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Abstract

In this paper, we study the structure of Fy-linear skew cyclic codes over 2. Some good
[Fg-linear skew cyclic codes over I are constructed. Moreover, as an application,
some good quantum codes are obtained by I, -linear skew cyclic codes over IF 2.
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1 Introduction

Cyclic codes form an important class of linear codes due to their good algebraic struc-
tures in coding theory and decoding theory. Skew cyclic codes are generalizations of
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cyclic codes. Boucher et al. [4] showed that skew cyclic codes allowed to system-
atically search for codes with good properties and some examples of codes which
improved the previously best known linear codes were obtained. Siap et al. [37] gave
the structure of skew cyclic codes of arbitrary length. Recently, Ashraf and Moham-
mad [3] studied the structure and the idempotent generators of skew cyclic codes over
thering IF, +uF, +vIF,, where u?> = u,v> = vand uv = vu = 0. Bag and Upadhyay
[7] introduced the structures of skew cyclic and skew constacyclic codes over the ring
Fy,+uiFp+---+uzy,lF,. Furthermore, Dertli et al. [11], Gursoy et al. [25] and Gao et
al. [17] studied skew cyclic and skew constacyclic codes over finite rings, respectively.

Quantum error-correcting codes are used in quantum communication and quan-
tum computation to protect quantum information from errors due to the decoherence
and other quantum noise. Quantum error-correcting codes provides an efficient way
to overcome decoherence. Quantum error-correcting codes were first discovered by
Shor [39]. Later, Calderbank et al. [8] introduced the CSS construction for constructing
quantum codes from widely well-known classical error-correcting codes. Shortly after-
wards, the construction of quantum error-correcting codes from codes over finite fields
and finite rings has developed rapidly, such as [1,2,6,8-10,12-16,18-21,23,24,26—
28,30-33,35,36,38,40].

Additive skew cyclic codes over finite fields could be used to construct quantum
error-correcting codes. In2011, Ezerman et al. [ 14] gave a method to construct additive
asymmetric quantum codes from additive skew cyclic codes over F,4. Recently, Aydin
and Abualrub [1] studied the structure of additive skew cyclic codes over the quaternary
field F4. And many best known and optimal quantum codes were obtained. Recently,
we gave a family of cyclic F-linear Fr-codes of length 2, and constructed 60 optimal
cyclic IFg-linear I >-codes [22], where n was a positive integer coprime to ¢. In this
paper, we will study the structure of F,-linear skew cyclic codes over 2 and give a
method to construct optimal and new quantum codes from these skew cyclic codes.

The paper is organized as follows. In Sect. 2, we sketch some basic results needed
in this paper. Section 3 studies the structure of F,-linear skew cyclic codes over F».
Some good Iy -linear skew cyclic codes over I » are constructed. In Sect. 4, we obtain
some optimal and new quantum codes from Fy-linear skew cyclic codes over F 2.

2 Preliminaries

Let F > be a finite field of cardinality g*, where ¢ = p™, p is a prime and m is a
positive integer. Let § be a primitive element of F > with ord(§) = g*> — 1. Then
qu = {0, &, 52, ...,542_1}. Consider the map 6 : qu — qu; a +— af for any
o € [F 2. It is known that 6 is the Frobenius automorphism of F > with |[(0)|= 2.
Similarly to [1, Definition 1], we have the following definition.

Definition 1 LetF . be a finite field with g elements and 6 be the Frobenius automor-
phism of F 2> with [(#)| = 2. Let C be a subset of IFZZ. Then C is called an [F,;-linear

skew cyclic code of length n if

(i) C is an additive subgroup of (FZZ’ +);
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(i) If ¢ = (co,c1,...,¢cn—1) € C, then w - ¢ = (wcop, wey, ..., we,—1) € C for
any w € [Fy;
(iii) C is closed under the 6-cyclic shift, i.e., if ¢ = (¢, c1, ..., cp—1) € C then

0(c) = (0(cn—1),0(c0), ..., 0(cp—2)) € C.
For any positive integer n, we consider the skew polynomial set
Fgolx, 0] = {ao +aix + - +ap_1x" VN a e Fp,0<i<n-—1}

The skew multiplication denoted by * in skew polynomial set F >[x, 6] is defined by
the basic rule

(ax') x (Bx)) = ab' (B)x'T/,

0<i,j<n—1,ap € qu and Gi(ﬁ) = ,8‘1’. It is not difficult to verify that the
multiplication * is not commutative. By [4] and [37], we have that the skew polynomial
set F2[x, 8] with respect to the usual addition of polynomials and multiplication
defined above forms a non-commutative ring called the skew polynomial ring.

Let R, = IE"qz[x, 9]/(x" — 1). We identify each element ¢ = (cq, ¢, ..., cp—1) Of
IE";Z with the polynomial c¢(x) = co +c1x +--- + Cp_1x"1 € R,. Tt is not difficult
to verify that the Frobenius automorphism 6 on ]FZ2 is corresponding to the operation
on R, by multiplying x, that is

X c(x) = 0(ca1) +0(co)x +0(c)x” + -+ +0(cp2)x"

Let f(x) 4+ (x" — 1) be an element in the set R,, and let r(x) € qu[x, 6]. Define
multiplication from left as:

r()x (f(x) + (" = 1) =r) = f(x) + (" = 1).
According to [37], we have that the multiplication is well-defined for any positive
integer n and R, is a left ]qu [x, 6]-module.
3 Fq-Linear skew cyclic codes over F .
In this section, we study the structure of F-linear skew cyclic codes over 2. With
the discussion above, we give the polynomial definition of IF-linear skew cyclic codes

of arbitrary length n over IF 2 as follows.

Definition 2 Let C be a subset of R,,. C is called an [F,;-linear skew cyclic code if the
following three conditions hold.

(i) C is a subgroup of Ry;
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(i) w-c(x) = weg + weyx + - + wey_1x" 1 e C for any c(x) € C and any
w e Fy;
(i) Ifc(x) =co+c1x +---+c,_1x" "1 € C, then

xxc(x) = 0(cu1) +0(co)x +0(c)x>+ -+ +0(cp2)x" ' e C.

Lemma1 A code C in R, is an F,-linear skew cyclic code of length n if and only if
CisaleftF, [x]/(x” — 1)-submodule of Ry,.

Proof Suppose that C is an I, -linear skew cyclic code in R,,. According to Definition
2, we have that C is a subgroup of R, and C is IF;-linear. Furthermore, for any codeword
c(x) € C, by the definition of IF;-linear skew cyclic codes, we have that x" xc(x) € C
for 0 <i < n — 1. By Definitions 1 and 2, we obtain that f(x) % c(x) € C for any
f(x) € Fy[x]. Therefore, C is a left F, [x]/(x” — 1)-submodule of R,,.

Conversely, suppose C is a left Fy [x] / (x™ — 1)-submodule of R,. Then we have
that f(x) * c(x) € C for any codeword c(x) € C and f(x) € F,[x]. Furthermore, for
any a(x), b(x) € C, we have a(x) + b(x) € C. This means that C is a subgroup of
Ry and C is I, -linear. Hence, C is an F,-linear skew cyclic code in R),. m|

Lemma2 [29, Theorem 2.25] Let F be a finite extension of K = Fy. Then fora € F
we have Trr g (a) = 0 if and only if « = B¢ — B for some B € F.

According to the definitions and lemmas given above, we get the structure of IF,-
linear skew cyclic codes over IF 2 in the following theorem.

Theorem 1 The code C is an Fy-linear skew cyclic code of length n over F 2 if and
only if Cis aleft IF, [x]/(x” — 1)-submodule of Ry, in the form

C = (£g(x)+ px), k(x)),

where g(x) € Fq[x]/(x” — 1), gx)|(x" — 1) mod g, p(x) € ker(p) and k(x) =
ri(x) —r(x) € C for some r(x) € Jqu[x]/(x" —1).

Proof Suppose that C is an [F4-linear skew cyclic code of length n over F». We define
the map

¢:C— Fq[x]/(x" - l)

by (co +c1x + - + 1" > (co + 0(c0)) + (c1 +0(c1)x + -+ + (et +
O(cp_1))x" I forany c(x) = co+cix+---+cp1x" L e Cand¢; € Iqu, 0<i<
n — 1. It is evident that ¢ is the trace map from IE‘qz [x] to IF,[x]. With the definition
of the trace map ¢, we have that ¢(z) = z 4 60(z) € I for any z € F 2. Furthermore,

for any c(x) € F2[x]/(x" — 1), d(x) € F2[x]/{x" — 1), we have
p(c(x) +d(x)) = p(c(x)) + ¢(d(x))
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and

@(wx’ s (co+ c1x + -+ + ¢ 7))
= (w0 (co)x” + wo (c)x™! 4 -+ wh (cu_)x" 1)
= (w0 (co) + wO  (co)x’ + (WO (c1) + wo T (c)x T 4+ -
+ Wb (cp_1) + wO T (c,_p))x"1H
= wx (0" (co) + 0" (co) + (0" (c1) + 0" (c))x + - -
(0" (cn—1) + 0 (cp1))x" 1)
=wx' xp(co+cix+---+cp_1x™ 1) mod (x" —1)

forany w € F, and 0 < i < n — 1. This means that

P(f(x) xc(x)) = f(x) * ple(x))
for any f(x) € Fy[x]/(x" — 1). Therefore, ¢ is an F,[x]/(x" — 1) module homo-

morphism.
By Lemma 2, it is not difficult to see that

ker(p) = {k(x)|3 r(x) € F2[x]/(x" — 1) such that k(x) = r?(x) — r(x) € C},

where r?(x) = rg + ri]x + -+ rZ_lx"’l. Let k(x) € ker(p) and f(x) €
Fq[x]/(x” — 1). Then we have

P(f (x) *k(x)) = f(x) * @k(x)) = f(x) x0=0.

Therefore, ker(¢) is an Fy [x]-submodule of ]qu[x] / (x™ —1).
Suppose that ¢(c(x)) = b(x) € Im(¢p) and let f(x) € F, [x]/(x” — 1), where
c(x) € C. Then

P(f(x) xc(x)) = f(x) *plc(x)) = f(x) xb(x) € Im(p).
Therefore, we obtain that Im(g) is an ideal in Fy[x] / (x" — 1) and it is an FF,[x]-

submodule of I, [x]/(x” — 1). Thus, we have Im(¢) = (g(x)) for some g(x)|(x" —
1) mod g. Then, by the first module isomorphism theorem, we have that

C [ker(p) = (g(x)) .
Let §g(x) + p(x) € C such that p(§g(x) + p(x)) = (§ +§9)g(x) = ag(x), where

p(x) € ker(¢) and a € F, \ {0}. Since {ag(x)) = (g(x)), we have that C is generated
by two elements of the form

C=({gx)+ px), k(x)),

where k(x) = r4(x) — r(x) € C for some r(x) € qu[x]/(x" —1).
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Inversely, suppose C is a left [F,; [x] / (x" — 1)-submodule of R, given by

C = (§g(x) + p(x), k(x)),
where g(x) € Fq[x]/(x" —1), gx)|(x" — 1) mod g, p(x) € ker(p) and k(x) =
r4(x) —r(x) € C for some r(x) € qu[x]/(x" — 1). Then, by Lemma 1, we have

that C is an Fy-linear skew cyclic code of length n over F ». O

Lemma3 Let C = (§g(x) + p(x), k(x)) be an [ -linear skew cyclic code of odd
length n over qu. Then g(x) € C.

Proof Let c(x) = &£g(x) + p(x) € C, where g(x) € Fq[x]/(x” — 1), gx)|(&x" —
1) mod g and p(x) € ker(¢). Without loss of generality, we may assume that p(x) =
r{(x) —ri(x) € C for some ri(x) € F2[x]/(x" — 1). By the definition of the skew
multiplication %, we have that

" xe(x) =Eg(x) +ri(x) —rl(x) eC,
where n is odd. Hence, we have

Kk e(x) +e(x) = (7 +§)g) +ri(x) = rf () +r{ (%) = r1(x)
= (§1+8)g(x) e C.
Since £9 + & € I, \ {0}, by Definition 2, we have that g(x) € C. O
According to Theorem 1 and Lemma 3, we give some good [F,-linear skew cyclic
codes over IE‘qz with k(x) = 0 which have the same parameters with the best known

linear codes given in [34].

Example1 Let ¢ = 2 and n = 8. Then x8—1 = (x + D® over Fy. Let gx) =
x+1)3=x>+x2+x+1and p(x) = x° + x2 + 1. Then

C=(g)+p) =0 +exd+ A+ +ex+1+&)

with generator matrix

1+& & 14+4& & 0 0 1 0
0 aA+e)? & a+&)? & 0 0 1
1 0 a+&t g a+a)t g 0 0
oo 0 1 0 a+&d & a+&d & 0
0 0 1 0 a+ept® g a4gptc g6
g2 0 0 1 0 +&? & a+eP?
A+e® g 0 0 1 0 A+&® g

(=]

51128 (1+El)128 ~’:_-1128 0 1 0 (1 +%-l)128
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Table 1 Some good IF-linear skew cyclic codes over F P

q n gx) p) (. (@D D)2
2 4 1 PNy | 4, (2%2%,3),
2 6 41 xZ+x (6,252, 4)4
2 8 41 O+ +x24x 8, (2%)2,6)4
2 8 B+x2+x+1 X024 (8. 294 4,4
2 11 a1 0 a1,.@H 1y
2 13 a a 13, @2H1,13)4
3 1 253 +£6x2 4 2 . 3%H2.3)
3 2 42x 41 £3x3 + 92 (6, (3%, 4)9
3 10 a3 0 (10, (3%)!, 10)9
3 11 ay £ay a1, 3H, 119

where & is a primitive element of 2 with ord(§1) = 3. By computer system Magma
[5], we have that C is a (8, (22)*, 4) [F,-linear skew cyclic code over [F4 which has the
same parameters as that of the best known linear code [8, 4, 4] over [F4 given in [34].

At the end of this example, we list some good IF;-linear skew cyclic codes (n, gDk,
d) over F4 and Fy which have the same parameters with the best known linear codes
given in [34] in Table 1. In Table 1 n is the length of C, k is the dimension of C and
d is the minimum Hamming distance of C.

Remark 1 In Table 1,
a1=x10+x9+x8+x7+x6+x5+x4+x3+x2+x+1,
@y =x2 4 x x0T xS 32 x4,
a3=x9+x8+x7+x6+x5+x4+x3+x2+x+1,
a4=x10+x9+x8+x7+x6+x5+x4+x3+x2+x+1

and & is a primitive element of 3> with ord(§>) = 8.

Now we define a map S from F”, to F?? as follows
q q
S: F, - Fx
q q
(€0, - - s cn—1) > (€0, 0(c0), - - - cn—1,0(cp—1))-

Clearly, S is an IF; -linear map, injective but not surjective. Letn = 2 and ¢ = (£, £9),
where § is a primitive element of I >. Then we have

S(c) = (£,£%,€9, 8),
S(E ) = S(E2, 89Ty = (82,82, g9 g1t

and
£-S(e)=¢&-(5,89,89,8) = (82,8971 g1t e,
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Since S(& - ¢) # & - S(c), we have that S is not an [F,2-linear map.

Let (n, M, d) > denotes a code C of length n over I 2, where M is the cardinality
of C and d is the minimum Hamming distance of C. By the definition of S, we have
the following lemma immediately.

Lemma4 Let C be a code of length n over ¥ > with parameters (n, M, d) 2. For any
c=(co,...,cy—1) € C, we have

wty (S(c)) = 2wty (c)
and
d(8(C)) =2d(0),

where wty (c) denotes the Hamming weight of ¢ and d(C) denotes the minimum
Hamming distance of C.

Proof According to the definition of the map S, for any ¢ = (cg, ..., cn—1) € C, we
have that

S©) = (co,cfs v en—1, ).

It is not difficult to show that, c? = 0ifand only if ; = 0for0 <i <n — 1. So, if
c¢; # 0, then we have ciq # 0. The proof of the lemma is now complete. O

Lemma5 If C is an F;-linear skew cyclic (n, M, d)qz code, then S(C) is an additive
skew (2n, M, 2d) o) 2-quasi-cyclic code.

Proof As C is an IF;-linear skew cyclic code over [F,2, by the definition of C, we have
thatc = (cg, ..., cp—1) € Cifandonlyiff(c) = (6(c,—1), 0(co), ..., 0(ch—2)) € C.
Applying S on ¢ and 6(c), we get
S(c) = (co, 0(co), - .., cn—1,0(cp—1)) € S(C)
if and only if
8(9(6)) = (e(cn—l)a Cn—l’ O(CO), C(), LR} Q(Cn—Z)v Cn—2) € S(C)

According to Lemma 4, we have that S(C) is an additive skew (2n, M, 2d) 2 2-quasi-
cyclic code. O

4 Quantum codes from Fg-linear skew cyclic codes over F .

In this section, we give a method to construct quantum codes from [F-linear skew
cyclic codes over IF 2. We consider a trace-alternating form of two vectors b and ¢ in
FZZ by

@ Springer



[Fg-Linear skew cyclic codes qu and their applications... 357

) _, b-c? —pi.c
<b,c>,= rq/p 224 g2 ,

where & is a primitive element of F 2, ¢ = p™ and trq /p is the trace map from F, to
I, defined by

trg/p : Fqg — Fp

m

B> B+pBP 4 4P

It is easy to see that < b, ¢ >, € . By [27], we have that the trace-alternating form
is bi-additive, and it is IF ,-linear, but not F,-linear. Furthermore, it is alternating in
the sense that < b, b >,= 0 holds for all b € F",.

Let C be an Fy-linear skew cyclic code of length n over F ». Its trace-alternating
dual code is defined as

CHo={ueFy| <u,c>=0foralceC).

Furthermore, C is said to be self-orthogonal if C C CLe, dual containing if clteccC
and self-dual if C = Cte.

Lemma6 Let C be an Fy-linear skew cyclic code over ¥, with parameters
(n, M, d)qz. Then

S(C) € S(C)*.

Proof For any b = (bg, by, ...,by—1) € C, c = (co,c1,...,¢n—1) € C, by the
definition of the trace-alternating form, we have that

n—1 q q n—1,q q
bic! +bc; b'c; + bic:
<8(),S() >a=trq/p(§ 15214_5121 _Z %2;_5121) =trg/p (0) =0.
i=0 i=0

This implies that for any S(b), S(c) € S(C), we have < S(b), S(c) >,= 0. Thus we
get S(C) € S(C)*e. O

Let [[n, k, d]], denotes a quantum code over [, with length n, dimension k and
minimum Hamming distance d. The following lemma is useful for our results.

Lemma?7 [27, Theorem 15] An ((n, K, d))4 stabilizer code exists if and only if there
exists an additive subcode D ofIng of cardinality |D| = q" /K such that D < D«

and wt(D+\D) = d if K > 1 (and wt(D'e) =d if K = 1).

According to the results above and Lemmas 6 and 7, we give the existence of
quantum codes over [ in the following theorem.
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Theorem2 Let C be an F,-linear skew cyclic code over F,2 with parameters
(n,M,d),>. Then S(C) is an additive skew 2n, M, 2d) ,2-code, S(C) € S(C)*«
and there exists an [[2n, k, dglly quantum code, where k = logq (qz”/M), do =
wt(S(C)F\S(C)) if ¢* > 1 (and dg = wt(S(C)*) if gF = 1).

For the convenience and practicality of the calculation, we just consider these codes

which have a single generator polynomial, that is k(x) = 0 in Theorem 1, in the rest
of this article. Let

C=({gx)+ pkx))

be an I, -linear skew cyclic code of length n over 2. According to the definition of

the trace-alternating inner product < -, - >, and |C| - |C*«| = ¢*", it is not difficult
to verify that if |C| = ¢”, then we have

Cta = (£g(x) + p(x))

is an [F,-linear skew cyclic code of length n with cardinality |C La| = g" over F2.
This means that C is a trace-alternating self-dual Fy-linear skew cyclic code over F».

Let C = Ct« = (£g(x) + p(x)) be a trace-alternating self-dual [F,;-linear skew
cyclic code over FF 2. Then S(C) = S(C**). According to Lemma 6, we have that
S(C) € S(C)*4, which implies that S(C) = S(CLe) c S(C)*e.

With notations and results listed above, we give some good quantum codes in the
following examples.

Example2 let ¢ = 2 and n = 4. Then x* =1 = (x + D* over F». Let g(x) =
(x +1)? =x%+ 1 and p(x) = x> + x2 4+ x + 1, then we have

C=Eg) +pe) =+ +eNx>+x+1+&)

with generator matrix

1+&; 1 1+& 1
G= 2 2 )
L d+8)” 1 (A+8)

where &; is a primitive element of Fy. with ord(§;) = 3. With the computational
algebra system Magma [5], we have that C is an F;-linear skew cyclic (4, 22, 4)y
code. According to Lemma 5, we have that S(C) is an additive skew (8, 22 8)4 2-
quasi-cyclic code with generator matrix

1+& (1+8)> 1 1 14& (148)* 1 1
Gsio) = 2 4 2 4]
1 L (I+&)° A+6D™ 1 L (I4+&)° (1+6)
Using Magma [5], we have that S(C)l" is an additive skew (8, 214, 2)4 code. By

Theorem 2, we obtain an optimal binary quantum code [[8, 6, 2]] which has the same
parameters with the best known binary additive quantum code given in [34].
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Table2 Some optimal binary quantum codes [[n, k, d]]

q n g(x) p(x) [[n, k, d]]
2 3 1 X241 [[6. 3, 21]
2 3 2 x+1 X2 4x+1 (16, 4,2]]
2 4 1 Z4x+1 (18, 4, 2]]
2 4 X241 x+1 [[8,5,2]]
2 4 x2+1 P4l 4x+1 (18, 6,2]]
2 5 1 B4x+1 (10, 5,211
2 5 Ml 4x 41 PP QR R | (110, 8,211
2 6 41 x2+x [112,8,21]

At the end of this example, we give some optimal binary quantum codes which
have the same parameters with the best known binary additive quantum codes given
in [34] in Table 2.

Example3 Let ¢ = 3 and n = 3. Then x3 =1 = (x +2)3 over F3. Let gx) =
(x +2)?> = x>+ x + 1 and p(x) = &2x + £5. Then

C = (028(x) + px) = (2> + (2 + EDx + & + &)

with generator matrix

E2+ES  ErtE5 &
3 3
G=| & (&+&) &+&) |,
9 9
B2+8) & (&+ED)
where & is a primitive element of F3> with ord(§>2) = 8. Using Magma [5], we have

that C is an Fs3-linear skew cyclic (3, 33,2)9 code. By Lemma 5, we have that S(C)
is an additive skew (6, 33, 4)9 2-quasi-cyclic code with generator matrix

gL+ B1E9) 8482 B+ED) & £3
Gso)=| & g (64D ©+9 @D &)’
E+ed) B+ed)” & £ (6+£D) (4D

Using Magma [5], we have that S(C)»« is an additive skew (6,3, 2)9 code. By
Theorem 2, we obtain a new quantum code [[6, 3, 2]]3 which has better parameters
than the quantum code [[6, 2, 2]]3 given in [2].

Letg = 3,n = 4, g(x) = x>+ 2 and p(x) = ézzx + 526. According to the
numerical results by using Magma [5], Lemma 5, Theorems 1 and 2, we have that
S(C) is an additive skew (8, 33, 6)9 2-quasi-cyclic code and S (C)+a is an additive
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skew (8, 313)2)9 code. Thus, we obtain a new quantum code [[8, 5, 2]]3 which has
better parameters than the quantum code [[8, 4, 2]]3 given in [2].

5 Conclusion

In this paper, we study the structure of F,-linear skew cyclic codes over F 2. Some
good F,-linear skew cyclic codes over I 2 are constructed. Moreover, we give a
method to construct quantum codes from Fg-linear skew cyclic codes over F > and
some optimal and new quantum codes are obtained.
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