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Abstract

We assign a companion sequence to a given companion matrix. Given a companion
matrix C, we make use of the associated companion sequence to provide a sim-
ple closed-form expression for C”, the nth power of C. We determine conditions
under which a given companion matrix C is a primitive matrix. A systematic method
for obtaining the limit values of a companion sequence is provided. A new class of
primitive companion matrices is introduced for which the limit values of the related

1+4/5

companion sequences are connected with the Golden ratio T = ~5=. In fact, a
new generalization of the well-known Q-matrix and the ordinary Fibonacci numbers
are presented in this paper. This generalized form of the Fibonacci numbers will be
referred to as the Golden-Fibonacci sequence. We show that the limit values of a
Golden-Fibonacci sequence are powers of the Golden ratio. We apply primitive com-
panion matrices as encoder matrices and introduce a type of error-correcting codes to
be called companion coding. We show that the error-correcting relations of companion
coding are connected with the limit values of the related companion sequence.
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1 Introduction

A type of applicable matrices in linear algebra is known as companion matrices [1,2].
An p x p companion matrix is defined by

0 1 [ T 0
0 0 1
Cp=Comup,up_i,...,up,up) =\, : "~ (1)
: S
0O - .- 0 0 1
Up Up—] == -+ uy Uy
wherein u1, uz, ..., u, are some integer numbers with u; > 0,1 <i < p — 1, and
u, > 0. In this paper, the (i, j)th entry of a companion matrix C, is denoted by

cp(i, J)-
pIn linear algebra [2,3], a matrix A with non-negatives entries is called prim-
itive, denoted A™ > 0, if for some integer m all entries of A™ are positive
integer numbers. In Sect. 3 we determine the values of u;’s of a companion matrix
C, =Com(up,up_1,...,uy) such that C, is a primitive matrix.
The classical Fibonacci sequence is defined by f,, = f,—1 + fu—2, forn > 2, with
the initial values fy = 0 and f; = 1 [4]. The limit value of this Fibonacci sequence is

called the Golden ratio and is defined by T := lim,,_, % = # [4]. The Golden
ratio has various applications in mathematics for instance in coding and information
theory [5-7].

One of the important matrices related to the extension of Fibonacci sequence is the
Q-matrix [4]. By (1), the Q-matrix is denoted by C, = Com(1, 1). It is well-known
that the nth power of the Q-matrix can be obtained by Fibonacci numbers [4]. In this
paper, we introduce a new Fibonacci sequence to be called Golden-Fibonacci sequence.
A recursively constructed sequence of numbers is a Golden-Fibonacci sequence if its
limit values are connected with the Golden ratio. We introduce an extended class of the
Q-matrix and refer to them as the Golden primitive companion matrices (GPCM). We
prove that the sequence associated with a GPCM is a Golden-Fibonacci sequence. We
introduce a polynomial-based method to construct some types of GPCM. In addition,
we provide arelation between the roots of the characteristic polynomial of acompanion
matrix C, and the limit values of the assigned sequence to C,,.

The Q-matrix has been used in [5] to give a coding and decoding technique
referred to as Fibonacci coding theory. Moreover, in [8,9] the authors have used
C, = Com(1,1,...,1) as the encoder matrix in the Fibonacci coding system with
two different sequence of numbers. Based on the Q-matrix and the Fibonacci cod-
ing method a quantum cryptography, quantum key distribution protocol and quantum
blind digital signature scheme with error detection are presented in [10—12], respec-
tively. In this paper we apply a companion matrix as an encoder matrix and introduce
a coding method, to be called companion coding, for encoding integer numbers. The
companion coding is a type of error-correcting method in which the encoder matrix
needs to be a primitive matrix. The introduced companion coding method is based on
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Companion matrices and Golden-Fibonacci sequences 103

the fact that to any primitive companion matrix we can assign a recursive sequence
of numbers whose limit values can be used to obtain some error-correcting relations
which are useful in decoding a received message.

The rest of the paper is organized as follows. Companion matrices and their asso-
ciated companion sequences are studied in Sect. 2. A new closed-form expression
is given in Sect. 2 for the nth powers of C, and C;l by the aid of the associated
companion sequences. Some limit values related to a given companion sequence are
presented in Sect. 2. In Sect. 3 we classify companion matrices that are primitive.
Construction of GPCM’s and Golden-Fibonacci sequences is considered in Sect. 4.
In Sect. 5 the companion coding method based on companion matrices is introduced
and some relations among the entries of an encoded matrix E are provided which are
independent of massage matrices. A summary is given in Sect. 6.

2 A companion sequence for C, and a closed-form expression for Cg
andC;"

In this section, we assign a recursive sequence of numbers, called the companion
sequence, to a given companion matrix C, and use it to obtain a closed-form expression
for C',. We also obtain a closed-form expression for C," which is applied in the
decoding process. Moreover, we introduce a systematic method to obtain the limit
values of a companion sequence.

2.1 The companion sequence and the structure of Cg

In this part, we assign a sequence, called companion sequence, to a given matrix C,.
The sequence is a generalization of the Fibonacci sequence. We represent C'I') by the
associated companion sequence. The matrix C, is used as an encoder matrix in the
companion coding method described in Sect. 5.

Definition 1 (The companion sequences) The nth term of the companion sequence of
order p assigned to C,, is defined by

o = ui k), +u kK

n2p nzp? )

»)
+ - +upkn_p2,
wherein u;, 1 <i < p, are any integer numbers satisfying u; > Ofor1 <i < p — 1,
and u, > 0, and the p? initial terms of the sequence are defined by kP =

Up -t pli—D+j—1
cp(@, jyforl <i,j<p.

Example 1 The companion sequence of order p = 2 with u; = up = 1, has the

general term k) = k%, 4+ k%, with initial values defined by C» = Com(1, 1). The

sequence k,(12) generates the classical Fibonacci numbers.

Lemma 1 The determinant of a matrix Cp, is det(Cp) = u, (=P*L,
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Proof Consider the matrix C, given by (1). Using the cofactor expansion along the
first column of C,, we get det(C,) = up, (—1)P 1 det(1,1) = u, (—1)7*!, where
I, is the identity matrix of order p — 1. O

Now we apply Definition 1 to get a closed-form expression for C”, and by AT we
mean the transpose of A.

Theorem 1 The (i, j)th entry of the nth power of matrix C,, denoted c'y(i, j), is:

.. ) ..
C;’;(l’ _]) = k;€n+t—2)+/—l’ 1 5 la J S p5 (3)

and hence the entries of C', are a set of elements of the companion sequence defined
by (2).

Proof The proof is by induction on n. For n = 1, by Definition 1, we have C}, =C,.
Assume that (3) holds for a positive integer n > 1. We determine the first column of
C’;,“; the other columns are determined by the same process. From C'I',Jrl =C,C}
and the first column of the matrix C; that is given by (3), we see that we need to show
that the following relation holds.

(» (p) (p) T
(Kpn kp(n+1) kp(n+p—l))
(p) (p) (p) T
=Com(up,up_1,...,u1) (kp(nfl) kpn ... kp(n+p72)) “4)

It can be checked that the ith entry, | < i < p — 1, of the first column of CZ“,
the left side of (4), is equal with the inner product of the ith row of C, and the first
column of C7. The inner product of the pth row of C,, and the first column of Cj,

: (p) (p) (p) (p) Sk :
is ug kp(n+p_2) + uy kp(n+p_3) + - tupakpy +up kp(n_l) which is equal with
k;’a Hp—1) according to relation (2). O

2.2 The C;‘ -sequence and the inverse matrix C;"

In this subsection, we introduce a sequence, called C ;l-sequence, and use it for a
Up—1
up

representation of the inverse matrix C,". It can be verified that if v = (—
Up—2
Up

c,' = (1 v ) Now, we define a sequence of numbers that will be used in

- ":—‘) and 0 stands for the all-zero column vector of length p — 1 then
p

p—1
calculating C,".
Definition 2 (The C;l-sequence ) Consider a matrix C;l. The companion sequence

asigned to C;l, called C;l—sequence and denoted l,(,p ), is defined by

(= Ly ue L O NS W0 )

n— n—p(p—1) — n—2p n—p’
up "P Up ip Up
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(r)

where the p~ initial terms of the sequence are defined by / P(p—it)—j =

1<i,j<p.

¢, (i, j) for

The inverse matrix C," is used in the decoding process. The next theorem gives the
structure of this matrix. The proof of Theorem 2 is by induction on » and is precisely
the same as the method used in the proof of Theorem 1, and hence we omit the details.

Theorem 2 The (i, j)th entry of the nth power of matrix C;', is c,"i,j) =

1(7181+p7i)7j for 1 < i,j < p. Hence, the entries of C;" are elements of the C;l—

sequence given by (5).

2.3 Some limit values related to a companion sequence

In the decoding process of the companion coding method, we encounter with some
limit values «;; which are related to the associated companion sequence. We define «;
by

o ) )
o= lim =2 @y i= lim 2L g, = lim 2L ()
n—o00 (p) n—o00 k([’) n—o00 k([?)
pn+1 pn+2 pn+p

In the rest, we give a systematic method for calculating «;, 1 <i < p. First note that
ifuy,us, ..., up are some integer numbers withu; > 0,1 <i < p—1,andu, > 0,

then it can be checked that the following polynomial f(z) has a unique positive real
p=1
rootz € (0, u,” 1.

- - -3 -2 —1
f@Q=2"4up 12 " fupoupyP 4 tugub A uul T —ub

(N

Theorem 3 Consider a companion sequence k,(lp ) given by (2). The limit values defined
by (6) are as follows: o) = uL,, and the values of o, for 1 <i < p — 1, are:

(zi_l tup 1 Pt upoup P up_igo u’;3 2+ Up_iti u;,_z)
o = Up 1

Ztup 1 2 Uy R Uy Uy R Uty
(®)
where z is the unique positive real root of the polynomial f(z) defined by (7).

Proof From equation C), = CZ’] C,, we can conclude that another representation

for the companion sequence k,(,p ) given by (2) can be given by
upk,(fi)l if n =0 (mod p)
o = ©)
k,(fi)p71+up,,-k,(l’i)(i+l) ifn =i (mod p)forl <i <p—1,
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where k"’ = 0, k"’ = 1 and k(p) = 0for2 < j < p.By using (9), we can verify
that the ;s deﬁned by (6), satlsfy the following system of non-linear equations:

ot1a2...ai2...ozl,_1+up_,-a1(xz...oci=up, Il<i<p-1

Now to complete the proof we just need to set z = ajaz - - - ap—1 and apply the proof
process used in the Appendix part in [9]. O

Example 2 Consider the companion sequence k(4) = 5k(4) 4t 4k(4)8 + 3k(4)12 +

)

. . .. . ky,
2 k,f? 16- From relations given by (6) the related limit values are o; = limy, 00 k’;j; L

4n+i
1 <i < 4. By Theorem 3 we get
1 1

@ = ug =2 — 0.5978375830,

Z4+u3 zZ+3

3

@ = uq #) -2 (#) = 0.7307963491,

z +u%z+u2u4 “+3z+8 5

3748

@ = ug G Uzt uzug s =25 +2 <t — 0.7905520086,

B Huz? +usugz+ugug 23 4+322+82+20

and oy = % In the above relations, z = 0.3453902144 is the unique positive real root
of

f@Q=4+us +uwus* +urufz—ui =" +322 +8z%+20z 8.
Consider a companion sequence k,(lp ) whose initial values are defined by a com-
panion matrix C,. In Definition 1 we assumed that the coefficients u;, 1 <i < p,in
k,(zp ) are non-negative integer numbers which implies that some u;’s can be zero. In the
next section, we show C, is a primitive companion matrix if and only if the non-zero

k(!’)

coefficients of k,," " satisfy a special condition.

3 A connection between primitive and companion matrices

ki(1p)

For a companion sequence Zl_l u; k(p )l » given by (2) we can define its

limit values defined by (6) when there exists a positive integer r such that k,(,p ) >0
for n > r. Consider the companion matrix C, = Com(up, up_1, ..., u1) which is
related to k,(lp ), By Theorem 1 the entries of C}; are a set of elements of the sequence
k,(lp ), for some m > 1. Therefore, if there exists a positive integer m such that C’[;’ > 0,

then we conclude that its associated companion sequence satisfies k,(lp ) > 0forn >
p(m + p — 1). For instance, in this section we prove that there is no positive integer
m such that C5' ) > 0 if Cz;, = Com(uzp,0,uzp2,0,...,u2,0).

We said that a matrix A with non-negatives entries is called a primitive matrix if
A™ > 0 for some m > 1. Now we want to see with what values of u;’s a companion
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Companion matrices and Golden-Fibonacci sequences 107

matrix C, = Com(up,up_1, ..., u1) is a primitive matrix. To answer this, we need
to introduce some basic concepts of graph theory. Given a non-negative n X n matrix
A = (a;,j), we assign a weighted directed graph G to A with vertices {vy, va, ..., U4}
such that if a; ; # O then a directed edge connects vertex v; to v; with weight a; ;
[13]. In graph theory, the matrix A is called the adjacency matrix of G.

In the rest of this paper, by a graph G, we mean a weighted directed graph G. A
cycle in a graph G is a directed path having the same initial and terminal vertex with
no repeated vertex on it. The number of edges in a cycle is called the length of the
cycle. A graph G is called strongly connected if and only if for every two vertices v;
and v; there is a directed path from v; to v;. A relation between a non-negative matrix
A and its associated graph G is provided in the following theorem.

Theorem 4 ([3]) A matrix A is primitive if and only if its associated graph G is strongly
connected and has two cycles of relatively prime lengths.

We derive a corollary from Theorem 4 which is used in determination of companion
matrices that are primitive. In Corollary 1, by gcd we mean greatest common divisor.

Corollary 1 Consider a companion matrix C, = Com(up, ..., uy) foru; > 0,1 <
i < p—1andu, > 0. Assume that among u;’s, 1 < i < p — 1, just the entries
Wj,Uj, ..., Uj arenon-zero, and hence the other u; s are zero. Then C, is a primitive

matrix if and only if gcd(p, j1, jo, ..., Jr) = L.

Proof The graph G associated with C,, is given below wherein we have edges with
weights u; for 1 <i < p.

The graph G is strongly connected since we have u,, > 0. Further, based on the

assumption, amongu;’s,1 <i < p—1,justtheentriesu; , uj,,...,uj,t < p—1,are
non-zero which results in that the graph G has only cycles of length p, ji, ..., ji—1,
and j;.

If C,, is a primitive matrix it follows from Theorem 4 that the graph G has two cycles
of relatively prime lengths implying that gcd(p, j1, j2, ..., j:) = 1. Itis obvious that
if ged(p, Jj1, j2, ..., j:) = 1 then the graph G has at least two cycles of relatively
prime lengths. Now it follows from Theorem 4 that C,, is a primitive matrix. O

Example 3 Based on Corollary 1, if in a companion matrix C, = Com(up,up_1, ...,
u1) there exists a non-zero entry u;, | < i < p — 1 such that ged(p,i) = 1,
then C, is a primitive matrix. For instance, C, = Com(up,up_1,...,u1) with
up—1 # 0oruy # 0, is a primitive matrix. Moreover, the companion matrix C;,, =
Com(uzp, 0, ..., uz,0)is not a primitive matrix since gcd(2p,2p —2,...,2) = 2.
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108 M. Mousavi et al.

In the next section, we introduce some types of primitive companion matrices which
are connected with golden ratio.

4 Golden sequences and matrices

In this section, we introduce some recursive sequences and primitive companion matri-
ces such that they are connected with the Golden ratio. In fact a new extension of the
sequence of Fibonacci numbers and the Q-matrix are given in this section. We obtain
a relation between the roots of the characteristic polynomial of a companion matrix
C,, and the limit values of its associated companion sequence.

4.1 A generalization of the Q-matrix and the Fibonacci numbers

In this subsection, we introduce three special types of primitive companion matrices
such that the limit values of their assigned companion sequences are connected with
the Golden ratio.

Definition 3 A recursive sequence of numbers is called a Golden-Fibonacci sequence
if its limit values is equal to TF for some integer number k where T = 1+T\f5

In this paper, all limit Values of the considered Golden-Fibonacci sequences are

in the form of 1, T, &, t* and L. For instance, the companion sequence k( ) given

k T k
s
in Example 1, is a Golden-Fibonacci sequence, since it can be checked that its limit

values are 1 and %

Definition 4 The 2p x 2p matrix Com(1,1,0,1,0,1,...,0, 1) is denoted by EC;),
and is referred to as the GPCM of even size 2p.

Example4 For p = 1, the matrix EC, is the Q-matrix. Consider ECq =
Com(1,1,0,1,0,1) withu; = us = us = ug = 1 and up = u4 = O Therefore, the
companion sequence assigned to ECg is k,(, ) k(é)6 + k(6) 18+ k 0 + k,(l6_)36, whose
initial values are defined by ECg. Based on (8), the hmlt values of ECg are

o= — g itl_1 a3=i a4=M=l
z+1° 2+z 7 B+224+1 ?+B34+z 7
s — A2 4z a6=i
DA+ ug’

where, based on (7), z is the positive real solution of f(z) = z0 427 4+z34+2z— 1. The
polynomial f(z) has factorization f(z) = (z* + z> 4+ 1)(z> 4+ z — 1). Therefore, the
only positive real root of f(z)isz = % It follows from z2 4z — 1 =0thatz+1 = %

which results in o) = %, o) =T, 03 = %, ay =T, o5 =g, and ag = 1.

Now, by EC;,, we introduce a new extension of the sequence of Fibonacci numbers
of even size.
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Companion matrices and Golden-Fibonacci sequences 109

Lemma 2 The companion sequence associated with ECy, is a Golden-Fibonacci
sequence.

Proof From (2), the companion sequence asigned to ECy), is:

2p)
n—Q2p)?’
(10)

given in (10)

2p) 2p) 2p) 2p)
Kt = kI 5 o -y o

Now, we prove that the limit values of the companion sequence k,(,zl7 )

are:

ep) T i =0 (mod 2),
o; = lim %: 1<i<2p-—1, Ol2p=1.
—00 .
" k2pn+t % i =1 (mod 2),
From Definition 4 we have (uzp, u2p—1, u2p—2,U2p—3, ..., u2,u1) = (1,1,0,1,

., 0, 1). Hence by (8) the limit values of k,(,Zp ) are

V24 U2p_i122 +Udp_itl
4 42 a1z Uy

o = ,lflfzp_lv

wherein, based on (7), z is the positive real solution of the following polynomial f(z):

Q=P +2P 14 2P 3 L 5 B4
=@ 1 22 D@4z ).

The equation Zf;ol z% = 0 has no positive real solution. Therefore, the unique
positive real root of f(z) is z = ,1—( If i = 2I, for some positive integer [, then
oy = % = 1. Fori = 2] — 1 we get

Q224 23 25 4 3,
=T 4 2=2 L 24 . {24

Q-1 =

We have z° 4+ z — 1 = 0, which implies that z + 1 = % First we prove that
2A=2 4 A20-3 4 254 o4 723 4 7 = 1: to do this, first note that: 7272 + 7273 4

z

2275 = 223 4 1) + 2273 = 7275, By iteratively applying this method, we get
22472 4 273 4 225 4o 4 23 4+ 7 = 1. By the same method, we can show that
Al 22y 24 2] = %, which results in that ap;_; = % Also,

from Theorem 3 we get o), = % =1 O
P

Next we define a set of odd-size Golden primitive companion matrices.

Definition 5 The GPCM of odd size 2p + 1 is defined by OC3,41 := Com(1, 1,0,
1,0,...,1,0,2,0).
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110 M. Mousavi et al.

Example5 For p = 1, we get OC3 = Com(1, 2, 0). We have OC5 = Com(1, 1,0,
2,0) whichresultsinuy = 0, up = 2, u3 = 0 and u4 = us = 1. Hence the companion
sequence assigned to OCs is k,(,s) =2 k,gs_)lo + k,(ls_)zo + k,(ls_)%. Similar to Example 4,

1 1
wecanget ¥1 = F, Q2 =T, 0l3=?, 04 =T, andas = 1.

By using OC; 1, we propose an extension of the classical Fibonacci sequence of
odd size.

Lemma3 The companion sequence assigned to OCypy1 is a Golden-Fibonacci
sequence.

Proof From (2) the companion sequence connected with OCp 41 is:

Qp+l) _ Qp+1) Q2p+1) @2p+1) @2p+1) Q2p+1)
kT =2k 00 TR Zaoprny T R epmaepy TRt @pepey TR opie
(11)
Similar to the proof of Lemma 2, one can show that the limit values of k,(,ZP +D given
in (11) are:
T =0 (mod 2)
o = . T 1<i<2p-2,

i {%z:l(modZ), =t=“p
and also oz 1 = —lz-,ozzp =Tand azp4q = 1. O

T

Next we introduce a set of Golden primitive companion matrices of general size.

Definition6 The GPCM of arbitrary size p, p > 4, is defined by GC, :=
Com(1,2,1,...,1,0).

Example6 For p = 4, we have GC4 = Com(1,2,1,0) with u; = 0, up = 1,
u3z = 2 and u4 = 1. Therefore, the companion sequence assigned to GCj is k,(,4)
kP +2kD 4k, with initial values defined by GCy. From (8) the limit values

n

_ 1 _ _zH2 _ 24241 1] . -
of GC4 are o) = T W= ooy 3= S50 = o where z is the positive
real solution of f(z) = z* 4 2z3 4+ z> — 1. The polynomial f(z) is factored as
f(2) = 2+ z+ (% +z— 1), which implies that the positive real root of f(z) is

Z:%'FromZZﬂLZ_l:O,WCgetal =L w=la3=Tanday = 1.
T

Lemma4 The companion sequence associated with GC, is a Golden-Fibonacci
sequence.

Proof From (2) the companion sequence related to GC,, is:

kflp) — k([’)

n—2p

(02) (p) (02) (p)
+kn—3p+"'+kn—(p—2)p+2kn—(p—l)p +kn_p2, (12)

Similar to the proof of Lemma 2, one can show that the limit values of k,(,p ) given in
(12) are:
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Companion matrices and Golden-Fibonacci sequences 1M

alzT—lz, aj=1for2<i<p-2, ap_1 =1, ap=1. 0

In the next subsection, we introduce a method to construct a GPCM by making use
of a special polynomials having integer coefficients.

4.2 Construction of GPCM via polynomials

Assume we want to obtain an arbitrary GPCM, denoted C p» such thgt its assigned
companion sequence is a Golden-Fibonacci sequence. To construct C,, we need a
polynomial g(z) of degree p — 2 which has no positive real root and satisfies the
following condition:

f@Q=g@ @ +z-—D=z" tup 12" " tup 2272+ Furz—1, (13)

where u; € {0, 1,2~}f0r1 <i<p-—1
Now consider C, = ~C0m(1, Up_1,Up-2,...,u1). From (2), the companion
sequence associated with C, is

kP :ulk,g"i)p—i-uzk(”) o, kP

() 2
n—2p n—(p—1)p _’_kn_pz7 nz=p-, (14)

where its p? initial terms are defined by C p- 1t follows from (8) that the limit values
of k?) givenin (14) for 1 <i < p — 1 are:

714 Up—1 7724+ Up—2 34+ Up—i+2Z + Up—it]
dtup T Uy 2 2 Uy iUy

) 15)

o =

where, based on (7), z in (15) is the positive real root of f(z), which is equal to z = %
Now the primitive companion matrix C p is a GPCM if the companion sequence k)
given in (14) is a Golden-Fibonacci sequence or equivalently the values of ¢;’s in (15)
are powers of the Golden ratio.

One of the main reasons for the condition u; € {0, 1, 2}, given in (13), is that the

inverse of the Golden ratio z = % satisfies equations z + 1 = % and 7 + 2 = lz,

z
which implies that the values of «;’s in (15) can be in the form of power of Golden
ratio T (such as «;’s obtained in Lemmas 2, 3 and 4).

Example 7 Consider polynomial g1(z) = z2/ 2+ 72?3 4225 4 4 3 424 1.
The polynomial g;(z) has no positive real root and also satisfies relation (13), since
we have

1@ @ +z—D) =P 4227 2 206y S L
Now if we set 62], =Com(1,2,0, Ozvl’ 0,...,1,0,2,0), then it can be verified that
the companion sequence assigned to C;), is a Golden-Fibonacci sequence. Moreover,

it can be checked that (13) is satisfied by polynomial g (z) = z2P~ ! +72P 24 72P~4 4
ettt 2+ L
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112 M. Mousavi et al.

In (13), instead of polynomial 724z — 1, we may use a polynomial 7 (z) = z>+nz—1
for some positive integer n. The polynomial r (z) has a positive real root 7 = ﬁ =
; in the interval (0, 1) and a negative root. By using r (z) in (13), we get results similar
tg those obtained for the case of polynomial z> + z — 1 in Lemmas 2, 3 and 4.

Lemma5 Assume f(z) = (Zf:ol 22 4z — 1) = 2P 4 ng?P~ ! g3 4

-+ +nz—1 and set ﬁ:QP = Com(1,n,0,n,0,n,...,0,n). Then the limit values
" T i =0 (mod 2),
of companion sequence related to ECyp are a; = 1 1 . ifl<i<
= i =1 (mod?2),
T

2p—Tlandazp, = 1.

Proof The proof process is similar to that given in Lemma 2. O

4.3 Arelation between the roots of the characteristic polynomial of C, and the
related limit values

Consider a companion matrix C, = Com(up,up_1, ..., uz, u). The characteristic
polynomial [2] of C,,, denoted h(z), is h(z) = det(zl, — Cp) = z¥ — upzP=! —
upzP~2 —. .. —u,_1z—u,. Based on (7) we assigned a polynomial f(z) to C, where
f@ =z +up PV fupoupP T+ + wub 2 g ul g — ug_l.
Assume that k,&" ) is the companion sequence related to C,. Based on (8), the limit
values of k,(,p ) are obtained by the positive real root of f(z). In the next lemma, we get
a connection between the roots of 4(z) and f(z).

Lemma 6 A number z is a root of f(z) if and only if % is a root of h(z).
Proof 1t is easy to see that that f(z) = —% h(%"), which completes the proof. O

It follows from Theorem 3 that f(z) has a unique positive real root. Therefore, it
follows from Lemma 6 that by the positive real root of the characteristic polynomial
of a companion matrix C,, we can obtain the limit values of the companion sequence
assigned to Cp,.

Example 8 Consider C3 = Com(1,0, 1), then we get h(z) = z> —z%> — 1l and f(z) =
23 4+ z — 1. It follows from Lemma 6 that f(z) = —z3h(%). The positive real root of
h(z) is 1.465571232 and hence the positive real root of f(z) is z = 0.6823278040.
The companion sequence assigned to C3 is k,(f) = k,(f_) 3+ k,(f_)g. Based on (8), the limit

values of ky” are @) = 1 = 1465571232 and a3 = (5%7) = 22 = 0.465571232.

5 Error-correcting process of Companion coding method

The process of companion coding method is similar to Fibonacci coding system
explained in [5,9]. To make this paper more self-contained, we provide a brief descrip-
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tion of encoding and decoding process of this method here by giving an illustrating
example. In this paper, we consider Fibonacci coding based on the ground matrix C,,.

The measure of error-correcting capability of the companion coding is based on
the limit values of the companion sequence assigned to a given companion matrix
C,. In fact, the companion coding is a coding of integer numbers and we have no
binary operations in its encoding and decoding process. In other words, the metric
of the companion coding is not related to binary form of massages and just directly
associated with some real numbers that are called limit values. First, we explain how
to encode a massage matrix.

Encoding process For encoding in companion coding method, we take a matrix C,
given by (1) wherein u;’s, 1 < i < p, are arbitrary integer numbers with u; > 0 for
1 <i<p-1,and u, > 0. The companion sequence assigned to (1) is given by
(2). Then, we consider a positive integer n and employ C), given by (3) as the encoder
matrix. The message to be encoded is considered as a p x p matrix M referred to as
the message matrix. The encoded matrix E is defined by E := M C’I’,. Suppose the
encoded matrix E is in the form

eq e coep—1 ep
ep+1 ep+2 o €p—1 €p

E = . .
€p2-p+1 Cplopy2 T Gp2o1 G2

In companion coding system, we assume that the entries of encoded matrix E together
with the determinant of the message matrix, det(M), are transmitted through a com-
munication channel, and assume that the entries ¢;, 1 < i < pz, may be received
with error but the value of det(M) is received correctly. In fact, if det(M) is transmit-
ted several times, using majority logic decoding, then we may assume that det(M) is
received correctly.

Decoding process It follows from E = M C)) that
det(E) = det(M) x det(C") = det(M) x ulj (—1)"P*D. (16)

The receiver reconstruct an estimated matrix E’ by using the received entries and
then checks for (16). The relation (16) is a means of error-detection. We say that no
errors have occured if this relation is satisfied by E’ (note that when using a linear
code with parity-check matrix H, a received word x is considered as a codeword if
and only if Hx = 0).

If the received matrix dose not satisfy (16), then we say that some entries of the
encoded matrix are received with error. We need to get some relations correcting errors
in the received matrix. In Theorem 5, we obtain some relations between the elements
of the encoded matrix E and the limit values of the companion sequence assigned to
the encoder matrix.

Theorem 5 Consider an encoded matrixE = M C’;,, where M and Cz are the message
and encoder matrices, respectively. Then the relations between the entries of E and
the limit values o;’s given by (6), are as follows
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e N Qi) ... 0j_1€], 1<i<j<np, the first row of E,
Cpti RO Qig] ... j_]€pyj, 1<i<j<p, thesecondrowofE,
€p2_pyi R Qg] o U1 €2 s 1<i<j<p, the pth row of E.

a7)

Proof Consider the nth power of companion matrix, C;’,, given by (3). Now, similar to
the proof of Theorem 4 in [9], it can be shown that the following relations hold among
the entries of the first row of E:

k([’) ) e: k(P) )
p(n—1)+i—1 < i < pn+i—1 Cl<i< p— 1 (18)
k(P) €i+1 k([’)
pn—1)+i pn+i

It follows from (6) and (18) that the following relations hold between the elements
of the first row of E:

er e €p—1 N
—Na], _Na2’ ey ,\,apil.
() es €p

Applying the same process on the other rows of E, we get the following relationships
between the entriesof Efor 1 <i < p —1:

e €p+i €n2_pi
€i+l  €ptitl €p2—p+i+l

Now, consider v = h p with 0 < h < p — 1; it follows from (19) that

Cyti Cy+i Cy+i+1 Cy+j—1 . .
= X X - X —]%aiai“...aj_lfor1§l<]§p,

€+t Cv+i+l  Cuti42 Cv+tj

which is the system given by (17). O

The set of relations given by (17) is called the checking relation and is used for
checking and correcting errors in the received matrix. Consider EC;, introduced in
Definition 4. In the next corollary, we prove if the nth power of EC;, is used as an
encoder matrix in Theorem 5, then the error-correcting relations are connected with
the golden ratio T = HT‘E

Corollary 2 Assume that E = M (ECzp)", then for1 <i <2p — 1, we have

€ €p+i __ CAprapti {T i =0 (mod 2), (20)
€i+1 eptitl €4p2 2ptitl % i =1 (mod?2).
Proof The proof is derived from Lemma 2 and Theorem 5. O
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Consider matrices OC 1 and GC), introduced in Definitions 5 and 6. By applying
OC’gp i and GC’; as encoder matrices in Theorem 5, we can obtain relations similar
to those given by (20).

Suppose E is transmitted and E’ is received and assume that det (M) is sent correctly
to the receiver. If Eq. (16) holds by E’, we consider E’ as the transmitted encoded matrix
E, otherwise we move on to the error-correcting process. The number of errors in E/
varies from one to p?. We begin by assuming that it has just one error and try to find
and correct the erroneous element; in case of not being successful, we then consider
the existence of error patterns of size two in the received matrix E’, and so on. More
details about error-correcting process are available in [5,9].

Example 9 Consider the following message matrix M and the matrix C3 =
Com(1,0, 1):

27 99 &9 010
M=|5362 20)], C3=]0 0 1
46 74 54 1 01

Consider C%O as an encoder matrix and let E and E’ be the transmitted and received
messages, respectively.

6742004 4600257 9880887
E =M x C3° = | 3467442 2365932 5081783 |,
5019344 3424838 7356206

9548124 4600257 9880887
E' = | 3467442 6127897 5081783
5019344 3424838 2187946

We can verify that the relation (16) is not satisfied by E’ meaning that some entries of
E’ are received with error (E’ # E). According to (17), the checking relation for this
example is

€ N4l ... Xj_] €],

€3 Nyl ... 0j_1e34j, 1<i<j<3. 21

€64+i N Oip] ... Aj_]€64.

From Example 8, the values of «;’s in (21) are o1 = 1.465571232 and ap =
0.465571232. It can be checked that by the decoding algorithm for one and two
errors, we cannot obtain a matrix satisfying (16). As for error patterns of size three,
assume that the eronious elements are the entries of the main diagonal of E’ (i.e. e’1 s eg
and e;) and that the other entries of E’ are received correctly. Now from (21) we get

e] & ey ~ 6742004, e5 ~ ;—‘: A 2365932 and e, ~ % ~ 7356206. Now, it can
be checked that the values ¢}, e5 and e; together with the other entries of E’ satisfy
(16). In addition, no other three-error case may end up with a matrix satisfying (16).
Therefore, the matrix E’ contains just three erroneous entries and we have guessed

correctly the position of the errors and corrected the erroneous entries.
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6 Summary

The class of companion matrices was considered and a companion sequence was
assigned to each companion matrix C,. We introduced a simple method for calculating
some limit values of a companion sequence. We provided a closed-form expression for
the nth power of C, by making use of its associated companion sequence. We gave a
condition under which a companion matrix is a primitive matrix. We introduced some
special cases of primitive companion matrices such that are related to the Golden
ratio. A new extension of the sequence of Fibonacci numbers was introduced and
it was shown that the limit values of the introduced sequences are powers of the
Golden ratio. Based on the theory of the primitive companion matrices and their
associated companion sequences, a class of error-correcting codes was introduced.
The availability of a large class of encoder matrices is a result of this approach as far
as the theory of error-correcting codes is concerned.
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