Journal of Applied Mathematics and Computing (2021) 65:597-610
https://doi.org/10.1007/s12190-020-01406-8

ORIGINAL RESEARCH

®

Check for
updates

Bounded positive solutions of an iterative three-point
boundary-value problem with integral boundary condtions

Soumaya Cheraiet! - Ahléme Bouakkaz' - Rabah Khemis'

Received: 12 May 2020 / Revised: 28 June 2020 / Accepted: 14 July 2020 / Published online: 21 July 2020
© Korean Society for Informatics and Computational Applied Mathematics 2020

Abstract

The aim of this paper is to investigate the existence, uniqueness and continuous depen-
dence of solutions for a class of third order iterative differential equations with integral
boundary conditions. The method applied here is based on Schauder’s fixed point the-
orem. The main idea consists to convert the considered equation into an integral one
before using the fixed point theorem. Moreover, an example is given to illustrate our
main results.
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1 Introduction

This work establishes some suitable criteria that ensure the existence, uniqueness and
continuous dependence of solutions for the following third-order iterative boundary-
value problem:

@)+ f (x“”(z),x“](z),xm(z), L x[”](t)) —0, (1.1)
x(0) = x" (0) =0, oe/nx (t)dt = x (T) with € (0, T), (12)
0
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where (% () = ¢, X! ) = x (1), xB () = x x (1), xB &) = xF x 1)), .. .,
x () = x*=11 (x (1)) are the iterates of the state x (r) and f is a continuous function
with respect to its arguments and satisfies some other conditions that will be specified
later.

This problem includes many important models. For instance, it arises in the model-
ing of draining or coating fluid flow problems, electromagnetic waves, thin film flow
and gravity-driven flows (see [10,11]).

In recent years, the existence of positive solutions for third-order ordinary dif-
ferential equations has been the subject of several investigations (see [1,6,7] and the
references cited therein). For example, by using a priori bounds and fixed point theory,
it was shown in [4] that the following problem:

Y@ =f(ty@),y @,y @), 0<t<1,
y(©0)=0

1
V' (0) —ay” (0) = /0 hi (v (). ¥ () ds,

1
y’(1)+by”(1)=/0 ha (v (s), ' (5)) ds,

wherea,b > 0, f : [0, 1] x R3 — Rand iy, hy : R2 —> [0, +00) are continuous
functions has at least one solution.
In [5], the authors converted the following problem:

") = Ay (f) + —= L 0<t<l1
y y \/— t3/2 b b

y) =1
¥y (0)=0

—x [l
(1) = — t)dt,
Yy (D ﬁfoy()

into a Volterra integral equation of the second kind before using the Adomian method
for solving this last one.

Iterative differential equation often arises in the modeling of a wide range of natural
phenomena such as disease transmission models in epidemiology, two-body problem
of classical electrodynamics, population models, physical models, mechanical mod-
els and other numerous models. This kind of equations which relates an unknown
function, its derivatives and its iterates, is a special type of the so-called differential
equations with state-dependent delays. More precisely, the following class of func-
tional differential equations with state and time-varying delays:

@)+ f @ x@), xt =1 (t,x (1)), ..., x(E =1, (,x (1)) =0,

can be considered as the mother of Eq. (1.1) where the complicated lags 7; (¢, x (7))
give rise to the appearance of the iterates.

Almost the literature related to this type of equations that presently exists includes
first order equations. Unfortunately, very few papers have been devoted to study iter-
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ative differential equations of order greater than one (see [2,3,8,9,14]). The difficulty
in studying these equations which have distinctive characteristics lies in the iterative
terms that often hinder the application of usual methods.

To the best of the authors’ knowledge, there is no work dedicated to study third
order iterative differential equations except our two works [3,9]. The present paper
is a continuation of these last papers since it is devoted to investigate the existence,
uniqueness and continuous dependence of bounded positive solutions for a third order
iterative differential equation with integral boundary conditions. Generally, the pres-
ence of iterative terms in the differential equation leads to use very difficult techniques,
however, the advantage of our approach is that it combines Arzela—Ascoli theorem
together with Schauder’s fixed point theorem without using the Green’s function tech-
nique as used in the most recent works.

Our motivation comes from the fact that very little is known about third order
iterative problems and that several studies indicated that the delays in real phenomena
are generally depending on both the state and the time and usually cannot be set aside
or ignored especially in life sciences. Furthermore, as far as we know, this kind of
problems with integral boundary conditions has not been studied till now. Thus, it
is worthwhile to contribute in filling this gap by continuing the investigation in this
direction in order to enrich and complement the available works in the literature.

The content of this paper is arranged as follows. We will give some basic definitions
and some lemmas in the next section. Then, by virtue of Schauder’s fixed point theo-
rem, we will study the existence, uniqueness and continuous dependence of positive
solutions for problem (1.1)—(1.2). As an illustration, we provide an example to show
the feasibility of our main results in the fourth section. Finally, a conclusion and some
remarks are given in the last section.

2 Preliminaries
Let [0, T'] denote a real interval and

CBim = {x €C([0,T],R) : x (0) = x" (0) =0,

]
a/ x()dt =x(T), a € R*, ne (O,T)},
0
equipped with norm

lxl = sup [x ()],
t€[0,7T]

the Banach space of all continuous functions on [0, 7'] with the boundary conditions
x(0)=x"(0)=0anda [ x()dt =x(T),a €eR*, n€(0,T).
ForO<L <Tand M > 0, let
CB[}’ZZ‘ (La M) = {-x € CB[}’”? 0 S X S L’
|x () —x @) = M|t — 1], Vi1,12 € [0, T1}.

@ Springer



600 S. Cheraiet et al.

Then CBy,; (L, M) is a closed convex and bounded subset of CBy,,;.
Furthermore, we suppose that the nonlinearity f is globally Lipschitz in x, that is,
there exists a positive constants c1, ¢3, ..., ¢, such that

|fxn ) = f Yyl <) el = yill. .1

i=1

We introduce the constants

p= sup |f(s,0,0,...,0)],
s€[0,T]

n Jj=i—1

§=,0+LZC1' Z M.
i=1  j=0

Lemma 1 [6] Let 2T # an?, then for y € C ([0, T1, R), the problem

X" (@) +y () =0, (2.2)
x(0) =x"(0) =0, a/nx(t)dt =x(T), ne 0, T), a #0, 2.3)
0

has a unique solution given by

t

T
x(t) = —/ (T — s)zy (s)ds —
2 0

at g
T —ar 2)/0 (1 =)y (s)ds

3 (2T —an

1! 2 d
—Efo(l—S)y(S) 5.

2T

Lemma2 [6] Let 0 < a < —- If y € C[0,T] and y(t) = 0 on (0, T), then the
n

unique solution of the problem (2.2)—(2.3) satisfies x(t) > 0 fort € [0, T].

Lemma3 [13]Ifo, ¥ € CBru (L, M), then
m—1 )
"™ =yt <> " Millg -yl m=1.2,...
Jj=0

Theorem 1 [12] (Schauder’s fixed point theorem) Let M a non-empty compact convex
subset of a Banach space (X, ||.||) and A : M —> M is a continuous mapping. Then
A has a fixed point.
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3 Main results
3.1 Existence results
The main tool that we will use to prove the existence of positive bounded solutions

of the problem (1.1)—(1.2) is the Schauder’s fixed point theorem. From Lemma 1, we
define the operator A : CB,s (L, M) —> CBjy by

T
(Ap) (1) = th—z f (T =22 f (9. o5, 9P s), . o) ) ds

- - _ [0] [1] [2]
3(2T— /(n S)f( (s), '), @ (s), ..., ol (S))ds

—5/ = 2f (90, o5, 9 (s), ... @) ) . 3.1
0

Since CBjy,; (L, M) is a compact set as a uniformly bounded, equicontinuous and
closed subset of the space CBj,;. To prove that operator A has at least one fixed
point, we will show that: A is well defined, A is continuous and A (CBy,; (L, M)) C
CBin (L, M), i.e.

(Ap) (t) € CBry (L, M) forall ¢ € CBry (L, M) .

Lemma4 The operator A : CBry; (L, M) —> CBjy; given by the expression (3.1) is
well defined.

Proof To show that A is well defined it suffuses to show that (Ag) (0) = (Ag)” (0) =
0 and o fon (Ag) (1) dt = (Ag) (T) for all ¢ € CByps (L, M) . Clearly (Ag) (0) =0
and

t
(Ap)" (1) =2 /O £ (#6), M), 0P s), . o) ) ds
SO
(Ag)" (0) = 0.
Let ¢ € CBjps (L, M), we have
T T
(A0 () = 7= f (T =2f (#7696, 96 9(9)) ds
3(2T—_/ (=7 f (#716), M0, 92 6s), . @ (s) ) ds

- / (T =22f (#6). 06), 9P s). ... o (s) ) ds
2Jo
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1
B §2T—DH)

_—_ _ [0] [1] [n]
3(2T— /(17 S)f( (), oM(s), o), ... 0 (s))ds

T
f (T =522 f (9. o5, 9 (s), ... @) ) ds

and

n 7
a/o (Ag) (t)dt = a/(; m (/ (T — s') f( [0](5) (p[l](g) [n](s)) ds) dt

"
— - _ [0] [1] [n]
a/o 3(2T—O{ (/ n—s) f( (), 0" (s), ..., 7 (s))ds)dt
e/’ (f =927 (060,610 o 0)ds )

1
- EZT—an
1
62T—otn

—ga / 1= F (), oM s), ... o)) ds
0

/ (T =) £ (0), M (s5), ..., o™ (5)) ds

f = f (¢ s), oM (s), ..., 9" (s)) ds

This gives

o[ Aorar = 3 [0 21 (600,00
oy [ =97 ($00. 660 ) as

Hence o /0 " (Ag) (t)dt = (Ag) (T). Consequently A is well defined. O

Lemma5 Suppose that condition (2.1) holds. Then the operator A : CBpny (L, M) —>
CByy,; given by (3.1) is continuous.

Proof For ¢, v € CBr,: (L, M), we have

(A (1) = (AY) ()] = 72} / T = 2|1 (¢, ¢, 9P ), 0))

|21
= (V0. M0, ), ) )| ds
1
3

n
e b 101|700 o)

=1 (V% M), D), ) )| ds
t
+a / (=) \f (). M0, s, L0 ))
2Jo

=1 (¥, 0, D), ) )| ds
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)

L] _ L]

By (2.1), we obtain

A0 0= AN 0] = ( [ <T—s>2ds> (Zc [t =yt
L LA A PR .
+3|(2T_0”72){ (/0 ‘(77 5) ’ds) (;cl‘(ﬂ
1/ [t -
L) Bl
1T S
_§4|2T—0”'}2| (i_ZlCl [
L ey [i] _ yli]
+12|(2T—ou7 (izc’ v
+é,3 (Zci il ylil )
i=1
I -
! ot —
. 3 |2T—an2| (;Cz @ )
i

1 1] n4T
1 12 ‘(ZT - an (;Ct

13 n .
17 1 ||n'T L (= i
'(A‘/’W)—(A‘ﬂ)(’)f<3|2T_an2|+1z|(zr—an2)|+6T gcz)w yt|

1 T (473 + |a|n*)
(12 RT—ar?] 6 )(ZC’

It follows from Lemma 3 that

)

yli

w[i]

il

)

— l/,[i]

which implies that

Ll _ l//[i]

T (1T +leln?) S\ &S
'(“4“’)(”_“‘”)(”'5(E(Em_—am” Do Yy M) le—vl,

i=1  j=0
which shows that the operator A is continuous. O
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2T
Lemma6 Let 0 < o < —5. Suppose that condition (2.1) holds. If
n
1 1473 + lal i),
T | =— 2+ T ) <L, 3.2
6§ (2 2T — an?| -2)
and

5 <I4T3+Ia|n4

- T 4r? M :
T —a] T )5 : (3.3)

then A(CBpyu: (L, M)) C CByys (L, M) .

Proof For ¢ in CBj,, (L, M) we have

|(A¢)<r>|57 (T—s) 7 (%), oM 5), 021 (5), . .., o1 (s)
127 —an?| Jo

el! 2|/ ’('7—5)3‘ ’f(90[0](5),<P[1](S),(p[2](s),...,(p" (s)) ds

3 |2T —an-|Jo
1
5 [ =921 (60016, o200, 5 s,
0

But

£ (0, o0, )| = | (2060 6))
—fG,0,...,00+ f(s,0,...,0)]
= |7 (500, 0, L0 (s)

—f(,0,0,...,0)[+1f (5,0,0,...,0)]
n j=i—1

<p+Y a Y, Mgl
i=1 j=0

n j=i—1

<p+LY ¢ Yy M =g
i=l  j=0

SO

Ao 01 = 2|/ (T - )% ds

l| 28 a3
3|2T—a 2\/ ’(77 S)

1 2
+2§/0(t s)“ds
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3 t 1 nt

1
K ST PSR AN
3 |2T—ou72|§+ 12t|2T—an2|

1 1 (473 + || n*
—(T(z—( ||n)+T2>§L.

6 2T — an?|

|| +1t3
al g 6§

From Lemma 2 and (3.2), we get
0=<(Ap) (1) <|(Ap) ()| < L.

Let 1,1 € [0, T] with 1 < tp, we have

|(A¢)(l‘2)—(-f4¢)(t1)|_72‘ / (T =) f (), oM (s), ..., 0" (5)) | ds

|21
B |z;4tllz|/ 1= 9] £ (). o). ... @ (5)) s

+3 ' / (t2 — )2 f (91, o!M1(s), ..., ol (5)) ds
0

t;
+5 (-2 f (@), M (s5), ... 9" (5)) ds
1

h
. / (t1 — )2 f (019s), oM (s), ..., 9" (5)) ds

1 ¢leln®

}Itz t1|+12|2T |Ilz—fll

3|
1
5 tnn |t — bl + C t —0)?

g<14T*+|a|n
=3

2 —
6 |2T—(Xr)2| +2T>|1‘1 b|.

Using (3.3), we obtain

[(Ap) () — (Ap) (1) < M |11 — 1]

Since A is well defined, i.e. (Ay) (1) € CByy; forall ¢ € CByy,; (L, M), we conclude
that A (CBins (L, M)) C CBpn: (L, M) . o

2T
Theorem2 Let 0 < o < —- Suppose that conditions (2.1) and (3.2)—(3.3) hold.
Then the problem (1.1 )—(1.2) has at least one solution x in CBy,; (L, M) .

Proof From Lemma 1, the problem (1.1)—(1.2) has a solution x on CBj,; (L, M) if
and only if the operator .4 defined by (3.1) has a fixed point.

From Lemmas 4, 5 and 6 all conditions of Schauder’s fixed point theorem are satisfied.
Consequently A has at least one fixed point on C3;,; (L, M) which is a solution of
problem (1.1)—(1.2). O
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3.2 Uniqueness

In this section, we establish the uniqueness of solutions of the problem (1.1)—(1.2).

Theorem 3 In addition to the assumptions of Theorem 2, if we suppose that

1(4T3+|a|n) no Il
_< —|2T_ )Zc, Z M/ <1, (3.4)

0”72| i=1

then the problem (1.1)—(1.2) has a unique solution in CB,; (L, M) .

Proof Let ¢ and v be two distinct fixed points of the operator .A. Similarly as in the
proof of Lemma 5 we have

lp) — ()] = (Ap) (t) — (AY) (0]
T 1(4T3+|a|n n o Jgd i
SE(EW >Zc’ Z M’ o=yl
It follows from (3.4) that

llo =¥l <llo—vl.

Therefore, we arrive at a contradiction. We conclude that .4 has a unique fixed point
which is the unique solution of problem (1.1)—(1.2). O

3.3 Continuous dependence

In this section, we will show that the previously obtained solution depends continu-
ously on the function f.
Structural stability

Theorem 4 Suppose that the conditions of Theorem 3 hold. The unique solution of
problem (1.1)—(1.2) depends continuously on the function f.

Proof Let fi, f>: [0, T]x R" — [0, +00) two continuous functions with respect to
their arguments. From Theorem 3, it follows that there exist two unique corresponding
functions x; and x; in CBj,, (L, M) such that

X1 (1) = 32— / @ =22 f1 (x ). Vo). o). 0)) ds
1 n
- §2T——o~72/o =92 (). 1410 26,4 w) ds

t
- % / (=2 (). 1) 6, w) ds
0
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and

T / (T =92 (). 5310 550, 9)) ds
1
- 5zr——an2/0 0= 5 (100 4150 260 0 s
t
— %/(; (t - S)2f2 (x%o](s)’ xél](s)’ x£2](s)’ e xé’”(s)) ds

We have

T
2 (5) = x1 ()] = |2T_’—m72| /0 T =9 | (B 46 o)

i (xgo](s), x%l](s), e, x%"](s)>‘ds

+l&/T ‘(n —S)3‘ ‘fz (x[O](S),xm(S), ..-,x[”](S)>
32T —an?Jy 2 2 2

il (xgo](s),xgl](s), .. .,x%"](s)>‘ds

Lt P [0] (1 [n]
+§fo (t —s) ‘fz (x2 (), x5y, ..l (s))
— i (., o) | as,

But

12 () o), 1w, o))
—fl( 1), 1), P s), . x{”](S))‘

=2 (P, o), o), )
A CROEHOR ORI LIO)
+ f2 (xl (5), x1 (), 17 (s), - xI"](S))
~ i (. o, ), o)

Using (2.1) and Lemma 3, we arrive at

‘fz () o, Py, o) - 7y (x{("(s),x{”(s),x{”(s),...,xl”'(s)))
n j=i—1

<lh=fAl+d e Y, M x—xl.

i=1  j=0
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Hence
T (1473 +aln®)y
x—x|<=z—F+T —
lbr2 =xifl = & (2 27 —ar| If2 = fill
1
T (1(4T° + || n?) "I
4+’ MJ —
c (2 T e * Zc, Z ey — x1l-
Therefore
T (1 (473 + || n*
fl _w 4+ 72
6 \2 |27 —an?|
llx2 —x1ll < (7 + Jal ) ||f2—f1||-
1 ain 2 j=
—\s5———+T c
(2 2T — an?| )Zl 16 2
This completes the proof of the theorem. O
4 Example
In this section we will give an example for illustrating our main results.
Consider the following boundary-value problem:
x" () + ! + lcost + L (cos2 t) M)
4 4 18
1
+E (sin2 t) 2] () + 20 (sm t) (cos2 t) X3 (1) =0, “.1)
n
x(0)=x"(0)=0, a/ x()dt = x(T) withn € (0,T), 4.2)
0

where

1 1 2 1 .2 1 )
ft,x,y,2)= —+—cost+—x(cos t)+5y (sm t)+20 (sm t) (cos t).

4 18

We have

If @ y1,y2,y3) — f (¢, 21,22, 23)] < —|Y1 —Z1|+—|y2—zzl+—|)’3—Z3|

18

then

3
|f oy 2. y) — ft a2 < Y el =zl

i=1
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1 1 1
withc; = —, cp = — and ¢ = 20" Furthermore, if T = 1, L =3 and M =4

18 19
1
in the definition of CBj,; (L, M), then f > 0, p = SUP;e[0,1] |f (s,0,0)] = 3
1 1 1
and ¢ =~ 4.6061. For « = - and 5 = =, we have 2T = 2 # an?® = 00"
1 2 25
o = Z < ? = 7 and
1 1(4T3 + |l ),
- - = 4+ T >~ 15393 < L =3,
6§ (2 2T — an?| -

1473 4
¢ —ﬂ+4T2 ~3.8424 < M = 4,
6 \2 27 —an?|

and

T (16T +lelr®) )\ &
Ty : M ~0.4574 < 1.
() e -

Then the problem (4.1)—(4.2) has a unique solution which depends continuously on
the function f.

5 Conclusion and remarks

In the current paper, under some sufficient conditions on the nonlinearity, we estab-
lished the existence, uniqueness and continuous dependence of a positive solution for
aclass of third order iterative differential equations with integral boundary conditions.

Our approach is based on converting the equation into an integral one and applying
Schauder’s fixed point theorem combined with Arzela—Ascoli theorem. In other words,
the main idea in this work consists to convert problem (1.1)—(1.2) into an integral
equation before transforming it into a fixed point problem by pursuing the following
path:

First of all, we constructed an appropriate Banach space for making the iterative
terms x[?!(¢), ..., x1"1(¢) well-defined and applying the Schauder’s fixed point theo-
rem. The second step is the conversion of our equation into an equivalent integral one.
Afterwards, from this last one and by using Arzela—Ascoli theorem, we succeeded in
defining a continuous operator from a compact subset to it self. Finally, we concluded
that all conditions of Schauder’s fixed point theorem was satisfied. So, if x is a fixed
point of the integral operator, then x is a solution of the integral equation, hence also
of problem (1.1)—(1.2).

Our results are more general than those of [1,3-6,9] in four aspects. Firstly, for
yielding more realistic models, the source term in problem (1.1 )—(1.2) included iter-
ative terms describing retarded interactions, while problems studied in [4-6] were
without these delays.
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Secondly, the approaches used in [1,3,4,9] relied on fixed point theory and the
determination of an explicit representation of a Green’s function and some of its
useful properties. These last ones may be quite difficult to construct, if not impossible.
Whereas we reached our desired targets by using the same theory but without needed
to use these properties.

Thirdly, we relaxed conditions on the nonlinearity in (1.1) for example, we did not
require its periodicity as in [3,9].

Fourthly, in order to make the model more realistic, we were interested in the
positivity of the solution since this last one can represent for example thickness of a
thin film of viscous fluid over a solid surface, a density, a number of individuals or a
concentration which are positive quantities.
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