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Abstract

In this paper, we present a new numerical methods for solving large-scale differ-
ential Sylvester matrix equations with low rank right hand sides. These differential
matrix equations appear in many applications such as robust control problems, model
reduction problems and others. We present two approaches based on extended global
Arnoldi process. The first one is based on approximating exponential matrix in the
exact solution using the global extended Krylov method. The second one is based on a
low-rank approximation of the solution of the corresponding Sylvester equation using
the extended global Arnoldi algorithm. We give some theoretical results and report
some numerical experiments to show the effectiveness of the proposed methods com-
pared with the extended block Krylov method given in Hached and Jbilou (Numer
Linear Algebra Appl 255:e2187, 2018).
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1 Introduction

In this paper, we consider the differential Sylvester matrix equation (DSE in short) of
the form .
{ X(t) = AX(@t)+ X@)B+EFT, telt,Trl 0

X (1) = Xo

where A € R"™ ", B ¢ RP*P, and E € R"**, F € RP*, are full rank matrices, with
s < n, p. The initial condition is given in a factored form as X¢ = ZOZOT and the
matrices A and B are assumed to be large and sparse.

Differential Sylvester matrix equations play a fundamental role in many problems
in control, filter design theory, model reduction problems, differential equations and
robust control problems; see, e.g., [1,13,19] and the references therein.

The exact solution of the differential Sylvester matrix Eq. (1) is given by the fol-
lowing result.

Theorem 1 [1] The unique solution of the differential Sylvester equations (1) is defined
by

X(t) = eT0A X e —10)B 4 /t eTOAEFT DB gt )
Io

There are several methods for solving small or medium-sized differential Sylvester
matrix equations. One can see, for example backward differentiation formula (BDF)
and Rosenbrock method [12,31].

During the last years, there is a large variety of methods to compute the solution of
large scale matrix differential equations such as differential Lyapunov matrix equation,
differential Sylvester equation and Riccati differential equation. For more details see
[4,5,7,18,19,26-28,35]. For large-scale problems, the effective methods are based
on Krylov subspaces. Some methods have been proposed for solving large matrix
equation, see, e.g., [2,8,9,18-20,34]. The main idea employed in these methods is
to use a extended Krylov subspace and then apply the Galerkin-type orthogonality
condition. In [19], Jbilou and Hached are presented two approaches to solving the large
differential Sylvester matrix equation, by using the block extended Krylov subspaces.
The main idea in this work is using the extended global Krylov subspaces to solve (1).

The rest of the paper is organized as follows. In the next section, we give expres-
sion based on the global Arnoldi process of the unique solution X () of the differential
Sylvester matrix Eq. (1). In Sect. 3, we recall the extended global Arnoldi algorithm
with some of its properties. In Sect. 4, we defined EGA-exp method based on extended
global Krylov subspaces and quadrature method to approximate matrix exponential
and computing numerical solution of Eq. (1). In Sect. 5, we present a low-rank approx-
imation of solution of differential Eq. (1) using projection onto extended global Krylov
subspaces Ky, (A, E) and K5, (BT, F). Finally, Sect. 6 is devoted to numerical exper-
iments showing effectiveness of proposed methods.

Throughout the paper, we use the following notations. The Frobenius inner product
of the matrices X and Y is defined by (X, Y)r = tr(XTY), where tr(Z) denotes the
trace of a square matrix Z. The associated norm is the Frobenius norm denoted by
I - Il7. The Kronecker product A ® B = [a; ;jB] where A = [a; ;]. This product
satisfies the properties: (A ® B)(C ® D) = (AC ® BD) and (A® B)! = AT @ BT.
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We also use the matrix product ¢ defined in [11]. The following proposition gives
some properties satisfied by this product.

Proposition1 Let A, B, C € R*"*P5, D € R™", L € RP*P and a € R. Then we
have,

. A+BToCc=4aToCc+BToC.

2. ATo(B+C)=AToB+ AT o C.

3. @A) o C =a(AT o 0).

4. (AT o B)T = BT ¢ A.

5. AT o (B(L® I)) = (AT o B)L.

A block matrix V,, = [V1, Vo, ..., V] is F-orthonormal if V,,T1 oV = I,,. We have
the following result.

Lemmal [24] LetV,, = [Vi, Vo, ..., V.1 be ann x ms F-orthonormal block matrix,
Z e R™S andY € R™*4, Then we have

Vi (ZQ® Is) IIF = IZllF and [VuYlF < IY]lF.
2 Expression of the exact solution of the differential Sylvester
equation
In this section we will give the expression of the unique solution X () of the differential
Sylvester matrix Eq. (1). This expression is based on the global Arnoldi process. The

modified global Arnoldi process constructs an F-orthonormal basis Vi, Vo, ..., Vy,
of the matrix Krylov subspace

Km(A, V) =span {V, AV, A%V, ..., Am_IV} .

Algorithm 1 The modified global Arnoldi process(MGA)

Inputs: A € RV € R"*S and m an integer.

R A
- Set Vi = o

end for(i). _
Compute hji1,j = IVIIF;

Vitr=V/hjy1j;

1

2

3

4

5 ’

6. ‘7= V*/’l,‘iji;
7

8

9

0. end for(j).

—_

LetV,, =[Vi,Va,..., V] and ﬁ,ﬁ is the (m + 1) x m upper Hessenberg matrix
whose entries h; ; are defined by Algorithm 1 and Hnﬁ‘ is the m x m matrix obtained
from an by deleting its last row. We have the following relation
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160 El. M. Sadek et al.

AVp =Vp (Hr;? ® Is) + hm+l,m Vi1 (6',7,; & Is) s

where ¢! =[0,0,...,0,1].

Let P4 be the minimal polynomial of A associated to £ and Ppr be the minimal
polynomial of BT associated to F, ¢ the degree of P4 and ¢’ the degree of Pgr. The
following result shows that the solution X of (1) can be expressed in terms of the
global Arnoldi basis.

Theorem2 Let V, = [Vi, Va,.... Vy] and Wy = [Wi, Wa, ..., Wy] be the F-
orthonormal block matrices obtained by applying simultaneously q and q' steps of
the global Arnoldi algorithm to the pairs (A, E) and (BT, F) respectively. Then the
unique solution X of (1) can be expressed as:

X(1) =V (Ygq (1) ® DV, 3)
where Y,,/(t) is the solution of the low-order differential Sylvester equation
. T ~ ~
Vo)) = HAYu(®) = Yo () (HE) = E,FL =0,
with E, = | E||re\” and Fy = | F| pe'?.
Proof Let Z(r) be the matrix defined by V, (Yyq (1) ® I;)V,,. Then we have,

Z(t) — AZ(t) — Z(t)B — EFT
=V (Yq (1) @ DW= AV (Ygq (1) ® INW] =V (Vg (£) ® IVWEB — EFT.

T
y A B = BT T
=V, [(qu,(;) — HY g (1) = Yy (1) (Hq,) - Equ,> ® I‘Y] W,
Since Y, is the solution of the lower order differential Sylvester equation then

. T ~ ~
Vg (1) = Ty, ¥qq 0 = Yoqr ) (HE) = E,FL = 0. We get

Z(t)— AZ(t) — Z(t)B — EFT = 0.
Therefore, using the fact that the solution of (1) is unique, it follows that X (t) =
Vo Ygq (1) ® INW].. o
3 The extended global Arnoldi process
In this section, we recall the extended global Krylov subspace and extended global
Arnoldi process. Let V be a matrix of dimension n x s. Then the extended global
Krylov subspace associated to (A, V') is given by

/C,i(A,V):span{V,A—IV,AV,A—ZV,sz,...,A'"—lv,A—’"v} )
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The extended global Arnoldi process constructs an F-orthonormal basis
{V1, Va, ..., Vy} of the extended global Krylov subspace K5(A, V) [20]. The algo-
rithm is summarized as follows

Algorithm 2 The extended global Arnoldi process(EGA)

Inputs: A € R"*" V € R"*S and m an integer.

1. Compute the global QR [V, Al V], ie., [V, Al Vi=Vi(2Q I);
2. SetVo=1[1;
3. Forj=1,..., m

Set VIV = VG, 18 VP = Vi +1:20);

Vi =[Vjo1, ViU =[aviD, amtv®y;

U=U-Vi(H®IL);
9. end for(i).
10.  Compute the global QR decomposition of U, i.e., U = V1 1(Hjy] j ® I5);
11. end for(j).

LetV,, = [V, Va, ..., V,]with V; € R"*25 and 2m x 2m upper block Hessenberg
matrix

Ti,a = VL 0 (AV,).
We have the following relation

AVm = Vm+l(Tn1,A ® Is)
= Vm(Tm,A ® Is) + Vm+1(Ty;?+]’mE;Z; ® Is),

where Ty, 4 = VI | 0 (AV,,), and E]) = [02x2(n—1), I2] is the matrix formed with
the last 2 columns of the 2m x 2m identity matrix Io,.

4 Matrix exponential approximation and Gauss quadrature method

In this section, we compute a approximation of the solution of the large differential
Sylvester matrix Eq. (1). Our approach is based on two steps. First approximation
of matrix exponential is given using extended global Krylov subspace and then the
Gaussian quadrature method is applied.

The exact solution of (1) is given by

t
X(l) — e(tff())AXOe(l‘ft())B + / e(l*‘[)AEFTe(tff)Bdr. (5)

4]

We use extended global Krylov subspace method to approximate ¢?~"4E and
t—1)BT
e F.
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162 El. M. Sadek et al.

By Algorithm 2 we compute V,, = [V, ..., V] and W), = [Wy, ..., W, ] the
F-orthonormal matrices whose columns form an basis of the subspace K& (A, E) and
K5, (BT, F), respectively.

The approximation Z,, 4 of Z4 = e¢"D4E is obtained by

Zm,A =V, (e(tir)Tm'AVm CE® Is) ,

where T, 4 = Vzl ¢ (AV,,) (see [32,33,36]).
In the same way, an approximation of Zp = e!~™8 "Fis given by

Zm,B = Wm(e(tir)’ﬂ‘m"BWm oF® IS),

where Ty, g = W! o (BTW,,).
That leads us to the following approximation

U DAR ET L0-D)B Zm,A(t)ZrE,B(t)' ©)

Assuming that X (fp) = 0, then the approximate solution of the differential Sylvester
Eqg. (1) is obtained by
Xon(t) = Vi (X (1) ® L)Wy, @)
where .
K1) = / K a(OXL (D), ®)
0]
with
Xn,a(r) = e"DInavyl o E
X, p(r) = e"DTmsW! o F,

Since m is generally very small (m << n), the factors X,, 4 and X,, p can be
computed using the expm function of Matlab, and we calculate the approximation of
the integral of (8) by Gauss quadrature formulae.

The next result shows that the 2m x 2m matrix function X, (¢) is solution of a
low-order differential Sylvester matrix equation.

Theorem 3 The matrix function X, (t) defined by (8) satisfies the following low-order
differential Sylvester matrix equation

X () = T aXon (1) + X OTY g+ EnFL. 1 € [t0, Tf1, ©)

whereEszgloEandszwrﬂoF.

Proof The proof can be easily derived from the expression (8) and the result of The-
orem 1. O

Let Ry (1) = X (1) — AX (1) — X,n(1)B — EFT be the residual associated to the
approximation X, (¢).
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Theorem4 If X,,(t) = V,, (X, (1) ® IS)W; is the approximation obtained at step
m by the extended global Arnoldi algorithm. Then the residual R, (t) satisfies the
inequality

IRn 7 < N T 1 KON + 1T KON F (10)

for the 2-norm, we have
| Ry (D) |l2 < max{]|T, +1 X (D)2, 11T, m+1 X () [l2},

where X, (t) is the 2 x 2m matrix corresponding to the last 2 rows of X, (t).

Proof We have

Ru() = X (t) — AX(t) — Xu(t)B — EFT,
where X (t) = V(X (1) @ L)W,

Therefore
Ry )=V, (X (1) ® L) W= AV, (X (1) ® Ig) W) =V, (X (1) QL)W B—EFT.
We use the following properties

AV =Vp1 (T a ® 1),
W;B = (TT g ®1Ls WZH—P
Dsm
Vi =V,
" mtl |:02s,25
Wz,; = [12sm 02s,2x]W,7;,+17

and

. T, 4
Tim,a = |:TA " ETi|

m+1l,m—m

:I‘TT _[T Em (T m+1, m)T]

we obtained

Xu() @I 0 X (1) ® I
Ry(t) =V |: (()) ]Wm+1 Vin+1 |:TA " AETXm(Z‘) ® I, 0:|Wm+1

m+1l,m™~m

HT! p® 1 X, (E T®I
—Vm+1[ n Ty (1) En "6“'") T,
VI o EFT oW,, 0
_Vm+1|: " 0 i|Wm+l

m+1<[8 K () =X (O En (T2 DT =T EL X (t)0]®I>Wm+1,where

S K (1) = X)) = T aXon (1) = X (OT2, 5 — EmF.
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Since X, (¢) is the exact solution of the equation

Xm(t) = Tm,AXm(t) +Xm(t)’]rz;,,3 + Emﬁn{

Then
R = Vs, < [—T,,i‘ﬁ,mOE,EXm . —Xm(l)Enz)(Trf-q-l,m)T} . IS>W,£+].
If X, (t) = EL X, (¢), then
IRnONF < Ty K OIF + N2 K O
The same way for the 2-norm, we have
1R @)1z < max {172, Ko @) l2, 1T, Kl o

The following result shows that the approximation X,, (¢) is an exact solution of a
perturbed differential Sylvester equation.

Theorem 5 Let X, (t) be the approximate solution given by (7). Then we have
X () = (A = Fu A) X (t) + X,u(1)(B — Fpp.) + EF, (11)

where ]
Fnot = Vit (T Ely @ 15) (VE V) ™V,

m+1l,m™~m

1 T
F.p = WT (W, WT) |:Em (12,1,) © 15} Wl ..
Proof By multiplying (9) on the left by V,, and on the right by W , we obtained

Vi Ko (1) @ [OW], = V(T aXon (1) ® I9) W,
AV (K (OTY @ L)WY + YV, (En FL © L)W,
= Vi (Tpa ® L)X (1) @ I)WT
AV K (1) ® I)(TL, 5 ® I)W),
AV (En ® I,)(FL ® L)W

Since
{Avm =V (Twa ® Iy) + V1 (T, L EL @ 1),

WIB = (T, y @ DW], + (En(T},, )T @ IDW]_,,
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then

Xn (1) = [AVi — Vit (Tt B ® INNXin (1) @ L)W,
+Vm<xm<t)®1)[BWT (En(TE T @I)W!, 1+ EFT
=[A — Vo1 (T W EL @ L) (VI V) T VI 1X, (1)
+ X (OB — W, (W, W N En(TE, ) @ IOW,, 1+ EFT.
Finally
Xn(t) = (A = Fu )X (t) + Xu(t)(B — Fy.p) + EFT.

]

The next result states that the error &, (t) = X () — X, (¢) satisfies also a differential
Sylvester matrix equation.

Theorem 6 Let X (t) be the exact solution of (1) and let X, (t) be the approximate
solution obtained at step m of Algorithm 2. The error £, (t) = X (t) — X, (¢) satisfies
the following equation

En(t) = Al (t) + En(1)B — Ry (1), (12)
Proof We have

X(t)—AX(t)+X(t)B+EFT
R (1) = Xpu(t) — AXu(t) — X ()B — EFT,

then

Em(t) = X(1) = X (1)
= AX(t)+ X(")B+ EFT — AX,,(t) — Xu(t)B — EFT — R, (1)
= AX@) — Xm@®) + (X(@) — Xin())B — Ry (2)
= Agm(t) + gm(t)B — Ry ().

O

Notice that from Theorem 6, the error &, () can be expressed in the integral form as
follows

t
En(t) = 1TAE, elt=0B 4 / UTOAR, (D T Bdr, 1 eny, Tyl (13)
to

where Ey,.0 = En(10).
Next, we give an upper bound for the norm of the error by using the 2-logarithmic
norm defined by 12(A) = a0 (A + AT).
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166 El. M. Sadek et al.

Theorem 7 Assume that the matrices A and B are such that uy(A) + u2(B) # 0.
Then at step m of the extended global Arnoldi process, we have the following upper
bound for the norm of the error £, (1),

=10 (2 (A)+p2(B)) _ |

(2 (A) + n2(B))

1En D)2 < 1Em ol OW2DTED 4 g,

)

where . .
am = max (ax{|T,1, 1, Fon )2 1T, Ko ©)2).
0,

The matrix Xm is the 2 x 2m matrix corresponding to the last 2 rows of X, (t).

Proof We first point out that [|¢'4 |, < e*2(A)?_ Using the expression (13) of &, (¢),
we obtain the following relation

t
1En (@)l = [/ AE,, 0~ 0E |, 4 / e "DAR,, (v)e "B ||hd .
10

Therefore, using (13) and the fact that [e~D4|; < e@=DH2(A) "we get
1En D2 < 1Em.ollpe 0 H2(AD)FH2(B))
t
+ max [[Rn(®)l / =D (=D (B) g
&elr,1]

1o
< |1Em ollpe 10 (2(A)+12(B))

t
4+ max ”Rm(g)||261(M2(A)+M2(B))f et (2 (A)+12(B)) g
&elto,t] to

Using the result of Theorem 4, we obtain Srr%ax ]|| R, (&)]2 < ay, and then
€lto,!

e=10)(n2(A)+p2(B)) _ 1

(n2(A) + n2(B))

1En D12 < 1Em oll2e" 0 WDHRED 4 g,
Next, we give another upper bound for the norm of the error &, (¢). O
Theorem 8 The error &,,(t) satisfies the following inequality
1€ @2 < IF 122 Ty (8) + 1 Epa 1262 Do (1), (15)
where

Tiw(0) = [p e B Za(x) = Zin a(1)|l2d7,

Do (@) = [y e 2N Zg(1) = Z (1) |2d 7.
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Proof From the expressions of X (7) and X, (¢), we have

1Em@ll2 = 1X (1) = X (D)2

t
=1 / (2475 @ = Zna@Znp @7 ) drlla
to
t
=1 f (Za@ZE@) = Zna@ZE@ + ZunaZE© = Zn A7) 5(0) d1ll2
1o
t
=1 / (ZA(D) = Zi () Z(T) + Z A (D) (Z(T) = Zyp(1) 1dT |12
1o

t
=< f 1Zg (@ 2I(Za(T) = Zin, a2 + 1 Zin, a0 121(ZB(T) — Zn,B(T)) Il2d 7.
1o

Now as
1 T
u2(Th a) = E)Lmax (Tm,A + Tm,A)
1 T
=< E)\max(A +AY)
= ua(A),
and since

1ZB(D)ll2 < "2 B) | F ||y,
1Zm a2 < DR Tn|E, |15 < et E, ||,
we also have

t
1Em(@®)]l2 < [Fl2e">®) / e BN ZA(0) = Zin a(D)llad7
0]
t

By 22 / TN Z5(2) — Zin 5 (D) 2d.
fo

We get ~
1En @)1z < 1 F 122 B 1y i (8) 4 | Ep ll2™2 A Dy 1 (8).

O

One can use some known results [22,33] to derive upper bounds for || Z4(7) —
Zm. A(T)|l2, and | Zp(t) — Z;n,B(7)]l2, when using the extended global Krylov sub-
spaces.

Lemma 2

llem.a(Dl2 := 1Za(T) = Zm,a(Dll2

T
< NVt (T ® 1) 2 f UL L) 2du, (16)
0
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168 El. M. Sadek et al.

where

L) = ELe=0TnaE, @ I,
T
VZ(A) = )Lmin (A+2A ) .

Proof We have

Za(r) = elDAE,
Zin,a(t) =V (e TnaE, @ ),

then
Z(t) = —Ae""VAE = —AZ (1),
and

Z;n,A(T) =-Vn (Tm,A ® Iy) (e(tir)Tm’A Em (24 Is)

_ [AVm — Vot (T L ED ® Is)] (eu—mrm.A E, ® ,S>
= —AZna®) + Vi1 Tty 1y ® 1) Lin 4 (7).

Therefore, the error €, A(t) = Za(t) — Z;, a(7) is such that
e A (1) = = Al a(1) = Ving 1 (Tt 1y ® L)) Lin A (T),
which allows to give the following expression of e, A:
T
em.a(T) = — f OVt (Tt iy @ 1) Lin, a () (17)
0
As T —u > 0, it follows that

||e(ufr)A||2 < T2 (=4) _ =1 (A)

Then, we get

T
lem,a(Dll2 < 1Tk ll2 / T L 4 (w)lladu.
0

m}

Notice that if v2(A) is not known but v2(A) > 0 (which is the case for positive
semidefinite matrices) then we get the upper bound

T

lem, a2 < Vi1 (T, ® Is)llz/o 1 Lm,a(u)l2du.
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To define a new upper bound for the norm of the global error &, (), we can use the
upper bounds for the errors e,, 4 and e, p in the expression (15) stated in Theorem 8
to get

t
[En(@)ll2 < ||Fl2e?® / e 2B e, 4 (0)l2dT

fo
t

+ Eppllpe2A) / e 2N le,, p()|2dr,
)

and then we obtain

t
1En @12 < I1F 26 2B Vst (Tt e © 1)1 / e B, (ydr  (18)

4]
t

1B lloe ™D [ Wy 1 (T2, 0 ® 1) / NS, () adr.
fo

(19)

where .
{Sm,A(r) = [y “TOVD|L,, A@)l2du,
T —
Sm,8(1) = [ €“"OVB|L,, pu)l2du.

The approximate solution X,,(¢) could be given as a product of two matrices of
low rank. It is possible to decompose it as X,;, = Z; Z2T where the matrix Z; and Z,
are of low rank (lower than 2m). Consider the singular value decomposition of the
2m X 2m matrix

Xu(t) = G X GY,
where X' is the diagonal matrix of the singular values of X, sorted in decreasing
order. Let X ; and X ; be the 2m x [ matrices of the first [ columns of G| and G2
respectively, corresponding to the / singular values of magnitude greater than some
tolerance d;,;. We obtain the truncated SVD
X (1) ~ X1 2 Xo,",
where X; = diagloy, ..., 0;]. Setting Z1, = Vp, (Xl,l 211/2 ® Is) and Z»,, =
W (%20 5/° @ 1,) Leads 0
X X Zym Z3 - (20)

This is very important for large problems when one doesn’t need to compute and

store the approximation X, at each iteration, see [2,6,8].

We summarize the above method for solving large differential Sylvester matrix
equations (EGA-exp) in following algorithm.
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170 El. M. Sadek et al.

Algorithm 3 The extended global Arnoldi (EGA-exp) method for DSE’s

1. Inputs X = X(#p) ann X p matrix, A an n X n matrix, B an p X p matrix, E ann X s matrix and F
an p X s matrix.

2. Choose a tolerance fol > 0 and an integer m,;y-.

3. Form = 1: muygx

(a) Compute Vy, and T, 4 by Algorithm 2 applied to (A, E).

(b) Compute Wy, and T, p by Algorithm 2 applied to (BT, F).

© SetEyp = 1Elpei™, Fyy = | Fllpei™™ and compute X, 4(v) = e~ TmA Eyy X, p(1) =
=T Fy, by using the Matlab function expm.

(d) Use a quadrature method to compute the integral (8) and get an approximation of X, (¢) for each
t e [1‘0, Tf]

(e) If |[Rm()||F < tol stop.

(f) Using (20), the approximate solution X,y (¢) is given by X, ~ Z1 5, Z;m.

4. End

5 Low-rank approximate solutions by extended global Arnoldi
algorithm

We present in this section an approach that avoid exponential approximation and also
avoid quadrature method that we use in previous sections. This approach is based on
extended global Krylov projection of the differential Sylvester matrix Eq. (1). For
more details on global Krylov projection method for solving large matrix equations
see [2,8,9,24].

Recall that when we Apply the extended global Arnoldi algorithm to the pairs (A, E)
and (BT, F), we get F-orthonormal bases {Vi, Vo, ..., V,,} and (W1, Wa, ..., W, }

of extended global Krylov subspaces KC5, (A, E) and Ky, (BT, F), respectively and we
have

Twa =VE o (AV,) and T, p=W. o (BTW,),
where
Vi =1[V1, Va2, ..., Viy] and W, = [W, Wa, ..., Wyl

We then consider approximate solution of the large differential Sylvester matrix Eq.
(1) that have the low-rank form

Xin (1) = Vin (Y (1) ® L)W, @n
where Y, () the solution of the reduced differential Sylvester matrix equation
Y (6) = T, a Y (8) — Y ()TL, 5 — EnFL = 0. (22)
(2m)
.

with E,, = | E| rel*™ and F,, = | F| e
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The following theorem gives a result that allows us the computation of the norm of
the residual.

Theorem 9 The Frobenius norm of the residual R, (t) associated to the approximation
X (t) satisfies the relation

IRnOINF < 1T w Y OIF +ITE Y (Ol (23)

where Y, (1) is the 2 x 2m matrix corresponding to the last 2 rows of Yy,.
Proof See Theorem 4. O

To solve the reduced order differential Sylvester matrix Eq. (22) one can use Back-
ward Differentiation Formula (BDF) or Rosenbrock method, see [12,19,31].
We summarize steps of this approach in the following algorithm

Algorithm 4 The extended global Arnoldi for DSE’s (EGA)

1. Input X, a tolerance fol > 0, an integer m gy
2. Form =1 : muygx

(a) Apply the extended global Arnoldi algorithm to (A, E) and (BT, F) to get the F'—orthonormal
matrices V,; and W, and the upper block Hessenberg matrices T, 4 and T, p.

(b) Use BDF or Rosenbrock method to solve the differential Sylvester Eq. (22).

(¢) If |Rn()||F < tol stop.

(d) Compute the approximate solution Xy, () by using (20).

3. End

6 Numerical experiments

In this section, we present some numerical experiments of large and sparse differential
Sylvester matrix equations. We compare the two approaches proposed in this work
[Algorithm 3 (EGA-exp), Algorithm 4 using BDF (EGA-BDF) and Algorithm 4 using
Rosenbrock (EGA-ROS)] whit the extended block Arnoldi (EBA-exp) given in [19].
All the experiments were performed on a laptop with an Intel Core i5 processor and
4GB of RAM using Matlab2014. The n-by-s matrices E and F are given by random
values uniformly distributed on [0, 1].

6.1 Example 1

In this first example, the matrices A and B are obtained from the centered finite
difference discretization of the operators:

La(u) = Au+ fi(x, y) +fz(1C y)—+f(x y)u

Lp(u) = Au+ g1(x, y) +gz(x y)—+g(x Vu
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— ~EGA-exp
—+— EGA-BDF
—6— EGA-ROS

-2+

log10([IR(m)Il)

-6

-8 L L L L J
m iterations

Fig. 1 Residual norm versus number m of extended global Arnoldi iterations

on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions.
The number of inner grid points in each direction was ng and po for the operators
L 4 and L g, respectively. The matrices A and B were obtained from the discretization
of the operator L4 and Lp with the dimensions n = n(z) and p = p%, respectively.
The discretization of the operator L 4(«) and Lp(u) yields matrices extracted from
the Lyapack package [30] using the command fdm_2d_matrix and denoted as
fdm(n0,” f_1(x,y)",)) f_2(x,y), f(x,y)"). For this experiment, we consider A =
fdm(n0, fi(x,y), f2(x,y), f(x,y)) and B = fdm(pO0, g1(x, y), g2(x, y), g(x, y))
with fi(x.y) = —€. fa(x.y) = —sinlxy). f(x,y) = %, gi1(x, y) = —100e*,
g(x,y) = —12xy and g(x,y) = /x2+y2. we used s = 2. The time interval
considered was [0, 2] and the initial condition Xo = X (f) was Xo = ZOZO , where
Zo = 0,%2 and Zo = 0px2. The tolerance was set to 10~ —7 for the stop test on the
residual. For the EGA-BDF and Rosenbrock methods, we used a constant timestep
h=0.1.

In Fig. 1, we chose a size of 2500 x 2500, 2500 x 2500 for the matrices A and
B, respectively, we plotted the Frobenius norms of the residuals || R, (T)|| F at final
time Ty versus the number of extended global Arnoldi iterations for the EGA-exp,
EGA-BDF and EGA-ROS methods.

In Fig. 2, the matrices A and B are obtained from the discretisation of the operator
L 4(u) and L p(u) with dimensions n = 10,000 and p = 4900, respectively. we plotted
the Frobenius norms of the residuals || R, (T7)| r at final time Ty versus the number
of extended global Arnoldi iterations for the EGA-exp, EGA-BDF and EGA-ROS
methods.
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6r

— — ~EGA-exp
—+— EGA-BDF
4G —6— EGA-ROS
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m iterations

Fig.2 Residual norm versus number m of extended global Arnoldi iterations

6.2 Example 2

For the second set of experiments, we use the matrices add32, pde2961, and thermal
from the University of Florida Sparse Matrix Collection [15] and from the Harwell
Boeing Collection (http://math.nist.gov/MatrixMarket). The tolerance was set to 10~/
for the stop test on the residual. For the EGA-BDF and EGA-ROS methods, we used
a constant timestep 2 = 0.01.

In Fig. 3, the matrices A = thermal and B = add32 with dimensions n = 3456 and
p = 4960, respectively, and s = 3. we plotted the Frobenius norms of the residuals
| R:n (Ty)| F at final time 7y versus the number of extended global Arnoldi iterations
for the EGA-exp, EGA-BDF and EGA-ROS methods.

InFig. 4, we used the matrices A = pde2961 and B = fdm(90, 100e*, /2x2 + y2,
y* —x?) with dimensions n = 2961 and p = 8100, respectively, and s = 4. we plotted
the Frobenius norms of the residuals || R, (T¢)| r at final time Tf versus the number
of extended global Arnoldi iterations for the EGA-exp, EGA-BDF and EGA-ROS
methods.

6.3 Example 3
In this last example, we compare the performances of the extended global Arnoldi

method associated to the different techniques for solving the reduced-order problem
and the EBA-exp method given in [19].
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Fig.3 Residual norm versus number m of extended global Arnoldi iterations
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Fig.4 Residual norm versus number m of extended global Arnoldi iterations
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Table 1 Runtimes in seconds and the residual norms

Test problem Method CPU time (s) Iterations IR (Tl F
n=p=2500,h=0.1ands =2 EGA-exp 0.51 15 1.47 x 10710
A= fdm(—e*Y, sin(xy), 1) EGA-BDF  18.31 20 2.69 x 10710
B = fdm(xy, 12xy, V/xZ + y2) EGA-ROS  37.45 20 2.64 x 10710
EBA-exp 5.09 19 1.43 x 10710
n = 12,100 EGA-exp 2.36 14 6.53 x 10710
p=28100,h=0.1ands =3 EGA-BDF  65.81 27 6.22 x 10710
A= fdm(xy, y2, 1) EGA-ROS  94.43 27 6.22 x 10710
B = fdm(xy, cos(xy), 10) EBA-exp 4.65 23 234 x 10710
A= B = fdm(cos(xy), e’ ¥, 100) EGA-exp 222 11 9.10 x 10710
n=p=12100ands =3 EGA-BDF  48.06 18 5.40 x 10710
h =0.05 EGA-ROS  59.03 19 5.44 x 10710
EBA-exp 4.03 10 8.72 x 10710
A = pde2961, n = 2961, EGA-exp 321 7 2.61 x 10710
B=£dm(100e*, /2x2 + y2, y2 —x2)  EGA-BDF 3.73 8 478 x 10710
p =10,000,h=0.1ands =4 EGA-ROS 427 9 5.20 x 10710
EBA-exp 5.13 8 5.64 x 10710

Bold values indicate the global extended exponential method EGA-exp is very effective compared to other
methods

In Table 1, we list the Frobenius residual norms at final time 7y = 2 and the
corresponding CPU time for each method. For this experiment, the algorithms are
stopped when the residual norms are smaller than 10~°.

The numerical results are promising, showing the effectiveness of the global
extended exponential method EGA-exp compared with extended block exponential
approach EBA-exp given in [19] in terms of precision and computation time.

7 Conclusion

We presented in this paper some iterative methods for computing numerical solu-
tions for large scale differential Sylvester matrix equations with low rank right-hand
sides. The first approach arises naturally from the exponential expression of the exact
solution and the use of approximation approach of the exponential of a matrix times
by extended global Krylov subspaces. The second approach is based on low-rank
approximate solutions and extended global algorithm. The approximate solutions are
given as products of two low rank matrices and allow for saving memory for large
problems. The numerical experiments show that the proposed extended global Krylov
based methods are effective for large and sparse problems.
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