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Abstract The aim of this paper is to present and study a three-dimensional contin-
uous time dynamical system modeling a predator—prey with harvesting and reserve
zone for the prey in the presence of competition and toxicity. We first prove that our
model is ecologically and mathematically well-posed. In addition, the stability analy-
sis is investigated by direct and indirect Lyapunov methods. By using the Pontryagin’s
maximum principle, an optimal harvesting policy is established. Furthermore, numer-
ical simulations are given in order to illustrate our theoretical results.
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1 Introduction

In recent years, various species are extinct due to several ecological and economic
factors such as the over predation and harvesting, the pollution, and the mismanage-
ment of commercial exploitation of the biological resource like fisheries and forestry.
For these reasons, many mathematical models have been proposed and developed to
better describe the relationship between predator and prey populations by taking into
account the harvesting [6, 8], the optimal harvesting policy [9,11,13], the toxicity [2,3]
and the harvesting and reserve area for the prey in the presence of toxicity [12].

In reality, there is always a competition between species that is an important topic in
ecology. This phenomenon is very common in a habitat with finite common resources
and it is considered by many authors (see, for example [5,10]). The purpose of this
paper is to investigate the effects of competition and toxicity on dynamics of the
following predator—prey model:

dx (1 x) n 5 axz E

— =rix(1— =) —oix+o2y —ux*— — X —nixy,

oT 1 K 1 2y htx qi 1Xy

dy 2

77 =Y to1x —o2y — vy —naxy,

dz  Baxz

— = —dz —wz — qrEz, 1
dt  b+x ¢ ¢ BER )

where x(¢), y(¢) and z(¢) denote the biomass densities of the prey species inside the
unreserved area, reserved area, and the predator species at time ¢, respectively. The
intrinsic growth rates of prey species inside the unreserved and reserved areas are rq
and ry, respectively. The carrying capacity of fish species in the unreserved area is
K. The catchability coefficients for the predator species in the unreserved area are
q1 and g, respectively. The effort applied for harvesting the fish population in the
unreserved area and the predator populations in the unreserved area is E. Migration
rate from unreserved area to reserved area and reserved area to unreserved are o and
09, respectively. The terms ux? and vy? represent the infection of the prey species by
an external toxic substance and the term wz for the predator species. The term b‘l“
denotes the Holling type II functional response. The parameter d is the death rate of
predator species. Finally, n and nj are the competition coefficients. It very important
to note that when n; = np = 0, we get the model presented by Yang and Jia in [12].
From [4], we know that if there is no migration of fish population from reserve
area to free fishing zone (i.e. oo = 0) and rjo1 — q1 E < 0, then dx(') < 0. Similarly,
if there is no migration of fish population from free fishing zone to reserve area (i.e.
o1 =0)and rp, — oy < 0, then dfl(t’) < 0. The first three terms of the third equation of
(1) is always negative if Ba —d — w < 0. Hence throughout our analysis, we assume
that
rr—o1—q1E>0, rm—03>0, Ba—d—w>0. )

The rest of the paper is organized as follows. The next section deals with basic
results and equilibria. The stability analysis is investigated in Sect. 3. The optimal
harvesting policy is discussed in Sect. 4. Some numerical simulations are presented
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in Sect. 5 in order to illustrate the theoretical results. The paper ends with discussion
and conclusion in Sect. 6.

2 Basic results and equilibria

In this section, we first prove the uniform boundedness of the solutions of system (1).

Lemma 2.1 All solutions of system (1) with positive initial value (xg, yo, zo) are
positively invariant within 2, where

1 Iz
QL=1{(x, v,z eR:x+ +—z§—},
{( y:2) YT B S 4t wtE

with

_n—qE+d+w+qE)? N (n+d+w+qE)?
N 4(% +u) 4y ’

Proof Let X (1) = x(t) + y(t) + %z(r). Then

dX (1)
dt

F[d+w+@E)XE) = (1 —E +d+w+gE)x(t) — (% T u) 2@t
—(mi+n)x@)y®)+ 2 +d+w+qE)y ()
— vy (1)
_n-gEtdtwt@E)?  (ntd+wtgE)
- 4 (% +u) 4v

:l,(“

Applying the theory of differential inequality [1,7], we get

O e —
d+w+ qE
M 1 —(d+w+q E)t
— | — = xO0)+y0) + —=2z(0)) ) e 92
(d+w+q2E (x(0) + y(0) 5 ()))
and for t — +00, we have X (1) < W. This completes the proof. O

In the following, we discuss the existence of equilibria of the system (1).
Clearly, the vanishing equilibrium point Py(0, 0, 0) always exists.
The predator free-equilibrium point I_’()E, v, 0), where (x, y) is the positive solution
of the following equations:

X
r1x (1 — ?) — 01X + 02y — ux? —q1Ex —nixy =0,

r2y + 01X — o2y — vy? — noxy = 0. 3)
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Consequently, x is satisfied by the following cubic equation
Asxd 4+ Apx> + Ajx + Ag = 0,

where

Az = (u + r—]> [—v (u + r—l) +n1n2] )
K K
Ay =2v (u + r_1> (r1 —o1 —q1E) —nyoo (u + r_1)
K K
—ny(ry — 02) (u - %) — nina(ry — o1 — q1 E) + njon,
Ay = —v(r — o1 — @1 E)* + (0202 + n1(r2 — 02))(r1 — 01 — 1 E)
+ (u + %) (r2 — 02)op — 20100n1,

Ao = —02(ry — 02)(r1 — 01 — 1 E) + 0107,

2v

A >0ifE> L <r —o0] — VA'Jr'ngﬁ'“(rr@))
1 o\ 1 ,

where A = (n202 + n1(r2 — 02))? + 4v(u + ) (r2 — 02)oa,
Ag > 0if E > qi] (r1 — 0] — M).Then,

ra—on
(1 ( o102 ) 1 ( \/A1+n202+n1(r2—02))>
E>max|—|(rp—0oy———),—|rn—0o1—
q1 rn—0) q 2v
“4)
A3 <0ifniny < v(u+%) (5)
Ay > 0ifv(r; — o1 — 1 E) > nyon +ni(ry — 02). (6)

The first equation of (3), we have

u+ ) x— (1 —op —qE
5)=<( L) (r i q1 )>i>0, 7
o) —n1x
where
rn—or—qkE _ o oo _ rn-—-o—qk
—— <i<— o —<Ii<——7F—. ®)
ut+x ni n u+ 2

For the equilibrium point P*(x*, y*, z*), (x*, y*, z*) is the positive solution of the
equations:

rx o1x + o ux X nix .
1 K 1 2 / 1 Xy

my+o1x —ory — vy2 —noxy =0,
Baxz
b+ x

—dz —wz—qEz=0. ©)]
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Then, the third equation

o bd+w+ qFE)

= 0. 10
,Ba—d—w—qu> (10)

if |
E < —(Ba—d—w). (11)
q2

Substituting x* to the second equation of (9), this equation has unique positive equation

. 12— —mx* +/(ra — 03 — npx*)? 4 dvox*
v = - . (12)

Substituting x*, y* to the first equation of (9)

o O+ [ (u+ )X+ (1 — o1 — 1 E —niy*)x* + o2y*]

ax*

z (13)

Then, z* > 0 if

(rn—o1—qE—niy") +\/("1 — o1 —q1E —n1y)? +4(u+ %) oay*

*
e 2wt 7)

(14)
Taking (14) into account, we can get the following theorem.

Theorem 2.2 The trivéal equilibrium point Py(0, 0, 0) exists. If (4)—(8) hold, the
predator equilibrium P(x, Yy, 0) exists. If (11)—(14) holds, the interior equilibrium
P*(x*, y*, z*) exists.

3 Stability analysis

In this section, we establish the local stability of equilibria.

Theorem 3.1 Suppose that (2) holds. The trivial equilibrium Py(0, 0, 0) is always
unstable.

Proof The Jacobian matrix

rr—or—qiE o 0
V(0,0,0) = o1 ) — o 0
0 0 —d4+w+qE)

Then the characteristic equation of system at Py is

A+d+w+@E)(A— (1 —01 —q1E))(A— (r2 —02)) —0102) =0
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Firstly, Itis clear that A = —(d + w4+ ¢q2 E) < 0. If A, and A3 are the two other roots,
then A + A3 > 0 with (2) holds. Therefore A, and A3 have one positive value. Hence,
Py is unstable. O
Theorem 3.2 :S‘uppose that (2) holds, if ¥ < % = x*, the predator equi-
librium point P(x, y, 0) is locally asymptotically stable.

Proof The Jacobian matrix of the point (x, y, 0) is

Vi o) —nix ;_%
Vix,y,00 =\ o1 —nyy % 0 )
0 0 V3

where "
Vi = —2<u+?>f+(71 —o1—qiE) —my,
Vo =r —op — 2vy — nax,
Bax

Vi3 = d E
Chly —(d+w+ qE).

Then, the characteristic equation of system at P is

(A b’%’x +(d+w+qu))<<)»+2<u+%>i

—(rp—o1 —q1E) +n1)7> (A —r2 4+ 02+ 2vy + nox)

—(0p —n1x)(o1 — nzi’)) =0

Obviously, A} = b: (d+w+qE). Thisrootis A; < 0ifx < % = x*,

Let A, and A3 be the two other eigenvalues. These are the roots of the equation:
A% 451452 =0,

where, "
S1 :2<u+?)i—(r1 —o1 —qE)+ny—ry+or+4+2vy+nyx,

r _ _
5= (2 (u + %)i —(r1—o1—q1E) +n1§) (=r2 + 02 + 2vy + n2x)
— (02 —n1x)(01 — n2y).

(ut+H)xi—(ri—o1—q1 E) _ V32 +(=r+02)y

Usingto y = T Xand x = ornyy o We get
y(op —nix r\ - x(op —nay _ _ _
X K y
yloa —nix) -
sz=7(v)’+n2x)
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r X(op—n
+<<u+ [§>x+n1y> <%+vy+n2x) > 0.

Then, it is to verify that Ay + A3 = —s; < 0 and AyA3 = 52 > 0.
So A1, A2, A3 < 0. Thus the predator equilibrium point P (x, y, 0) of the system (1)
is locally asymptotically stable. O

Theorem 3.3 Under assumptions (11)—(14), the predator equilibrium P (X, y, 0)
exists. Then it is globally asymptoticlly stable if n| + U”zz < 2min ((% + u) gzy_”>.

> o)X

Proof The Lyapunov function is given by

V(x,y,O):(x—x—xln( ))+l< —ym(%)),

where [ for is positive constant to be determined in the subsequent steps.

dv y
E:(x—)E)(—(%—}—u)(x—i)—i-Oz(%—%>—’11()’ )’))

_ _ X X _
+i(y—y) (—v(y -y +ol (— - :) —na(x — X)>
y oy

Let us choose [ = %, we have,

dv r _ o2 yv _ o _ _
dar <1+”)(x—x)2— 20— )2 — 2 (v — x5)>
t o1 XXy
- (m + oayn 2) (x =X)(y =),
o1x

IA

r 1 o2yny _
<—<E+u)+§<n1+ o >> (x —Xx)

1 o2 yn) o2 yV _ o _
- (5 (n1+ — ) - —=— ) =P - —=—(F—x)"
XXy

o1X 01X

> o1x

Then, 4% < 0if ny + 2% < 2min ((% +u) ., Z3¢). o

Theorem 3.4 Under assumptions (11)—(14), the interior equilibrium point P*(x*, y*,
7*) exists. Then P* is locally asymptotically stable if my > 0, my > 0 and
mimo — mg > 0, where mg, my and my are given in the proof.

Proof The Jacobian matrix of the point (x*, y*, z*) is

Vi oy —nix* biﬁ*
Vx*,y 2 = o1 —nay* Vs o |,
Babz*
(b+x>k)2 O V6
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where
_ 1\ N abz*
V4 = —2(M+E)x +(r1 — 0] —QIE)—nly — m,
Vs = ry — oy — 2vy* — nox™,
Vo= P vt )
= — w .
6= ) o 9
The characteristic equation of system at P* is
23 —i—mzkz +miA+mg=0,
where
my = —=Tr(V(x*,y*,2%)) = —=(Va + Vs + Vo),
VaVs + VsVe + VeVi — ( )( ‘)+ﬁa2bx*z*
mp = — (op —mx)(o1 —n —_—,
1 4Vs 5Ve 6V4 2 1 1 2y b+ x)]
Vvsve — v PPy £)( )
my = — —Vs— 02 —n1x) (o] — n2y).
0 4V5Ve 5(b+x*)3 6(02 1 1 2y
Then, the interior equilibrium point P* of the system is locally asymptotically stable
ifmy > 0and mimy —mo > 0. O
e . . . o2 y*n
Theorem 3.5 Suppose the equilibrium point P*(x*, y*, z*) exists, if ny + # <

2 min ((% + u) az’ __ 02y *v), then P* is globally asymptotically stable.

T b(b+xY)’ oyx*

Proof The Lyapunov function is given by

Vix,y,2) = (x —x* = x"In (i» +1 (y —y = »*In <l))
x* y*
*k * <
+0b (Z—Z -z ln(—)).
Z*
where [; for i = 1, 2 are positive constants to be determined in the subsequent steps.
dv . r . z 7
o= (x —x )(—(E—l—u)(x—x )—a b rx bir
y oy
+ 02 (— - —*> —ni(y — y*))
X X
* N x  x* .
+h(y —=y) | —vly —y) +oi il —na(x —x%)

X x*
Lz —z* — .
+h(z z)ﬂa<b+x b+x*>
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* %
R2Y_ and I, = b;—g, then we have,

Let us choose [ = 713"

dv r w2 02" 12 92 * 32
yriin (K+u)(x x") le*(y ¥ xx*y(yx xy©)

T oy o
TS ") <"1+ m*)“ )y =y,

az* rl 1 02y* 1y 2
< -— (= _ 7 Z _
_(b(b+x*) <K+u)+2<n1+ pp (x —x™)

oy*v 1 o y*n o
—( 2 ——<n1+ zfx*z))(y—y*)z— 2 (yx* —xy*)2.

o1 x* 2 xx*y
dv. : oy*ny : T _ _az* 025"
Then, - < 0if n + 2222 < 2min ((K + u) Sy 22 )- m]

4 Optimal harvesting policy

In this section, the Pontryagins Principle is used to obtain a path of optimal harvesting
policy. Let D be the constant harvesting cost per unit effort, p; is the constant price
per unit biomass of the prey in the unreserved zone, p; is the constant price per unit
biomass of the predator.

The net economic revenue at any time ¢ is given by

7(x,y, 2, E) = prq1 E()x(1) + pag2 E(1)z(t) — DE(1).

In what follows, our goal is to solve the problem of maximization

T
I = / 7(x,y.z, E) e dt,
0

T
=/0 (P1g1x(t) + pagaz(t) — D) E(t) e*'dt,

where § is the instantaneous discount rate, subject to the state equations (9) and the
control contraints 0 < E < Ejax.

Thus, to solve the problem of maximization, we use the Pontryagin’s maximum
principle. The Hamiltonian function H is given by

H=e'(pigqix(t) + pagaz(t) — D) E(®) +11(0) (”x(t) (1 - )%)

ax(1)z(t)
b+ x(t)

+2(2) (rzy(t) + 01X (1) — 02y (1) — vy (1)* — nzx(r>y<r)>

—01x() 4+ oy (1) — ux()? — — q1Ex(1) — nlxmy(t))
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Bax(t)z(t)

Fha(t) < b+ x(f)

—dz(t) — wz(t) — qu(t)Z(t)>,

where A; fori = 1, 2, 3 are the adjoint variables.
H will be maximized under the control set 0 < E < Ep, if the switching function
given by

oH -5t
V) = om = (p1g1x() + pagaz(t) — D)e

—qiA1(Ox (@) — gars3(®)z(t) = 0.

This is a necessary condition for singular control to be optimal. Using the Maximum
Principle, we get the adjoint equations

o
i~ dx
I T
= —piq1e " E(@) Al(t)<r1 2Kx(t) o1 — 2ux(t) b+ x())?
Babz(t)
_qlE(I) _n]y(l‘)> —A.z(f)(o—l —nz}’(l)> _)\3(t) (b —|—x(t))2’
diy __on
dt 9y

= —M(t)<<72 - nlx(l)) — A2(0) <V2 — oy —2vy(t) — ﬂz)C(t)),
dﬁ oH

dt 0z

—st ax(1) Bax (1)
=— E(t) — (2 — A3(t - E()) ).
P2g2e () 1()b+x(t) 3()<b+x(t) (d+w+qE(1))
Let denote that the optimal harvesting policy is
E =E,.,c wheny(t) >0,
E=FE* when v (¢) = 0, (15)
E=0 when ¥ (¢) < 0,
where E* the optimal control.
If ¥ (¢) = 0, then
om

gm0 x + a0’z = pigix + papz — D = S5

To find the optimal equilibrium solution for this system, we consider x, y, z and E
as constants.
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For the interior equilibrium P* and under (10), (12), (13), we have

drs

= Mir3 — Mae ™%,
dt 1A3 2
_ —aqz* o (mqm*ﬂizqzz*fD)a
where M| = T and M> = pyqoE — PR . Then,
M
M) = —2 o0t
My +6

In the same way, we have

dh —5t

——= = Niiy — Npe™ %,

dt 1A2 2

(Plng*+ﬂ2qzz*—D) (02 —n1X*)

where N| = —rp + 03 + 2vy* 4+ nox™ and Ny = S +
quzz*(ﬂzfnlx*)
(M1+8)41X* ’
Hence
Na —5t
() = e 7.
2(1) N +s
The expression of % can be written as
dr (1) st
= BiA1(t) — Bre ™,
o 1A1(1) 2
where By = _(rl — 01 _qlE) + (2” +2u)x + (h+x*)2 +nay* and
N2 (01 -my*) BMaabz*
By = piq\ E — + .
Ni+ (b1+5) (h+x*)2
By calculation, we get
B
M) = —2
B +6
Thus, the previous calculation, leads to
2 * M2 * * *
x5+ = x* 4+ 75— D. 16
Bt A M+ 5928 =P D292 (16)

So, in case of infinite discount rate, the net economic revenue to the society becomes
zero and the fishery would remain closed.

@ Springer



316 Y. Louartassi et al.

‘We consider the function

2
K(a] — n2y> (02 — n1x> (p](]]x + p2qaz — D) <b +x>
Fx) =

A2<8 —r+oy—nix +2vy>

2
Kp]qle<b +x> K,Bazbqlxz<p1q1x + p2gaz — D>

- A -

A2<3 —r 4oy —nix +2vy)

3
Kq1p2q22E1<01 - n2y> (0'2 - an) (b +x)

A2<6 —rp+oy—nix+ 2vy) (Bql(b +x) — aqzz)

2
Kaqu(ol - nzy) (02 - n1x) (p1q1x + p2g2z — D) (b + x)

Ao <8 —rn+oy—nix+ 2vy) <8q1(b +x) — aqzz)

+

Kﬂabquzquxz (b + x) (3 —rp+oy—nix+ 2vy>
+

A2<3 —r2+0y—nix + 2vy) (86]1(1) +x) — aqzz)

q1p293Ez (b + X> —aqz (plcnx + pagqaz — D)
+

8q1 <b + x) —aqaz
- (qulx + P2q2z — D>,

where

2 2
AZZK(I)-FX) (8—r1+61+q1E)+2<r1+uK><b+x>

2
+n2y(b +x> + abKx.

Thus, the (16) can be written as F(x*) = 0. On the one hand, the calculation gives
F(0) > 0, and the other, F/(x) < 0 for 0 < x < K. Then, there exists a unique
positive solution x* = x; of the equation F(x) = 0.

So, according to the above analysis, we propose the following theorem.
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Theorem 4.1 If Baxs _ g _ w > 0, then the optimal harvesting control Es =

b+x;
qiz (ﬁ—i‘; —d— w) and the corresponding solutions
x5 = x%,
ry — oy — naxs + \/(r2 — 02 — nax5)? + 4voyxs
ys = 2 )
. (b+x5) [~ (w+ ) x}+ (r1 — 01 — g1 E — nyys)xs + 025
5 =

axs

exist that maximize I over [ 0, Emax].

5 Numerical simulations
For our simulation works, we take system parameters as:

rn=5,mn=1, K=4,01=1,00=1, a=09%, b=0.7, q; =0.1,
g2 =02,E=0.8,8=0.998, u =0.0001, v=0.333, w = 0.00003,
d =0.03, ny =0.5, np, =0.3. (17)

For the set of value parameters mentioned above, we note that the positive equilibrium
P*(x*, y*, z*) exists and is given by

x*=0.1778, y*=0.6550, z* =6.5873.

We plot the dynamics of the system (1) for the set of values parameters (17). The
behavior of x, y and z with respect to time ¢ is plotted in Fig. 1. From this figure, we
note that x, y and z increase for a short time and then they decrease and finally attain
their equilibrium level.

As in Fig. 2, the Fig. 3 shows the behavior of x, y and z with different initial
values. From this figure, we see that all trajectories starting with different initial points
converge to P*(0.1778, 0.6550, 6.5873). Thus P* is globally asymptotically stable.

We observe that n; and n, are also an important parameters which governs the
dynamics of system (1). The behavior of x, y and z with respect to time ¢ for different
values of n; and ny are shown in Figs. 4 and 5. From Fig. 4, we note that x and
y decrease in a short time and increase after as n| increases, but z decreases as n;
increases. From Fig. 5, we note that x decreases in a short time and increases after as
ny increases, but y and z decrease as n increases.

The results found are compatible with the analysis and the study presented in the
Sect. 3. From Figs. 4 and 5, x* is invariant with respect to n; and ny, z* is variable
with respect to n; and np and y* is invariant with respect to n| and is variable with
respect to ny. These results justify the formulas (10), (12) and (13) of which x* does
not depend on n] nor on ny, y* depends on n; but not on n7. Finally z* depends on
n and ny.
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x(t)
y(®) [}
z(t)

States

1 1 1 1 1

30 40 50 60 70 80 90 100

Fig. 1 Solution curves corresponding to the set values parameters (17), beginning with x = 1, y = 1,
z=1

10 . . 8 : . !
——[10839) ——[10839)
9 ——[152572] 7L ——[152572]
[1:1:1] (111
8 ——[258,10] A ——[258,10]
% —[6:8.3) —[6:83)
6 5 ]
— —
= s =
> -
4 B
; T T T T I T 0 L . . . L L L " L
30 40 5 60 70 80 9 100 0 10 20 30 40 5 6 70 80 9 100
Time Time
1
[11:1]
[25,8;10]
——[6:8.3)
— 1
=
~N
0 . . L . . . L L L
0 10 20 30 40 5 60 70 80 90 100

Time

Fig.2 The equilibrium point P* of is globally asymptotically stable. X, y, z states for different initial points
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—[10;8,9]
—[15252]
— 1]
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Fig. 3 The phase trajectory of the system for the set values parameters (17)
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Fig.4 Plotof x, y, z with respect to time ¢ for different values of n1, others values of parameters are same

as given in (17)
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Fig. 5 Plot of x, y, z with respect to time ¢ for different values of ny and ny = 0.3, others values of
parameters are same as given in (17)

6 Conclusion

We proposed and analyzed a model of predator-predator Holling II functional response
with harvest for reserve fishery resources and incorporate toxic substances released
by external agents into natural systems taking into account competition and consider
an ecosystem where a species Predator depends on simple prey species with harvest.
And the habitat consists of an unrestricted zone, where the predator attacks its only
food prey, and the reserved area, where the prey lived safely. Our model represents a
development from other preliminary studies. We analyze the positivity and the limit
of these solutions. We also study the criteria for the existence of all the possible equi-
libria of this system, as well as discuss the local stability of different equilibria of the
system. We are also discussing the optimal harvest policy by the maximal Pontryagins
principle. By simulation, we show the rich dynamic properties of the proposed system.
First, from the conditions of Theorem, we see that the locally asymptotically stable
free point of equilibrium of the predator P of the system (1). Secondly, the internal
equilibrium point P* of the system (1) is globally asymptotically stable, which is
consistent with the theoretical analysis.
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