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Abstract

A complex Pythagorean fuzzy set, an extension of Pythagorean fuzzy set, is useful
model to deal the vagueness with the degrees whose ranges are extended from real to
complex subset with unit circle. This set deals with vagueness and periodicity more
precisely as compared to complex fuzzy set and complex intuitionistic fuzzy set. In
this paper, we propose a new graph, complex Pythagorean fuzzy competition graph by
combining the complex Pythagorean fuzzy information with competition graph. We
also investigate the two extensions of complex Pythagorean fuzzy competition graphs,
namely, complex Pythagorean fuzzy k-competition and complex Pythagorean fuzzy
p-competition graphs. Moreover, we present complex Pythagorean fuzzy neighbor-
hood graphs and m-step complex Pythagorean fuzzy competition graphs. In addition,
we illustrate an application of complex Pythagorean fuzzy competition graphs with
algorithm to highlight the importance of these graphs in real life.

Keywords Complex Pythagorean fuzzy sets - k-competition - m-step competition -
p-competition

Mathematics Subject Classification 03E72 - 68R10 - 68R05

1 Introduction

Arrangement of node connections has a vast area of applications in distinct fields of
life. They may represent physical networks, such as organic molecules, roadways and
electric circuits. They are also used in representing fewer interactions as might arise
in databases, ecosystems, in the flow of control, in a sociological relationship, or in
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the computer program. Any mathematical object concerning points and connections
between them is called a graph which is first introduced by Euler [15] in 1739. There
are numerous utilizations of graph theory in distinct areas of life, including data min-
ing, image capturing, clustering and computer science. The idea of competition graphs
was first given by Cohen [13] in 1968 for the determination of the problem in ecology.
Competition graphs have many other applications as in channel assignment, coding,
modeling of economic systems, energy systems, modeling of complex economic and
in channel assignment, besides ecosystem. After the initial motivation of application
of competition between species in ecosystem several variations of competition graphs
are found in literature, namely, common enemy graph of digraph [21], competition
common enemy graph of digraph [34], competition hypergraphs [35], p-competition
graphs of digraph [19,20] and tolerance competition graphs [12]. In 2000, another gen-
eralization of competition graphs, named, the m-step competition graph of a directed
graph was introduced by Cho et al. [14]. All these above graphs are crisp graphs
through which information about the real world competitions cannot be modeled.

In 1965, Zadeh [40] originally proposed the concept of fuzzy set (FS) as a novel
approach to represent uncertainty occurring in distinct fields by introducing the mem-
bership function whose range lies between 0 and 1. In 1983, Atanassov [11] extended
the fuzzy set and introduced the new set called intuitionistic fuzzy set (IFS) by adding
a new component which determine the degree of non-membership with the restriction
that the sum of membership and non-membership grade should not exceed 1. The idea
of Pythagorean fuzzy set (PFS) was originally proposed by Yager [38], as an exten-
sion of IFS, which is an efficient tool for conducting the uncertainty more properly as
compared to FS and IFS. The membership grade xy and non-membership grade A of
IFS are required to satisfy the condition x + A < 1 but PFS relax the constraint with
x% + A2 < 1. Akram and Habib [1] considered g-rung picture fuzzy graphs.

FS, IFS and PFES are useful models in dealing with uncertainties but in some real-
istic scenarios these theories are not enough to handle incomplete, inconsistent and
imprecise information of periodic or two-dimensional nature. They are employed in
many fields but there is one major deficiency of these sets which is the lack of capa-
bility to handle the periodicity. In order to overcome this issue, Ramot et al. [25] put
forward the notion of complex fuzzy set (CFS) by extending the range of FS from unit
interval [0,1] to the closed unit circle in the complex plane. Ramot et al. achieved his
concept by adding a new term in definition of FS proposed by Zadeh, called phase
term which is the distinguishing factor between CFS theory and all other theories such
as FS, IFS, PFS. The phase term of CFS ensures the existence of some cases where the
periodic dimension (second dimension) of membership function may require. After
that, Zhang et al. [43] investigated many operations on CFS. Further, Alkouri and
Salleh [7] extended this concept for complex IFSs by adding a new component called
non-membership function. After that Alkouri and Salleh discussed some operations
on complex intuitionistic fuzzy set [8] and also introduced the concept of complex
Atanassov intuitionistic fuzzy relation [9] in 2013. In 2019, Ullah et al. [37] proposed
the complex Pythagorean fuzzy set (CPFS) which is the generalization of all the exist-
ing theories. The idea of fuzzy graph was introduced by Rosenfeld [27] in 1975. After
that Thirunavukarasu [36] gave the concept of complex fuzzy graph. In 2019, Yaqoob
et al. [39] combine the concept of complex intuitionistic fuzzy set with graph theory

@ Springer



Competition graphs under complex Pythagorean fuzzy information 545

and introduced the notion of complex intuitionistic fuzzy graph. Later on, Lugman
et al. [23] worked on complex neutrosophic hypergraphs and complex intuitonistic
fuzzy hypergraphs [22]. A lot of work has been done hypergraphs [16,17]. In 2019,
Akram et al. [6] introduced the conception of complex Pythagorean fuzzy graphs in
which the pairs of membership grades depict the two dimensional information. Fuzzy
competition graphs (FCGs) were firstly introduced by Samanta and Pal [30] to express
the partialness of preys and species concerning their extent of competition. After that,
Raychaudhuri and Roberts [26] generalized the concept of competition graphs. Later
on, Samanta et al. investigated fuzzy k-competition and fuzzy p-competition graphs
in 2013 [30] and introduced some more results on fuzzy k-competition graphs in 2014
[31]. Further, m-step fuzzy competition graphs were introduced by Samanta et al.
[29] in 2015. Recently, Sahoo and Pal [28] introduced the idea of intuitionistic fuzzy
competition graphs to extend the capacity to model human knowledge. Further, some
operations on intuitionistic fuzzy competition graphs were discussed by Nasir et al.
[24]. Alshehri and Akram [10] introduced the concept of bipoler fuzzy competition
graphs. Moreover, Akram et al. [32] discussed bipolar fuzzy competition graphs in
2017. Akram and Sarwar [5] discussed m-polar fuzzy competition graphs. Sarwar et al.
[33] introduced fuzzy competition hypergraphs. Further, Habib et al. [18] introduced
g-rung orthopair fuzzy competition graphs in 2019. Akram et al. proposed a deci-
sion making framework based on fuzzy competition hypergraphs [42]. Several other
decision making techniques were investigated in [2—4,10,41,42,44,45]. The existing
competition graphs are used to represent the real world competitions but there are
some competitions which cannot be represented by these graphs because of their peri-
odic or two dimensional nature. For example, some species of ecology may be strong
or weak for some specific time interval. Similarly, the preys may be strong, digestive
and harmful under some specific time interval. The term weak, strong, tasty, etc. are
fuzzy in nature. For this periodic information or two-dimensional information about
species and prey, the existing competition graphs are not enough. This encourage us
for the development of complex fuzzy competition graphs.

In this paper, we propose the innovative concept of complex Pythagorean fuzzy
competition graphs by the combination of competition graphs with CPFSs. Further,
we introduce the two extensions of complex Pythagorean fuzzy competition graphs,
namely, complex Pythagorean fuzzy k-competition and complex Pythagorean fuzzy
p-competition graphs. Further, we present complex Pythagorean fuzzy neighborhood
graphs, m-step complex Pythagorean fuzzy competition graphs and m-step complex
Pythagorean fuzzy neighborhood graphs. We also describe an application of complex
Pythagorean fuzzy competition graphs to highlight the importance of these graphs in
real life.

2 Preliminaries

This section presents some basic definitions which are helpful in further developments.

~ =
Definition 2.1 [31] Let 8 = (A, B) be a fuzzy digraph (FDG). Then the fuzzy
— — ~ ~
competition graph (FCG) €(G) of G is an undirected graph G = (A, B) having
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same fuzzy vertex set as in G andan edge exists between two distinct nodes s, w € Y
— —
in C(G) if and only if N*(s) N NT(w) # ¥ in G and the membership grade of the
—
edge (s, w) in C(G) is defined as:

(s, w) = (nz(s) A pzw)HHNT(s) NNt W),

Definition 2.2 [37] A complex Pythagorean fuzzy set (CPFS) on a universal set Z, is
an object of the form

M = {(t, pgp(0)e D, v ()7 D) 2 1 € 7)),

where ug; (1), vgp(t) € [0, 11, 051 (1), 951 (1) € [0, 2], i = V—Tlandforeveryt € Z,
0 < puz () +vy@® < 1.

For every t € Z, ug;(t) and 0g;(¢) are amplitude and phase terms for the mem-
bership function of t, and vg;(¢) and Pg;(¢) are amplitude and phase terms for the
non-membership function of t.

Definition 2.3 [6] A complex Pythagorean fuzzy relation (CPFR) R(Y, Z) is defined
as the subset of ¥ x Z, is characterized by the membership and non-membership
grades and is of the form:

R(Y,Z) = {{(s, w), ur(s, w)e RS yp(s, w)e!PREW)y | (s, w) e ¥ x Z},

where i = /—1, ugr(s, w), vr(s, w) € [0, 1], Or(s, w), Or(s, w) € [0,27] and
0< ,u%e(s, w) + vlze(s, w) < 1.

For every (s, w) € Y x Z, ug(s, w) and 6g (s, w) are amplitude and phase terms
for the membership function of (s,w), and vg(s, w) and 9 (s, w) are amplitude and
phase terms for the non-membership function of (s,w).

Now, we define complex Pythagorean fuzzy graph (CPFG) which is an extension
of existing theories such as fuzzy graph, Pythagorean fuzzy graph and complex fuzzy
graph. CPFGs are more suitable in the process of decision making and have the capa-
bility to consider the two-dimensional information about vertices and edges in a single
set.

Definition 2.4 [6] A complex Pythagorean fuzzy graph (CPFG) on Y, is a triplet
E=(Y, A, B) where A and B are CPFS and CPFR on Y, respectively such that:

pup(s,w) < pg(s) A pg(w),

vE(s, w) < vg(s) Vvg(w), (for amplitude terms)
O5(s, w) < 05(s) AOx(w),

U5(s, w) < 03(s) vV og(w), (for phase terms)

and

0 < pk(s, w) + v&(s, w) < 1, O5(s, w), ¥5(s, w) € [0,27], foralls, we Y.
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Definition 2.5 [6] A complex Pythagorean fuzzy digraph (CPFDG) on Y, is a triplet
~ = ~ ~
E) = (Y, A, B), where A and B are CPFS and CPFR on Y, respectively such that:

—_—
ngls,w) < ugls) A pg(w),

% .
vg(s, w) < vg(s) Vvg(w), (for amplitude terms)

—_—
O5(s, w) < 05(s) A Ox(w),

mem>
Ug(s, w) < 05(s) vV Uy(w), (for phase terms)
and

) — ) —> . e
0< /,LE(S, w) + vg(s, w) <1, O5(s, w), ¥5(s, w) €[0,2m], foralls,weY.

3 Complex Pythagorean fuzzy competition graphs

In this section, we discuss our main objective of this paper, complex Pythagorean fuzzy
competition graphs (CPFCG). Before discussing CPFCGs we first discuss complex
Pythagorean fuzzy out-neighborhood (CPF-out-neighborhood) of the vertex, complex
Pythagorean fuzzy in-neighborhood (CPF-in-neighborhood) of the vertex, intersection
of two CPFSs, height and cardinality of complex Pythagorean fuzzy set which will be
used for the further devolvements.

Definition 3.1 Complex Pythagorean fuzzy out-neighborhood (CPF-out-neighbor-
- =
hood) of a vertex s of a CPFDG E) = (Y, A, B) is a CPFS defined by:

NP (s) = (SP, 1P | fPelV),
where
SP = {w | upGob) > 0 or vy M) > 0},
such that t : S/ — [0, 1] defined by 1/ (w) = pzG, w), ¢f : SY — [0,2x7]

defined by ¢ (w) = 05(s5, w), f : SY — [0, 1] defined by £ (w) = v3(5, w) and
PSP — [0, 2] defined by ¥ (w) = 95 (5, 0).

Definition 3.2 Complex Pythagorean fuzzy in-neighborhood (CPF-in-neighborhood)
~ =
of a vertex s of a CPFDG E) = (Y, A, B) is a CPFS defined by:

N(s) = (S0, el | frelVs)y,
where

SY={w] ,u,g(uT?v) > 0 or vg(w—),s) > 0},
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(n7 0.861'1A67r7 0.36“‘277) (O, 0.762'1.8#’ 0.421'0.6#)
(0.6e™57,0.2¢"7)

(q’ 0.867;1‘8”, 0.56i0467r)

€

Fig. 1 Complex Pythagorean fuzzy digraph

such that ]! : S7 — [0 1] defined by #]'(w) = ,uB(u) 5), ¢ 2 ST — [O 2]
defined by ¢{ (w) = GB(w 5), fi S — [O 1] defined by f"(w) = vB(w s) and
Y oS¢ — [0, 2] defined by ¥ (w) = z?B(w s).

~ =
Example 3.1 Let ? = (Y, A, B) be a CPFDQG as displayed in Fig. 1, defined by:

n o P q
(0.58i1'4” 7 0.8¢i1:67 7 (). 71187 () 4eil 27’ 0.86“'8”) ’

n [ p q
(0 6¢i0-87° ().3¢i1.271° () 4¢i0-67 7 () 3¢ilm’ 0.561'0.671) ’
( mn) (o)  (.p (mq (g (G0 (@ p )

0.5¢i127° ().6ei0-87 7 ().4¢10-67 7 (). 4i1.27 " (). 71067 ().6eil.67 " () 3eilm

(m,n) (n,0) (o,p) (m,q) (n,q) (q,0)  (q,p)
0.6¢117° 0.2617° 0.2¢1087 * 0.6¢1047° 046117 (.4¢1067 " 0.4¢1087 | |

CPF-out-neighborhood and CPF-in-neighborhood of the vertices are shown in
Table 1.

Definition 3.3 Let I\\Nﬂll and Mz be a two CPFSs on Z, where

I\7J11 = {{(t, MM|(t)ei9M1 (t), VMI(t)eli(t))) 1t e Z},

My = ({1, ngg, (00 vy, (e T2 ) 1 1 € 7).
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Table 1 CPP-out neighborhood and CPF-in neighborhood of the vertices

X NP (x) & ()
m {(n,0.5¢/127 0.6¢17), @
(L], 0.4¢! 1.27r’ 0.66’0'4”)}
n {(0,0.6¢/037,0.2¢17), {(m. 0.5¢/1:27_0.6¢117)}
(q, 0.7610.671’ 0'4e11n)}
o {(p, 0.4¢10-67 0.2¢1087y) {(q. 066167 0.4¢1067),
(n, 0.66’0‘8”, 0.26l1n’)}
p ] {(o, 0.4ei9'6”,0.2@li0'8”),
(q, 0.3¢! 1 , 0.48’0'8”)}
q {(0,0.6¢'1-67 0.4¢10-67), {(m, 0.4¢i127 061047,
(p, 0.3¢! 1 , 0.4610'87[)} (q, 0.7610'67[ ,0.4¢! 17‘[)}

The CPF intersection of I\Nﬂl and I\Nﬂz, denoted by I\Nﬂh ﬂI\NAIz, is specified by the function;

My NV = (41, g, i, (0 1072 gy g (0 "R D)) 2 r e 7,

where

ity ity (0 1 = minug (6, gz, (e ™R,

vz, iy (D€ 0T = max (v, (), vig, ()¢ " O TR,

Definition 3.4 Let M = {(z, ju5: (1)1, v (1)e® | ¢t € Z)} be a CPFS. Then
the Cardinality of CPFS M, denoted by |I\~4I| = (|I\7[[|,Le”M‘9, |I\7JI|,,ei|M|l’), is the sum
of membership and non-membership grades of elements of Z, and is defined as:

M| = (Z Mm(t,')e" Eiyez Ot Z vlg,ﬂ(ti)ei ez ﬂM(t,-)>’

ez ez

= (B, e/, [, 0100,
foralls; € Z.

Definition 3.5 Let VI = {(z, ug(1)e %), vip(D)ein® | t € Z)} be CPFS. Then the
height of CPES M, denoted by (M) = (I, (M)e' ™ T, (M)e/ ™M) is defined
as:

]h(M) = (maX(MM(l)ei max QM(Z)’ min(vM(t)ei min ﬁm(z))’
= (b, ™, 1, Fpei ),
A complex Pythagorean fuzzy competition graph (CPFCG) is defined below.

~ =
Definition 3.6 Let E) = (Y, A, B) be a CPFDG. Then complex Pythagorean fuzzy
— —
competition graph (CPFCG) €( & ) of a CPFDG £ is an undirected CPFG & =
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(c2,0.5e™47 . 0.6¢0-°7) (c3,0.4¢™57 0.
o (0.3¢07™0.6¢7°97)
5 @ &
= A 9 = -&62']7/\ 68
o0 %a %1 N A
S B (RN <0
= 3 <
§¢ o S
5 :
& E
. i
. 2
(0.4¢"°7, 0.6¢"'™) .
(0670.8611-17\',0.5611#) (0570.5675171'70.8611. 71-)

Fig.2 Complex Pythagorean fuzzy digraph

(Y, A, E), where the vertex setof €( £ )issameasin £ and a CPFedge exists between
— ~ ~
two distinct nodes s, w € Y in €( £ ) if and only if the CPFS N”(s) N N”(w) # @

in E) The membership and non-membership grades of the edge (s, w) in @(?) are
defined as:

1, w) = (uz(s) A pzw)) x hy, (NP (s) N NP (w)),
vg(s, w) = W5(s) vV uzw)) x by, (NP (s) N NP (w)),

0x(s, w) = 21 [(eym) . 9;(w)) L @ (5) ONP(w)):| |

2 2 2
I5(s, w) = 27 [(ﬂm) v ﬁg(w)) « B V7(s) ﬁNl’(w)):| .
2 2 2

~ =
Example 3.2 Let E) = (Y, A, B) be a CPFDG as given in Fig. 2, defined by;

~ cy (&) c3 c4 cs c6
A= (0.86”-2” T 0.5ei 1477 ().401087 7 () 410977 () 5eilm (). el Im ) ’

c] (o3 c3 c4 cs c6
(0.361'177 7 0.6€1097 7 (). 710977 () 3eilm 7 (). 8eil 1T 7 () 5pi 1T )

3 (c2,c1) (c2,¢3) (c2.¢5) (c2,06) (c3,¢5) (ca5c3)  (cs.ca)  (cs,c6) (co.c1)  (ce,C3)
- 0.5¢i1m 7 (0.3£10.77 7 (). 5¢i17 7 () 5eilm " ().4010-87 " ().310.77 * (). 4¢0-8i7 * () 41097 * (). 8eil7 * ().410-87

(c2,c1)  (c2,¢3) (c2.05) (c2,¢6) (c3,¢5) (ca,c3) (cs5,c¢4) (cs,c6) (co,c1)  (c6,C3)
0.5¢1097 7 ().6£i10.97 > () 7eilm * ().5¢1097 * () il * ().5¢i17 * ().5eil7 * ().6ell-17° ().4eil7 " ().6ei0-97 .

The CPF-out-neighborhood of the vertices are given in Table 2.

The CPFS N”(s) N N?(w) and h(N?(s) N N”(w)) are calculated in Table 3.

Thus, it can be seen form Table 3 that there is an edge between c¢; and c¢3; ¢ and
c4; ¢ and c¢s; ¢z and cg; and ¢4 and cg. The corresponding CPFCG is displayed in
Fig.3.
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Table 2 CPF out-neighborhood of the vertices

X NP (x)

cq (7]

e {(c1,0.5¢"17,0.5¢109T) (c3,0.3¢1077,0.6¢1097), (c5,0.5¢! 17, 0.7¢/17),
(c6, 0.5¢!17,0.5¢0-97)}

3 {(cs5,0.4¢0-87 0.8¢717)}

e {(c3,0.3¢/07™ 0.5¢17))

cs {(c4, O.4ei0.8n’ 0.56“”), (c6. 0.461'0.911’ 0_6ei1.17r)}

c6 {(c1,0.8¢"17,0.4¢17), (c3,0.4¢1087  0.6¢1097))

Table3 CPFSs N”(s) N NP (w) and h(N? (s) " NP (w))

NP (s) N NP (w)

s w h(®P (s) N NP (w))

cl ) ] (4]

c] c3 ) %

cq c4 ] %

cl cs @ 0

1 C6 h @

I c3 {(cs, 0.4¢10-87T 0 8e 1)) {(0.4¢/0-87 .81}
e ¢4 {(c3,0.3¢1077 0.6¢117)) {(0.3¢1077 1 0.6¢'17))
I cs {(C(),0.4€i0'9n,0.6€i1']n)} {(0.4€i0'9n,0.6€il']ﬂ)}
I c6 {(63, 0.3€i0'7n, 0.6(3[0'9”)} {(0.3(3[0'7”, 0.6€i0'9ﬂ)}
c39¢q [ 0

c3 cs ] 7]

a3 c6 0 ?

c4 cs 0 %

ca 6 {(C3,0.3€i0'7”,0.6€“n)} {(0.3€i0'7n,0.66iln)}
cs ce 0 @

Definition 3.7 Let & = (Y, A, B) be a CPFG. An edge (s, w) in a CPFG is said to be
strong if

1
ugls, w) > E(”(S) A pg(w)),

1
VE(s, w) < Z(Wx(s) Vvg(w)),

0z(s, w) > 1 |:271 (@ A 9;(w)>]

2 2 2
vgls, w) < l |:27T (z?;(s) \% ﬂg(w))]’
2 2m 21

foralls,w €Y.
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1.47 20.97 10.87 10.97
,0. ,0. , 0. ,0. )
(c2,0.5e 0.6e ) (e3,0.4¢ 0.7e
(0.16610.327r7 0.56610.4577) b

4 O15¢70.3,5,
&4 0'36ei0.57r

(nuag'o ‘ ”6‘1?98.0)

10+
10.389T Q. 3¢

012

.(291‘7'0?998.0 Lxggg'opag['O)
(EOO
‘%
(L2€°0° 1g-0,2770)

(c6,0.8¢"1™ 0.5¢"™) (cs,0.5¢i, 0.8¢'L1m)

¢(€)

Fig.3 Complex Pythagorean fuzzy competition graph

Theorem 3.1 Let ? = (Y, A, ?) be a CPFDG. Ifthere exist only one element in
CPFS N”(s) ﬂ Np(w) then the edge (s, w) of C( g ) is strong if and only INp(s) N
IEV’(w)IM 2, |N1’(s) N N”(w)|,, INI’(S) N Nl’(w)|9 > 1w and |N1’(s) N
N?(w)|y < lm.

~ = ~ ~ , .
Proof Here E) = (Y, A, B) be a CPEDG. Let N”(s) N NP (w) = (c, ge'®, re'P),
where ge'® and re'? are the membership and non-membership grades of either the
edge (s, ¢) or (w, ¢). So, h(N?(s) N N?(w)) = (ge'®, re'f) = |NP(s) N NP (w)].
Then,

IN?(s) " NP ()|, = g = b, (NP (s) N NP (w)),
INP(s) N NP (w)], = r = h, (NP (s) N NP (w)),
IN? () NNP (w)lp = & = hy(N? (s) N NP (w)),
IN? () NNP(w)]y = B = hy (NP (5) N NP (w)),

So, according to the definition 3.5 the membership and non-membership grades of the
edge (s, w) in the corresponding CPFCG is defined as

pg(s, w) = (i) A pz(w)) x lh,@"(s) m~'1<1"<w)> = (uz(s) A pzw)) x g,
V(s w) = Wg(s) v vzw) x hy (NP (s) N NP (w)) = vz(s) vV vz(w)) x r,

05(s, w) = 27 [(95(” N 92(“’)) . e s) ﬁNp(w)):|

2 2 2
= o [ (A, O30 @]
2 2 2
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95(s, w) = 27 [(l’ﬁ(” v l’z(“”) L o @) mNP(w))]
2 2m 2

=27 [(ﬂ;_(s) \YJ z?g(w)) X £i| .
2 2 2

1 1
Hence, edge (s, w) is strong if and only if ¢ > o r< o a>Ilrand B < 1n. O

4 Complex Pythagorean fuzzy k-competition graphs

This section presents an extension of complex Pythagorean fuzzy competition graph
called complex Pythagorean fuzzy k-competition graph (CPF k-competition graph)
and some related theorems about these graphs below.

Definition 4.1 Let k be a complex number given by k = xe'? and |§U’ )N ﬁp(w)| =
Lo ~ =
(x'el”", y'el ). The CPF k-competition graph €4 (€ ) of CPEDG £ = (Y, A, B) is

~ o~ —
an undlrected CPFG & = (Y, A, B), where the CPF vertex set of € ( & ) is same as

in E and CPF edge exists between two distinct nodes s and w in € ( € ) if and only
if x > x, y > y for membership grade and y > X, 77 > y for non- membershlp

grade. The membership and non-membership grades of the edge (s, w) in & ( E ) are
defined as:

’

wls, w) = — X (i) A pzw)) x hy, (NP (s) N NP (w)),

V(s w) = 2 () v vg) x by ®P ) N RPw)),

035, w) —271[ V %) 95(“’)) . ]hMN”(S)ﬂN”(w))],
2z 27 27

D(s,w) = 21 [ Ui, ﬁg(w)) o b (V) ﬂNl’(w))].
2 27 2

~ =
Example 4.1 Let E) = (Y, A, B) be CPFDG as given in Fig. 4, defined by;

i S1 5 $3 S4 S5 S6
- (0'481'1.6:1 P 0.3l 1477 ().5ei 1.2 7 () Qeil 4 * () 8eil AT T () Geil 6T ) ’

S1 52 53 S4 S5 56
<0.7ei1.2n *0.8¢i17 7 ().6e10-6m ° (). 2i0.87 7 () 3piln’ 0.58i1.2n> ’

3 - (s1,82)  (s1,83)  (s2,54) (s4,83) (s5,81) (s5.82) (55.8)  (S6,53) (56, 54)
- 0.26i137 7 (0 3ei1.27 7 ) 3ei17’ (). 4eilm’ 0.4eil7’ 0.3ei17 7 0.5ei127 7 () 4eil- 177 ().3¢il 27

(s1,52)  (s1,83)  (s2,84)  (s4,83)  (s5,51) (s5,92) (55,5) (56,53) (S6,54)
0.8¢/1:2m 7 ().6ei 17’ ().5¢10.97 ° ().5¢i0.77 * () 5eil. 17 * () 7ei 17" ().4eilm’ ().6ei17 " 0.4eil7 :

The CPF-out-neighborhood of the vertices are shown in Table 4.
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(0.461'1%70.561'1.177) (0.361'17770.761'171')

Fig.4 Complex Pythagorean fuzzy digraph

Table 4 CPF-out-neighborhoods of the vertices

X NP (x)

st {(s2,0.2¢ 137 0.8¢11-27) (53, 0.3¢/ 127 0.6¢17)}.

$ {(s4,0.3¢"170.5¢1097)}

53 (4]

sS4 {(s3, 0.4¢'170.5¢10-77)} |

55 {(s1,0.4€ 17 0.5/ 117 (55, 036117 0.7€/17), (56, 0.5¢'1-27  0.4¢717)}.
s6 {(s3, 0.4 117 066117, (s4,0.3¢ 127 0.4¢117)}.

The CPFSs N7 (s) N NP (w) and (N (s) N N? (w)) are given in Table 5.
Now, let k = 0.2¢%37 | then corresponding CPF 0.2¢/-37 -competition graph has
only four edges since

INP(s1) N NP(s4)],, = 0.3 > 0.2, |NP(s) N NP(s4)], = 0.6 > 0.2,
IN?(s1) "NNP(sa)lg = 1 > 0.5, |NP(s1) NNP(s4)]g = 1 > 0.5,
INP(s1) N NP (s6)|,, = 0.3 > 0.2, |[NP(s;) N NP(s6)], = 0.6 > 0.2,
IN?(s) NNP(sg)lg = 1 > 0.5, |[NP(s) NNP(s¢)|p = 1 > 0.5,
INP (s4) N NP (s6)[,, = 0.4 > 0.2, |NP(s4) N NP(s6)], = 0.6 > 0.2,
IN?(s4) "NNP(sg)lg = 1 > 0.5, |NP(s4) NNP(s6)]g = 1 > 0.5,
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Table 5 Height and cardinality of CPFS N? (s) N N7 (w)

s w NP (s) N NP (w) h(NP (s) N NP (w)) IN? () N NP (w)]

S 52 [4) ] [4)

S1 $3 [4) ] [

s1 sS4 {(s3,0.3¢/17 0.6¢17)) {(0.3¢/17,0.6¢17)} (0.3¢'17 0.6¢/17)
st 55 {(52,0.2¢"17 0.8 127} {(0.2¢"17 08¢ 1-2m)) (0.2¢'17 081127
st 6 {(53,0.3¢' 117 0.6¢117)) {(0.3¢/ 117 0.6¢i17)) (0.3¢! 117 0 6ol 1y
k%) 53 [4) ] [

k%) s4 [4) ] [4)

5 55 ) Y %

5 6 {(s4,0.3¢"17 05617} {(0.3¢"17,0.5¢17)} (0.3¢'17 0.5¢117)
53 54 [ 0 [

53 S5 [ % [

s3 S6 [ ] [4)

54 S5 [ % [

sa 6 {(53, 0.4¢"17 06617} {(0.4€17 0.6¢17)} (0.4¢'17 0.6¢17)
S5 56 [ % [

INP(52) N NP(s6)[,, = 0.3 > 0.2, |NP(s2) N NP(s6)], = 0.5 > 0.2,
IN?(s2) N NP (sg)|p = 1 > 0.5,

INP(52) N NP (s6)]p = 1 > 0.5,

The CPF 0.2¢937 -competition graph is show in Fig. 5.

~ = ~ ~
The_orem4_.1 Let ? = (Y,A, B) be a CPFDG. If h(NP(s) N NP(w)) =
(1e’2”, 1e’2”) andx >2x,y >2y,y <2x,andn < 2y then the edge (s, w) is

strong in €y (E)). Here, |N”(s) N ﬁp(w)l = (x/eiy/, yle"”/).

Proof Let ? = (Y, Z, ?) be a CPFDG. Let Qk(?) = (Y, Z, E) be the corre-
sponding CPF k-competition graph. According to the given statement if I, (N”(s) N
N”(w)) = 1 for amplitude term and Ty (N”(s) N N?(w)) = 27 for the phase term of
the membership grade then according to definition 3.5 the membership grade of the

edge (s, w) in the corresponding CPF k-competition graph €, ( £ ) is

2
X —X
ugs, w) = 7

(5(s) A pzw)) x hy, (NP (s) N NP (w)),
=1 x_ al (nz(s) A pgw)),

0j5(s. w) = 27 [y/ — (9;(3) A e;<w>) L Do) mN”(w))} ,

y 2 2 2

[t (0 ) 2],
y 2 2 2
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i0.5m

Fig.5 Complex Pythagorean fuzzy 0.2e -competition graph

!

1 — 1
Clearly this gives that pug(s, w) > z(,u;(s) A ng(w)) as al - al > 3 and
X

!

1 05 05 - ... . ~ ~
05(s, w) > E[Zﬂ(% A #)] ast > Y. 3 Similarly, if h, (N (s) "N? (w)) =
1 for the amplitude term and Ty (NP ()N NP (w)) = 2x for phase term of the non-

ﬁ
membership function, then the non-membership value for the edge (s, w) in (&)
is

V5 (s, w) yy—f’“(v;(s) v uzw)) x by (NP (s) N NP (w)),

y —x
— () Vvg(w)),

95(s, w) = 27 ['7 —v (ﬁZ(S) y ﬁx(w)) 7 s) ﬁN”(w))j|’
n

2w 2 2w
_ o | ! - Y (0z(s) v Vg (w) o 2n .
n 2 2 2

/

1 — 1
This gives that vg(s, w) < E(v;(s) Vv vg(w)) as u < 5 and 9g(s,w) <
y

1 - 1
E(ﬂg(s) Vv ¥3(w)) as u < 7 Hence, the edge (s, w) is strong. O
n
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5 p-competition complex Pythagorean fuzzy graphs

In this section, we define another extension of CPFCG called p-competition com-
plex Pythagorean fuzzy graph (p-competition CPFG). Before defining p-competition
CPFG, we first define support of CPFS below.

Definition 5.1 Let M = {(t, g (€1 D v (1)e'"7 D1 € Z)} be a CPFS. Then the
support of CPFS M is subset M, of Z, and is defined as:

M, = {t € Z : pgi(t) # 0, viz(r) # 0).

~ =
Definition 5.2 Let £ = (Y, A, B) be CPFDG. The p-competition CPEG €7 (£ ) of
— ~ ~
the CPFDG & is an undirected CPFG & = (Y, A, B), where the CPF vertex set of

CP( E ) is same as S and a CPF edge ex1sts between two distinct nodes s, w € Y
in €7 (&) if and only if |supp(N1’(s) N Nl’(w))| > p. The membership and non-
membership grades of the edge (s, w) is be defined as:

(a—p)+1

ngls, w) = T[M;(S) A g (w)] x lhu(N”(S) NNP (w)),

vE(s, w) = (“’_aﬁ[v;m v vzl x hy (7 (s) N NP (w)),

055, w) = 2 [(a ~p+1 (9;@) . eg<w>) e ) meﬂ(w»} |
a 27T 27 27

955, w) = 27 |:(a -p+1 (ﬁg(s) y ﬂg(w)) y hy (NP (s) N ﬁp(w))i| |
a 27 27 2

where a = |supp(N?(s) N NP (w))].

~ = ~ ~
Theorem 5.1 Let E) = (Y,A, B) be a CPFDG. If h(NP(s) N NP (w)) =
geiz’f, 067 in Q% (E)), then the edge (s, w) is strong, where a = |supp(§1p N
NP (w))|. (Note that for any real number a, [a] is the greatest integer not exceeding

a).

Proof Let f;‘ = (Y, A, B) be a CPFDG and & = (Y, A, B) be the corresponding
[“] -competition CPFG. Accordlng to the statement if |h (NP (s)N NP (w)) = 1 and

]hg (N”(s) N N”(w)) =2min C 5! ( é;‘ ). Then membership grade of the edge (s, w) in
lal — .
€72 (&) isdefined as

_ 1 - -
(s, w) = %[u;m A )] x Ty, (N7 (s) 0 NP (w)),
(@a—p)+1

= T[MK(S) Apgw)] x 1,
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05 (s, w) = 27 [(“ - ? +1 (95(9 A 9;<w>) @ ()N Np(w)):| ’

2 2 21
e [(a —-p)+1 (0;(3) . 9;(w)> 277:|
a 2 2 2

Thus, clearly uz (s, w) > (MA(s)/\,uA(w))andGB(s w) > —[2 (0 i) QA(w))]as

2
411
a-p+l 5 Similarly, it T, (N7 () NP (w)) = 0 and Ty (NP () NP (w)) = 0

a
in (’Z% (E)), then the non-membership grade (s, w) of the edge in 6% (?) is

vg(s, w) = (a_aﬁ[v;(ﬂ Vvzw)] x b, (NP (s) N NP (w)),
- 1
= O Dz v vzu] 0,

v(s, w) = [vg(s) Vvg(w)] x 0

95(s, w) = 2 [ (a — p)+1 (ﬂg(s) y z?g(w)) y Ty (NP (5) mﬁp(w))] |

a 21 21 21
— o [(a—p)+1 <19;(s) y ﬁ;(w)) 8 £i|
L a 2 2 2
=2 (02(” Vﬁg(w)) x0i|.
|\ 27 2

2
as0<§. O

1 -
This gives that vz (s, w) < —(vA(s)\/vA(w)) and 95 (s, w) < 3 [2 (’9 i) Vv M)]

~ =
Example 5.1 Let E) = (Y, A, B) be CPFDG as shown in Fig. 6, defined by;

)

- ai a as as as ae
A= (0 8el1.6m 7 () 4eil 4’ () 70i1.87 7 ().6eil .67 " (). 7eil AT’ O.Se“”)

as as as ag
<O 3eil2m’ (). 86’1 I’ ().6ei0-6m 7 (). 8¢i087 * (). 7¢i0.97 * (). 8eilm )
<< (a1,a4) (ar,as) (ar,ae) (az,a4) (az,as) (az,as) (asz,as) (a3, as) )

0.6¢i1-67 7 () 7ei 1477 ().41097° () 4eil 27 () 3eilm ’ () 4eilm ’ ().5¢i1:27 7 () 5eil 2’

(ar,a4) (ar,as) (a1,a6) (a2,as) (az,as) (az,a6) (a3, as) (a3, as)
0.5¢/17° 0.5¢i17 " 0.6ei1-17 7 (0.6eil17 7 (). 7eilm * ().8i097 " (). 71097 () 7¢i0.97 "

The CPF-out neighborhood of the vertices are given in Table 6.

The height, support and cardinality of support, of CPFS NP (s) N NP(w), for all
s, w € Y are shown in Table 7.

For p = 2 the corresponding ¢?(£) is shown in Fig. 7.
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(4z1:2€°0 29'1278°0)

(0.6€i1'67r, 0'561'171')

Fig.6 Complex Pythagorean fuzzy digraph

Table 6 CPF-out neighborhood of the vertices

x Nl’(x)

aj {(a4, 0.6¢ 107 [0.5¢/17) (a5, 0.7¢/1-47 [ 0.5¢!17) (ag, 0.4¢997 0.6¢117))
az {(as,0.4¢'127 0.6¢!117) (a5, 0.3¢/17,0.7¢/17) (a6, 0417, 0.8¢/17))

a3 {(a4, 0561‘1.271’ 0.7ei0'9”)(a5, 0_581‘1.2:1’ 0.7ei0'9ﬂ)}

as [4)

as [

ag [/

6 Complex Pythagorean fuzzy neighborhood graphs

In this section, we define complex Pythagorean fuzzy open and close neighbor-
hood of a vertex, complex Pythagorean fuzzy open neighborhood graph and complex
Pythagorean fuzzy closed neighborhood graph below.

@ Springer



M. Akram, A. Sattar

560

0 7 7 @ 9 137]
0 ) ) ) 97 €n
0 ) ) ) o €n
0 1] ] ] 9p <
0 0 0 0 v w
0 ] ] ] Yo [y
z {(Sp )} (212L°0  27177°0) {Cu2L0 212€°0 D) (1 2L°0 212770 Y0} 24 w
0 1] ] ] 9p I
0 0 0 0 v I»
0 ] ] ] Yo Ip
z {90 *Sp “rn)} (2601°L°0 " 17117970 {Cug0:7L°0 2711250 “SP) (11 2L°0 * 171,29°0 Y1)} 24 In
{(u11128°0 16701270 *9P)
¢ (CRRO)] (21290 w1 27°0) g PL°0 2 2€°0 S0 (g 290 sgry 2570 *PD)} w [
|p| (N)ddns = v M S

(M gN U () g = N

(@) gN U (5) 4N

(M) gN U (8) ¢N SAdD Jo 1oddns jo Aypeurpioo pue yoddns WSty £ 3jqel
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(al , 0.86“‘677, 0‘362'1.271')

[ J
(as,0.6¢'1-6™ 0.8¢10-87)

-:282°0)

3

(W.OPZE'O A M99»0;990['07

°
'ag, 0.4¢7147 0.8¢i1:17) (a5, 0.7¢i147 .7¢10-97)

(1og-0:7ST 0

”998‘0?9gl‘g.0 4299-0;990[.0)

> ) )
(a3,0.7e"t-87, 0.6¢10-6™) (a6, 0.5¢"*™,0.8¢"™)
Fig.7 2-competition complex Pythagorean fuzzy graph

Definition 6.1 Complex Pythagorean fuzzy open neighborhood of a vertex s of a CPFG
& = (Y, A, B) is a CPFS defined by:

N(s) = (85, 1€, fye'?s),

where

Sy ={w | ugls,w) > 0o0r vg(s, w) > 0},

such that #; : S — [0, 1] defined by #,(w) = ug(s, w), ¢s : S — [0, 27] defined
by ¢s(w) = 05(s, w), fs : Sg — [0, 1] defined by fs(w) = v (s, w) and ¥ : Sy —
[0, 2] defined by ¥, (w) = ¥5(s, w). For every vertex s € Y, complex Pythagorean
fuzzy singleton set can be defined as:

As = (fs), nze ', vze' D),
where M/Z : {s} — [0, 1] defined by /L;T(S) = nz(s), 9% : {s} = [0, 27] defined by
09;?(s) =05(s), v;? : {s} — [0, 1] defined by v/x(s) = v5(s) and 13‘;? s} — [0, 27]

defined by ﬂ%(s) = 1U7(s). Complex fuzzy closed neighborhood of a vertex s is
defined as:

N[s] = N(s) U 4.
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Definition 6.2 Let & = (Y, A, B) be a CPFG. The complex Pythagorean fuzzy open-
neighborhood graph (CPFONG) of £ is a CPFG 91(§) = (Y, A, C), where the CPF
vertex set of 91(§) remains same as in § and a CPF edge exists between two distinct
nodess, w € Y inD1(¢) if and only if the CPFS N (s) NN (w) # Pin&. The membership
and non-membership grades of the edge (s, w) in (§) are defined as:

nE(s, w) = (uz(s) A pg(w)) x huif\i(s) mﬁ(w)),
vE(s, w) = (Wg(s) v vgw)) x Iy, (N(s) N Nw)),

O(s, w) =21 [(9’?(” A 95(w)> x ho (N(s) ﬁN(w))} ’

2 27 2
Va(s, w) =27 {(926) v ﬂ;(w)> o o (NGs) mN(w))} '
2 27 2w

Definition 6.3 Let& = (Y, A, B) be a CPFG. The complex Pythagorean fuzzy closed-
neighborhood graph (CPFCNG) of £ is a CPFG [£] = (Y, A C) where the CPF
vertex set of (&) remains same as in § and a CPF edge exists between two distinct
nodes s, w € Y in9[£]if and only if the CPFS N[s]NN[w] # @ in &. The membership
and non-membership grades of the edge (s, w) in H[&] are defined as:

pE(s, w) = (ug(s) A g(w)) x by, (N[s] 0 N[w]),
vE(s, w) = W5(s) vV ugw)) x by (N[s] N N[w]),

0 (s, w) = 21 |:<95(s) A Qg(w)) o Thy (N[s] ﬂN[w])] |

2 2n 27
Oa(s, w) =27 [(ﬁz(s) y z?;(w)) 8 Thy (N[s] mN[w])] '
2 27 2

Theorem 6.1 For every edge of CPFG & there is one edge in N[&].

Proof Let & = (Y, A, E) be a CPFG and M[&] = (Y, A, E/) be the corresponding
CPFCNG. Let (s, w) be an edge of CPFGE Then, s, w € N[s] and s, LW E Nlw].
Sos,w € N[s] N N[w] Thus, IhM(N[s] N N[w]) # 0 and hy (N[s] N N[w]) #0.

So, according to the definition 6.3 the membership grade of the edge (s, w) in N[&]
is defined as

i (s, w) = (g(s) A pzw)) x hy, (Nis1N N[w]) # 0,
025, w) = 27 [(@:m . 9;(w)> . ho(@s] DN[w])} o

2 21 27
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(t2, 0.76_1‘4”, 0.6¢™-2™) (ts,0.5e17 0.7¢14™)

A (0.6 0.8¢™)
(t, 0,667 08¢ 127 (ts,0.7e"7,0.7¢"°")

Fig.8 Complex Pythagorean fuzzy digraph

Similarly, b, (N[s] N N[w]) # 0 and by (N[s] N N[w]) # 0 for the height of non-
membership function. So,

vy (s, w) = W3(s) vV vzw)) x Ty, (N[s1n Npw]) 50,

. B 95()  xw)\ Ty Nis] N N[w])
Uy (s, w) =2m |:< e \Y, o )x o :|7é0.

Hence, for every edge (s, w) in £ there exist an edge (s, w) in N[£]. O

Example6.1 Let & = (Y, A, B) be a CPFG as shown in Fig. 8, defined by;

T t t 13 14 15 I3
= 0.861167 7 (0761147 ° () 5¢iln’ ().8eil.67° (). 7¢il 47" () 6eil.on |’

3 14 15 173
066’12” 066”2” 076’]4” 036108;1 ’ 076’09” 086’12”
_ << () (t,13)  (t1,15)  (tite)  (2.13) (3,14)  (lat5) (15, 16) )

0.6€i127° 0. 4eilm’ 0.6€i127 7 (0.56i1.27° (). 4eil7’ (0 4ei17° (.5¢i1-47 7 ().6ei097

(t,)  (,B)  (.t5)  (,te)  (,13)  (13,14)  (la,15) (5, 16)
O.6ei1‘2” ’ 0.7eil43n ’ 0.781'1.171 ’ O‘7e"1‘1” ’ O.Se”” ’ O.4ei1'3” ’ 0.6ei0‘9” ’ 0.8(3”” :

The CPF open and closed neighborhoods of the vertices are shown in Table 8.

For CPFONG the CPFS N(s) N N(w) and h(N(s) N N(w)), for all s, w € Y is
given in Table 9.

The corresponding CPFONG is shown in Fig.9.

Similarly, for CPFCNG the CPFS N[s] N N[w] and h(N(s) N N(w)), forall s, w € ¥
are given in Table 10.

The corresponding CPFCNG is shown in Fig. 10.
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(0.3610'8477 X 056610667")
(t5,0.7¢™470.7¢™97)

Fig.9 Complex Pythagorean fuzzy open neighborhood graph

40.787)
(0286 03¢

» . (t3’0.56i1,11r70.7ei1.47r)
(0.20810‘55‘”,0.4267'0‘8477) '@O-SM(
€

(0.36670-847 0 56610-67) &
(ts,0.7¢"97 0.7¢0°97)

(0.30¢
+0.64¢70.6,, )

Nl

Fig. 10 Complex Pythagorean fuzzy closed neighborhood graph
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Table 8 CPF open and closed neighborhoods

s N(s) Ns]

n{(r, 0.66“'277, 0.66“‘2”), (13, 0.46””, 0.76“‘37[)){02, 0'6ei1A27r’ 0.6€i1‘277), (13, 0.4€i177, 0.78“'3”))
(ts, 0.6ei1'2”, 0.7ei1.ln)’ (6, 0.5ei1-2”, 0.7ei1.1n)}{([5’ 0.66i1'2n, 0.761‘1.171)’ (t6, 0.5e"1-2”, 0.76“'1”)}
Ufr1, 0.8¢/1-67 0.6¢1-27)
n{, 0.66“'2”, 0.66“‘2”), (13, 0.4@“”, 0.56“”)} {1, 0.66“'2”, 0.66“'27[), (13, 0.46“”, 0.58“”)}
U{(t2, 0'761'1.471’ 0.66’“'27[)}
53{(11, 0.4€17 [ 0.7¢1137) (15, 0.4e117,0.5¢/17)  {(t1, 0.4e! 17 0.76137) (1, 0.4e' 17 056017
(14,046 17 0461137y} (14, 0.4 17 0.46113T)y U (13, 0.5¢/ 117 0.7¢11-47))
14{(13, 0_4eiln’ 0.4ei143n), (15, 0.561'1.471, O.6ei0'9”)} {(13, 0.4@“”, 0.46“'3”), (15, 0.56”‘47[, O.6ei0‘9”)}
U{(t4, 0.8/ 107 0.3£10-87y)
15{(t1, O.6€i1‘2n, 0.7ei1.1n), (14, 0.56i1'4”, 0.6€i0'9n) {1, 0.66i1'2n, 0.761‘1.171)’ (14, 056[1.471’ 0.6€i0'9n)
(t6, 0.6¢10-9™ (.8¢101 )} (16, 0.6¢/097 0.8¢1T) U {(15, 0.7¢! 147 0.7£/0-97 )}
16((t1,0.5¢1 127 0.7 117 (15, 0.6¢10°97 0.8¢117)) (11, 0.5¢1127 | 0.76/117) (15, 0.6¢1097 | 0.8¢117))
U{(tg, 0.6¢!1-67  0.8¢i1:27))

Table9 CPESs N”(s) N NP (w) and h(N? (s) N NP (w))

s w N(s) N Nw) h () N New))
n n {(13,0.4¢/17 1 0.7¢/137)) (04117 0.76i137))
1 3 {(12,0.4¢' 17 0.6¢1-27)} ((0.4€/ 17 0.6¢1:27Y)
1 1 (13, 0.4¢117 0761137 (15, 0.5¢i127  0.6¢i1-27)) {(0.5¢1:27 0 6¢i1:27))
f s {(t6,0.5¢10-97  0.8¢11-17)) {(0.561097 0 8eil17)}
f 16 {(t5,0.6¢0-97 [ 0.8¢! 117} ((0.661097 0 81117}
n 18] {(t1,0.4¢'17 076137} (046117 0.7¢11:37))
15) 14 {(13, 0.4e'17 0.59“'3”)} {(0.49“”, 0.5€i1'3”)}
) s {(11, 06127, 0.7¢1-27)) {(0.6¢i127 0761127}
n 16 {(r1,0.5¢ 127 0.7¢ 127} ((0.5¢1127 076127y
13 171 7] @

13 15 {(t1,0.4€'17 0761137 (14, 0.4¢'17, 0.6¢11-37)) {(0.4€'17 0.6¢1137))
13 t6 {(11.,0.4€'17 071137y} (046117 0.7¢11:37))
4 15 7] @

1 16 {(t5, 0.5¢1997 [0.8¢17)) (0.56097 0.8¢i17)}

{
15 16 {(t1’0_56i1.2ﬂ70_761'1.171)} {(0.56”'277,0.76“'17[)}

7 m-step complex Pythagorean fuzzy competition graphs

If a prey d is assaulted by the predator c then the connection between them can be rep-

resented by an arc (c, d) in a CPFDG. But, if the predator want an assistance of several
arbitrators (cy, ¢2, . . . ¢;—1) then the connection among them is represented by CPFDP
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Table 10 CPFSs N”[s] N NP[w] and h(NP[s] n NP[w])

s v NinRw B (®is1 0 Njw))

1 t (17, 0.6¢i127 0.66i127) (15, 0.6¢1-27 0.6¢i1:27) {(0.6¢i1:27 0 661127y}
(t37 0.4eiln’ 0_781'1‘371)}

n 1 {(11, 0417 10.7¢/137) (15, 0.4¢'17  0.6¢/127) {(0.4¢/17 0.6¢/127))
(13, OAeiln , 0‘7ei1.47r)}

1 14 {(13,0.46“”,0.76“‘3”),(25,0.5€il'2”,0.7ei1'1”)} {(0.66“'2”,0.66“'1”)}
(12, 0.6¢1 127 0.6¢1127))

n s {11, 0.6¢/1270.7¢11-2T) (15, 0.6¢' 127, 0.7¢/1-17) {(0.6¢/127 076117
(t6, 0A56i049n’ O.Se“'ln)}

n ts {(11,0.5¢ 127 0.7¢127) (15, 0.6¢/097, 0.8¢1-17) [(0.6¢11:2T 0761117y
(t67 0.56i1.2n’ 0.76“‘27[)}

n 13 {(11, 0417 10.76/137) (15, 0.4¢'17  0.6¢/127) {(0.4¢'17 0.6¢/127))
(13, 0A4ei17r’ 0‘7ei1.47r)}

n 1 {13, 0.4¢ 17, 0.5¢1137)) [(0.4¢/170.5¢1:37))

n 15 {(t1,0.6¢! 127 0.7¢11:27)) [(0.6¢11:2T 0761127y

n 16 {(1,0.5¢11:27 [ 0.7¢11-27m)) ((0.5¢11:27 761127y

13 1 {(13, 0417 0.7¢/147) (14, 0.4¢'17 041137 {(0.4¢"17 1 0.4¢11-37)}

1 s {(r1,0.4'17,0.7¢/137) (14, 0.4¢!17, 0.6¢1137)} {(0.4¢"17 0.6¢'1-37))

B f {(11,0.4617 0.7¢11:3m)) (046117 0.7¢1137))

14 s {(15.0.5¢10-9™ 0.8¢17)} [(0.5¢10:97 () 8eil7))

4 16 {(15.0.5¢10-97 0.8¢117)} [(0.5¢1097 0 8¢i17))

5 16 {(11,0.5¢11:27 0 701117y [(0.6¢11:2T 076117

(t57 0.66i0'9n, 0.8€i IJT), (tﬁv O.6ei0.97'[, 0_86i1.2n)}

?( ) in a CPFDG. In this section, we first define m-step complex Pythagorean fuzzy
dlgraph (CPFDG). Then we define CPF m-step out-neighborhood, CPF m-step in-
neighborhood of the vertex and then m-step complex Pythagorean fuzzy competition
graph.
— ~ =

Definition7.1 Let §¢ = (Y, A, B) be CPFDG. The m-step complex Pythagorean
fuzzy digraph (m-step CPFDG) of E) is denoted by E) m = (?, A, ?), which has
same CPF vertex set as E) and has a complex Pythagorean fuzzy edge between two
distinct nodes s and w in E) m if there exists a complex Pythagorean fuzzy directed
path (CPFDP) of length m from s to w, i.e., ?E’;yw) in E)

~ =
Definition 7.2 Let E) = (Y, A, B) be CPFDG. Then complex Pythagorean fuzzy
~ =
m-step out-neighborhood of a vertex s of a CPFDG E) = (Y, A, B)is CPFS

NP (5) = (SP. 1P e | fPeV"),
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where

= {w|there exists a CPFDP of length m from s to w, ?E’;,w)}

such that £ : S¥ — [0, 1] defined by ¢/ (w) = {min u5(d, g), (d, g) is an edge of

w>} @Y : S§ — [0, 27], defined by ¢¢ (w) = {min03(d, g), (d, g) is an edge
of P’{; w)} fr 8P — [0, 1], defined by £/ (w) = {max vz(d, g), (d, g) is an edge
of P g w)} and ¢! : S? — [0, 2] defined by ¢! (w) = {max ¥3(d, g), (d, g) is an

edge of B (s, w)}

~ =
Definition 7.3 Let E) = (Y, A, B) be CPFDG. Then complex Pythagorean fuzzy
m-step in-neighborhood of a vertex s of a CPFDG ? = (Y, A, B)is CPFS

NZ(S) (Sn l‘nel¢T fsneiwn)7

sUs
where
= {w| there exists a CPFDP of lengthm from wtos, ?Tw,s)}
such that 77 : S7 — [0, 1] defined by ¢/ (w) = {min uz(d, g), (d, g) is an edge of
(w v)} ¢t + S — [0, 2m], defined by ¢7(w) = {minfz(d, g), (d, g) is an edge
of anw ob [ 08¢ — 10, 1], defined by f"(w) = {max vz(d, g), (d, g) is an edge
of Pm }, and ! : §% — [0, 27 ] defined by ¥/ (w) = {maxd3(d, g), (d, g) is an

(w, S)

edge of P (w., S)}

~ =
Example 7.1 Let E) = (Y, A, B) be a CPFDG as depicted in Fig. 11, defined by:

dr d3 dy
0. Se‘] 27’ ), 5e’1 AT () 4eil 577 () 6eilAn )7

d; d3 dy
0. Sezln 0. 66’0 O’ 0. 7e’0 O’ 0.361'171 ’
( (di.dy)  (di.d3)  (dr.dy) (d3.dy) (ds. o) )

0.45¢117° 0.4¢1037 " 0.55¢1137 0.35¢117 " 0.5¢10.77

(di,dr) (di,d3) (di,ds) (d3,ds) (da,d>)
0.55¢7037 " 0.6¢0:9% * 0.45¢1 17 0.66¢1097 " 0.5¢1097

The CPF 2-step out and in-neighborhoods of the vertices are given in Table 11.

~ =
Definition 7.4 Let E) = (Y, A, B) be a CPFG. The m-step CPFCG of £ is denoted
— ~ o~ — —
by €, (&) = (Y, A, C), where the CPF vertex set of €,,( £ ) is same asin & and a
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dq (0.86“'271-, 0.561'171') dQ(O 5611 4m O 6e 0. 97r)
(O 45€L1 17 0 55¢ 0. 871')
= B
gl " . 5
- 0 -
&) § S
9 3
l g
(O 5610 ke 0.5¢ 0. 97-r) ~—
d3(0.4ei1'5ﬂ-, 0.767,'0 971-) d4(0 6621 47r 0 3e ler)

Fig. 11 Complex Pythagorean fuzzy digraph

Table 11 CPF-2-step neighborhoods

s N (s) N2 (s)

d (dg, 0.4¢'037 0.6¢097) (dy,0.35¢/17 0.66¢/17) 7

d> 9 (d3,0.35¢977 0.66¢10-97).
d3 (dp, 0.35¢1077 0.66¢/0-97) 7

dy ] (dy, 0.4¢'037 | (.6¢10-97)

complex Pythagorean fuzzy edge exists between two distinct nodes s and w in €, ( 5 )
if and only if N}, (s) N NZ (w) # ¥ in CPFDG. The membership and non-membership
grades of the edge (s, w) are defined as:

pEs, w) = (ui(s) A pzw)) x hy, (N (s) NN (w)),
vE(s, w) = (i(s) v vgw)) x by (N () N ND (w)),
O 9;<w>) 5 g (N}, (s) N N, (w))
27 27 2

Oz (s, w) = 2m <

25 | 2a)) by () 0 w))
2 2 2

vE(s, w) =27 <

~ =
Example 7.2 Let 6) = (Y, A, B) be a CPFDG as shown in Fig. 12, defined by;

~ d] dz d3 d4 d5 d6 d7
A= 0.8¢i12m 7 (. 7eilm’ () 501477 (). 4eil47 7 (). 500187 7 () Qeil3m " () §eil2m |~
dy da d3 dy ds dg d7
0.6¢i 1177 (0. 711377 (0.6ei127 7 (). 710977 (). 761057 7 (). 4eilm’ ().6eil 17

F_[(YD) @.d) (dy.d3) (d4.dy) (dy.d3) (ds.dy) (d5.de) (do.ds) (dr.da)
- 0.7¢i17 7 0.4eilm ’ (0.561097 7 ().30i097 7 () 4eil27 7 () 3eil27 7 () 4eil2n 7 () 3ei1.27 7 ().3eilm |’

(di,dy) (di,d3) (dr,d3) (ds,dp) (da,d3) (ds,ds) (ds,de) (de,ds) (d7,ds)
0.7¢i121 7 (0.6ei1:27° (761177 ()7l 1277 ().6610-97 7 ().7¢1097 7 () 4eilm ’ ().5¢i17 7 ().6ei 17
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(d2,0.7¢"17 0.7¢%1-37)
=
&
: e
]
~ =
. o S
(d1,0.8¢"2™ 0.6e & %
(d1,0.8¢"-27 0.6e'g ™) = 2
5 ®.
o o
3 3
@, ~
X
2
, s 28
(0.4611.27r’0.46117r) B
(ds,0.5¢'1-57, 0.7¢10-57) (de, 0861157 0.4¢iL)
€
Fig. 12 Complex Pythagorean fuzzy digraph
Table 12 CPF 2-step ~p
out-neighborhoods of the s Ny )
vertices d {(d3, 0_561'0.97[’ 0.76“'27[)}
dy ]
d3 )
da {(d3,0.3€i0‘9ﬂ,0.7ei1'2ﬂ)}
d5 {(d4, 0'3ei1A27T’ 0.58“7[), (d2s O'3ei0A97T’ 0.7ei1A27T)}
de {(dz,0.3€i0'9”,0.7€i1'2n)}
d7 {(d3,0.3¢'17 066117}

The CPF 2-step out-neighborhood of the vertices are shown in Table 12.
Therefore N} (dy) N N2 (d7) = {(ds, 0.3¢70970.7¢127)), Nb (dy) N NS (dy) =
{(d3,0.3¢1097 [0.7¢/1 27y} ND(dy) N N (d7) = {(d3,0.3¢/997,0.7¢127)} and
NZ(ds) N ND(dg) = {(da,0.3¢"097,0.7¢!"27)}. Hence h(NZ(d;) N Np(cu)) =
(0. 3¢097 0.7¢/1-27)), (NS (dg) N NS (@) = {(O. 36097 0.7¢/1-27)), h(NE (dy) N
NJ (d7)) = {(0.3¢/%97, 0. 7e’1 27)} and N2 (ds) N NE (da) = {(0.3¢097,0.7¢'1-27)).

The corresponding 2-step CPFCG is shown in Fig. 13.
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(d2,0.7€17 0.7¢%1-37)
[

(d1,0.8¢"-27™,0.6e"-17)

> —
£ 2
o IS
6y S
= o
N F
K ® 5
o o
S =
] Y
~ S—
(d7 0. 8611 27
(0.1561'0.5857770.49610.671') N
(ds,0.5e'-8™ (.7€10-57) (dg, 0.8¢11-37 0.4¢i1™)

Fig. 13 2-Step complex Pythagorean fuzzy competition graph

~ =
Theorem 7.1 Let? = (Y, A, B)be CPFDG. Ifm > |Y| then the edge set of Cp, ( 5 )
is empty.

- ~ = - ~ ~ .
Proof Let ¢ = (Y, A, B)beCPFDGand C,,,( £ ) = (Y, A, C) be the corresponding

m-step CPFCG. So according to the definition 7.4 the values for the membership and
—
non-membership grades of the edge (s, w) in C,,( £ ) are

pE(s, w) = (ug(s) A pg(w)) x by, (N2 (s) N NG (w)),
vE(s, w) = wi(s) v vgw)) x by (N () N ND (w)),

~ ~ P =p
O (s, w) =27 [<9A(s) A 9A(w)> o« o (Nin () mNm(w))] ’

21 2n 2w
~ ~ P p

da(s, w) =27 [(ﬁ"(s) v 19A(w)) o 2o (N (5) mNm(lv))} ,
27 2z 27

forall s, w € I{V If |m| > Y, there does not exist any CPFDP of length m in E)
So, the CPFS (N}, (s) N N, (w)) = @. Then pz(s, w) = 0, Ox(s, w) = O for the
membership grade and vz (s, w) = 0, ¥&(s, w) = 0 for the non-membership grade.
Hence ¢, (E}) has no edges. O
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Definition 7.5 Let& = (Y, A, B) be CPFG. Then complex Pythagorean fuzzy m-step
~=
neighborhood of a vertex s of a CPFG E) = (Y, A, B)is CPFS

Nun(s) = (8. 1%, fye”),
where
Sy = {w| there exist a CPFDP of length m between w and s, P(’Z}’S)}

such that #; : S — [0, 1] defined by #;(w) = {min uz(d, g), (d, g) is an edge of
P(mw,s)}’ ¢s : Ss — [0, 27] defined by ¢ (w) = {minébz(d, g), (d, g) .is an edge of
P(’I”U’s)}, fs © Ss — [0, 1] defined by fi(w) = {maxvz(d, g), (d, g) is an edge of
Pf(’z}ﬁs’%}, a;nd Yy o Sy — [0, 2] defined by ¥y (w) = {max ¥5(d, g), (d, g) is an edge
0 .

(w,s)

Definition 7.6 Let £ = (Y, A, B) be a CPFG. The m-step CPENG of & is denoted
by M, (&) = (¥, A, 5), where the CPF vertex set of 91,,(£) is same as in & and a
complex Pythagorean fuzzy edge exists between two distinct nodes s and w in 9%, (§)
if and only if N, (s) NN, (w) # ¥ in CPFG. The membership and non-membership
grades of the edge (s, w) are defined as:

pE(s, w) = (nz(s) A ug(w)) x hugﬁm(s) mﬁ,n(w)),
VE(s, w) = W3(s) vV vgw)) x by ([N, () NN, (w)),

Oz(s, w) =27 |:<92(s) A Qg(w)) « Thg (N (s) ﬂNm(w))] ’

2 2m 27
9x(s, w) = 27 [(ﬁﬁ(” v ”A“(w)> By (N (s) ﬂNm(w))] .
2 27 2

Example 7.3 Let & = (Y, A, 1§) be as CPFG as shown in Fig. 14 defined by;

K ni n» n3 ny ns ne
- (o.ssei 127 .66/ 17 0.7¢/137 " ().9¢i157 " () 5¢i 17’ 0.7ei0-9”) :

( n ny n3 ng4 ns ng )>

0.8¢1137 " 0.5¢1097 " (71097 0 3¢117 " 0.6¢/17 " 0.7¢i137
< <(n1, ny) (n,n3)  (n3,n4)  (n4,ns) (n4,ne) (ne, ni) )
B = —, - s - s —, - s -
0.5¢!17 7 0.65¢/0-87 7 0.65¢i1-17 " 0.45¢ 177 0.6€10-87 " (0.4¢10-97
( (n1,n2) (n2,n3) (n3,ng) (ng,ns) (na,ng) (ne, ny) >>

)

0.6ei127° ()7¢1097 7 ().5¢i17 ° ().45¢10-87° ().6eil-27 " ().8ei1-37
The CPF 2-step neighborhood of the vertices are shown in Table 13.

The CPFS Ny (s) N Ny (w) and h(Na(s) N Ny (w)) are shown in Table 14.
The corresponding 2-step CPFNG is shown in Fig. 15.
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Fig. 14 Complex Pythagorean (n2 0.66¢'1™ 0'561'0.9#)
fuzzy graph
£ =
4 <
s, =
- w
o 73, A
- A k"\ o
e ~
ol e,
® =
= ©
@ N
3

(0.45¢""7,0.45¢0°T) N\ _
(’I’Ls, 6331'1#7 0.66“”) (n47 0.9671.57r7 0.3611‘")

Table 13 CPF 2-step neighborhood of the vertices

s Na(s)

n {(n3,0.5¢1087 0761127 (4 0.4¢1087 () gil 37y}

n {(n4,0.65¢'0-87 [0.7¢117) (ng, 0.4¢10-97 0.8¢11-37)}

n3 {(n1,0.5¢1087 0.7611:27) (s 0.45¢117 0.5¢117), (ng, 0.6¢1087 0.6¢i127))
n4 {(nl, O_SeiO.Sn’ 0.6ei1‘2n), (”27 0.656i0'8”, 0_7ei17r)}

ns {(n3.0.45¢'17,0.5¢17) (ng, 0.45¢10-87  0.6¢11-27))

ng {(n2,0.4¢/097 0.8¢!1:37) (n3, 0.6¢'087 | 0.6¢1-27), (ns, 0.45¢!037  0.6¢/1-27))

Table 14 CPFSs Ny (s) N Ny (w) and h(N, (s) N Ny (w))

: v o) nNaw) () N Mo ()

g ny {(n4,0.4€087 0.8ei137)) {(0.4¢087 () 8¢i137))
ny n3 7 1%}

ni n4 [ @

1 ns {(n3,0.45¢10-87 0. 7¢11.27)) {(0.45¢10-87 701127 )
n ne (13, 0.5¢1087 (.7¢i1.27)) ((0.5¢1087 761127y}
ny n3 ((ng, 0.4¢0-87 0.8¢i1:37)) ((0.4¢1087 (0 8¢i1-37y)
n n4 7 @

ny ns {(ng, 0.4¢10-87 081137} {(0.4¢/0-87 0.8¢11-37))
ny ne 9 %)

n3 na ((n1,0.5¢1087 0.7¢11.27)) {(0.5¢1087 | 7¢i1.27))
n3 ns {(ng, 0.45¢10-87 0.6¢11:27)) {(0.45¢10-87 0601127 ))
n3 n6 {(ns5,0.45¢/087 0.6¢127)) {(0.45¢1087 0661127
n4 ns ] @

4 n6 {(n2,0.4¢/087,0.8¢11-37)) {(0.4¢1087 () 8¢i1:37))
ns ne {(13,0.45¢1087 (0, 6¢/1:27)) ((0.45¢10-87 |0 et 127y}
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-
=
[3N]
A
‘o
A
..
o
©
Q A
o -
]
O]
3
e
>
A
o
>
b 3
(ng4,0.9¢1:57 0.3¢i17 S
ey, 2
~

Fig. 15 2-Step complex Pythagorean fuzzy neighborhood graph

~ =
Definition 7.7 Let E) = (Y, A, B) be a CPFDG. Let the common vertex of m-
—_— N—)
step out-neighborhoods of vertices by, b, ... b, is z. Also, let (g1, wy)elf5 @ w)

. _ . .
ng(q, wo)el 0B wa) wg(gn, wy,)e!% @) represent the minimum member-

hi f £ Bm Bm Bm -~
ship grades of the edges of paths P(bl,z)’ P(bz,z)"" P(b,,,z)’ and vg(q1, wy)
— —_—

iv%(q1.w) > 9% (q2,w2) 2 0% (G wn) :
e'VBYLYY fyx(go, wo)e VB2 L vg(gy,, wy)et VB ) represent the maximum

bership grades of the edges of paths P™ _ B P ivel
membership grades of the edges of paths P(bl,z)’ P(bz,z)’ . P(b,,,z)’ respectively.

The m-step vertex z € Y is strong if wg(qk, wr) > 7 and 05 (qx, wy) > lm for
membership grades and v (i, wi) < 3 and 93 (qk, wy) < 17 for non-membership
grades, forallk =1,2,3,...,n.

The strength of prey z denoted by (s7(2), sF(z)), where s7:Y — {x|x € C:|x| < 1}
and sp:Y — {x |x € C:|x | <1}, is defined as:

S mE (e, we) | Zi=1 OB
e n

s7(z) = " )
_ -
n - > 9% (qk . wi)

—1 V5(qr, wy) ;Zi=1"B"R)

sp(z) = L=t VB W) iq e " .
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¢3(0.6e1:2™ | 0.5¢11-57)

iO.QTr)

. C1 -
(08¢, 0.4621.‘1”()0,5610'9", 0.2e (0.50777

» 0.3071
L

(0.861'1.2#7 0.4ei1.17r

o (0.6¢%0.8x

aar Q 3¢
2

70~2ei0~97r)

Q
(21290 Tuy-1,2L°0)

c6(0.65¢™1™0.35¢M57)

Fig. 16 Complex Pythagorean fuzzy digraph

~ =
Example7.4 Leté = (Y, A, B) be a CPFDG as shown in Fig. 16, defined by:

iz cl (o) c3 c4 cs c6 c7
- 0.8¢i 1277 ()70l 1.1 ° () .6ei 1277 (). 7¢i1.6m 7 () 8ei 14T " () 65¢i -1 7 ().8eil 2T )

cl (&) c3 c4 cs ce c7
0.4ei117 7 (.51 1377 ().50i1.57 7 (.51 177 ().55¢i17 " (0.35¢i1.37 7 () .4¢il- 17 ’

3 - (c1,¢3) (c2,ca) (c2,05)  (e3,c2)  (eg,c1)  (es,¢7)  (co.c2)  (c7.¢6)
0.6¢i 1177 0500177 ().5¢i1.17 7 (. 6eil- 177 ().5010.97 7 (0.6i0-87 7 ().geil- 17 ° () 5¢ilm

(c1,¢3) (c2,cq) (ca,¢5)  (c3,¢2)  (eq,cr)  (es,¢7)  (c6,2)  (c7,¢6)
0.3ei0.77 7 () 3¢i 177 (030127 ().30i0.97 7 (). 261097 7 () 2i0.97 7 (). 3i0.87 * ().2i0.77° )

In Fig. 16, the strength of the vertex c; is

s7(ca) = 0.6 —;— 0.561- RESSES — 0.55,i1057
and
sp(cy) = 0.3 —;— 0.3ei 0974081 0310857

Hence the vertex c; is strong 2-step prey as 0.55 > %, 1.057 > Iwr and 0.3 < %,
0.857 < 1m.
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Theorem 7.2 If all the vertices in CPFDG ? are strong, then in €, (?),
Lopg(s,w) > $(uz(s) A pgw)) and O5(s, w) > $(O05(s) A O7(w)),
2. vg(s, w) < 3wz(s) Vvz(w)) and (s, w) < F(@7(s) Vv 2 z(w)),
foralls,weY.

— ~ = —
Proof Let £ = (Y A, B) be a CPFDG and let all the vertices of £ are strong. Let

Cn( S ) = (Y, A C) be the correspondlng m-step CPFCG. Here we consider two
cases. Case I Let (Np ()N Np (w)) = @. Then there does not exist edge between s

and w in €, (?) Hence, there is nothmg to proof. Case 2 Let (Np ()N N .(w)) be a
non- empty set. Then, clearly b, NP (s)NNP (w)) > 3 L and hy (N (s) NN? (w)) > 3

in 5 as all the vertices are strong. Then the membership grade of the edge (s, w) in
2.
Cn(§)is
(s, w) = (uz(s) A pg)) x by, (N () N NG (w)),

1
puels, w) > (ugls) A pg(w)) x 5

~ ~ 5p ~p
Oz (s, w) = 27 |:<9A(S) o GA(w)> 5 Thg (NJ, (5) ﬂNm(w))] |

2w 2 2

s = (B2 1250, 1)
2 2 2

8=

Then, pus(s, w) > %(,ug(s) A pnz(w)) and Ox(s, w) >

1) bxw)
n, w @ ¢ [271( 5 N 5 )] as
h,, (NJ, (s) N NJ, (w)) > § and g (N, (s) N NJ (w)) > 1.

Similarly, T, (Nj (s) N NJ,(w)) < L and Ty (Nf,(s) N N (w)) < 1. Then non-
membership grade of the edge (s, w) is

VvE(s, w) = (z(s) vV ugw)) x by (N5 (s) N ND (w)),

1
vE(s, w) < (vg(s) Vg(w)) X =

2
~ ~ P NP
Pl w) = 2 [(WS) v I’A(“”) o (N (s) ﬂNm<w>>}’
2 2 27

vE(s, w) < [271 <19‘Z(S) \2 ﬁ;(w)) X l_rri|7
2 21 2

Then, vz(s, w) < %(vg(s) Vvg(w)) and d5(s, w) < % [271 (% \% wﬂ as
B, (N, () N N () < 3 and Ty (N, () NN, w)) < §

This proves the result. O
Theorem 7.3 If a vertex z of? is strong, then in strength of z,

; Zim Mgl wo 1o 31 05 gk, wi)
' n 2 n

> 17 for s7(2),
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5 1 v (ks wi) L 21 05 (k. wi)
. n 2 n

< 1x for sp(2).

~ =
Proof Let ? = (Y, A, B) be a CPFDG. Let z be the common vertex of m-step out-

— —
neighborhood of vertices by, b», .. ., by, i.e., there exist CPFDPs P 2’}71’2), P 2’})2,2), e

— — s — >
in £ . Also, let ug(q1, wi)e5 w0 115(g, wr)e W8 @22 . s (gr, wi)
—
P

—
m
P .0y

== —

¢'%5 (@) be the minimum membership grades of the edges of paths P} . P}, .,
— —— s

o P, ), respectively and  vg(qi, w)e!PEAWD yz(go, wo)elPEE2 W) L

—_— S E—
v (g, wy)e' VB be the maximum membership grades of the edges of paths

_>m _)m —)m . ]
P(bl,z), P(bz’z), ... P(b,,,z)’ respectively. If z is strong, each arc (g, wg), k =
: S EE—— — R
1,2,_.;,!_1) is strong. So w(qe w) > 5, O5(gr, w) > 1w and vg(g, wi) < 3,
95 (qk, wi) < 1. Now,
- o
s7(z) = > k=1 M5 Gk, wk)e,-w
where
- .
2 k=1 M5 (G, we) - %+%+...(n_nmes)+% - 1
n " 5
S 65 w) 17+ 17 4 -+ (n — times) + I
k=1Y8 4k, Wk - L
n n
Similarly,
N .
i v (g, we) B
s =€ n s
F(2) >
where
N '
ZZ:]”E(quwk) < %+%+(n—tlmes)+% <l
n n s
S 9sqnwn) 17+ Lm 4 (1 — times) + 17
= B 9 DRy n P lmeS
S = < 1w
n n
This proves the result. .

8 Application

Fuzzy competition graphs are becoming significant as they are applicable to many areas
where there is a competition between distinct real world entities. However, there exist
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Table 15 Membership and non-membership grades of vertices

Name of candidate

CPF values

Name of designation

CPF values

Oliva (0.8¢1127 0.6¢1-17) CEO (0.9¢1127 .3¢17)
Jacob (0.5ei0'8”,0.7e“'3”) feloXe) (O.Seil'2”,0.6ei0'9”)
Oscar (0.4¢'1-2™ ().8¢10-97) cCco (0.7¢'1:3™ 1 (0.3¢10-87)
Edward (0.5¢11-17 0.76/17) CHRO (0.7¢117 051097
William (0.3¢1127 0.8¢17) CLO (0.8¢1-87  (0.4¢10-2m)
Robart (0.4¢1137 (.6¢10-97)

Joseph (0.7¢1157 0.4¢10-7m)

Thomas (0.9¢11-87 (.4¢1:37)

some competitions of real world which cannot be represented through these graphs.
To represent all the competitions we propose CPFCGs which have the larger ability to
show all the competitions of real world. To fully understand the concept of CPFCGs
we construct an application of competition graphs under complex Pythagorean fuzzy
environment with an algorithm below.

Let us consider an example of eight persons competing for designations in private
limited company. Let us consider a set candidates {Oliva, Jacob, Oscar, Edward,
William, Robart, Joseph, Thomas} and {Chief executive officer (CEO), Chief
operating officer (COO), Chief costumer officer (CCO), Chief human resources offi-
cer (CHRO), Chief legal officer (CLO)} be the set of particular designations for the
candidates in company. The amplitude terms of the membership and non-membership
grade of each candidate represent the degree of loyalty and disloyalty of candidate
towards his designation respectively. The phase term of membership grade represents
the percentage of effectiveness of candidate to fulfill the goals towards his designation
while the phase term of non-membership grade represents the ineffectiveness to fulfill
the goals, respectively. Similarly, the membership and non-membership grades of each
designation represent the percentage that how much the designation is suitable and
not suitable for candidate, respectively while the phase terms of the membership and
non membership grade represent the availability and non-availability, respectively.
Similarly, the membership and non-membership values for other candidates and des-
ignations are shown in Table 15.

The amplitude term of the membership function of each directed edge between
candidate and designation represent the eligibility and non-eligibility of candidate
towards the particular designation. The phase term of the membership grade of each
directed edge represents past experience of candidate about the designation while
the phase term of the non-membership function represents that the candidate has no
experience. The corresponding CPFDG is shown in Fig. 17 in which candidates and
designation are taken as vertices while the relation between them make a graph which
shows the competition between applicants for the designations.

CPF-out-neighborhoods of the vertices are shown in Table 16.

The CPFSs N”(s) N N”(w) and h(N” (s) N NP (w)) are shown in Table 17.

The corresponding CPFCG is shown in Fig. 18.
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(2722870 £ 1,2L°0)

Oliva

(0.88“'2", 0'68“'17)

(0.35¢"17,0.55¢0-97)

( A4ei0'9"70.55e“']7r)

—

Jacob
0.5¢10-87 | 0.7¢i1:57)

(0.35¢70-57 0.65¢°137)

COO

2,i1.27 () §ei0. 7T
(0.3e 0.6e
l—l—; 0‘461’1.37‘,‘ 0667097‘,

(212220 £7:277°0)

(0.45€%0-77,0.6¢0-97)

cCco

0'7611.3#Y 0.3¢10-87

CLO

(0.35¢'17, 0.55¢0-87)
(0‘5€i1.27\'7 Oﬁeio'g"

Oscar
0.4¢11-27 (,8¢10-97)

1.8 0.2
Q.8e"-°7 0.4e"=T,

(2802570 * uy-1257°0)

0.5¢L 1 0.7¢i1m)

Edward

Fig. 17 Complex Pythagorean fuzzy digraph

Robart

(0.667'1'377 0 351[).177)
—

Joseph
(0.3¢"1-27,0.8¢"17)

(0.2¢M7,0.2¢%0-87)

S

3

ot

ms

CHRO ;

0.7¢i17,0.5¢10-97) ) 3|

o

Y

3561097 0.65¢117) g
Thomas

O.Qeil's"', 0.4610'5")

(O'Seil.’zﬂ-7 04867’17")

(21226270 “21,2€°0)

William J

Table 16 CPF-out-neighborhoods of the vertices

Candidates

Np (Candidates)

Olive
Jacob
Oscar

Edward

Thomas
Robart
Joseph
William

{(CE0,0.7¢/17 0.5¢!17) (C0O 0, 046097 0.55¢/1-17)}
{(C00,0.35¢1087 0.65¢¢'1-37) (CHRO, 0.45¢1077  0.6¢10-97))

{(CEO,0.35¢! 17 0.55¢0-97))

{(CEO,0.4¢'17 [0.7¢!17) (CCO, 0.45¢! 117 (.45¢10-87),

(CHRO,0.35¢/997 0.65¢/17))
{(CLO,0.75¢'157  0.4¢1057)}

{(C00,0.35¢117 0.55¢987) (CLO,0.3¢'1-27 (.6¢/077)}
{(CCO, 02617 0.2£1087))
{(C00,0.3e 17 0.75¢!17) (CCO,0.2¢/17,0.2£10-87))

The dotted lines show the candidates competing for the particular seats while the
solid lines indicate the competition among the candidates. Thus, clearly it can be seen
from Fig. 18 that there are five candidates in competition with Oliva, namely, Jacob,
Oscar, Edward, Robart, and William; four candidates in competition with Jacob,
namely, Edward, Robart, William, and Oliva; and similarly there is a competi-
tion between Oscar and Edward; Edward and Joseph; Edward and William;
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Table 17 CPFSs NP (s) N N? (w) and h(N? (s) N NP (w))

NP (s) N NP (w)

(NP (s) N NP (w))

S w

Oliva Jacob {(C00,0.35¢1087 (.65¢1-37)} {(C00,0.35¢108™ (.65¢1-37)}
Oliva Oscar {(CEO,0.35¢!1™ 0.55¢17)) {((CEO0,0.35¢' 1™ [ 0.55¢17))
Oliva Edward — {(CEO,0.4¢'17 0.7¢!17)} {(CEO, 04617 0.7¢117))
Oliva Thomas ] %)

Oliva Robart {(C00,0.3561097 .55¢i1-17)) {(C00, 03561097 0.55¢1-17))
Oliva Joseph % 9

Oliva William  {(C00,0.3¢/097 (.75¢i117y) {(C00,0.3e/097 (750117 )y
Jacob Oscar [ [4]

Jacob Edward  {(CHRO,0.35¢077 0.65¢/1-17)}  {(CHRO,0.35¢/977 0.65¢!1-17)}
Jacob T homas [ [4]

Jacob Robart {(C00,0.35¢98™ 0650137y} {(C00,0.35¢/087 0.65¢/1-37))
Jacob Joseph 0 "

Jacob William  {(C00,0.3¢/0-87 (.75¢1-37y) {(C00, 036087 (750 1-37)y
Oscar Edward  {(CEO0,0.35¢!17,0.7¢!17)} {(CE0,0.35¢/17 0.7¢/17))
Oscar Thomas ] [4)

Oscar Robart [ %)

Oscar Joseph 9 7

Oscar William [ [4)

Edward T homas [ [4)

Edward Robart [ [4]

Edward — Joseph {(CCO, 02617 0.45¢10-87)) {(CCO, 0.2 17 0.4510-87))
Edward — William {(CCO,0.26 17 0.45¢10-87)) {(CCO, 0.2 17 0.45¢/0-87))
Thomas  Robart {(CLO,0.3¢'127 0.6¢0-77)} {(CLO,0.3¢!127,0.6¢1077))
Thomas Joseph ] [4]

Thomas William [ 4]

Robart Joseph % 0

Robart William  {(C0O0,0.3¢/17,0.75¢/17)) {(C00,0.3¢! 1™ 0.75¢117))
Joseph William {(CO0,0.36 17 0.75¢117)) {(CO0,0.36 17 0.75¢17)}

Thomas and Robart ; Thomas and William; Robart and William; and Joseph
and William. The method which is used in our application is shown in Table 18.

9 Comparative analysis

Competition graphs are becoming significant as they are applicable in different areas
where there arise competition between distinct real world entities. But, there are some
competitions in which the entities possess the two-dimensional or periodic informa-
tion. In 2019, g-rung orthopair fuzzy competition graphs were proposed by Habib et al.
[18] which have the greater ability in dealing with the incomplete and vague informa-
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0.8¢71:27 0.6¢7117) (0.14¢10-547 (,3370-607)

Oscar
0.4¢™1-27,0.8¢10-97)

- ~

L./ CEO N

l\(o'gezl.'br, 0.3¢i17),
~

- . -

-

1pc01260

[ '12COO 0.9 \\ -
0127 () Gei0-97Y Vevneenean s [,
5 (Q.e ,0.6e )/ : :

~o_ _ -

(wepg0:PGV'0 ‘ vzg-0:20T°0)

vge-31267:0 ueg 07T 0)
0"

2090779

10.32 10.847 Robart
3(0.14¢70-327 0.45¢10-847) 0.4€i1:37 (). 6¢i0-97

) Jacob N - R )

. .(0.09¢10-327 0,6¢i0-845m) - T T T~ .09¢70-67 .6¢10-57) =

. == : ’ CLO \j S

: _ N : Cogeit o gagi0ze) 2

— o o, ~ : .8e ,0.4e ) ]

2 il 3§CO i0.8m)) : (\\ i S

= (Q.7¢i1:37 0.3¢i0-87y - 5

3 ~— A O R TR : 3

] : : c Joseph B

] 0o (0.06¢70-57,0.36¢ 014 : (03127 g.seitm)| | |€

5 el s I

&] 27 g

§ ........ ((0.7¢11% 0.5¢10-97) ) -
E SNl

Edward . William

0.5¢i1-17 (. 7¢i1) (0.06€7-557 0.36ei0-4m) = ¢ (0.3¢7127,0.8¢717)

(0.06€7-67,0.16¢™-47)

Thomas  _
(0.9¢1-57 0.4¢0-57

Fig. 18 Corresponding complex Pythagorean fuzzy competition graph

tion about the vertices and edges. g-rung orthopair fuzzy competition graphs increase
with its various types of applications in various fields of life. Here, we discuss one of
the application of g-rung orthopair fuzzy competition graphs for =2, by considering
a set of candidates competing for the particular designations (seats) in private limited
company. Let us consider a set of five persons

{(p1,0.8,0.3), (p2,0.8,0.4), (p3,0.5,0.6), (ps,0.7,0.4), (ps5,0.5,0.5)}

competing for particular seats {d, 0.5, 0.6, d», 0.5, 0.6, d3, 0.9, 0.3}. Let the member-
ship and non-membership grades of persons represent the degree of loyalty and disloy-
alty of persons for the particular seats in the company while the membership and non-
membership grades of seats (designations) depict the availability and non-availability
— — —
of number of seats. Let {(p1d;, 0.5, 0.6), (p3d>, 0.3, 0.4), (p5d3, 0.5, 0.5), (pads,
0.6, 0.4)} be the set of edges where the directed edge shows that the person is com-
peting for the particular seat. The membership and non-membership grades of the
edges show the eligibility and non-eligibility of persons for particular seats. The given
information about persons and seats is incomplete because sometimes the criteria may
change to select the candidates as some companies like to hire the person who has
some past experience about the work in relevant field or effective in fulfilling the goals
of the company. Similarly, the information about the number of seats is not enough
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Table 18 Algorithm 1

Algorithm

Step 1. Assign the membership and non-membership grades for the set of
candidates and designations.

Step 2. If for any two vertices a; and a;, /LE((TLI;) >0, ug(m) >0,
then

(aj. g @@ BED vy @ane EED) ¢ fr ).

Step 3. Find out the CPF-out-neighborhoods N (a;) for all vertices a;, a
by following the step 2.

Step 4. Compute the CPFS Np(ai) n Np(aj).

Step 5. Compute the CPFS h(NP (a;) N NP (a;)).

Step 6. 1f NP (a;) "' NP(a;) # # then draw an edge (a;, a;).

Step 7. Repeat the above step for all the different vertices of the CPFDG.

Step 8. Assign the membership and non-membership grades by using the

following conditions:
ugai.ap) = (ugap) A pgay) x hy (NP (s) N NP (w)),
v(ai, aj) = wza) v vza;)) x by P () N NP (w)),

0z(a;)  07(a;) Ty (N7 (s)nNP
and 05 (a;, a;) =27 [( ) 05l )X o( (sz)ﬂ (w))]’

V5 (a;) vi(aj) Th ﬁl’ I’\?p
ﬁg(a,-,aj):zn |:( AZ;I N Az;lj )>< o ( (AZTQ (w)):|'

for the candidate because the candidate may want to know that how much the job is
beneficial (good salary, transport facility, etc.). This lack information about seats and
persons motivate us to use more generalized model, CPFCG, which has the larger
potential in dealing with two dimensional information. An application is designed
in our proposed model about the competition among candidates for the particular
designations in a private limited company. The amplitude term of membership and
non-membership grades represent the degree of loyalty and disloyalty while the phase
term give the information about effectiveness and ineffectiveness of candidates to ful-
fill the goals of designation in company. Similarly, the amplitude terms of membership
and non-membership values of the directed edges from candidate to designation show
the eligibility and non eligibility while the phase term depicts the past experience of
candidate about the designation. Therefore, CPFCGs are more useful as these graphs
handle the two dimensional phenomena. The potential of these graphs for representing
the two dimensional phenomena make it superior to handle the intuitive and ambiguous
information.

10 Conclusion
The conception of graph theory is widely growing and it is playing significant role

in communication network, computer science, operational research, sociology, math-
ematics and science. Complex Pythagorean fuzzy model, an extended structure of

@ Springer



582 M. Akram, A. Sattar

complex fuzzy and complex intuitionistic fuzzy models give more compatibility
and flexibility in dealing with vagueness associated to both the membership and
non-membership functions as compared to CF and CIF models, as it broads the
space of vague information. In this research paper, we have introduced the con-
cept of competition graphs under complex Pythagorean fuzzy environment. We have
defined two generalizations of complex Pythagorean fuzzy competition graphs as
complex Pythagorean fuzzy k-competition graphs and complex Pythagorean fuzzy
p-competition graphs. We have also discussed complex Pythagorean fuzzy neigh-
borhood graphs and m-step complex Pythagorean fuzzy neighborhood graphs. Some
related theorems about these new graphs have also been proved. We have also designed
an application of complex Pythagorean fuzzy competition graphs. Our next aim is to
extend our work to complex g-rung orthopair fuzzy competition graphs.
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