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Abstract

The objective of the present paper is to investigate the dynamics of an eco-
epidemiological system with predator’s hyperbolic mortality and Holling type II
functional response. The local stability, global stability of the ecosystem near bio-
logically feasible equilibria have been thoroughly investigated. The boundedness and
positivity of solutions for the model are also derived. Threshold values for a few param-
eters, which determine the feasibility and stability of some equilibria are calculated
and a threshold is identified for the disease to die out. The existence of Hopf bifurca-
tion around the coexistence equilibrium is shown. Finally, numerical illustrations are
performed in order to validate some of the important analytical findings.

Keywords Eco-epidemiological system - Intra-specific competition - Hyperbolic
mortality - Persistence - Stability
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1 Introduction

In the literature of mathematical biology, there are several areas of research among
which epidemiology is an emerging area which combines both ecological and eco-
epidemiological issues. In recent times, disease in the predator—prey system is one
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of the most important fields of research. The effect of disease is the crucial topic
in ecological systems from both experimental and mathematical points of view. The
pioneering work of Lotka—Volterra on predator—prey model and the popular work of
Kermack—McKendrick opened a new door to epidemiology. Then numerous mathe-
matical models already have been proposed to study the spread and control of infectious
disease and the interactions between predator and prey population.

Functional response on prey population is the key element in predator—prey inter-
action. Functional response is the rate at which the number of prey consumed
by one predator. There are some important types of functional responses used to
model predator—prey interaction, such as Beddington—DeAngelis , Crowley—Martin,
Ivlev, Michaelis—Menten, Hassell-Varley, Holling type-1, i.e., simple mass action law,
Holling type II, III, IV. Population models with such functional responses are widely
studied in ecological literature (cf. [1-9]). Many research works on three species sys-
tems like two prey one predator are investigated in [10-14], tritrophic food chain
models in [15-17].

Important studies on infectious disease have been studied in [18-24]. Species do not
exist alone at all. They live in a community of other species. In mathematical biology,
the predator—prey model systems for transmissible disease are essential field of study
in their own right. From early papers [25], disease mainly spreading only in the prey
species are studied in [26-28] and only in predator species in [29-31]. The predator—
prey model with modified Leslie-Gower Holling type II scheme was introduced in
[32,33]. The Leslie-Gower model with Holling type II response function with disease
in predator is discussed in [34] and disease in prey in [35]. Also Leslie-Gower model
with Holling type III response mechanism with disease in predator is investigated in
[36].

The rate of mortality plays an important role in population ecology. It is observed
that when population density is low, the linear rate dominates the mortality which is
used in many biological models such as [37-39]. If population density is relatively
high, the quadratic rate dominates the mortality [40—42]. Again, if the population
density is large, hyperbolic rate dominates the mortality, [43—49].

In [50], the linear mortality of predator and strong Allee effect in prey is considered.
In [51], authors considered linear mortality of predator. The authors considered Leslie—
Gower predator prey model and ratio dependent functional response in [52]. In [53],
disease transmission follows saturation incidence kinetics and the system includes
prey refuge.

In this paper, an eco-epidemiological model consisting of three species, namely,
the susceptible prey, the infected prey (which becomes infective by some virus) and
their common predator population is considered. The present paper deals with the
study of dynamics of an eco-epidemiological system with disease in competitive prey
species. The novelty of our study is lying on the consideration of hyperbolic mortality
of predator, Holling type II functional mechanism for predation and disease in com-
petitive prey species and hence in that sense this model is distinct from the models,
which have been studied already.

The outline of this article is as follows: In Sect. 2, an eco-epidemiological model has
been proposed with detailed explanation. Section 3 contains positivity and bounded-
ness of solutions of the model. In Sect. 4, the existence and feasibility of the equilibria
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are analyzed. The system behavior around axial and boundary equilibria are investi-
gated in Sect. 5. Persistence of the system is discussed in Sect. 6. In Sect. 7, local and
global stability of the coexistence equilibria are done. Numerical simulation has been
carried out in Sect. 8 for justification of the analytical findings. The article comes to
an end with a discussion in Sect. 9.

2 Mathematical model formulation

We consider the following assumptions in order to construct our model system:

e Atransmissible disease is incorporated to only among the competitive prey species.
Let the total prey population N is divided into in two sub-classes, namely, suscep-
tible prey population (x) and the infected prey population (y) in the presence of
disease. The total prey population at any time ¢ is N (¢) = x(¢) + y(¢).

e The disease transmits horizontally with simple mass action incidence rate Sxy,
where g is the force of infection. The susceptible prey population x grows logisti-
cally with intrinsic growth rate r; > 0 and carrying capacity r; /s in the absence
of predator population.

e The infected prey population neither recover from the disease nor reproduce. They
contribute to inter and intra-specific competition at a lower rate s, than that of sound
ones, i.e., s; > §7.

e Predator consumes both healthy and infected prey at different rates. Since the
escape ability of healthy prey is higher than infected prey, ¢; < ¢3.

e Hyperbolic mortality rate is considered for predator population.

e Holling type-II response mechanism is considered between the interacting popu-
lations.

Thus, the model based on our assumptions takes the following form:

d ,

g =TT by S E R~ fry=a Ay, Q)
dy Yz

@ _ _ - Sy =vyF(x, Y, 2), 2.1b
7 Bxy —s2y(x +y) ——y y=yh(x,y,2) (2.1b)
ﬂ_(emxjtezczy_ 3z >Z=ZF .y 2)

dt - \xtytki z4k)i RO

x(0) >0, y0)=0, z(0) =0, (2.1¢)

2, . . . . .
where the term Zc_fk is for hyperbolic mortality, which dominates the mortality for large

population density [45,49]. Also ki, ky are the half saturation constants for the com-
petitive prey and predator population respectively. The parameters § and c3 represent
the mortality rate of infected prey and hyperbolic death rate of predator respectively.
The parameters e; and e, are the conversion factors of consumed susceptible and
infected prey respectively. Others parameters are already specified with their biologi-
cal meanings at the beginning of model formulation. It is to be note that, all the system
parameters are positive.
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3 Preliminaries
3.1 Positive invariance

Theorem 3.1 Every solution of the system (2.1) with initial conditions exists in the
interval (0, +00) and x(t) > 0, y(t) > 0, z(t) > 0 forall t > 0.

Proof AsxF), yF,, zF3arecompletely continuous functions and locally Lipschitzian
on Ri, the solution with positive initial condition exists and unique on [0, §) where 0 <
& < 0o (cf. [54]). From the system (2.1), we have x(¢) = x(O)efOt Fi(x(s).y(s).2(s))ds >
0, y(1) = y(0)elo 2E®Y©).26)ds > (0 7(1) = 7(0)edo FHEG¥0).26Dds > (. where
x(0) = xp >0, y(0) = yo > 0, z(0) = zo > 0. Hence the proof of the theorem is
completed. O

3.2 Boundedness

Theorem 3.2 Allthe solutions of the system which initiate in Ri are uniformly bounded
ife1 > ex and c3 > > 6.

Proof Defining a function Q = ejx + e2y + z, we have

d§2+ Q dx+ dy+dz
as2 L dx dy  dz
a M Var T T ad

+ u(e1x + ey +2)

2(1(z + k) — ¢32)
7+ ky

((ner +erry) —ersix)x + ((ex — €28) — eas2y)y + (ks — (¢3 — w)z)z

_awtn? eo@-d  wh

- 451 459 4(c3 — )

< (ne1x +eprix — egsyx?) + (ex — €28 — e252y)y +

A

Therefore, one can find a positive number p, such that ”il—? +u2 < p. By the theory of
differential inequality (cf. [55]), one can easily obtain the inequality 0 < Q(x, y, z) <
ﬁ(l — e ") 4+ Q(x(0), y(0), z(0))e ™. Taking limit r — oo on both sides, we have

lim Q <
t—00

=

Hence, all the solutions of the system that starting from Ri are confined for all future
time in the compact region

r={(x,y,z)eR1:Q(z)g§+e,Ve>o}.
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3.3 Natural disease control

It is better to eliminate disease naturally (as [52]) from the model system. The infected
prey will be removed from the ecosystem if the per capita death rate of infected prey
exceeds ’i—rl‘, where B denotes force of infection, s; be the competition rate and 6 be
the mortality rate of infected prey.

Proposition 3.3 The disease will be eradicated from the system (2.1) if the condition
Bn < § hold

Proof From the second sub-equation of the system (2.1), we have

dy Bri —_— ¢ r|
I <Bxy—686y<y ? — 8 ), by using the upper bound of x = E

dy . . ﬂr . .
Hence, ; becomes negative if A—I' < §, consequently infected prey population y(t) —
Oast — 0. O

4 Equilibria and their feasibility

The system (2.1) has the following equilibrium points:

. .. . 5434 —8s1—
(i) Eo(0,0,0), (ii) E1(0, =2, 0), (iii) E2(2L,0,0), (iv) E3(Gitrie, Aons

0), (v) E4(0, ya, z4), (Vi) E5(xs5, 0, z5) and (vii) E,(xx, Y, 2+). The interior equilib-
rium is E4 (X, Y, Z«), the components are as follows:
_ wlasr—cr(si+B))+cid+cory
- c1(B—s2)+casi ’
(r1(s2=B) 4y Bs1—5348)+518) (ca(r1 +k1 51—y B) +e1 (—k1 s+ (k1 +y.) p+9)) :
Iy = — 3 and y, is a
(0251+C|(*S2+ﬂ))
positive root of the cubic polynomial equation

Xx

A1y} +3B1y>+3Ciy+ D; =0, @.1)

where A1, 3By, 3Cy, Dj are given in Appendix (10).

The Eq. (4.1) possesses exactly one positive root if G% + 4H13 > 0, where G| =
A%Dl + 3A1B1Cy + ZB%, H = A1Cy — Blz. Using Cardano’s method we obtain
the root as Ail(pl — (% — By1)), where p; is one of the three values of (%(—Gl +
1) > B < 1, provided

52

1
\/ G% +4H f )) 3. The interior equilibrium point exists if (— -

4]
€2 52

caritcikiftcid Y«(ca—c1)
cokys2 < ks + L.

Obviously, the equilibrium point E1 (0, —%, 0) is not biologically feasible,
but the axial equilibrium Ez(%, 0, 0) is feasible. The equilibrium point E3 is
biologically feasible under the conditions s; > s and Bry > 851 + r1s2. As
74 = —W < 0, the boundary equilibrium point E4(0, y4, z4) is
not biologically feasible.
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For the equilibrium point E5(xs, 0, z5), 25 = ,mf(i;—c_‘e’?c%

root of the cubic equation

and x5 is the

A2y +3Byy* +3Cy 4+ Dy =0, 4.2)

where Ay = cie1s) — c351, 3By = cieikis;y — cireir; — 2¢c3ky1s; + c3rq,
3C, = —c%elkz —cilertkir; — C3k1251 + 2c3kir1, Dy = C3k1rl-

The Eq. (4.2) has exactly one positive root if G% + 4H23 > 0, where G, =
A%Dz + 3A2B,Cy + ZBS’, Hy = A,Cy — BZZ. Using Cardano’s method we
obtain the root as Alz (p2—( % — B»)), where p; is one of the three values of

1
(3(=G2 +,/G3 +4H3))*. Hence, Es is biologically feasible if c3 > ejc;.

5 System behaviour near boundary equilibria

Let J; denotes the Jacobian matrix at the equilibrium point £;, i =0, 1, 2, 3, 5.

5.1 E

The eigenvalues of the Jacobian matrix Jg are 0, ry, —§ and equilibrium point
Ey is unstable in nature.

5.2

The equilibrium point £ is not biologically feasible and so, we do not go for
stability analysis.

53 E;

. . : cleir risy 4 rip
The eigenvalues of the Jacobian matrix J, are —ry, Tt e s + T d.
Sl

Since one pair of the eigenvalues of J, are of opposite sign, E> is saddle in
nature.

54 E3

crejx3+crezys

One of the eigenvalues of the Jacobian matrix J3 is T it ys which is

always positive and therefore, E3 is unstable.
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55 E,

The equilibrium point E4 is not biologically feasible and so, we do not go for
stability analysis.

5.6 Es5(xs, 0, z5)

The Jacobian matrix at J5 = (n;;)3x3,1, j = 1,2, 3, where

C1X525 €135 C1X525
nip =ry—2s1x5 + 5 — s N2 = —SIXs + —————
(xs + k)= xs+k (x5 + k1)
B C1X5
—x58, n;3 =— ,
x5+ k1
€225
nat =0, nyp = —s2x5 — K +xs5B8 =34, n3 =0,
1
_ C1e1xszs cieizs
BT T sk sk
x5 + ki X5 +kq
cle1xszs crerzs cleixs n C3Z§ 2¢325
n3y = — , N33 = — .
(xs+k1)?  x5+ki xXs+ki xs+ky xs5+k

The eigenvalues of J5 are

_nip+n33 £/ (1 +n33)2 — 4nnss — n3ing)
B 2

A2 , and A3 = no».

5.1

So, Es will be stable if (i) noy < 0,(i1)n11 +n33 < Oand (n11n33 —n31n13) >
0.

Proposition 5.1 The system (2.1) experiences Hopf bifurcation around Es
_325(z5+2kp) +

while the parameter s| crosses its critical value s = Gt

ci(er(xs+ki)+zs) _ s[hb]
(xs5+k1)? Lo

Proof From (5.1) we have A3 is real, A1, Ay are purely imaginary iff there

. s _ Jhbl _ c3z5(z542k2) ciler (xs+ki)+zs)

is a critical value of 51 = s, = Gt o) + Cerk? But for

i = 1,2, the real part Re(%)hl_q[hb] = x5 # 0. So, the system undergoes
=t

Hopf bifurcation around E5 for some critical value of the parameter s; = s%hb].

O
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6 Persistence

Definition 6.1 If there exists a compactset D C I' = {(x, y,2) : x > 0,y >
0, z > 0} in which all the solutions of the system (2.1) eventually enter and
remain in D, then system (2.1) is called persistent.

Proposition 6.1 The system (2.1) is persistent if the following conditions are
Sfulfilled:

1) By1 +y2+8) > yasa,
(ii) sic3(ky + x5) < ricier, Bxs > soxs + 6.

Proof Under the conditions (i) and (ii) the trivial, axial and boundary equlibria
are repeller. Therefore, using the method of average Lyapunav function (see
[56]), one can show that the system is persistent via considering a function of
the form V (x, y, z) = x"1y¥2z¥3, where y; = 1, 2, 3 are positive constants.

O

7 System behaviour near the coexistence equilibrium E, (x., y., z.)

The Jacobian matrix Jy (X, y«, 2+) = (@;j)3x3, Where «;; are as follows:

C1 X5

o) = —S1Xy + ——m—,
* (X5 +y*+k1)2
C1 X5 Cl1 X%
A= =8 Xe + —————————— — X p, a3 = ———,
! I (x*+y*+k1)2 oh e Xs + Yi + ki
C2 Yxlx
o0 ==Y+ ——— + s
Ltk P
= —52ys + C2YxTx a3 = — C2 Y«
* (X*‘f‘y*‘f‘kl)z’ x*+y*+k1’

(— c2e2ys + crer(ky + yi))z«

w1 = (X*+Y>x<+k1)2 ,
s — (= crerxs + creaky + x4)) 24
(X* + yi + kl)2 ’
—ka(cre1xy + c2e2yx)
a33

Ot kD (2 + k)
7.1 Local stability

The characteristic equation for J, is given by M +kia2+koh+kz = 0, where

ki = —a11 — a2 — a33 = trace(Jy),
ky = ajjo0 + o11033 + 022033 — 013031 — Q230032 — Q2112
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= Sum of the second order principal minors ofJ,,
ks = ajja3a3) + appan a3z + Q13022031 — 011M22033 — A1200303]
—a3aziazn = —det(Jy),

If ki > 0, k3 > 0 and k1ko — k3 > 0, by Routh—-Hurwitz criterion, the
co-existence equilibrium E. (x4, Y4, Zx) is locally asymptotically stable.

7.2 Global stability

Theorem 7.1 Let ‘il—}f = f(X) where X = (x,y,2)7 and f(X) =

(f1i(X), f(X), f3 (X))T. Assuming D is simply connected domain in R, there
exist a compact absorbing set K C D and the system (2.1) has a unique inte-
rior equilibrium E, = (X4, Y4, 2+) in D, then the unique equilibrium E of the
system (2.1) is globally stable in D if min (Al, Az) > 0.

1
Proof Define the function Q(x) = diag(l, % yTZ) =10
0

10 0 0 0
0'x)=035 O | Therefore, 0,0 '(x)=]05—%
0 0 =5 0
The second compound matrix is
5 A1 A Ars aiy +ax  axs —ap3
APY = | Ay App Ags | = azx ail+ay  an
A3l Az Aszz —asy a1 axp +as;z

with the entries

A — Xzl n yze2 st — s
NGyt GAy k2 T
C XC
Ap = L, Az = ——17
x+y+k x+y+k
z(—xcie) + c2e2(x + k1))
A = ;
x+y+k
xze| (xcre1 + yeaer)ks
Ay = 3 — XS,
x+y+1) (x +y+k)(z+ko)
A P xzcy
= —x — XS],
> (x +y+k1)? :
Ay = _2(=yerer +cre1(y + k1)
(x +y+kp)? ’
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Zyes
(x +y+kp)?
_ yze2 _ (xcrer + yerer)ks
(et y+k)? (y+kDGE+k)

_ ~1 21 ~—1 _ | B B2 _ | Bi1 B2
B=0s,0 +0470" = |:le 322} » where Bz, = [,321 B |’
__axz ey

ki+x+y)2  (ki+x+y)?

Az =yp+ — ys$2,

A3z

— yso. Also,

By — $1X — 82Y,

(&34 C1z
3122(— ; )
ki+x+y xyki+x+y)
T
By = ()’@2ez(k1+—X)-—cnelx) __xzy(tlel(kl%-y)-—caezy))

(ki1 +x+y)?2 ’ (k1 +x +y)?
erka(ki+x+y) . .
By = 1 (Z - ka+z > B crerkay x4 y z
i (ki +x 4+ y)2 (ky +2) (k1 +x + ) ! y oz
_ C1Z
B1y = _ﬂ Ty 51
x 9
exko (k1 +x+Y)
Bot = x2y (,3+ 2 ; ) 5 €2y <Z — ot )
21 = 5 %2, b=
(k1 +x+y)? (ki +x+y)?
crerkox 2%y z
- —sy+ 4= -
lo+ota+x+y 2T x Ty

Let (1, v, w) denote the vectors in R, we define its norm |.| as |x, v, 27| =

max(|x|, |y + z|). Let Lozinskii measure with repect to this norm be m. By
using the method of estimating m as in [57], we have

m(B) < sup(g1, g2)
where

g1 =m1(B11) + |Bia|,
g2 = mi(By) + |Ba|,

|B12| and |By;| are matrix norm with repect to the /{ vector norm and m
be the Lozinskii measure with repect to the [; norm. Here

_ [ zcq _ y(=xciei+crer(x+k1))
|B12| = max (x+y+1’ xy(x+y+l)>’ and |By1| = maX< yth)? ;
_ x2y(=ycreateier (y+ki))

(x+y+ki)? :

Since, the system is uniformly persistent there exists 0 > Oand v > 0
such that fort > t,x > 0, y > 0, z > o, and as the system is bounded
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x+y+z <M,ie,z<M—(x+y)=M —20 = M. Also upper bound
ofx = and upper bound of y = 5 rl . Division of first term by second of

|Blz| glves —’1‘ < 1, which implies 02

|B12| =

< E—l So, by this condition we obtain

m Subtracting second term from first term of | By1|, we have

—xcrer +crea(x + ki) x*(—ycrer + crer(y + k1))
( (x +y+ki)? (x +y +k1)? >
_ y(erea(x + k1) + crei(y + ki)x?) — (xerer + x?)

B (x +y +k1)?

Bri r2
<0, 1fclez< +k1> + clel<— +k1>— < oclel +03 crer.
5152 s?

(7.1)

Therefore, |By;| = 2 (_xc(‘fj:;fzf)(ﬁk‘))) by the condition (7.1). Thus, we
_ xzey yzen
have mi(Bn) = ey + Ghaar

max(B11 + P21, P12 + B22). Here

— xs1 — ysp and mi(Bpn) =

z(c1 + xyep)

(P12 + B22) — (B11 + B21) = x(x +y+kp)?)

B xzyzcz _zc1(3x—|—2y+2k1)
(x +y+ki)? (x +y +ki)?
1 2 + x2 1+x242
_( +x2+x )y)+(x+x + xy)sl+xys2+2r1+x2ys2
c1 +xyc xZyze
_ ety 2)2 _ yze2 =4 2r + 12y
x(x+y+4+k)?) x4+y+k)
Mo(e1 +£2) :
o020 + ki) (5 + B+ k) ri
i MO(LH'/3 2) ) ﬁs1 ater
0(20‘+k1)2 +arn+ (r1+ﬁr1 +hky )2

S152
Using this condition one can say that

(Bao) 2)'c+)'7 Z xcierks
m =— 4+ — = —ys —
nee X oy z - (x+y+k)(z+k2)
(x+y+k1)k . zc
yea(z — %) _ i (x+y—i£k1)2 + 51
(x 4y +ki)? X '
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Now

g1 = m(B11) + |Bi2|

y €22 xzey
= - — X — s (x + - s s T
y (/3 2(x +y) F—— > s
T Ly " —
(x 4y +k1)? R xy(x +y+kp)
=2 s+ xso CBx+8+ z(xcy +ycz)2 n z(c1 + c2xy)
Y (x+y+k)? xy(x+y+k)
y z(xcr + ye) z(c1 + caxy)
5——(XS1—8—xs2— S — )
g (F+y+k)® xy@e+y+k)
(g M e
Y (55 =352 5 B
R o (20 + k1)? 0220 + ki)
N
y
where
A1 =851 — ﬂ N N MO(% + s:IsL;) _ Moy(c1 + %22)
& (20 + k1) 0220 + k1)’

and

g2 =m1(B2) + |Bai|

).) 2 z xc1e1k2
==+ ——-—=(Bx—s0(x+y) —
yorox ety (x +y+ki)(z+k2)
(x+y+ki)k _ ze1
yok - Fm Y Vg — P~ Gy T8
(X+y+k1)2 X
y(—xclel + crea(x +kl))
+
x+y+k

z(c1 + xye2) R )
x(x+y+k)? z+k

Mo(er + 22 ppoes >

A

IA
AR N AT A
|
—
[N}
Q

- <2yﬁ -

52

S 0Qo+k)? otk

— Ay, where

Moter + ﬁstz) Moc3

CoQo+k)? otk

Ay =20P
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Taking A = min(A, A»), then it is seen that g; < % —A, g =< % —A.

Since, m(B) < sup(g1, g2), we have m(B) < % — A. No the average value
of m(B) is given by

1/t (B)d <1/t (B)d +110 ORI (7.2)
- m ) - m S - _— .
s =7 ) £350)

which implies

1 !
g2 = lim sup sup —/ B(x, (s, E*))ds <—-A<0if A >0,
0

t—o00 xeK I

Hence following Li and Muldowney [58] there exists a compact absorbing
subset K of the simply connected domain D and a non wondering point E, .
Hence the proof is completed. O

Proposition 7.2 The system (2.1) undergoes Hopf bifurcation around the inte-

rior equilibrium point E, while the parameter c3 crosses its critical value

c3 = cghb] in the domain

Dy = { Pl e RY : H(A™) = (ki(e3)ka(cs)

dH
w1 = Owith ky (™)) = 0, and (c3),

c3=c3 dC3 3=c3

—k3(c3))]

[hb] 7= 0}

Proof The Jacobian matrix at the interior equilibrium E, is given by J, and
hence the characteristic equation of J is

A+ ka2 + ko + k3 =0, (7.3)

where k1, k> and k3 are defined in the Sect. (7.1). We have (k1ky —k3) |c—c[hb] =
-3

0 is a cubic equation in cghb]. From (7.3), we get (A2 4+k2) (A +k;) = 0, which
gives three roots A = in/ky, Ao = —i~/ka, A3 = —k;. Here +i/k, be a pair
of purely imaginary eigenvalues. For all values of A, the roots are, in general,
of the form A1 = p(c3) +iq(c3), A2 = p(c3) —iq(c3), A3 = —ki(c3).
Differentiating the characteristic Eq. (7.3) with respect to c3, we get

dx )uzkl + )\.]C.Q + k.3
doy B2t 2kt kiR
_ k.3 — kzk.l + l'k-z\/g
2k — ikivk2)
3 — (koky +kika) VKo (kiks + koky — kikiko)
2(k3 + k2) 2k (kf + k2))

(7.4)
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I i(‘/gkz kR ). (7.5)
20k} + ka) 2k 2ky (k3 + k)
dH
Here d%ig)‘) aclit = —ﬁ — # 0. Using monotonicity condition

of the real part of the complex root d 52’\) ) 7 0 (cf. [59]), the transver-
c3=c3

sality condition Z% # 0 of the theorem can be established for the existence
of Hopf bifurcation. O

Lemma 7.1 The system (2.1) undergoes a transcritical bifurcation around the

equilibrium point Ey at § = 811, where 811 = %1_92) provided B > s.

Proof Writing the governing system (2.1) as ‘Z—f = f(X), where X =

(x,y, 2)T and fF(X) = (f1(X), fa(X), f3(X))T. There is a zero eigenvalue
iff det(J,) = 0, which gives § = %}7”) = 8¢l The other two eigenval-

cieqr]
ri+kisi
eigenvalue of the matrices J> and (JZ)T(transpose of Jp) respectively. Then

we have v = (—ﬁSLlsl, 1,0)T and w = (0, 1,0)T. Since wa(;(EZ, sleely =

ues are —rq, . Let v and w be the eigenvectors corresponding to zero

0, w'[Dfs(Ez, 8"l = —1 # 0 and w'[D*f(Ea, 8"(v, )] =
—2BEENR) 22 0if 51 + B # s2. It is also found that w'[D3 £ (Ey, sl'cl)
(v,v,v)] = O unconditionally. Hence, the system experiences neither

Saddle-Node(SN) nor Pitch-fork (PF) bifurcation. But the system experiences
Transcritical (TC) bifurcation near the equilibrium point £, = (%, 0,0). O

The expression for Df (U), sz(U, U) and D3f(U, U, U) can be obtained
analytically (cf. Rudin [60]). Hence the system possesses a transcritical bifur-
cation (cf. Sotomayor [61]) at E>.

8 Numerical simulation

Analytical studies can never be completed if numerical verification of the
derived results is not achieved. With the help of MATLAB-R2011a and Maple-
18 numerical simulation has been carried out. In this section, we have presented
computer simulations of some solutions of the system (2.1). The analytical
findings of the present study are summarized and represented schematically
in Table 1. The disease will be wiped out naturally when infected prey mor-
tality exceeds the value 0.172 and if the value of the parameter c3 decreases
its value from 1.2 to c3 = 0.90894556.2, the system (2.1) undergoes Hopf
bifurcation around interior equilibrium. Local stability occurs around interior
equilibrium when ¢3 = 1.2. For larger value of s; = 0.0185, E5 is locally
asymptotically stable.The system experiences Hopf bifurcation around Es for
s1 = 0.00976609.
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Table 1 Schematic representation of our analytical findings: US = unstable saddle, LAS = locally asymp-
totically stable, GAS = globally asymptotically stable, HB = Hopf bifurcation

Equilibria Feasibility condition Stability conditions Nature

Ey Always No condition [N}

Ey Infeasible _ Not necessary
Ey Always —_— Us

E3 s1 > s2,PBr; > 8s1 +ris _ uUsS

Ey Infeasible _ Not necessary
Es 3 > ejcy (cf. Sect. (5)) LAS

Es 3 > ejcy (cf. Proposition (5.1)) HB

Es (d-3)> g >1 (cf. Sect. (7.1)) LAS

E, Same (cf. Proposition (7.2)) GAS

E, Same (cf. Proposition (7.2)) HB

E Same (cf. Proposition (6.1)) Persistent

9 Discussion

In present paper, an eco-epidemiological model is considered with hyperbolic
mortality rate of predator population. Here an infectious disease is assumed
and it is transmitted only in prey population. We have also assumed that prey
population does not reproduce, but compete with the susceptible prey popu-
lation for the same resources. The mode of disease spread follows a simple
mass action law.

Itis observed that our system is bounded and possesses seven equilibria. The
equilibrium point Ey, where there is the extinction of all species, exists and
is unstable. The equilibrium point E, corresponds to extinction of infected
prey and predator populations E; exists and it is unstable. The equilibrium
point E3 corresponds to the absence of predator population exists if 51 > s2
and Bry > 8s1 + r1s2 and it also unstable. Furthermore, the equilibrium point
E5 corresponds to nonexistence of infected prey population. Also E5 exists if
c3 > ejc1 and is locally asymptotically stable under some conditions mo, < 0,
miy+m33 <0, myyms3z —m3ymi3 > 0. Figure 1 indicates that infected prey
population goes to extinction. The system undergoes Hopf bifurcation around

Es as the parameter s; crosses its critical value s][hb](see Fig. 2). The system
(2.1) experiences transcritical bifurcation at £, with respect to the parameter
s.

The positive equilibrium point E, is locally asymptotically stable if the
Routh—Hurwitz criterion is satisfied. Stability of positive equilibrium point out
of that the existence and survival of all species in the ecosystem (see Fig. 3).
From the Biological point of view this equilibrium point is very important as it
provides actual interaction among all species of the system. Under this situation
actual balance is maintained in ecosystem. For this reason ecologists feel inter-
ested to observe the stability of positive coexistence equilibrium. The system
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Fig.1 Stability behaviour around the equilibrium position E5 of the system (2.1) with the initial conditions
xg = 40, yo = 10, zo = 270 and parameter values r = 3.25, k1 = 200, kp = 150, ¢; = 2.5, ¢ =
2.84, c3 = 04, 51 = 0.0185, 5o = 0.0042, B = 0.0098, § = 0.56, e; = 0.70, e; = 0.49. a Time
series evolution. b Phase portrait diagram

300 T
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Fig. 2 Hopf bifurcation behaviour around the equilibrium position E5 of the system (2.1) with the initial
conditions xg = 40, yg = 10, zp = 270 and parameter values r = 3.25, k; = 200, k» = 150, ¢] =
2.5, cp =2.84, c3 = 0.4, 51 = 0.0097669, s = 0.0042, B = 0.0098, § = 0.56, ¢; = 0.70, e = 0.49.
a Time series evolution. b Phase portrait diagram

experiences Hopf bifurcation around interior equilibrium E, which is shown
in Fig. 4. Conditions for persistence of the system are S(y1 + 2 +§) > 252
and sjc3(k; + x5) < ricier, Bxs > spxs + 6. Global stability around the
co-existence equilibrium E, is also investigated with the help of Lozinskii
measure. Also Fig. 4 shows that the predator population coexists with sus-
ceptible and infected prey exhibiting oscillatory balance behavior for the set
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Fig.3 Stability behaviour of the system (2.1) around the equilibrium position E with the initial conditions
xg = 170, yg = 10, zo = 150 and parameter values r = 3.25, k1 = 200, kp = 150, ¢; = 2.5, ¢p =
2.84, c3 = 1.2, 51 = 0.0055, sp = 0.0042, B = 0.0496, § = 0.56, e; = 0.70, ex = 0.49. a Time
series evolution. b Phase portrait diagram
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Fig. 4 Hopf bifurcation behaviour around the equilibrium position E4 of the system (2.1) with the initial
conditions xg = 48, yo = 29, zg = 149 and parameter values r = 3.25, k; = 200, k» = 150, ¢] =
2.5, cp = 2.84, c3 =0.90894556, 51 = 0.0055, s = 0.0042, B = 0.0496, § = 0.56, e; =0.70, e3 =
0.49. a Time series evolution. b Phase portrait diagram

of system parameters: r = 3.25, k1 = 200, kp = 150, ¢y = 2.5, ¢ =
2.84, c3 = 0.90894556, s; = 0.0055, s» = 0.0042, B = 0.0496, § =
0.56, e; = 0.70, e> = 0.49. In the real world system, the population dynam-
ics certainly affected by environmental fluctuations. Natural disaster, climate
change, pollution also regulate the stability of the ecosystem and then interior
stable equilibrium may loose the stability in some ecosystems, which are prone

to face such calamities. We have derived parametric restriction @ < § tocon-
trol disease naturally. The parameter associated with this model plays a key
role for ecological balance. The future work may be carried out to extend the

paper assuming that the disease can spread horizontally as well as vertically
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in the predator population with some delay factors like gestation or maturity
delays.
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10 APPENDIX

The coefficients of the Eq. (4.1) are as follows:

Al = BHer —e)(B+s1 — 52)((Blcacs — ci(caler — €2) +¢3)) + (cre1 — c2e2)

x(c152 — €251)),

3By = cier {r1 (B — 2) (B — 52) (coka + 8k1) + 8) — 851 ((B — 52) (8ky — 2¢2k2) + 6%)}
+c% {czel {—2r151 (czkz (s2—B) + 82) + 8s12 (crky — 6ky)
+ri(B—52) 28 +ki (B—s2)} +e3 G+ ki (B—52))2 (r1 (52— B) + 8s1) }
+caet {ererr (57 (caka — ki) — rist (8 + ki (s2 — B)) + 11 (B — 52))
—2¢3 (kisi +71) 8+ ki (B —52)) (r1 (B —52) — 8s1))
+cfderka (B — 52)* + c3e3 (kist + 1) (r1 (52 — B) + 8s1)

3C1 = ethasy (s2 — B) 2c] — {er (B(B —s2) + 51 2B +52)) 8> + 1 (52— B) (r1 (B + 52)
—ki (B(B—s52)+51(B+52))8+ (52— B) (etkir (B —52) 52
+ c2ka (e2 (s2 — B) Zte (-ﬁz — 518+ 528 +3s5152)))} I
+ {kast (3e2 (s2 — B)? +e1 (2B (52 — B) + 51 (352 — 2B))) &3
+ (e1 ((B* = 53) ri — 2k1 (B+51) (52— B)2r1 —4BS (B + 51— s2) 71
+ 851 (2B8 + 516 — 2ky15152)) — e (s2 — B) (k1 (s2 — B) — 8)
X (8s1+71(s2 = B)))ca+ Be3 (8 + ki (B—152))(8(B+ 351 —52)
+ Qri— ki (B+s1—52) (52— B} et + 2 {—c3ka (e1 (B + 1)
+3e2 (52 — B)) st +2Bc3 (—s18% + 2 (kisi + 71 (B + 51— $2)) 8
+ (52— B) (=51 (B + 51— 82k +2r1 (52 — B) k1 + 1))
+cz (Beysy (kysy (B +s1) +r1 (2B +51)) +ex (851 +r1 (52 — B))
x ((r1 + 2kys1) (s2 — B) — 8s1) +erry (kisy (s1 (s2 —28) + 28 (s2 — B))
+71 (51 (52 = 2B) +3B (52 — PO} e1 + 3 | Feakasi
—cpep (r1 +kisy) (8s1 +r1 (52 — B)) s
+ Be3 (r1 + kis1) (—28s1 + ki (B+s1 —s2)s1+7r1 3B + 51 —352))},

D, = c%el {coko (52 — B) (—Br1 + 1150 — 28s1) + 8 (=8 — Bky + k1s2)
x (—Bri+ris2+ 8s1)} + cf {c3erkas) (2Br1 — 2152 + 8s1)
+coey (—=Bri +risy + 8s1) (kiry (s2 — B) — 8 (kisy + 2ry))
+c3 (8 + Bk — kis2) * (=Br1 + 152 + 8s1)}
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+czer {—caerry (kist +r1) (—=Bri +ris2 + 8s1) + csekarys?
—2c3 (k151 +r1) (—8 — Bk1 + k152) (=Br1 +ri1s2 + 8s1)}
+ci8erks (s2 — B)* + c3e3 (kist + 1) (r1 (52— B) + 8s1) .
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