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Abstract

A signed Italian dominating function on a graph G = (V, E) is a function f : V —
{—1, 1, 2} satisfying the condition that for every vertex u, f[u] > 1. The weight of the
signed Italian dominating function, f, is the value f(V) = > .y f(u). The signed
Italian dominating number of a graph G, denoted by y,7(G), is the minimum weight
of a signed Italian dominating function on a graph G. In this paper, we prove that for
any tree 7 of order n > 2, ys1(T) > = 2+4 and we characterize all trees attaining this
bound. In addition, we obtain some results about the signed Italian domination number
of some graph operations. Furthermore, we prove that the signed Italian domination

problem is NP-Complete for bipartite graphs.

Keywords Domination - Signed Italian dominating function - Signed Italian
dominating number

Mathematics Subject Classification 05C69

1 Introduction

In this paper, G is a simple graph with the vertex set V. = V(G) and the edge
set E = E(G). The order |V| of G is denoted by n. For every vertex v € V,
the open neighborhood N (v) is the set {u € V(G) | uv € E(G)} and the
closed neighborhood of v is the set N[v] = N(v) U {v}. For every vertex v € V
the number of neighbors of v is denoted by degg (v). We denote degg (v) by dg (v)
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for notational convenience. The minimum and maximum degree of a graph G are
denoted by § and A, respectively.

A signed dominating function (SDF) on a graph G = (V, E) is a function f :
V. — {—1, 1} such that f[v] > 1 for every vertex v € V. The signed domination
number, denoted by y,(G), is the minimum weight of a SDF in G; that is, y;(G) =
min{w(f) | f isa SDF in G}.

An Italian dominating function (IDF) or a Roman {2}-dominating function on a
graph G = (V, E) is a function f : V — {0, 1, 2} with the property that for every
vertex v € V with f(v) = 0, either v is adjacent to a vertex assigned 2 under f,
or v is adjacent to at least two vertices assigned 1 under f. The Italian domination
Sfunction number yy(G) equals to the minimum weight of an Italian dominating func-
tion on G. An Italian domination has been introduced in 2015 by Chellali et al. [1],
and studied further in [4,5].

In this paper, we continue the study of the signed Italian domination in graphs
introduced in [6] as follows. A signed Italian dominating function (SIDF) on graph
G = (V,E) is a function f : V — {—1, 1,2} which has the property that for
every vertex v € V the sum of the values assigned to vertex v and its neighbors is
at least 1. Thus a signed Italian dominating function combines the properties of both
an Italian dominating function and a signed dominating function. The signed Italian
domination number, denoted by ys;(G), is the minimum weight of a SIDF in G;
that is, y57(G) = min{w(f) | f is a SIDF in G}. A SIDF of weight y,;(G) is called
a ys1(G)-function. For a vertex v € V, we denote f(N[v]) by f[v] for notational
convenience. Fora SIDF fon G,letV; = {v e V(G) | f(v) =i}fori = —1,1,2.In
the context of a fixed SIDF, we suppress the argument and simply write V_;, V| and
V,. Since this partition determines f, we can equivalently write f = (V_y, Vi, V2).

A tree on n vertices is denoted by T,,. A leaf of T is a vertex with degree one and
a support vertex is a vertex adjacent to a leaf. A tree T is a double star if it contains
exactly two vertices that are not leaves. A double star with respectively p and g leaves
attached at each support vertex is denoted by DS, 4. The distance dg (u, v) between
two vertices u and v in a connected graph G is the length of a shortest u — v path in
G. The diameter of a graph G, denoted by diam(G), is the greatest distance between
two vertices of G.

Recall that the join of two graphs G| and G, whichis denoted by G = G|V G, has
the vertex set V(G) = V(G1) U V(G,) and the edge set E(G) = E(G1) U E(G,) U
{uvlu € V(G1),v € V(G»)}. For example, K| Vv P, is the fan F,, K1 vV C, is the
wheel W,, and the friendship graph Fr, where n = 2m 4 1, is the graph obtained
by joining K to the m disjoint copies of K;. For two arbitrary graphs G and H, the
corona product of G and H to be the graph G © H is obtained by taking one copy of
G and |V (G)| copies of H by joining each vertex of i-th copy of H to the i-th vertex
of G where 1 <i < |V(G)|.

In this paper, we show that the associated decision problem for the signed Italian
domination is NP-complete for the bipartite graphs. we obtain a probabilistic bound
for the signed Italian domination number. Also we present sharp bounds on the signed
Italian domination number of trees and in the end, we determine the signed Italian dom-
ination number of some graph operations. In addition, we determine the signed Italian
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Fig. 1 NP-completeness of signed Italian for bipartite graphs

domination number special classes of graphs including fans, wheels, and friendship
graphs.

2 Complexity result

In this section, we present the NP-complete result for the signed Italian domination
problem in bipartite graphs.

SIGNED ITALIAN DOMINATING FUNCTION(SIDF)

Instance : Graph G = (V, E), positive integer k < |V|.

Question : Does G have a signed Italian dominating function of weight at most k?
We will show that this problem is NP-complete by reducing the special case of Exact
Cover by 3-sets (X3C) to which we refer as X3C3. The NP-completeness of X3C3
was proven in 2008 by Hickey et al. [3].

X3C3

Instance : A set of elements X with | X| = 3¢ and a collection C of m = 3¢, 3-element
subsets of X such that each element appears in exactly 3 elements of C.

Question : Is there a sub-collection C "of C such that every element of X appears in
exactly one element of C "9

Theorem 2.1 SIDF is NP-complete for bipartite graphs.

Proof Since we can check in polynomial time that a function f : V — {—1, 1, 2} has
weight at most k and is a signed Italian dominating function, then SIDF is a member
of N'P. Now let us show how to transform any instance of X3C3 into an instance G of
SIDF, so that one of them has a solution if and only if the other one has a solution. Let
X ={x1,x2,...,x33}and C = {Cy, C2, ..., C34} be an arbitrary instance of X3C3.

For each x; € X, we build a connected graph H; obtained from a cycle Cg : v} —
vé — vg — vf‘ — vé — vé — v’i by adding edges vévg and vévé. LetW = {v} , v%, e, qu}.
For each C; € C, we build a connected graph K; obtained from two stars K » with
centers y;,z; andapath P3 : y; —c; —z;.Let A = {c1, c2, ..., c34}. Now to obtain
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826 A. Karamzadeh et al.

a graph G, we add edges c; v’i if x; € Cj (see Fig. 1). Clearly, G is a bipartite graph
and set k = 10gq.

Suppose that the instance X, C of X3C3 has a solution C'. We construct a signed
Italian dominating function f on G of weight k. We assign the value 2 to all y;’s, z s,
v’3’s and vg’s, the value 1 to all v}’s and the value — 1 to all v{’s, v}’s, vg’s and leaves

of G.Forevery cj, assign value 2if C; € C' and value 1 if Cj¢ C'. Note that since C’
exists, its cardinality is precisely ¢ and so the number of ¢ ;s with weight 2 is ¢, having
disjoint neighborhoods in W. Since C " is a solution for X3C3, every vertex in W is
adjacent to vertex assigned a 2. Hence, it is straightforward to see that f is a signed
Italian dominating function with weight f(V) = 8(3q) + 39 +2q +2q — 7(3q) =
10g = k.

Conversely, suppose that G has a signed Italian dominating function with weight at
most k. Among all such functions, let g be one that assigns small values to the leaves of
G and vli’s. Ifg(y;) = —1forsome 1 < j < 3q, then every leaves adjacent to y; have
label 2. Now we define g/ : V(G) — {—1,1, 2} such that g,(yj) =2, g/(xl) = -1
for a leaf x| adjacent to y;, g/(xz) = 1 for another leaf x» adjacent to y; and g/ =g
for remaining vertices of G. Thus gl is a signed Italian dominating function such that
w(g/) < w(g), which is a contradiction and so g(y;) > 0 for 1 < j < 3q. With the
similar reasoning, we conclude that g(z;) > O for 1 < j < 3q.

Next we shall show that g(c;) > Ofor 1 < j < 3q.If g(c;) = —1 for some j,
then g(y;) > 0.1If g(y;) = 1. then every two leaves adjacent to y; have label 1 and if
g(y;) = 2, then at least one of leaf adjacent to y; has label 1 under g. In any cases we
conclude that there exists a leaf in neighbor set of y; with label 1 under g. This fact is
true for the vertex z;. Now we define g/ : V(G) — {—1, 1,2} such that g/(cj) =1,
g/(yj) = gl(zj) =2, g/(x) = —1forany leaf x of y; and z;, and g, = g for remaining
vertices of G. Thus g/ is a signed Italian dominating function such that w( g/) <w(g),
and the weight of leaves under g/ is less than the weight of leaves under g, which is
a contradiction with choosing the function g. So g(c;) > 0. Therefore every support
vertex of G is assigned a 2 and every leaf of G is assigned a — 1.

Finally, we shall show that g(v’i) = —1for 1 < i < 3q and conclude that
g(V(H;)) > 2.Ifg(v’i) > Oforsomel <i < 3q,thendeﬁneg/ :V(G) — {—1,1,2}
such that g(v}) = g(v}) = g(v}) = —1, g(v}) = g(v}) = 2, g(v}) = 1, g(c;) =2
for g of j>s where 1 < j < 3q and g/ = g for remaining vertices of G. Thus g/ isa
signed Italian dominating function such that w(g/) < w(g), which is a contradiction.
In another case, we conclude that g(v’i) = —1forl <i <3¢ and g(V(H;)) > 2.
Now assume that r = [V> N¢;j|, then 2r +3g —r +2(3q) <k = 10g andsor < g.
On the other hand, if define T = {(v}, ¢;) | v ~ ¢; and g(c;) = 2}, then

3434 +3= T =141+ +1,
— —
T 3q

hence r > ¢ and consequently r = g. Now since each c; has exactly three neighbors
in W, we conclude that C' = {C; : g(cj) =2} is an exact cover for C. O
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3 Probabilistic bound

For the probabilistic methods, we follow [7]. Analogously to some results of [7], we
obtain a probabilistic bound for the signed Italian domination number.

Theorem 3.1 For any graph G with § > 1,

236?()_5
vs1(G)<n|2— ————— |,

~ 1145
(1+85d, 0

where § = 10.58] and 520_5 = (rg;l,]) such that 8 =8 if 8 is odd and § =8+1 if 8
is even.

Proof Let A be a set formed by independent choice of vertices of G, where each vertex
is selected with the probability

1
p=1-

NP
(146)id s

Form > 0, let By, be the set of vertices v € V(G) dominated by exactly m vertices of
A suchthat N[v]NA = m < [0.5d,]. Now form the set B by selecting [0.5d,]—m+1
vertices from N[v] that are not in A for each vertex v € B,,,. We set D = A U B.
Assume that f : V(G) — {—1, 1, 2} is a function such that all vertices in A and B
are labeled by 2 and 1, respectively and all other vertices by — 1. It is obvious that
f(V(G)) = 3|A| — 2|B| — n and f is a signed Italian domination function. The
expectation of f(V(G)) is

E[f(V(G)]=3E[|A]l+2E[|B|] —n

n [0.5d;]
<3Zp<vl e +2) Y ([0.5d] —m+Dp(v € By) —
i=1 m=0
n [0.5d;] +1
=342y Y ((05d1—m+1)(’ ) Pl — pylitl=m _p
i=1 m=0

< 3pn+2ZIjlg§f(di,p)—n
i=1 =

where f(d, p) = 21%(10.541 = m 4+ 1)(*F) pr (1 — pyd+1 =" forany d > § > 2.
By Lemma 1 [2], maxg>s f(d, p) € {f (8, p), f(§+1, p)} and so maxg>s f(d, p) =
f(8, p). Therefore

[055] /
ELf(V(G)] <3np+2n ) ([0.56] —m +1>( 1:21)17'"(1—;»'S Hm g,

m=0
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Since ([0.58/] —m+ 1)(5:1) < (5/“)([0'55/]), then we obtain

m m

[0.58'1

: 841 :
E[f(V(G)] <3np+2n Y (10561 —m+ 1)< ’: >pm(1 _ ey
m=0
, [0.56'1 ,
841 5 —[0.587+1 <f0-55 1 o
=3 2 1— [0.58"14 me — p)[0-58 1=m _
np + n([0.55"|>( ) mg;) m p"( ) n

= 3np + 2ndps(1 — p)? 1O
Taking into account that 8’ — [0.58'] = [0.58'] = [0.58] = 8, we have

ELf(V(G))] < 3np + 2ndos(1 — p)**! —n
Sd,

<an|1-——

1+ idys°

4 Tree

In this section, we present sharp bounds on the signed Italian domination number of
trees. In first, we show that there exist graphs with signed Italian domination number
which are negative.

Proposition 4.1 For every integer k > 1, there exists a tree T of order 4k + 3 such
that ys1(T) < — k.

Proof For every integer k > 1, let T be the tree obtained from K » with center vertex
xo and k copies of graph K 3 with centers xp, x2, - - - , xx, where x; is adjacent to x; 4|
for 0 <i < k — 1. Define the function f : V(T) — {—1, 1, 2} such that f(x;) =2
foreach 0 <i < k and f(y) = —1 for each leaf of T. It is straightforward to check
that f isa SIDF on T of weight 2(k + 1) — 3k — 2 = —k. Therefore y,;(Ty) < —k.O

Remark 4.2 Let G be a graph and f be a signed Italian domination. Hence there exists
a signed Italian domination g with w(g) < w(f) such that for any support vertex

v, we have v ¢ Vfl. Since if v is support vertex with f(v) = —1, then for any
u; adjacent to v, we have f(u;) = 2. Consider the leaf u adjacent to v and define
g V(G) - {—1,1,2} by g(v) = 2, g(u) = —1 and g(x) = f(x) for each

vertex x € V(G) \ {v, u}. Clearly, again g is a signed Italian domination function and

w(g) = w(f).

Now based on the above remark, the following result is obvious.
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Proposition4.3 Forr > s > 1,

2 ifs=r=1,

1 ifs =1r > 1iseven,

0 ifs=1r>1isodd,

0 ifs > 1s,r are even,

—1 ifs > 1sisoddandr is even,
—2 ifs > 1ls,rareodd.

Vsl (DSr,s) =

Now we present a sharp bound on the signed Italian domination number in Trees.
In first, we introduce some notation for convenience.

LetVi={veV(T)|visaleaf}, Vi ={v e V(T)|visasupport vertex} and
Vi = V(T)\ (VI U V).

For any tree T, let Fr be the tree obtained from 7 by adding 2deg(v) 4 1 pendant
edges to each vertex v € V(T'). Assume that 7 = {Fr | T is tree}.

Theorem 4.4 If T be a tree of order n > 2, then ys;(T) > # with equality holds
ifand only if T € T.

Proof We proceed by inductiononn > 2. If n = 2, then T = Ky, y5;(K2) =1 =
%*4. Ifn =3,thenT = P3, y;(T) =2 > #. Let n > 4 and suppose that
the statement holds for all trees of order less than n. Let T be tree of order n. If
diam(T) = 2, then T is a star and by Proposition 4 in [6], we have y;;(T) > = 2+4.
Ifdiam(T) = 3,then T is adouble star DS, ; withr > s > 1 and by Proposition 4.3,
we have y(T) > — 2+4 with equality if and only if 7 = DS3 3. Therefore assume
that diam(T) > 4. Let f = (V_1, V1, V) be a ys;-function of T.

At first, suppose that V_; is not an independent set. If u, v € V_; are adjacent
vertices, then u and v are not leaves. Hence if 77 and T, are two trees obtained from
T by removing the edge uv, then 77 and 75 are nontrivial and the function f; = f|r
is a SIDF of T; for each i € {1, 2}. Using the inductive hypothesis on 77 and 7> with
the fact that w(f) = w(f1) + w(f2) we obtain

—|V(T1)|+4+—|V(T2|+4 —n+4

ys1(T) = w(f1) + w(f2) = > > >

and result is obtained. Suppose that V_; is an independent set. Consider the following
cases:
Casel. (V, UV))NV_1 £

By Remark 4.2, we can assume that v is not support vertex i.e v € V,,. Suppose that
T1, To, - - - , T, are the components of 7 \ v and let f; be the restriction of f on T; for
1 <i < r.Since T;’s are nontrivial for any 1 < i < r, then by inductive hypothesis
we have

VSI(T)

r r _VZ-,I 4
S+ o = Y IS b

‘ 4 2
i=1 i=1

—n+4 1440 -1 —n+4
> + —1> .
2 2 2
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According to Case 1, we may assume that all non-leaf vertex of 7 have positive weight
under f.

Case2. (V,UVy)NV_; =0.

Subcase 1. (V,, U V)N V| #£ (.

Let v € Vi with f(v) = 1. Hence any leaf adjacent to v must be assigned 1 or 2
under f.Let 71, Tz, - - - , T, be the components of T\ v of order at least two and let
v; € V(T;) be a vertex adjacent to v for each i. Then we have f(v;) > 1 for each i (
by Case 1). If f(v;) = 1 for some i, say i = 1, then let F| and F; be the components
of T\ vv; containing vy and v, respectively. Define g : V(F1) — {—1,1,2} by
g(y) = f(v))+1land g(x) = f(x) forx € V(F1) —{v1}. Clearly, g is a SIDF of F)
and the function f» = f|p, is a SIDF of F>. By inductive hypothesis we deduce that

yer (T) = w(g) + w(f) — 1
VI 4, AV +4

1
- 2 2
—n+4 4 —n+4
= +5-1> .
2 2 2

Assume that f(v;) = 2 for each i. Let F| and F> be the components of T \ vv;
containing vy and v respectively. Let F " be the tree obtained from F; by adding a new
vertex v’ attached at vy by an edge vlv/. Define g : V(F{) — {—1,1,2} by g(v/) =1
and g(x) = f(x) forx € V(F)) \ {v'}. Clearly, g is a SIDF of F, and the function
f> = flF, is a SIDF of F>. Again by inductive hypothesis for trees F’ [ and F, we
conclude that

Ysi(T) = w(g) + w(f2) — 1
—IV(F. _
. [V( 1)|+4Jr IV(F2)|+4_]
2 2
. —(n+1)+8_1> —n+4.
2 2

Regarding above cases, we may assume that f(v) = 2 for each non-leaf vertex, v, of
T.

Subcase 2. (V, UV) NV, £ (0

At first, suppose that v € V,,. Let us recall from the foregoing that all neighbors of v
belong to V;. Consider the forest 7\ v by adding deg(v) — 1 edges between vertices
of N(v) in T\ v so that the resulting graph T* is a tree. Clearly f* = f|r\, is a SIDF
on T*. Using the fact that n = |V(T*)| 4+ 1 and w(f) = w(f*) + 2 and by applying
inductive hypothesis on 7%, we have

—n+4
7

—|V(T*)| + 4
|(2)|+ 12

ysi(T) = w(f*) +2 >

Obviously, no support vertex can have all its leaves in V' \ V_;. Now let v be a support
vertex and uy, up, - - - , ug its leaves.
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Further results on the signed Italian domination 831

Let f(u;) =1, f(uj) = —1 for some i, j and T =T \ {u;, u;}. The function f
restricted to T is a SIDF of 7, and inductive hypothesis implies that

n—2)+4 -—n-+4
> .
2 2

s (T) = w(flp) = —

Let f(u;) = 2, f(u;) = —1 for some i, j, and T’ be a tree obtained from T \ uj.

Clearly the function g defined on T’ by g(u;) = 1 and g(x) = f(x) otherwise is a
SIDF of T . By the inductive hypothesis we have

—-n-0D+4 -—n+4
> .

vs1(T) = w(f) =w(g) > 7 7

Finally, by above cases, we may assume that every vertex of 7T is either a leaf or
a support vertex and all leaves of T belong to V_;. Recall that all support vertices
belong to V,. For every support vertex v, let /,, be the number of leaves in N7 (v). Let
T’ be the tree obtained from T by removing all leaves of T and let n = |V(T,)|.
Since for every support vertex v, f[v] > 1 we must have [, < 2deg,(v) + 1.

Note that ZveV(T/) I, < ZUGV(T/)(ZdegT/ W)+ 1) =50 —4. Using the facts that
n=n + ZUGV(T/) ly,and y5;(T) =2n — Zvev(T/) [y, one can easily check that

—(n' + L) 44 —paa
Ys1(T) =2n" — Z I, > D veviry b _n+t .

2 2
VeV (T

If further v, (T) = _"2+4 , then we must have equality throughout the previous inequal-

ity chain which implies in particular that [, = 2deg(v) + 1 for every v € V(T/) and
therefore T € 7.

Conversely, if T € 7, then define the function g : V(T) — {—1, 1, 2} such that
assigns —1 to all leaves and 2 to all support vertices. Thus g is a SIDF of 7" and so

vs1(T) < _”2+4, this implies that y,;(T) = 2+4, hence the proof is complete. O

5 Operations on graphs

In this section, we express signed Italian domination number of some graph operations.

Proposition 5.1 If G and G, are two graphs such that y;;(G1) > 0and ys1(G3) > 0,
then y51(G1V G2) < y51(G1) + v51(G2).

Proof Let f; be a y,;-function on G| and f, be a yss-function on G3. Define
the function f : V(G1 Vv Gy) — {—1,1,2} by f(v) = fi(v) for each v €
V(Gy) and f(v) = fa(v) for each v € V(G,). Hence for each v € V(Gy),
f(Ng,ve,[v]) = f(Ng,[v]) + w(f2) > 1. Similarly, for each v € V(G»),
f(Ng,vG,[v]) = f(Ng,[v]) + w(f1) = 1. Thus f is a SIDF on (G V G»), and
vs1(G1V G2) = w(f) = w(f) +w(f2) = vs1(G1) + v51(G2). i
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832 A. Karamzadeh et al.

Proposition 5.2 Letm > 2 be anintegerandn =2m+1.IfG = Fr, = K1V (mK>),
then ys1(Fry) = 1.

Proof Supposethat V (Fr,) = {x}U{y;,z; |1 <i <m}and E(Fr,) = {xy;, xz; |1 <
i <m}U{yizi | 1 <i <m}. Since A(Fr,) =n — 1, then Theorem 1 in [6] implies
that ys; (Fry) > 1.

Now define the function f : V(Fr,) — {—1,1,2} by f(x) =1, f(x;) = 1 for
1 <i<m,and f(y;) = —1for 1 <i < m.Itis clear that f be a SIDF on Fr, of
weight 1. Hence y;;(Fr,) < 1 and consequently, ys; (Fry) = 1. O

Proposition 5.3 Let W, = K|V C,, be a wheel of order n + 1. Then y;; (W4) = 2 and
vs1(Wy) =1 for each n # 4.

Proof Suppose that V(W,) = {vg,---,v,} and E(W,,)) = {vov; | 1 <i < n}U
{vivy, - -+ , v,v1}. The result is trivial to check for n < 4. Assume that n > 5, since
A(W,) = n, then Theorem 1 in [6] implies that y;; (W,) > 1.

To complete the proof, it is sufficient to provide a signed Italian domination function
of weight 1 on W, for each n # 4. First, assume that # is odd. Then define the function
f:V(W,) — {—1,1,2} by

2 ifi =0,
fw) =131 ifi=0 (mod 2),
—1 ifi=1 (mod2).

Now assume that 7 is even such that » = 0 (mod 3). Then define the function f :
V(W,) - {—1, 1,2} by

1 ifi =0,
fw)y=432 ifi >1,i=0 (mod 3),
-1 o.w.

Next assume that n is even such that » = 1 (mod 3). Then define the function f :
V(W,) — {—1, 1,2} by

2 ifi =0,
N iefn—4,n—-1,n}
f(Ul)— 2 iflfifn_7’i50 (m0d3),
-1 o.w.

Finally, assume that n is even such that n = 2 (mod 3). Then define the function
f:V(W,) — {—1,1,2} by

2 ifi =0,
. _ 1 ie{n—Z,n}v
f(Ul)— 2 ifl<i<n-5i=0 (mod23),
-1 ow.
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Further results on the signed Italian domination 833

In any cases, one can easily to check that f is a SIDF on W,, of weight 1. Therefore
in any cases, we have a SIDF on W,, of weight 1 and so y,;(W,) < 1 for each n # 4
which proof is complete. O

Proposition5.4 Let F,, = K| Vv P, be a fan of order n 4+ 1. Then y,;(F,) = 1.

Proof Let V(F,) = {vg,vi,---,v,} and E(F,) = {vov; | 1 < i < n} U
{vivy, -+ , v,—1v,}. The result is trivial to check for n < 4. Since A(F,) = n,
then Theorem 1 in [6] implies that y,; (F,) > 1.

To complete the proof, it is sufficient to provide a signed Italian domination function
of weight 1 on F;,. First, assume that  is odd. Then define the function f : V (F,) —
{—1,1,2} by

2 ifi=0,
f) =11 ifi=0 (mod?2),
—1 ifi=1 (mod?2).

Now assume that # is even such that n = 0 (mod 3). Then define the function f :
V(F,) — {=1,1,2} by

1 ifi =0,
f)=412 ifi>1,i=2 (mod3),
-1 o.w.

Next assume that n is even such that » = 1 (mod 3). Then define the function f :
V(F,) — {-1,1,2} by

2 ifi=0,
1 ie{n—5n-—2n},

2 if2<i<3k+2 0<k=<39
-1 ow.

f) =

Finally, assume that n is even such that n = 2 (mod 3). Then define the function
fV(F) — {—1,1,2} by

2 ifi=0,

1 ie{n—3,n—1},

2 if2<i<3k+2 0<k=<2?
-1 ow.

f) =

In any cases, one can easily to check that f is a SIDF on F;, of weight 1. Therefore in
any cases, we have a SIDF on F,, of weight 1 and so y;;(F;) < 1. This completes the
proof. O

Now we present the signed Italian dominating function of the corona product graph
of some special graphs.

Proposition 5.5 For two integer numbers n,m > 2, y;;(C, © K,,) = n.
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Proof Let G = C, © K,, be a graph with vertices set V. We consider two following
cases:

Case 1. Let m be even. Define the function f : V — {—1,1,2} by f(v) = 2 for
one vertex v € K, f(v) = —1 for mT-l-Z vertices of K, f(v) = 1 for the remaining
vertices of K, and f(v) = 2 for each vertex of C,,. In this case, produce a SIDF of
weight n and so y5;(C,, © K;;)) < n.

Case 2. Let m be odd. Define the function f : V — {—1,1,2} by f(v) = —1 for
# vertices of K, f(v) = 1 for the remaining vertices of K,, and f(v) = 2 for
each vertex of Cy,. In this case, produce a SIDF of weight n and so y;;(C,, © K;,) < n.

Now let f be a signed Italian domination function of G and K’ be copy corre-
sponding vertex c;. Since f[x] = w(K,in) + f(ci) = 1 for each vertex x € K,’n and
ci € V(C), then w(Kl) > 1 — f(c;) > —1.If w(K}) = —1, then f(¢;) = 2. If
w(an) = 0, then f(¢;) > 1. If w(K};l) = 1, then f(¢;) > 1. If w(K,’%) > 2, then
f(ci) = —1. In any case, w(f) > n. This is true for any signed Italian dominat-
ing function of G. Therefore y5;(G) = min{f | f is a SIDF of G} > n. Hence

VsI(Cn © Kp) =n. |
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