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Abstract

The competitive interaction of tumor-immune system is very complex. We aim to
establish a simple and realistic mathematical model to understand the key factors that
impact the outcome of an antitumor response. Based on the principle that lymphocytes
undergo two stages of development (namely immature and mature), we develop a
new anti-tumor-immune response model and investigate its property and bifurcation.
The corresponding sufficient criteria for the asymptotic stabilities of equilibria and
the existence of stable periodic oscillations of tumor levels are obtained. Theoretical
results indicate that the system orderly undergoes different states with the flow rate of
mature immune cells increasing, from the unlimited expansion of tumor, to the stable
large tumor-present equilibrium, to the periodic oscillation, to the stable small tumor-
present equilibrium, and finally to the stable tumor-free equilibrium, which exhibits a
variety of dynamic behaviors. In addition, these dynamic behaviors are in accordance
with some phenomena observed clinically, such as tumor dormant, tumor periodic
oscillation, immune escape of tumor and so on. Numerical simulations are carried out
to verify the results of our theoretical analysis.
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1 Introduction

According to the report of the World Health Organization, it was estimated that about
14 million cancer cases and 8.8 million cancer-related deaths in 2015. The number of
new cases is expected to rise about 70% over the next 2 decades [1]. In particular, in
China, about 4,292,000 new cancer cases diagnosed and 2,814,000 cancer deaths in
2015. Cancer remains the second most common cause of death, accounting for nearly
1 of every 4 deaths [2]. Hence, it is very important and requisite to find out the dynamic
mechanism of initiation and development of tumor.

The growth of a cancerous tumor in vivo is a complicated process involving multiple
biological interactions. In recent years, growing evidences have indicated that the
immune system can recognize and eliminate malignant tumors [3,4]. The anti-tumor
immune response begins when tumor cells are recognized as being alien. The cytotoxic
T lymphocyte (CTL) are able to penetrate tumor parenchyma and recognize tumor-
associated antigen, and correctly choose antigen for immunization. Hence, The tumor
cells are killed by the cytotoxic T lymphocyte which can be found in all tissues in the
body and in circulating blood stream [5]. Although much research has concentrated
on how to strengthen the anti-tumor response by stimulating the immune system with
vaccines or by direct injection of T cell or cytokines, the role of the immune system
in the elimination of cancerous tissue is not fully understood [6—12].

To understand the interactions of immune system with tumor, many mathematical
models have been established to investigate the tumor immune dynamics [13-23].
Bell applied the classic predator-prey interaction system to describe the response of
effector cells to the growth of tumor cells [24]. Kuznetsov et al. [25] took into account
the penetration of tumor cells by effector cells and presented a mathematical model of
CTL cells response to the growth of immunogenic tumor, which exhibited a number
of phenomena that were observed in vivo, including “sneaking through” and “dormant
state” of the tumor. Moreover, the parameters of the targeted model were estimated
by using the experimental data of chimeric mice. Pillis et al. [26-28] applied mathe-
matical model to investigate the mechanisms of interaction between tumor cells and
various immune effector cells, and applied the numerical calculations to discuss the
treatment effects of different therapeutic regimens. Liu et al. [29] developed a math-
ematical model of tumor cells eliciting an immune response proposed by DeLisi and
Rescigno [30] to investigate the dynamics of tumor and immune system interactions.
Liu and Ruan made more realistic assumptions on model by requiring that lymphocytes
go through two stages of development, namely immature and mature, and claimed that
only lymphocytes in the second stage are effective in killing tumor cells. Our aim is to
develop a simple and realistic mathematical model to reflect the phenomena observed
clinically, and understand the key factors that impact the outcome of an antitumor
response as clearly as possible.

The rest of the paper is organized as follows. A new model of ordinary differential
equation is constructed to describe the interaction of tumor cell with T lymphocyte
in Sect. 2. The qualitative and bifurcation analysis of the mathematical model are
investigated in Sect. 3. Numerical simulations are carried out to illustrate the stability
of equilibriums and the existence of stable periodic solution in Sect. 4. Finally, the
conclusions are summarized in Sect. 5.
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2 Construction of the mathematical model

In this paper, we follow the ideas of modelling immune reaction against the tumor pre-
sented by [29,30], and prefer to construct a simple but reasonable mathematical model
to describe some phenomena observed clinically, such as immune escape of tumor,
tumor dormant, periodic oscillations and so on. In order to facilitate the research, we
denote the number of immature T lymphocytes, the number of mature T lymphocytes
and the number of tumor cells as L(¢), L2(¢) and T (¢), respectively, and make the
following reasonable assumptions:

(a) A tumor admits an exponential growth model in the absence of an immune
response. This is an accepted growth model for tumors, which is also able to
fit and explain the tumor growth data [31]. The tumor growth rate is denoted by
A

(b) Only mature T lymphocytes are capable of killing tumor cell [29,30]. The interac-
tion term between tumor and the mature T lymphocytes takes the form of w27 L»,
which is similar to a bilinear incidence rate in the epidemic dynamics, where o>
is the rate of tumor cells killed by mature T lymphocytes.

(c) Inactivation of cytolytic potential occurs when the mature T lymphocytes have
interacted with tumor cells several times and ceases to be effective [13]. We denote
the inactivation rate of the mature T lymphocytes by 3.

(d) The mature T lymphocytes are absolutely derived from the young lymphocytes.
The transformation rate from the immature T lymphocytes to the mature T lym-
phocytes is A1.

(e) The immature T lymphocytes are normally present in the body, even when no
tumor cells are present, since they are part of the innate immune response [32]. In
the absence of tumor cells, the young lymphocytes can be produced at a fixed rate
u from hemopoietic system.

(f) Due to the presence of the tumor, the immature lymphocytes can be proliferated
by the stimulation of tumor cells [25]. Moreover, by fitting experimental data,
Kuznetsov and Taylor suggested that the recruitment term should be described by
oy %, which is a Michaelis-Menten term, commonly used in anti-tumor immune
response models to govern cell-to-cell interactions [5,15,27], where ¢ is the max-
imum recruitment rate.

From the above assumptions, the flowchart of model is depicted in Fig. 1. The
transfer diagram leads to the following model:

dL

dLl = u—mLi+air,

=2 =ML1 —a3ly, (D
CL =0T — arT Ly,

To facilitate discussion, we denote ; = AgLg. System (1) is rewritten as the fol-
lowing

@ Springer



476 L.Pang et al.

a,TL,
Tumor cells  [< "7~ Mature Lymphocytes
(T) : - -3 (Lp)
— L, :
LT
aTL, AL,
n+T

Immature Lymphocytes ‘
(L) |
-

Fig.1 Flowchart of system (1)

b — (L - —Lo) +oy il ,7+T,
o — )Ly — a3Ls, 2

ﬁ = MT —arT Lo,

3 Qualitative and bifurcation analysis
3.1 Existence of equilibria
For the convenience of discussion, we make the following substitutions to simplify

system (2). Substituting L1 — i‘—?Lo = %x, L, = z—éy, T =nzandt = 1 5 Twe have
the corresponding simplified system

dx __ yZ
g—:——x“rm
Lé—ﬁ=ax—ﬂy+y, 3
T =0z—2y,

— _ a3 — 0!2)»0 _ )»2
where o = i 9B = Y= Lo and § = 2.

Itis easy to see that system (3) has two equlllbrla In fact, the tumor-free equilibrium
E1(0, g, 0) always exists and the tumor-present equilibrium E, (=2 ‘Sa Y8, y f‘i 5 ”ﬂ 5)
exists if and only if max{0, (B —a)d} < y < B§. We can list the result in the following
Table 1.

Next, we give some theoretical results of system (3).

3.2 Stability of equilibria

Theorem 1 The tumor-free equilibrium E1 is asymptotically stable if y > BS , other-
wise it is not stable.
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Table 1 Existence of equilibria

Conditions Existence of equilibria
O0<B<a
0<y <pBs Eq, Ey
B>a>0
O<y<(B—a) E|
(B—a)d <y <ps Ey, Ey
o, >0
y > B8 Eq
Fig.2 The phase diagram of the ‘
system (3) shows that the 4 4 R‘
tumor-free equilibrium E is a / ol
saddle-focus point, where f > «
and0 <y < (B—a)d -
N i A
>4 & L3

Proof The Jacobian matrix at E| of system (3) is

10 %
JEN=| a =B 0
0 038-1%

The characteristic equation of J(E1) is
FO) =G+ DO+ B - (6 — %)] =o.

Obviously, the eigenvalues of J(E7) are

A= —1,
Ay = —B,

_ _y=Bs
A3 = B

respectively. Clearly, all these eigenvalues are negative when y > 4. Therefore, the
tumor-free equilibrium E is locally asymptotically stable if y > B4 and unstable if
y < Bé. O

Remark When 8 > ¢ and 0 < y < (8 — «)$, system (3) only has one equilibrium,
i.e., a tumor-free equilibrium E7. In addition, J (E1) has two negative eigenvalues and

@ Springer



478 L.Pang et al.

one positive eigenvalue, then the tumor-free equilibrium E is unstable. In this case,
the tumor-free equilibrium E is a saddle-focus point with a stable two-dimensional
subspace ¢* and an unstable one-dimensional subspace €. Hence, from Fig. 2, we
know that lim z(t)— +oo [33].

t—+00

In order to investigate the stability of the tumor-present equilibrium E5, we discuss
the following two cases:

(I) The first case: § < «

In this case, the existing condition of E; is 0 < y < 3.

Theorem 2 The tumor-present equilibrium E is locally asymptotically stable if y|* <
Yy < B8 and unstable if 0 < y < y". Wherein, y;* is the only positive root of the
equation

f) =y + @+ +ad —288)y + B(p — a)s® = 0. )

Proof The Jacobian matrix of system (3) at E; is

22 2

I+z2 (1422)2
JE)=| a -B 0
0 —2z22 0

The characteristic equation of system (3) is given by

g0) =27 + AR + Agh + A3 =0, )
where
A =148,
Ay = %
Ao By = BS +ad)
T od ’
o
_ )’2—}— (Ol +Olﬂ —|—0[8 _2[35))/ +/3(‘3 _Ol)82
B ol
W)
T ows

It is clear that A} > 0, Ay > 0, A3 > 0if0 < y < B6 and B < «. Since
f0) = BB — @)8? < 0 and f(BS) = a(1 + B)Bs6 > 0, the characteristic equation
of system (3) has only one positive root which is denoted by y;*. Clearly, y;* < .
In addition, f(y) > 0 when ¥ < y < B4, which admits AjA; — A3 > 0 (see
Fig. 3). Therefore, the tumor-present equilibrium E» is locally asymptotically stable
if y* <y < Bé and unstable if 0 < y < ", O

(IT) The second case: 8 > «
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Fig.3 The figure of the A
quadratic function f(y), where )
B<a

v

\\3\\_////45 o

Fig.4 The figure of the A
quadratic function f(y), where f
B > aand §* > §

-

B-a)s ps 7

S

Obviously, E; exists only when (8 —«)d < y < B8 and the characteristic equation
of system (3) is (5). Similarly, we know that A1, Az, A3 > Oandthesignof AjA>—A3
is determined by the sign of f(y). We need to ascertain the sign of f(y).

From Eq. (4), we have

J((B—a)d) =al+B)(B—a) >0,
f(B8) =a(l+B)Bs > 0.

For the sake of convenience, we note 8* £ % In the following, we take into

account two cases:

(1) When0 < § < 8%, i.e.,a+af+ad—288 > 0, the symmetry axis of the quadratic
function f(y) locates at the left-hand side of the curve y = 0 or is just the curve
y = 0. When (8 —a)§ < y < B8, f(y) > 0is always correct (see Figure 4).

(2) When § > §*,i.e., @ + af + ad — 288 < 0, the symmetry axis of the quadratic
function (4) lies on the right-hand side of the curve y = 0.

From the discriminant of the quadratic equation f(y) = 0, we have

hi(8) = (a +af 4+ ad —288)> —4B(B — «)8>
= afa + af? + as® + 2B + 28 + 2ap8 — 485 — 48°5)
=o8% +2[*(1+ B) — 20B(1 + P18 + &> (1 + B)°
=a?82 +2(1 4 B) (e — 2B)ad + (1 + B)>.

(N
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Fig.5 The figure of quadratic
function h (8), where 8 > « ]f)1 0)

v

Then,
at(14 B)?
(2B —a)?

=o’(1+B)°[

hy(8%) = —202(1 + B)* + o2 (1 + B)?

o2

B-a)?
4a’B(1 4 B)*

= 2[3—_(1(0( — ,3) < 0.

1] ®)

In addition, from the discriminant of the quadratic equation /{(8) = 0

A =41+ B)*a’(a —28)* — 4a*(1 + B)?
=402(1 + B)%[a? — 4af + 48% — o] ©
= 16Ba*(1 + B)*(B — ) > 0,

we know that the quadratic equation /1 (8) = 0 has two roots

_(1+pRB—a— JBBE=a)]

)
[07

5y — 1+ P28 —a+ VBB —Ot)]_
o

Obviously, §; < 8* < 8. We know that h1(8) < 0if §* < § < &, (see Fig. 5), then
f(y) > 0. Hence, we can give the following result:

Theorem 3 The tumor-present equilibrium E; is locally asymptotically stable if 8 >
o,0<d<drand (B—a)s <y < .

Furthermore, if § > &2, h1(8) > 0. Then, the equation f(y) = 0 has two positive
roots at the interval [(8 — «)d, 8]

. 2B —a—aBf —ad—/hi(5) . 2B —a—aBf —ad+ hi(5)
Vo = ) » V3 = B .
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Fig.6 The figure of the A
quadratic function f(y), where f ( }/)
B >aand$§ > &

od *

’£ /3 R

0 |(B-a)s \/ By

Obviously, when 8 > a, § > &, we have (8 — @) < y; < y3 < B4. Furthermore,
fy)>0ify e (B—a)d,yy)ory € (yi,Bd) and f(y) <0ify € (y5'*, y3) and
f(y) =0if y = y5 or y = y5 (see Fig. 6). Hence, we can draw the conclusion as
follows.

Theorem 4 If 8 > «a and § > &, the tumor-present equilibrium E3 is locally asymp-
totically stable when y € ((B — a)d,yy) or y € (v5,pBd) and unstable when

Yy <V <Vi.

3.3 Analysis of hopf bifurcation

From Theorem 2, we know that if y = yl*, i.e., AjA» — A3 = 0, J(E») has one
negative eigenvalue A = —A; and two purely imaginary eigenvalues A2 3 = Fwi
(where @ = 4/A; > 0), which suggests that system (3) may undergoes a Hopf
bifurcation around the equilibrium E;. Here, we explore the existence of the Hopf
bifurcation. First of all, we quote a useful lemma [34-37].

Lemma1 Let 2 € R3 be an open set containing O(x1, X2, x3) and let S C R be
an open set with 0 € S. Let f : 2 x S — R3 be an analytic function such that
f(0, p) = 0forany p € S. Assume that the variational matrix Df (0, p) of f has one
real eigenvalue y (p) and two conjugate imaginary eigenvalues a(p) £ iB(p) with
y(0) < 0, 2(0) = 0, B(0) > 0. Furthermore, suppose that the eigenvalues cross the
imaginary axis with nonzero speed, that is, % # 0. Then the following differential
system )
X = f(X,p)

undergoes a Hopf bifurcation near the equilibrium point O at p = 0.

Here we choose the intrinsic growth rate y as the perturbation parameter. Without
loss of generality, we set y(p) = y;* + p, where y(0) = y|" satisfies that (A; Ay —
A3)|p=0 = 0. We also need to determine the sign of the real part of ZZZ—; at p = 0 when
the above equation is valid. Differentiating Eq. (5) with respect to p, we have

i a1 dr —Qy —2B8 +ad
3290 Loppdh L L TBY m 2P ed) g
dp dp § dp od
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which leads to
di  ak—Qy —2B8 +ad) an
dp  alBGI2+2A10+ Ay

Thus
. dy
Ve = Slgn{—Re(—dp [p=0)}

awi — 2y — 286 + ad)
28 (—3A, + 2A i + Ay 7N
wi — 2y — 288 + ad)
—Ay) + Aywi
=sign{—[2y +a(l + B) +ad —285]l) =y}
df(y)

= Sign{_WH:yl*}

= sign{—Re( )}

:sign{—Re(a |y=y1*)}

=1,

which also can be seen from Fig. 3. Hence, we have the following result:

Theorem5 If B < « and y = y|, system (3) undergoes a non-degenerate Hopf
bifurcation at the tumor-present equilibrium E».

From the proof of Theorem 4, AjA> — A3 = 0if y = y; or y = y5". Similarly,
we know that J (E>) has one negative eigenvalue . = — A and two purely imaginary
eigenvalues Ay 3 = Fwi (Where @ = +/A; > 0). Through the same calculation
process, we know that when y = y;', transversality condition Vo = —1, and when
Y = v3, transversality condition V¢ = —1. Hence, we have

Theorem6 Ifa < B, 8 > 8y and y = y; or y = y3, system (3) undergoes a
non-degenerate Hopf bifurcation at the tumor-present equilibrium E,.

The results of Theorems 1-6 are listed in Table 2.

4 Numerical simulations

In this section, we will choose suitable parameters of system (3) to numerically validate
the theoretical conclusions obtained in the previous sections. Without loss of generality,
we only present numerical results of the second case (i.e., 8 > «). We take the values
of ¢ and B as 0.3 and 0.6, respectively. By calculating, we obtain §; = 9.325. Hence,
we take 6 = 10 > §,, then the quadratic equation f(y) = 0 have two positive roots,
ie., y5 = 3.88 and y3 = 4.64. Moreover, (8 — a)d = 3 and 6 = 6. Next, we
will apply the results of numerical simulation to exhibit the variation rules of system
states with the normal flow rate of T lymphocyte y increasing, and to illustrate some
biological phenomena observed clinically.

1. Choose ¢ = 0.3, 8 = 0.6, = 10 and y = 2, then y < (B8 — «)d. Hence,
from Theorem 1 and Remark, we know that the tumor-free equilibrium E7 is a
saddle-focus point. Hence, the number of tumor cells goes to infinity (see Fig. 7).
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Table 2 Properties of equilibria Conditions Properties of equilibria
Eq E
O0<B<a
0<y<yf Unstable Unstable
v <y <ps Unstable Stable
y=v Unstable Hopf bifurcation
B>a>0
O<y <(B—a) Unstable Inexistence
0<8<é
(B—a)d <y <ps Unstable Stable
5> 68
B-a) <y <y Unstable Stable
vi<vy<vi Unstable Unstable
y; <y <ps Unstable Stable
y=v ory=vy; Unstable Hopf bifurcation
o, >0
y > B8 Stable Inexistence
15 12
10
% 10 =
8
5 6
0 5 10 15 20 (0] 5 10 15 20
Time(day) Time(day)
5 x10%° %1025
4
= 2 = 2
= N
1 0
5
0 10 5
o 5 10 15 20 ® 15 15 10
Time(day) y ()

Fig.7 The figure indicates that the number of tumor cells increases without restriction, which is in accord
with the immune escape phenomena of tumor observed clinically, wherea = 0.3, 8 = 0.6,y =2,5 = 10

2. Choose ¢ = 03, 8 = 0.6, = 10 and y = 3.5, then (B —a@)d < y <
vs = f(y) > 0. Hence, from Theorem 3, we know that the large tumor-present
equilibrium E; is asymptotically stable (see Fig. 8).

3. Choosex = 0.3, =0.6,§ =10and y =4, then y; <y < y5 = f(y) <O.
Hence, from Theorem 6, we know that a limit cycle will bifurcate from the tumor-
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10 10.5
9 10
x =
8 9.5
7 9
0 50 100 150 200 0 50 100 150 200
Time(day) Time(day)
20
20
£ 10 =
N g 10
10
0 0 8
0 50 100 150 200 10.5 10 9.5 6 .
Time(day) y(t) ()

Fig. 8 The figure exhibits the large tumor-present equilibrium E; is asymptotically stable,which is lined
with the state of the dormancy tumor observed clinically and means that the level of the tumor cells does
not change, where « = 0.3, 8 = 0.6,y =3.5,§ = 10

10 11
8
= = 10
6
4 9
0 20 40 60 80 0 20 40 60 80
Time(day) Time(day)
6
10
= = 5
= N
N
2 0
11
o 10 5 s 10
0 20 40 60 80 Y 9 4
Time(day) x(t)

Fig. 9 The figure shows that system (3) occurs a periodic orbit around E5, which in accord with the
oscillatory phenomena in tumors observed clinically, where « = 0.3, 8 =0.6,y =4,§ = 10

present equilibrium E» by perturbing the value of parameters y near 4.64, which
indicates that a periodic orbit of system (3) occurs at E; (see Fig. 9).

4. Choosea =0.3,8=0.6,6 = 10and y =5, then y; <y < B5 = f(y) > 0.
Hence, from Theorem 4, we know that the small tumor-present equilibrium E> is
asymptotically stable (see Fig. 10).

5. Choosea = 0.3,8 = 0.6,y = 6.2,5 = 10, then it is easy to know y > B6. From
Theorem 1, we know that the tumor-free equilibrium E| is asymptotically stable
(see Fig. 11).
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10
< 5
0
0 50 100 150 200
Time(day)
6
4
N
2
0
0 50 100 150 200
Time(day)

12
= 10
8
0 50 100 150 200
Time(day)
5
5
0
10
12
5
10 8 0
y(t) x(t)

Fig. 10 The figure illuminates the small tumor-present equilibrium E5 is asymptotically stable, which is in
accord with the state of the dormancy tumor observed clinically and means that the level of the tumor cells
does not change [25], where « = 0.3, 8 = 0.6, y = 5, § = 10 respectively

10
=< 5
0
0 5 10
Time(day)
20
= 10
0
0 5 10
Time(day)

14

12

10

0 5 10
Time(day)

15
10 5

5 0
y(t) x(t)

Fig. 11 The figure clarifies the tumor-free equilibrium E7 is asymptotically stable if parameters are taken as
a=03,8=0.6,y =0.6,5§ = 0.8, which is in accord with the spontaneous tumor regression phenomena

observed clinically

5 Discussion

In this paper, choosing y as key parameter, we proposed a two-stage model of tumor
immune response and studied the effect of immune system on inhibiting tumor growth
based on the mechanism and characteristics of anti-tumor immune response. Two cases
are discussed to investigate the dynamic behavior of system (3).
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Fig.12 For 8 < «, the figure A
exhibits the rules of variation of
system states with the normal
flow rate of T lymphocyte y
increasing

system status
system ndergoes

Hopf bifurcation

tumor-present
equilibrium i1s

stable

equilibria are
unstable
equilibrium is
stable

tumor-free

o 4

=}
b
.
p
S

Fig.13 For 8 > «, the figure A
represents the rules of variation
of system states with the normal
flow rate of T lymphocyte y
increasing

system status
tumor-present

uncontrollably
equilibrium

stable large
tumor-present
equilibrium
stable small
tumor-free
equilibrium is

Increasing
periodic oscillations

unstable equlibria

* *|periodic oscillations

o
z
=

For the first case (i.e., 8 < «), the states of system (3) successively undergo several
changes, from unstable equilibria, to periodic oscillation, to the stable tumor-present
equilibrium and to the stable tumor-free equilibrium (see Fig. 12). In other word,
in consistent with oscillatory growth phenomena of tumors observed clinically, the
number of tumor cells exhibits periodic oscillation when the strength of the immune
response to tumor is relatively weak, and the immune cells and tumor cells will reach
a positive equilibrium state as the anti-tumor immune response strengthens. Further-
more, the tumor will be eventually eliminated only if the normal flow rate of immune
cells become stronger (i.e., y > B3).

For another case (i.e., 8 > «), we obtain more plentiful kinetic properties (see
Fig. 13). In this case ,we obtain four threshold values of the normal flow rate of immune
cells y, which are (B — )8, v, y5 and B4, respectively. When the normal rate of
flow of immune cells y is less than threshold value (8 — «)§, the tumor cells will
increase uncontrollably, which indicates that tumors development are not controlled
by the immune system any longer, which in accord with immune escape phenomena
observed clinically (see Fig. 7). When the flow rate of immune cells y is in between
(B — )8 and y;, a large tumor-present equilibrium is stable (see Fig. 8). The tumor
dormancy phenomena can be observed by numerical simulation. Furthermore, when
parameter value y is in the interval [y,', 5], system (3) brings birth a periodic orbit
(see Fig. 9), which indicates that the number of tumor cells will exhibit periodic
oscillations. As the parameter value y increase continually (i.e., y € (y5, 89)), a
small tumor-present equilibrium is stable (see Fig. 10). Finally, when the normal rate
of flow of immune cells y is more than threshold value 4, the tumor will be ultimately
extinct (see Fig. 11). It can be seen that our results are quite realistic.

Although the mathematical model is simple, the system exhibits rich dynamic
properties, which can make some phenomena observed clinically very clear, such
as immune escape of tumor, tumor dormant, oscillatory growth patterns in tumors,
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spontaneous tumor regression and so on. Numerical simulations are carried out to
verify the results of our theoretical analysis.
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