereafter, a numerous works has
been contributed towards the generalization of finite-automata by many authors such
as Santos [23], Lee and Zadeh [10], Wechler [29], especially the most simplest one by
Mordeson and Malik [13,19]. Meanwhile, the notions of fuzzy languages generated by
fuzzy grammars was firstly proposed by Lee and Zadeh [10]. In the last few decades,
the relationship between fuzzy automata and its counterpart fuzzy grammars has been
introduced and studied by may authors in many forms (cf., eg., [9], [3], [20], [33,34],
[21,22], [11], [24], [4]). Among these studies, in [9], the concept of L-fuzzy gram-
mar based on distributive lattice and Boolean lattice has been discussed; while [3] is
towards the study of fuzzy grammars and recursively enumerable fuzzy languages. As
afurther extension, Moore et al. [20], Cheng and Wang [2] introduced quantum version
of finite automata and grammars; while Qiu [21,22] proposed automata theory based
on the complete residuated lattice-valued logic. Meanwhile, Jancic¢ and Cirié [7] intro-
duced Brzozowski type determinization for fuzzy automata, one of the canonization
methods for computing fuzzy finite automata. Further, Mici¢ et al. [17] figured one
more determinization method for fuzzy finite automaton over a complete residuated
lattice produces a minimal crisp-deterministic fuzzy automaton which is equivalent to
the fuzzy finite automaton. In [24] and [4], Sheng and Guo studied about regular gram-
mars with truth values in lattice-ordered monoid and discussed the relationship with
languages. Subsequently, Li and Pedrycz [11] presented a basic framework of fuzzy
finite automata with membership values in lattice-ordered monoids. Thereafter, Sheng
and Li [24] introduced and studied the notions of lattice-valued finite automata and
lattice-valued regular grammars. However, in [4], it has been found that the concept of
lattice-valued grammars and lattice-valued regular grammars are not so satisfactory.
The notions of type-2 (T2) fuzzy sets was proposed by Zadeh [37], generalizing
the existing type-1 (T1) fuzzy sets [36]. In [15], it has been pointed out that T1
fuzzy sets whose membership function is totally crisp provides limited platform for
computational complexity and also not able to handle linguistic uncertainty involved
in the model whereas T2 fuzzy set is capable to model such uncertainty because their
membership functions are themselves fuzzy. Also, the membership function of T2
fuzzy sets is three dimensional which gives additional degrees of freedom to model
the uncertainty directly in comparison to T1 fuzzy sets which have two-dimensional
membership function. Unfortunately, T2 fuzzy sets are not easy to understand and use
than are T1 fuzzy sets. In view of the difficulties involved in T2 fuzzy sets, Mendel and
John [15] have tried to overcome the difficulties by giving a new representation of T2
fuzzy sets in a precise way and makes it easy to use and understand. Based on the idea of
T2 fuzzy sets by Zadeh [37], Mizumoto and Tanaka [18] firstly proposed the notions
of fuzzy-fuzzy automata (or T2 fuzzy automata). They investigated that T2 fuzzy
languages characterized by T2 fuzzy automata is closed under the operations of union,
intersection, concatenation and Kleene closure but are not closed under complement.
The author in [35] has pointed out that all previous kind of fuzzy automata are still
computing with values although a certain vagueness or uncertainty are involved in the
process of computing. Afterward, Ying [35] proposed new kind of fuzzy automata
considered as formal models of computing with words whose input is a string of
T1 fuzzy subsets of the input alphabet, instead of a string of symbols from the input
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alphabet. However, researchers in [14,28,31] have been noticed the limitations of using
T1 fuzzy sets in computing with words. Inspired by the work of Ying [35] on computing
with words, recently, Jiang and Tang [8], introduced new kinds of formal model of
computing with words into IT2 fuzzy environment named IT2 fuzzy automata and
IT2 fuzzy pushdown automata whose inputs are strings of IT2 fuzzy subsets of the
input alphabet. They have also studied the behavior of these automata and establish
their relationship with IT2 fuzzy languages.

As we know, the characterization of fuzzy languages by fuzzy grammar is an impor-
tant issue in computation theory. The present paper introduce and study the concept of
grammar theory in the sense of IT2 fuzzy sets. That is, we propose IT2 fuzzy grammar
and established their relationship with IT2 fuzzy automata. In particular, we get the
following results (i) IT2 fuzzy weak regular grammar and I'T2 fuzzy regular grammar
generate the same classes of IT2 fuzzy languages (ii) if an IT2 fuzzy language is
generated by an IT2 fuzzy grammar, it can be accepted by an IT2 fuzzy automata,
and vice versa. Furthermore, we define some operations on IT2 fuzzy languages and
show that IT2 fuzzy languages characterized by IT2 fuzzy automata is closed under
the operations of union, intersection, concatenation and Kleene closure, but are not
closed under complement.

2 Preliminaries

In this section, we recall some concepts related to type-2 fuzzy sets, IT2 fuzzy sets, IT2
fuzzy relation, and collect some results, which we need in the subsequent sections.
Throughout this paper, X is a nonempty set, I = [0, 1] and [I] = {[a,b] : a <
b,a,b e I}.

We begin with the following:

Definition 2.1 [15] A T2 fuzzy set A is characterized by a type-2 membership function
Mz X xXJy —>1,Vx eXand J, C 1, ie.,

A={((x,u), pix,u)ix € X,uele I},

in which 0 < pmilx,u) < 1. A can also be expressed as

A=/ / wiCe,u) /(e u), Jy €1,
xeX Juel,

where f f denotes the union over all admissible x and u. For discrete universes of
discourse f is replaced by Y .

Definition 2.2 [12,16] A T2 fuzzy set A is called an IT2 fuzzy set if ju 7 (x,u) =1,
Vxe XandVu e J, C I.

An IT2 fuzzy set A can be expressed as follows:
A={((x,u),):x € X,uel)

or as:
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A:/ / 1/(x,u), Je CI.
xeX Juely

Definition 2.3 [l§] Let A be a T2 fuzzy set in X. Then for each x’ € X, a vertical
slice 11 ;(x”) of A is the intersection between the two-dimensional plane whose axes

areu € J, and A(x’ , u) and the three dimensional type-2 membership function A,
ie.,

Lﬁ&@EMAX=fM)=/ fo@)/u, Jy 1,

MGJX/

in which 0 < f,/(u) < 1. Clearly, for an IT2F set A, nilx = x’, u) is defined as
follows:

MA(X/)EMA(JC:)C/,M):/ Vu, J €1,

MEJX/

By the abuse of notation, we shall write 1 ; (x) instead of 11 ;(x"), Vx" € X.Itis a T1
fuzzy set, known as secondary membership function. The domain of a secondary
membership function is called the primary membership of x, which we also called
as secondary set.

In terms of vertical slice, an IT2 fuzzy set A can also be re-expressed as:

A={(x, nz()):x € X)

or, as the following:

A~:/ /LA(x)/x:/ |:/ l/u] /x, where J, C I
xeX xeX LJuely

is the primary membership of x.

In this paper, /T2F (X) will denote the set of all IT2 fuzzy sets in X.
If both X and J, are discrete, A € IT2F (X) can be expressed as follows

N
A=Y "I Wul/x=> | Y tul/x
xeX | uely i=1 uein
M, M; My
=[Xhmw}m+m+ S Vuik | fxi et | S0 Vuwe | Ja,
k=1 k=1 k=1

where + denotes the union.

Throughout this paper, we consider both X and J, are discrete.

In [15], it has been observed that x is discretized into N values and at each of these
values u has been discretized into M; values. The discretization along each u;; does
not have to be the same, however, if the discretization of each u;j is the same, then
My =M, =..=My=M.
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Deﬁ[lition 2.4 [32,38] The footprint of uncertainty, denoted by DA, of a T2 fuzzy
set A is given by

DA = U Jy.

Let DA(x) = Jy, Vx € X. Then a T2 fuzzy set A can be re-expressed as:

A=/f (e w)/(xw).
(x,u)eDA

For given T2 fuzzy set A, alowerand an upper membership function are the two type-1
membership functions that are the bounds of DA. The lower membership function
(denoted as DA) is associated with the lower bound of D A, and the upper membership
function (denoted as D A) is associated with the upper bound of DA.

For A € IT2F(X) and x € X, puj;(x) is an IT1 fuzzy set on I. Thus
DA(x) = [Qﬁ(x),ﬁﬁ(x)], where QA(x) and DA(x) are lower and upper mem-
bership functions (both of which are T1 fuzzy sets) respectively. For simplicity, let

DA~(x) = [l i), ry (x)]. Consequently, the membership grade of each element of an
IT2 fuzzy set is an interval [l FCIN (x)].

Note that, any A € IT2F(X) can also be represented as
A =1/DA.

Now, we recall the following operations on IT2 fuzzy sets from [38].
Definition 2.5 Let A, B € IT2F(X). Then Vx € X,
1. the union of two IT2 fuzzy sets A, Bis

AUB

1/ [l/;(x) Vig(x), rz(x) Vv rg(x)]
2. the intersection of two IT2 fuzzy sets A, Bis
ANB=1/[1;0) Alz&), r;(x) Arz(x)]
3. the complement of IT2 fuzzy set A is
AC=1/[1=1;00,1 —r;(x)]
4. the scale product of A and IT2 fuzzy set A is
A A=1/[AAl;0, A AT;(0],

where & = 1/[A, 1], [A. 2] € Int([0, 1]), stands for the set of all closed subin-
tervals of [0, 1].
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5. the height of IT2 fuzzy set A is
height(A) = 1/ [Vyexl;(x), Vaexri(x)]

We close this section by recalling the concept of fuzzy finite automaton from [35].

Definition 2.6 A fuzzy finite automaton (FFA) is a 5-tuple M = (Q, %, 8, qo, F),
where

(1) Q and X are nonempty finite sets called the state-set and input-set, respectively;

(i) qo € Q is called the initial state;

(iii) F is a fuzzy subset of Q, called the fuzzy set of final states and for each ¢ € Q,
F(q) indicates intuitively the degree to which ¢ is a final sate, and

@iv) § : O x ¥ — F(Q), the set of all fuzzy subsets of Q, is a map called transition
map. Forany g € Q anda € X, 8(q, a) is afuzzy subset of O, and it may be seen
as the possibility distribution of the states that the automaton in state ¢ and with
input a can enter. More explicitly, for each p € Q, 6(g, a)(p) is the possibility
degree to which the automaton in state ¢ and with input a may enter state p.

To define the notion of the degree to which a string of input symbols is accepted by a
fuzzy finite automaton, we need to extend the transition function. Let X* = Uzio X"
be the set of all strings of finite length over X and let A denote the empty string..

Definition 2.7 [35] Let M = (O, X, 8, qo, F) be a FFA.

1. The transition function § is extended to §* : O x X* — F(Q), where

8(g. N) =

RS

8*(q, wa)

18", w)(p)-8(p, )]

peQ
forall w € X* and a € X, where Llisa singleton in Q. i.e., the fuzzy subset of O
with membership 1 at ¢ and with zero membership for all the other elements of Q.
In addition, 6(g, w)(p).5(p, a) stands for the scale product of fuzzy set 5(p, a)
with the parameter §(g, w)(p).
2. For any w € X*, the degree to which w is accepted by M is
L(M,w) = height(§*(qop, w) N F).
3. The language L (M) accepted by M is a fuzzy subset of X* and it is defined by

LM)(w)=L(M,w), Ywe X",

2.1 IT2 fuzzy automata and its languages

In this section, we recall the concept of IT2 fuzzy finite automata and its languages
from [8].
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Definition 2.8 An interval type-2 fuzzy automaton (IT2 FA) is a five-tuple M =
(0, X, 8, q0, F), where

1. Q is a finite set of states;

2. X is a finite input alphabet;

3. go € Q is an initial state;

4. § is amapping from Q x X into IT2F(Q), the set of all IT2 fuzzy subsets of Q.
Forany g, € Qanda € X, §(g;, a) is an IT2 fuzzy subset of O, and it may be seen
as the possibility distribution of the states that the automaton is state ¢; and with
input a can enter. More explicitly, for each g; € Q, 6(g;, a)(g;) is the possibility
degree (i.e., T2 fuzzy membership degree) to which the automaton in state g; and
with input @ may enter state ¢ ;. Formally, §(¢;, a) and 5(g;, a)(q;)are defined as
follows:

3(qi,a) = [Zk luOk] +...+%+... M
7 qi qn

where, u;; € J, € [0,1], 0<i < N.

1 1
3(qi,a)(q;) = = , where
{wji,ujpp, .. ujmjl s ujmjl

ujpeJy €[0,1, 0<j=<N, 1<k=<M;.

5. Fis an IT2 fuzzy subset of Q, called the T2 fuzzy set of final states, and for
each g; € Q, F(g;) indicates intuitively the degree to which ¢; is a final state.
That is, F' and F(g;) are define as follows:

M; 1
b .. [, ] . s m],
q1 qi qN

where, u;r; € Jy € [0,1], 1 <i <N.

1 1
F(g) = = , Where,
{wit, win, ... uipmi} i, wipil

ujreJy €01, 1<i<N, 1<k=<M,;.

In view of Definitions 2.6 and 2.7, IT2 fuzzy finite automata can be considered as a
generalizations of fuzzy finite automata as fuzzy finite automata are based on T1 fuzzy
set; however, IT2 fuzzy finite automata are based on IT2 fuzzy sets.

Definition 2.9 [8] Let M = (Q, X, §, qo, F) be an IT2 FA.
1. The transition function § is extended to §* : Q x X* — IT2F(Q), where

8(q, A) =1/[1,11/q
§*(q. wa) = | J[8%(q, w)(p).8(p, )]

peQ
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forallw € X*anda € X, where 1/[1, 1]/q (i.e., 1/{1}/q) is asingletonin Q.1i.e.,

the IT2 fuzzy subset of Q with membership 1 (i.e., [1,1])at g and with zero mem-

bership (i.e., [0,0]) for all the other elements of Q. In addition, 6 (g, w)(p).5(p, a)

stands for the scale product of IT2 fuzzy set §(p, a) with the parameter (g, w)(p).
2. For any w € X*, the degree to which w is accepted by M is

L(M,w) = height(§*(qo, w) N F).
3. AnIT2 fuzzy language L(M) € IT2F (X*) accepted by M is defined as
LM)(w)=LM,w), Ywe X*,
where IT2F(X*) denotes the set of all IT2 fuzzy sets in X*.

Example 2.1 ConsideranIT2FA M = (Q, X, 8, qo, F) where O = {q0, q1,q2), X =
{a,b}, F =1/0.2/q1+1/0.3/q1+1/0.4/q1+1/0.7/g2+1/0.9/q2+1/1/q2 (or F =
1/[0.2,0.4]/q1 + 1/[0.7, 11/q>) and é is given by

8(q0,a) = 1/0.3/q1 +1/0.5/q1,

8(g1,a) =1/0.7/q1 +1/0.8/g1 +1/0.9/q1 +1/0.3/g> + 1/0.4/q>,
8(q2,a) =1/0.5/q2 +1/0.7/q2,

8(q1.0) =1/0.3/q1 +1/0.4/q1 + 1/0.4/q2 + 1/0.6/¢2,

8(q2,b) =1/0.2/g1 +1/0.3/q1 +1/0.5/q1 +1/0.7/g> + 1/0.8/q>.

If w = aaab, we have the following:

8(qo0,a) = 1/0.3/q1 +1/0.5/q1 = 1/[0.3,0.51/41,
8*(qo, aa) = 1/[0.3,0.5].8(q1, a)
= 1/[0.3,0.5].(1/[0.7,0.91/q1 + 1/[0.3,0.4]/¢>
= 1/[0.3,0.5]/¢q1 + 1/[0.3,0.4]/¢>
8*(qo, aaa) = 1/[0.3,0.5].8(q1, a) U 1/[0.3,0.4].8(g2, a)

=1/[0.3,0.5].(1/[0.7,0.9]1 /g1 + 1/10.3, 0.41/92)
U 1/[0.3,0.4].(1/[0.5,0.7]1/g2)

= (1/[0.7,0.91/q1 + 1/[0.3,0.4]/g2) U (1/[0.3, 0.4]/q2)

= 1/[0.3,0.5]/¢q1 + 1/[0.3,0.4]/¢>

8%(qo, aaab) = 1/[0.3,0.51.8((q1, b) U 1/[0.3,0.41.8(¢q2, b))

= 1/[0.3,0.5].(1/[0.3,0.4] /g1 4+ 1/[0.4, 0.6]/q2)
U 1/[0.3,0.4].(1/[0.2,0.5]/q1 + 1/[0.7,0.8]/q2)

= (1/[0.3,0.4]/q1 + 1/[0.3,0.5]1/92)
U (1/[0.2,0.4]/q1 + 1/[0.3,0.4]/q2)

= 1/[0.3,0.41/q1 + 1/[0.3,0.5]1/g>.
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8*(qo, aaab) N F = (1/[0.3,0.4]/q1 + 1/[0.3,0.51/g2)
N (1/[0.2,0.41/q1 + 1/[0.7, 11/q2)
= 1/[0.2,0.41/q1 + 1/[0.3,0.51/q>.

The degree to which string aaab of values accepted by M is

L(M, aaab) = height(§*(qy, aaab) N F)
— height(1/[0.3,0.41/q1 + 1/[0.3,0.51/q>)
= 1/[v{0.3,0.3}, v{0.4, 0.5}]
—1/[03,0.5].

3 IT2 fuzzy grammar and IT2 fuzzy automata

In this section we introduce and study the concept of IT2 fuzzy grammar and establish
their relationship with IT2 fuzzy languages.

Definition 3.1 An IT2 fuzzy grammar (IT2 FG) is a quadruple G = (N, T, P, S),
where

1. N is a finite alphabet of nonterminal symbols,

2. T is afinite alphabet of terminal symbols, such that N N T = ¢,

3. § € N is a starting nonterminal symbol,

4. P is a finite collection of IT2 fuzzy productions over N U T such that P =

{or LA Bla e (NUT)*N(NUT)*, B € (NUT)*}, where p is a mapping from
(NUT)* x (NUT)*to IT2F(T*), called IT2 fuzzy transition function.

We may interpret p(«, 8) as the grade of membership that « will be replaced by S,

denoted by p(a, 8) = p(a — B). For the sake of convenience, a> B is sometimes
written as« — B in P.

Definition 3.2 Let o = B be a production and y, § € (N U T)*. Then y 84 is said to
be directly derivable from y«§, which we shall denote by

ya8:p>y/38.

Ifa; €e (NUT)* fori = 1,2,3,...,m and ¢;4 is directly derivable from «; for
i =1,2,3,...,m — 1, then ¢; is said to derive ¢, in grammar G or «,, is derivable

from & in grammar G, which we shall denoted by « :g; o, We call

a1 a2 20,
the derivation chain of o, from «, and define
p =height(pt Np2Np3N...0 Ppy—1)

@ Springer



1514 S.Sharan et al.

Definition3.3 Let G = (N, T, P, S) be an IT2 FG. An IT2 fuzzy language L(G) €
IT2F(T*) generated by G is defined as

L(G, w) = height{p : § =2>* wlweT"),

where IT2F(T*) denotes the set of all IT2 fuzzy sets in T*.

Example 3.1 Let G = (N, T, P, S) be an IT2 FG, where N = (S, A, B),T = {a}
1/[0.1,0.2 1/10.3,0.7 1/[0.5,0.7 1/[0.3,0.4
and P = {s 01021 5 g MOIOTL 4 q MOOTL g g O304 B

1/[0.7,0.9
p 07091 aS}.

If the derivations of w = (aaa) in G are as follows:

1/[0.1,0.2 1/[0.1,0.2 1/[0.1,0.2
/[ 1 as /I 1 as /I 1

1/[0.1,0.2] 1/[0.1,0.2] 1/[0.3,0.7]
asS asS

1/[0.1,0.2 1/[0.3,0.7 1/[0.5,0.7

/[ 1 as /I 1 aA /[ ]

1/10.3,0.7 1/[0.5,0.7 1/[0.5,0.7
/1 ]aA /[ ]aA /1 ]aA,

1/10.3,0.7 1/[0.3,0.4 1/[0.7,0.9
N ] alA il ] aB il ] as, then

Ly ' tn ”n
>

L(G, w) = height{1/[0.1,0.2]1 N 1/[0.1,0.2] N 1/[0.1,0.2],
1/[0.1,0.2]1 N 1/[0.1, 0.2], 1/[0.3, 0.7],
1/[0.1,0.21N0 1/[0.3,0.71 N 1/[0.5, 0.7],
1/[0.3,0.7]1 N 1/[0.5, 0.71 N 1/[0.5, 0.7],
1/[0.3,0.7]N 1/[0.3,0.4] N 1/[0.7, 0.9]}
= height{1/[0.1,0.2], 1/{0.1, 0.2], 1/[0.1, 0.2], 1/[0.3, 0.7],

1/[0.3,0.4]}
— 1/[v{0.1,0.1,0.1,0.3, 0.3}, v{0.2,0.2,0.2, 0.7, 0.4}]
= 1/[0.3, 0.7].

Definition 3.4 (Chomsky-like classification) Let G = (N, T, P, S) be an IT2 FG.
Then G is said to be

1. arbitrary if there are no restrictions on the form of IT2 fuzzy productions rules,
i.e., productions are of the general form a:p>,3, a, B € (N UT)*. Accordingly,
L is called IT2 fuzzy type 0 language;

2. monotone or context-sensitive if for every production « LA BeP,uape
(NUT)*,implies |«| < |B]|. Accordingly, L is called IT2 fuzzy context-sensitive
language;

3. context free if for every production o L B € P,a B e (NUT)* implies
|| < |B|and o € N. Accordingly, L is called IT2 fuzzy context free language;
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4. week regular if for every production « LA B € P,a,B € (NUT)* implies
aeNandB e TTB,Be NU{A}ora =S, 8 = A. Accordingly, Lg is called
IT2 fuzzy week regular language;

5. regular if for every production o LA BeP,a Be(NUT pa, B) > 1/[0,0]
impliese e Nand 8 €e TB, Be NU{A}ora = S, B = A. Accordingly, Lg is
called IT2 fuzzy regular language.

Definition 3.5 Two IT2 FGs G| and G, are said to be equivalent if they generate the
same IT2 fuzzy language, i.e., L(G1) = L(G>2).

Theorem 3.1 An IT2 fuzzy weak regular grammar is equivalent to IT2 fuzzy regular
grammar; i.e., they generate the same classes of IT2 fuzzy languages.

Proof LetGy = (N1, T, P1,S)and G = (N T, P, S) baan IT2 week and IT2 regular
grammar respectively. Also, let the languages generated by G and G are denoted by
L(G1) and L(G) respectively. We need to show that L(G1) = L(G). In view of
Definition 3.4, it is easy to see that L(G) € L(G1). In the following, we only need to
show that L(G1) € L(G).

(i) For each production

o — wiwy - wyP € Py,

where w; € Ty fori = 1,2,--- ,m and «f € N;. When m = 1, we have w; €
T,a, € Ny C Nando — wif € P asrequired, whileif m > 2,0, 8 € Ny C N,
we can define new nonterminal symbols as A1, A2, - -+, A,,—1 € N and denote the set

of these symbols as Ny, then we have N = N; U Nj.

Let pg and pg, represent the grade of membership of productions in G and G
respectively. Now we can reproduce the production « — wjws - - - w, S by means
of productions ¢ — wiA;, A = wory, - ,Au—1 = wyf € P with pgla —
wir) = pc(A1 = w2A2) = - = p6An—2 —> Wp—1in-1) = 1/[1,1];
PG Am—1 — wmP) = pg, (@ — wiwz - - - wyB). Then

pc(a = wiwy - - wyP) = pela — wir) N pg(Ar = wara) N---N
PG Am—2 = Wn—1Am—1) N p6 Am—1 = wypP)
= pG, (@ = wiwz - - wyP).
(ii) For each production

a— Vv vy € Py,

where v; € Ty fori = 1,2,--- ,nand @ € N;. Whenn = 1, we have vy € T and
o — vy € P asrequired, while if n > 2, @, € N1 € N, we define new nonterminal
symbols as ui, U2, -+, un—1 € N and denote the set of these symbols as Ny, then

we have N = N1 U Np.

Now, we can reproduce the production « — vyv; - - - v, 8 by means of productions
o = Vi1, k] —> V2U2, -0, Up—1 —> Uy € P with pg(@ — vip) = pc(ur —
vu2) = = p6(n—2 = Vp—1in—1) = 1/[1,1]; pc(un—1 = vn) = pG, (¢ —
viv2 -+ - Vy). Then
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pc(a — vivy - vy) = pg(a = vipur) N pg(ny — vapuz) N---N
pG(ﬂn—Z - vn—l/‘Ln—l) N pG(/Ln—l — Vp)
= pG, (@ = vivy -+ - vy).

Thus, G can be specified is an /T2 fuzzy regular grammar. Therefore, from o —
wiwy - wyB € Pando — vivy---v, € P we conclude that L(G) € L(G).
To prove the reverse inclusion, suppose that for some w € T*, there is a deviation

S ='O>*w.
in Gy with pg, (S = w) = pg(S — w).

We shall show that there is a derivation of w in G by induction on the number of
symbols from N N; appearing in the derivation S =p>*w. If no such symbols appear
then S :p>*w is already a deviation in G . Otherwise the first appearance of a symbol
of N Ny is based either on a production « — wi A1 with pg, (0« — wiA1) = pg (o —
wii1), wherea — wiws - - - wy, B isaproductionin G, or on aproduction — v/t

with pg, (¢ = vip1) = pg(a = vipy), where ¢ — vjvz - - - vy, is a production in
G1. Now consider the first case, for any of the symbols of N Nj, the only way in

which p; can subsequently appear must involve changes from A to waAz, -+, Ay—1
to w;, B. Then the chain of transitions « — wiA1, A1 = WAz, -+, Am—1 = Wy B
with

PG, (@ = wiky) = pg(a — wiAy)
PG, (A1 = waA2) = pG (A1 — w2A3)

PG, Am—1 —> wmB) = PG Am—1 = W B)
can be reproduced by a single transition « — wjws - - - w,, B in G with

PG, (@ = wiwy - wmB) = pG, (@ = wir1) N pG, (A1 = waArz) N---N
PGy (Am—1 —> wmP)
= pc(a = wiAp) Npg(Ap = war) N---N
PG (Am—1 = wmP)
= pg(a — Wy, * ccwpB)

= PG, (@ = Wy, -+ W ).

Similarly, in the second case the derivation must involve subsequently changes from
mip to vap2, -+, Up—1 to v,, and these n transitions can be replaced by a single
transitions in G, from w to vjvs - - - v, with

PG, = Vv - - Uy) = PG, (@ = vip) N PG, (1 — vauz) N---N
PG, (n—1 —> Vy)
= pg(a — vipy) Npg(ur — vau2) N---N
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PG (Un—1 = Vy)
= pg(a — vivy -+ vy)

= pG, (@ = vy, - - U B).

In both cases, the derivation S =p>*w is replaced by one with fewer occurrence of
symbols from N N; with pg,(w) = pg(w), then it follows that L(G2) C L(Gy).
Thus L(G) C L(G1), showing that L(G) = L(Gy).

The following example illustrate above proposition.

Example 3.2 Let G| = (N, T, Pi, S) be an IT2 fuzzy week regular grammar, where
Ny ={S,A,B},and T = {x, y, z},

P]:{Sinch, AﬁncyB, B&yA, Aﬁmy, Bﬂza}.

We construct an IT2 fuzzy regular grammar G = (N, T, P, S), where

/11,1 /1.1
P:{S/[_>]X)¥1, K1£>XA, A/[—>]xkz, )»2£>yB,

1/[1,1 1/[1,1
B2 y4, AL]ZMI, -y, BL]zuz, a5, ).

and N = Ny U {Aq, Ao, i1, 1o}
Clearly, for w = x?y?zy the derivation of w in G1 is as follows:

Sﬂnchﬁ)xxxyB&xxxyyAﬂxxxyyzy,

so L(G)(w) = p1 N p2 N3 Npa.
The derivation of w in G is as follows:

Pl [1.1]

1/[1,1 /11,
SL)]x)»l —>xxA /—>xxxk2 ﬁ)xxxyB ﬁ)xxxyyA

1/[1,1] 04
—> XXXYYZH] —>XXXYYZY.
then

LG)(w) = 1/[1, 110 p1 N1/, 11N p2 N p3 N 1/[1, 110 pa
=p1Np2MNp3MN P4
= L(G)(w).
Now we have following result.

Theorem3.2 LetG = (N, T, P, S) be an IT2 fuzzy regular grammar, then there exists
anIT2 FAM = (Q, X, 8, qo, F) such that L(M) = L(G).

Proof For given an IT2 fuzzy regular grammar G = (N, T, P, S), we can construct an
IT2FAM = (Q, X, 3, q0, F), where Q = NUgqr, X =T, qo =1/[1,11/S, F =

@ Springer



1518 S.Sharan et al.

(1/01,11/S + Lg(A)/qr) and a/b

p(A—>uB) A,BeN
S(A,u)(B) =3 p(A—u) AeN,B=F
0 otherwise

For any A, u € (NUT)*, p(A — ) = height{p : A=p>*u}. We will show that
L(M)(w) = L(G)(w). Let w € V}, there are two cases for w.
1. If w = A, then L(M)(w) = L(G)(A).

*
2. If w # A, let w = uyupus...u,, where u; € T fori = 1,2,...,n. If S w
there must exist some derivation of w with the form

o1
S = ui A]

P

== ujup Aj

Pn—1

= uiuy...uUn—1 An—1

P,
=5 UUD .. Uy Unp.

where Ai_léuiAi € Pfori = 1,2,...,nand Ay = S, A, = u, with p =
P1L NP2 N P3N .. pp.
By the definition of §* of IT2 FA, we get

§5(S, w)(F) 2 8(S, u1)(A1) AS(A1, u2)(A2) A ...8(Ap—1, un)(F)
=p1Np2N....Npy

Hence, L(M)(w) = height (8*(S, w) N F) = 8*(S, w)(F) > p.

Thus, we have shown that L(G)(w) € L(M)(w) for any w € X*, thatis L(G) C
L(M).

Conversely, if L(M)(w) = §*(S, w)(F) 2 8(S,u1)(A1) A 8(A1,u2)(Az) A
.o 0(Ap—1,uy)(F)Forany A; € Q, let

3(S,u1)(Ay) = p1,
3(S, u2)(Az) = p2,

8(Ap—1,un)(Ay) = pn,

and let

p=p1Np2Np3N..N0py,
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then there exists corresponding derivation S=p>*w. Then it shows that if p C
L(M)(w), then p € L(G)(w), that L(M) < L(G). Therefore, L(M) = L(G),
that is, IT2 fuzzy languages can be accepted by IT2 fuzzy automata.

We give an example to illustrate the proof of the above theorem.

Example 3.3 Consider an IT2 fuzzy regular grammar G = (N, T, P, S) given in
Example 3.2. An equivalent IT2 FA M = (Q, X, 8, qo, F) is constructed as fol-
lows: Q = NUgr = {S,A,B,qr},X =T = {a},q0 = S = 1/[1,1]/S,
F =1/[1,1]/S + (1/[0.4,0.7]1/A + 1/[0.3, 0.6]/S) and the transition function &
is define as:

5(S,a) = 1/[0.1,0.2]/S + 1/[0.3,0.7]/A,
8(A,a) = 1/[0.5,0.7]/A + 1/[0.3,0.4]/B,
8(B,a) = 1/[0.7,0.91/S,

if w = aaa, the transition steps of w in M are as follows:
8(S,a) =1/[0.1,0.2]/S + 1/[0.3,0.7]/A.

§*(S, aa) = 1/[0.1,0.2].8(S, a) U 1/[0.3,0.7].5 (A, a)
= 1/[0.1,0.2].(1/[0.1,0.21/S + 1/[0.3, 0.4]/ A)
U 1/[0.3,0.7].(1/[0.5,0.7]/A + 1/[0.3,0.4]/B)
= 1/[0.1,0.2]/S + 1/[0.1,0.2]/A
U 1/[0.3,0.7]/A + 1/[0.3,0.4]/B
= 1/[0.1,0.21/S + 1/[0.3,0.7]/A + 1/[0.3, 0.4]/B.
§*(S, aaa) = 1/[0.1,0.21.8(S, a) U 1/[0.3, 0.7].5(A, a)
U 1/[0.3,0.4].5(B, a)
= 1/[0.1,0.2].(1/[0.1,0.2]/S + 1/[0.3, 0.7]/ A)
U 1/[0.3,0.7].(1/[0.1, 0.2]/S + 1/[0.3, 0.7]/A)
U 1/[0.3, 0.4].(1/[0.7, 0.9]/5)
=1/[0.1,0.2]/S + 1/[0.3,0.7] /A
U 1/[0.1,0.21/S + 1/[0.3,0.7]/A U 1/[0.3,0.4]/S
= 1/[0.3,0.4]/S + 1/[0.3,0.7]/A
§*(S, aaa) N F = (1/[0.3,0.4]/S + 1/[0.3,0.7]/A N 1/[0.3, 0.6]/S
+1/[0.4,0.7]/A)
=1/[0.3,0.4]/S + 1/[0.3,0.7]/A

The degree to which string aaa of value is accepted by M is

L(M,aaa) = height(8*(S, aaa) N F)
— height(1/[0.3,0.41/S + 1/[0.3,0.7]/A)
— 1/[v{0.3,0.3}, v{0.4,0.7}]
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=1/[0.3,0.7]

Theorem 3.3 Let M = (Q, X, 8, qo, F) be an IT2 FA, then there exists an IT2 regular
grammar G = (N, T, P, S) such that L(G) = L(M).

Proof We can construct an IT2 regular grammar G = (N, T, P, S) ,where T =
X, N = QU S. The production rules in P is defined as follows:
1. Foreach 6(A, u)(B) # 0 then AZ 4B € P such that p1 =6(A, u);

2. If 6(A,u)(B) # 0 and F(B) # 0, then ABy e P, such that po =
heightpeo(8(A,u) N F(B)) ;

3. If 5(A, u)(B) # 0 and go(A) # 0, then SBuB e P, such that p3 = (6(A, u);

4. If 6(A,u)(B) # 0, go(A) # Oand F(B) # 0, then sBu e P, such that
P4 = heightpeg(8(A, u) N F(B)).

We will show that L(G) = L(M). Let w € T*, then there are two cases for w.
1. If w = A then L(G)(w) = p(S — A) = L(M)(w) .

k
2. When w # A, let w = ujupus...u,, whereu; € T fori = 1,2, ...,n. If S=% w
there must exist some derivation of w with the form

S L5 up Ay
L2 uiuy As

where A,-_léuiAi € Pfori = 1,2,..,nand Ay = S, A, = u, with p =
p1 N pa N p3N...N p,. From the definition of P, we know that

L(M)(w) = height (§*(S,w) N F)
2 height(8(S, u1)(A1) AS8(A1, u2)(A2) A ...0(An—1, un)(An)
NF(Ap))
=p1Np2N...0p,
=p.

Hence, we have shown that L(G, w) € L(M, w) for any w € X*, that is L(G) C
L (M) Conversely, if

L(M)(w) = height(8*(S,w) N F)
= heighty,,...A,e0(8(S, u1)(A1) AS(Ar, u2)(A2) A A
8(An—1,un)(An) N F(Ap))
D height(5(S,u1)(A1) ANS(A1, u2)(A2) Ao A
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heighta,e8(An—1, un)(An) N F(Ap))

Forany Ay, ..., A, € Q, letheight (5(S, u1)(A1) AS(A1, u2)(A2) A...A heighta,ecp

8(An—1,un)(Ap)NF(Ay) = p1Np2Np3N...Np, = p, then there exists corresponding
k

derivation S=2% w. Thus it shows that if p € L(M)(w), then p € L(G)(w), that is

L(M)(w) € L(G)(w) for any w € X*, thatis L(M) C L(G) . Therefore L(G) =

L (M), thatis the languages accepted by IT2 fuzzy automata are IT2 regular languages.

Example 3.4 Let M = (Q, X, 6, qo, F) be the IT2 FA in Example 3.1. An equiva-
lent IT2 fuzzy regular grammar G = (N, T, P, S) is constructed as follows, where

1/[0.4,0.6
T =X ={a,b},N = QU {S}),S = qo, and production P = {5 2200

1/[0.7,0.9] 1/[0.3,0.4] 1/[0.5,0.7] 1/[0.3,0.4]
aqi,q1 ——— aq1,q1 ———— 4492, ——— 4aq2,q1 —————~

1/[0.4,0.6] 7
bQI, q ————— bQ2, }
If w = aaab, the derivations of w in G are as follows:

1/10.3,0.5] 1/10.7,0.9] 1/10.7,0.9] 1/10.3,0.4]

aqi aqi aqi bqi,
1/[0.3,0.5] 1/[0.7,0.9] 1/[0.7,0.9] 1/[0.4,0.6]

aqi aqi aqi bqs,
1/[0.3,0.5] 1/[0.7,0.9] 1/[0.3,0.4] 1/[0.2,0.5]

aqi aqi bqs bqy,
1/10.3,0.5] 1/10.7,0.9] 1/10.3,0.4] 1/10.7,0.8

aqi aqi bq bqa,
1/10.3,0.5] 1/10.3,0.4] 1/10.5,0.7] 1/10.2,0.5]

aqi aq aqr bqi,
1/[0.3,0.5] 1/10.3,0.4] 1/10.5,0.7] 1/10.7,0.8]

aqi aq aq bqs,

[ R R
\Lr t”r \”a ”n ”n

Thus

L(G)(w) = height{1/[0.3,0.5]N 1/[0.7,0.91 N 1/[0.7,0.9] N 1/[0.3, 0.4],

1/[0.3,0.5]1 N 1/[0.7,0.9] N 1/[0.7,0.9]1 N 1/[0.4, 0.6],
1/[0.3,0.5] N 1/[0.7,0.9] N 1/[0.3,0.4] N 1/[0.2, 0.5],
1/[0.3,0.5] N 1/[0.7,0.9] N 1/[0.3,0.4] N 1/[0.7, 0.8],
1/[0.3,0.51 0 1/[0.3,0.4] N 1/[0.5,0.7] N 1/[0.2, 0.5],
1/[0.3,0.51 0 1/[0.3,0.4] N 1/[0.5,0.7] N 1/[0.7, 0.8]}

— height{1/[0.3,0.4], 1/[0.3,0.5], 1/[0.2, 0.4], 1/{0.3, 0.4],
1/[0.2,0.4], 1/[0.3, 0.4]}

= 1/[v{0.3,0.3,0.2,0.3,0.2, 0.3}, v{0.4, 0.5, 0.4, 0.4, 0.4, 0.4}]

= 1/[0.3,0.5]

—_ = —_= —=

Finally, in the light of Propositions 3.2 and 3.3, we have following two corollaries.

Corollary 3.1 IT2 fuzzy regular grammars are equivalent to IT2 fuzzy automata.

Corollary 3.2 IT2 fuzzy automata are equivalent to IT2 fuzzy weak regular grammars.
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4 IT2 fuzzy language characterize by IT2 fuzzy automata

An IT2 fuzzy language L is an IT2 fuzzy subset of X* which is defined in Definition
2.9. In this section, we shall investigate the closure properties of IT2 fuzzy languages
recognized by IT2 fuzzy automata.

Definition 4.1 Let Ly, L, € IT2F(X*). Then Vw € X*

(1) the union of L; and Lj, denoted by L U Lj, defined as L; U Ly, =
1

[y, WV, ()., W)V, W)l

(2) the intersection of L| and Lj, denoted by L1 N Ly, definedas L = L1 N Ly =
1
Tpt, | ) AgL, () iy (W) ATeg, (w)]°

c C _ 1
(3) the complement of L, denoted by L%, defined as L* = IETRORETN L

(4) the concatenation of L and L;, denoted by Ly - Ly, definedas L = L - L, =
where w = uv,

1
VIRl G0t OTLVIATEL, i, 0T

(5) the Kleene closure of L, denoted by L*, defined as L* = | J7°, L' = LU L' U
L% U ..., where

Lo [/ =a
=1 1/10,0] x # A

Theorem 4.1 Let My and My be two IT2 FAs. Then there exists an IT2 FA M such
that

L(M) = L(My) U L(M,).

Proof Let L(M;) and L(M>) be the IT2 fuzzy automata languages accepted by I1T2
FAs M| = (Q1, X1, 61, qo,, F1) and My = (Q2, X2, 62, qo,. F2) respectively. Then
we define an IT2 FA M = (Q, X, §, qo, F) as follows

Q= 01U Qz, where Q1N Q2 =90,
N _ ) Fi(g) ifg € Oy,
Fla) = {FZ(%') if gi € Q2;

81(gi.a) if ¢q; € O,
8(gi,a) = § 62(gi,a) if g; € Oy,
1/[0, 0] otherwise;

and

81(qi, w)(g;) if qi.q; € Q1,
8*(qi, w)(g)) = { 83(qi, w)(g)) if qi,qj € Q2.
1/10, 0] otherwise
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Therefore, Yw € X*, L(M,w) = height[§*(qo, w) N F] = height[{§] (g0, w) N
Fi} v {85(q0, w) N F2}] = height[§7(qo, w) N F1] V height[85(qo, w) N F2] =
L(M;,w)V L(M,w).Hence L(M) = L(M{) U L(M>).

Theorem 4.2 Let My and My be two IT2 FAs. Then there exists an IT2 FA M such
that

L(M) = L(My) N L(M>).

Proof Let L(M;) and L(M>) be the IT2 fuzzy automata languages accepted by I1T2
FAs M| = (Q1, X1, 61, qo,, F1) and My = (Q2, X2, 62, qo,. F2) respectively. Then
we define an IT2 FA M = (Q, X, §, qo, F) as follows

0 = Q1 x Q2 (direct product of Q1 and Q»),
F=FnNFkF,

8((gi x gj), (a.b)) = 81(qi, a) A 82(qj, b), (gi,q;) € Q1 x Q2,

and
8 ((qi, ) (x, ) (pis pj) = 87 (qi, x)(pi) A 85(q, ¥)(p)),

V(qi,q;) € Q1 X @2, (pi» pj) € Q1 X Q2.

Therefore, Yw € X*, L(M, w) = height[§*(qo, w) N F] = height[5] (g0, w) N
Fy N 85(q0, w) N F2] = height[8](qo, w) N F1] A height[85(qo, w) N F2] =
L(My, w) A L(M>, w). Hence L(M) = L(M;) N L(My).

Theorem 4.3 Let M and M»> be two IT2 FAs. Then there exists an IT2F automaton
M such that

L(M) = L(M)) - L(M>).

Proof Let L(M;) and L(M,) be the IT2 fuzzy automata languages accepted by 1T2
FAs M| = (Q1, X1, 61, qo,, F1) and My = (Q2, X2, 62, qo,, F2) respectively. Then
we define an IT2 FA M = (Q, X, 8, qo, F) as follows

0= Q01U Q2, where Q1N Qs =1,
F=FF = F?

and

V{n{81(gi. a), 82(qi, a)}}, (gia) € Q1 x X4
V{n{81(gi, a), 82(qi, a)}}, (gia) € O2 x X3

81 (qi, w)(q)) gi.q; € O1,
85 (qi,» w)(q}) gi,q; € Q2,
§* (i, )= ] %2 i) 4i-9qj
@04 = Sgia) g€ 0ig)e0
1/[0, 0] otherwise.

8(gisa) =
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Therefore, YVw € X*, L(M, w) = height[§*(qp, w) N F] = \/wlwz:w[height
{87 (qo, w) NFi} A height{85(qo, w2) N F2}] = \/ 1y [L(M1, w1) - L(M2, w2).
Hence L(M) = L(My) - L(M>).

Following result can be prove easily by using Propositions 4.1 and 4.3.

Theorem 4.4 Let M| and M» be two IT2 FAs. Then
L(My) = L(M>y)*.

Definition 4.2 Let M be an IT2 FA and A = 1/[A, 1], [, A] € Int([0, 1]), set of
all closed subintervals of [0, 1]. Then a A-IT2 fuzzy language accepted by M with
parameter A is defined as

L(M;))={x:Ly(x)2ArxecX"}

Theorem 4.5 Let M be an IT2 FA and L(M; A) a A-IT2 fuzzy language accepted by
M. Then L(M; )) is not closed under IT2 fuzzy complement.

Proof Let M be an IT2 FA and L(M; 1) a A-IT2 fuzzy language accepted by M. Then
we have L(M; L1) D L(M; L) if Ay < A;. Thatis L(M; 1) is non-increasing for A.
On the other hand, if A; < Az, then L€ (M; A1) C L€ (M; ) and thus LC(M; ) is
non-decreasing, a contradiction appears.

Following example illustrate the fact of the above proposition.

Example 4.1 Consider Example 2.1, where L(M, aa) = height(§(qo,aa) N F) =
1/[0.3,0.4], L(M, aaa) = height(8(qo, aaa) N F) = 1/[0.3, 0.4] and

L(M, aaab) = height(8(qo,aa) N F) = 1/[0.3,0.5]. Let A; = 1/[0.2,0.4] and
A2 = 1/[0.3, 0.5] such that 11 < A;. Then by the Definition 4.2, we have L(M; 11) =
{aa, aaa, aaab} and L(M; L) = {aaab}. Thus L(M; 1) 2 L(M; A3). On the other
hand, L€ (M, aa) = 1/[0.7,0.6], L (M, aaa) = 1/[0.7,0.6] and L¢ (M, aaab) =
1/[0.7,0.5). Therefore LE (M; A1) € LE(M; 1) if A1 < A2, and thus a contradiction
appears.

5 Conclusion

In this paper, we have proposed the concept of IT2 fuzzy grammar and established
their relationship with IT2 fuzzy automata. In particular, we obtained that an IT2
fuzzy weak regular grammars are equivalent to IT2 fuzzy regular grammars, and if
an IT2 fuzzy language is generated by an IT2 fuzzy grammar, it can be accepted by
an IT2 fuzzy automata, and vice versa. Furthermore, we obtained some important
operations on IT2 fuzzy languages and show that IT2 fuzzy languages recognized by
IT2 fuzzy automata is closed under the operations of union, intersection, concatenation
and Kleene closure but are not closed under complement. We hope that, like fuzzy
grammar, IT2F grammar which is another dimension of application IT2 fuzzy set
theory, will attract the researchers and the work initiated here will help in finding

@ Springer



Interval type-2 fuzzy automata and Interval type-2 fuzzy grammar 1525

some successful application of IT2F grammar, as done for T2 fuzzy grammar in
[1]. Much more can be further done by introducing the concepts of their primaries
and decomposition (as done, e.g., in [27]). It may also be worthwhile to try using
topological and categorical methods in the study of IT2 fuzzy automata, as done for
fuzzy automata in, e.g, [26].
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