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Abstract In this article, we study the numerical solution of a singularly perturbed 2D
delay parabolic convection—diffusion problem. First, we discretize the domain with a
uniform mesh in the temporal direction and a special mesh in the spatial directions. The
numerical scheme used to discretize the continuous problem, consists of the implicit-
Euler scheme for the time derivative and the classical upwind scheme for the spatial
derivatives. Stability analysis is carried out, and parameter-uniform error estimates
are derived. The proposed scheme is of almost first-order (up to a logarithmic factor)
in space and first-order in time. Numerical examples are carried out to verify the
theoretical results.
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1 Introduction

The boundary layer phenomena has considerable importance in the area of fluid flow
problems. From mathematical perspective, such kind of problem is called the singular
perturbation problem (SPP) and the solution of such problem exhibits boundary layers
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due to the small parameter ¢ multiplied with the diffusion term. The Navier-Stokes
equation with a high Reynolds number is one of the most striking examples of SPPs.

In this article, we are focused on the delay differential equation (DDE) which is
singularly perturbed in nature. DDE plays a crucial role in the area of biosciences
and engineering. For instance, prey-predator model, ecological system, chemostat
model and control theory. To understand the application of singularly perturbed delay
parabolic differential equation (SPDPDE) in a better way, one can see the example
given in [14], which models a furnace used to process metal sheet. In that model, the
delay occurs due to the finite speed of the controller. The so-called Britton model [2]
in population dynamics is another example of delay problem, which is given by

u =eAu+u(l —g=u)

with
t
g*u:/ / gx —y,t —s)u(y, s)dyds.
t—1 J 2

Here, u(x, t) is a population density, which evolves through random migration (mod-
eled by the diffusion term) and reproduction (modeled by the nonlinear reaction term).
The latter part contains a convolution operator with a kernel g(x, #), which models
the distributed age-structure dependence of the evolution and its dependence on the
population levels in the neighborhood.

Various techniques are available in the literature for solving SPDPDEs. Some
researchers ignore the ‘delay’ effect, but in [8], Kuang emphasized about the impor-
tance of the delay term. The use of Taylor series approximation for the delay term
is also not an effective way, because the solution of the approximated singularly per-
turbed partial differential equation (SPPDE) may behave quite differently from the
original solution.

In the past few decades, several numerical treatments were proposed for SPPDEs.
For instance, one can see [10, 11], where the theory and numerical method for 2D sin-
gularly perturbed elliptic problems have been analyzed. In [11], the authors considered
a convection—diffusion type problem, where they have given an asymptotic analysis.
Same type of problem has been considered in [10], but their the authors used a hybrid
finite difference scheme to solve such problem. Time dependent problems have also
been analyzed in many papers (see [3,4], for instance, and references therein). In [4],
the authors considered a convection—diffusion problem and they solved their model
problem by a fractional step method, whereas in [3], the authors used the classical
implicit method to solve their model problem.

However, the theory and the numerical solution of a SPDPDEs are still in ini-
tial stage. To obtain the uniformly convergent numerical solution for the SPDPDEs
of reaction-diffusion type, the classical finite difference schemes are applied on the
Shishkin mesh by Ansari et al. [1] and on layer-adapted equidistribution mesh by
Gowrisankar and Natesan [6]. To obtain the numerical solution of SPDPDEs of
convection—diffusion type, Gowrisankar and Natesan [7] applied the classical upwind
finite difference scheme on the Shishkin mesh, and in [5], the authors devised a hybrid
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scheme to increase the order of convergence. These existing literatures (involving
delay term) are mainly focused on 1D case.

In this paper, we consider the following singularly perturbed 2D delay parabolic
convection—diffusion initial-boundary-value problem (IBVP) with Dirichlet boundary
conditions on the boundaries. Let & = © x A,, ® = (0, 1)%, A, = (0, T] and
T =09 U7}, where 1), = D x [—7,0].

Uy +E£u(xv yvt) = _C()C, )’)M(x, yvt_r)—‘f_f(xv yvt)1 (-xv yﬂt) € 67

u(x,y, t) =@p(x,y, 1), x,y.0 €Y,
ux,y,t) =0, (x,y,1) € 0D x Ay,
(D
where

Leu = —eAu+a(x, y).Vu + b(x, y)u,

0 < ¢ « 1 is the singular perturbation parameter and T > 0 is the delay parameter.
We assume that the coefficients a = (ay, az), bandc are sufficiently smooth and
bounded functions along with the conditions a;(x, y) > o, > 0, ax(x,y) > a, >

0, b(x,y) > 0 and c(x, y) is nonzero on D.

The delay parabolic IBVP (1) admits a unique solution u(x, y, t), under sufficient
smoothness and necessary compatibility conditions (given in Sect.2), imposed on the
functions f and ¢;. The solution u(x, y, t) exhibits a regular boundary layer of width
O (¢) along the sides x = 1 and y = 1, and a corner layer at (x, y) = (1, 1) [12].

The main aim of this article is to devise an e-uniform numerical scheme to solve
the delay parabolic PDE (1). Because of the presence of boundary layers in the spatial
directions, we discretize the spatial domain by the piecewise-uniform Shishkin mesh
and the temporal domain by the uniform mesh. Then, to obtain the discrete problem,
we apply the implicit-Euler scheme for the time derivative and the classical upwind
scheme for the spatial derivatives. Numerical stability of the proposed scheme is
studied. The proposed method is of almost first-order accurate in spatial variables and
first-order accurate in temporal variable. Numerical experiments are carried out to
show the accuracy and efficiency of the proposed method.

The rest of the paper is structured as follows: In Sect. 2, a-priori bounds on the
derivatives of the analytical solution of Eq. (1) via decomposition have been discussed.
Section 3 describes the piecewise-uniform Shishkin mesh and the upwind scheme. The
main result of e-uniform convergence has been given in Sect.4. In Sect.5, extensive
numerical experiments are carried out to verify the theoretical result and to demonstrate
the accuracy of the method. Finally, the paper ends with Sect. 6, that summarizes the
main conclusions.

C has been used as a generic positive constant which is independent of ¢, the mesh
points and the mesh sizes throughout the paper. Standard supremum norm has been
denoted by ||| and is defined by

Iglle = sup lg(x,y, DI,
(x,y,0)ed

for a function g defined on some domain &.
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2 Bounds on the solution decomposition

The analytical aspects of the solution of Eq. (1) is discussed in this section. These
properties will be required for the proof of e-uniform error estimate. In order to analyze
the solution of Eq. (1), we need the definition stated below.

Definition 1 Let u € (0, 1). A function x : & — R is said to be uniformly Holder
continuous with exponent 1 in &, if the quantity

[X] ® = sup |X(x9y9t)_X(x/vy/at/)|
- oy, (v hew [dist((x, y, 1), (/) ¥/, i)

is finite, where dist((x, y, 1), (x', ¥/, ') = ((x — x)2 + (y — y)2 + |t — ']) /2.
The space consisting of Holder continuous functions is called Holder continuous
space, and it is denoted by C**/2(@).

For the existence and uniqueness of the solution of Eq. (1), we assume that the data
are Holder continuous and also satisfy the compatibility conditions [9] at the corner
points

£0,0,6) = f(0,1,1) = f(1,0,t) = f(1,1,1) =0, te€ A,
and at the initial time level:

@p(x,y,0) =0, in 9D,
Leop(x,y,0) = —c(x, op(x,y,—1) + f(x,y,0), in 9D.

In order to have u(x, y, t) € 64’2((’5), we assume that data of the problem are suffi-
ciently smooth and satisfy stronger compatibility conditions. The additional sufficient
higher-order compatibility conditions for Eq. (1) can be obtained by differentiating
Eq. (1) with respect to ¢, i.e., we get

9*u aF

ﬁ — Le(Leu) = E — L F,
where F = f — cu(x, y,t — v). Now, by employing the boundary condition given in
Eq. (1), we obtain the second-order compatibility condition

oF .
Le (Lepp(x,y,0) =L F(x,y,0) — W(x, y,0), in 09.

For the convergence analysis, we decompose the solution of problem Eq. (1) as u =
G + E, where G and E are the smooth and singular components, respectively, which
are defined as solutions of the following problems, i.e., E is the solution of

Ei+LE(x,y, 1) =—c(x, Ex,y,t —1), (x,y,1) €6,

Ex,y, 1) =0, (x,y,1) €Ty,
E(x,y, 1) =—-G(x, y,1), (x,y,t) € 0D x A,
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and G is the restriction of G* to &, where G* is the solution of

G+ LiG*(x,y,1) = —c*(x, ))G*(x, y, t — ) + f¥(x,y,1), (x,y,1) € & =D* x Ay,
G*(x,y.1) = gj(x. y. 1), (y.nDery =D x[-1,0]
G*(x,y,t) = ¢*(x, y, 1), (x,y,1) € 3D* x A,

¢*, f* are smooth extensions of ¢, f to &*, the domain ©* is a smooth extension of
D, @ is smooth extension of ¢, to 7, ¢* is a smooth and compatible function and
L’ corresponds to the current extensions of the data.

Since, we have assumed a;(x,y) > o > 0, az(x,y) = a, > 0, the singular
component E can be decomposed into the sum £ = E| 4+ E; + Ejp, where, E;
and E, are the singular components associated with the sides x = 1 and y = 1,
respectively, and E1; is a corner layer function associated with the corner (1, 1).

We assume that E (similarly E») is the restriction of E}* to &, where E]™ is the
solution of

(E{) + LEFEF (x, y, 1) = =™ (x, Ef*(x, y, t — 1), (x,y,1) € 8" =D x A,

Ef*(x,y,1) =0, (XJJ)ETb**:E**x[—I,O],
Ef*(x,y,t) = =G™(x,y,1), (x,y,1) € 9D x Ay,
Ef(x,y,1) =0, (x,y,1) € 9D x A,.

The domain ©** is the smooth extension of ® near the vertex (1, 1). Toward the
boundary side x = 1, 97" is an extension beyond the vertex (1, 1) and 833;* =
0D\ 0D7*. G** is a smooth and compatible extension of G to ID}*.

Finally, E1; is defined as the solution of the problem

(E1): + LeEpp(x, y, 1) = —c(x, ) Epp(x, y,t — 1), (x,9,1) €6,
Epp(x,y, 1) =0, 0 eTy
Ep(x,y, 1) = —(G + E| + E»), (x,y,t) € 0D x A,.

The following theorem gives the bounds on G, E;, E» and E12, and its partial
derivatives which play a vital role in the error analysis in Sect. 4. Before stating the
theorem, with out loss of generality, we assume that ¢, (x, y, 1) =0, (x,y,1) € 1}.

Theorem 1 For all non-negative integers ki, ko, k; satisfying ks + 2k; < 4, kg =
k1 + ko, the components of u satisfy the following bounds for all (x,y,t) € ®.

gksth
- | <C
dxkigyke gtk | — 77
8ks+k¢El .
axkiaylagd | = €6 exp(ze (1 =x0)/e),
akerk[ E,
dxkigykagrke <Cel CXp(—Oly(l —y)/e,
akx-i-szlz < Ce~bs mi 1 1
m < Ce™™ min iexp(—ocx( —Xx)/€), exp (—ay( — y)/e)].

@ Springer



212 A. Das, S. Natesan

Proof 1In the first time level, i.e., when ¢ € (0, t], the DPDE (1) can be written as

Uy +££M()C, yat) = _C(-xv )’)M(x, Y.t = T) +f(-x7 yvt)v (xsy’t) €D x (O,T),

u(x, y, 1) =0, (x,y,1) €7p,
u(x,y,t) =0, (x,y,1) € 3D x [0, ].
2
Now, by using the initial condition, the above equation can be reduced to
up+ Leu(x,y, 1) = fx,y,0), (x,y1)€Dx(,71). 3

Following the result given in [3], we decompose the solution of Eq. (3) asu = G +
E| + E» + E1>, which will satisfy the required bounds, when (x, y, ) € © x (0, t).0

Then, we proceed to the next time level, i.e., r € (t, 27]. In that case, Eq. (1) can
be written as

up+ Leu(x, y, 1) = —c(x, pulx, y, t = 1)+ f(x, y,1), (x,y,1) €D x(7,27),
ulx,y, t) =uc(x,y,t), (x,y,1) €e® x [0, 1],
ulx,y,t) =0, (x,y,t) € 0D x [1, 27],
“)
where u; is the solution of Eq. (2).

One can verify that, the above equation satisfies the required compatibility condi-
tions and the right hand side term of Eq. (4) has sufficient smoothness. Therefore, by
using the result given in [4, Appendix A] and [13], we can obtain the required bounds
for G, Ey, E>and E|», whent € [t, 27].

By proceeding in an analogous way, one can obtain the required bounds fort > 27.

O

3 Domain discretization

We consider the rectangular mesh D" which is defined to be tensor product of the

1D Shishkin meshes, i.e., EN = ﬁiv

and y = 1, we define the mesh on 55 by dividing the domain [0, 1] into two sub-
domains [0, 1 — px] and (1 — Py 1] and each sub-domain will have N /2 uniform

X ﬁlyv As the layers are along the sides x = 1

mesh-intervals, i.e.,ﬁi\, ={0=x0,x1,....xn2 =1~ Pyrens XN = 1}. Similarly,
we define E;V =1{0=yo,y1,.... 982 =1~ Pysrees IN = 1}. The transition

points 1 — p,, [ = x, y, which separate the coarse and fine portions of the mesh, are
obtained by taking

(1
o, =mm{§,pl’081nN}, l=x,y,

where ProZ 1/e;. In the analysis, we shall assume that p, = ;0 In N. Note that if

p; = 1/2, then mesh is uniform and in such cases the method can be analyzed in the
classical way.
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We denote the mesh-sizes in both the spatial directions by

o~

hyi=xi—xi—1, i=1,...,N, hy;=hy;+heiy1, i=1...,N—1,
hy,jzyj—yj_l, j=1,...,N, /’ly,j=]’ly,j+hy,j+1, j=1...,N—1,

andlet Hy = 2(1—p,)/N and h; =2p,/N,l = x, y, be the mesh-sizes in [0, 1 — p, ]
and [1 — p,, 1] respectively. Then it is easy to see that

N '<H <2N7', h=2p,,eN"'InN, I=ux,y.

On the time domain A,, we introduce the equidistant meshes with uniform time
step At such that

AM =1, =nAt,n=0,...,M, At = T/M},

where M is the number of mesh-points in the 7-direction on the interval [0, 7] and At¢
satisfies the constraint p At = t, where p is a positive integer, t, = nAt, n > —p.

We define the discrete domain by V¥ = &" " N& where " "' = 27 x §1VV x
AM and TbN = 5)1:/ X 5;\] x AP, where A! denotes the set of p + 1 uniform mesh-
points in [—7,0] and 2V = ﬁi\, N2, 20 = 5;\] N £2y. The boundary points of
& Mare TN = {@N’MOT}UTbN.We further discretize &, " = DN x AL, where
Ai, denotes the set of p+ 1 uniform mesh-pointsin [(s —1)7, st],fors = 1,2, ..., k.

. . —N,M — N.M
From the above discretization we can observe that & = UIS‘: 1 G5 .

3.1 Numerical scheme

Before describing the scheme, for a given mesh functiong (x;, y. ) = gy, v Y E N,
define the forward difference operator 8; , the backward difference operator §;~ (for
first-order spatial derivative) and the central difference operator 8)% (for second-order
spatial derivative) in spatial x-direction by

n _n n . n
3+qn _qxi+1,y qx,',y B_q" _qu,y qxi—lvy
Ty hx,i+1 ' Ty hxi
+ n - n
L 25, - sran)
and dyqy , = = )
hx,i

respectively.
Similarly, for a given mesh function g (x, y;, ;) = %’cl,ij X € .Q)]CV, we define the

difference operators 8;‘ , 8, and 85. The backward difference operator §, is defined
by
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n
_ Dxiy; — 9xivy;
8 Gy y, = ————
0 At

to approximate the first-order derivative in temporal direction.
We replace the time derivative by the implicit-Euler scheme and the spatial deriva-
tives by the upwind scheme in Eq. (1), and obtain the following discrete problem:

(6 + L) U = = U T on @M,
U} = (i, vj, —15) i,j=0,...,N,and s=0,..., p,
Ut =o, i=0Nor j=0N,and n=0,....M—1,

()

where
cYutt = —e (824 82) U+ ari 87 UL + a2 85 UL+ iy UL

After rearranging the terms in Eq. (5), we obtain the following system of equations:

n+ n+ n+ _ n+l
r,;j_U _ +ri— U +rlJU +}’,+/U+1]+rlj_|rUljJrl i
for i,j=1,....,.N—1,and n=0,...,M —1,
Ulj (ph(xl,yJ,—s), i,j=0,...,N, and 5s=0,..., p,
U,."jl=o, i=0,N or j=0,N,and n=0,...,M—1,
where
( 2¢e al;,'yj) ( e )
ri—j=\|—= — s rivj=\—=—7""")>»
hx,ihx,i hx,i hx,ihx,i-H
2¢ i, j 2¢
rijj-=\—=—"— ) rijj+ =\—=—71],
hy jhy. hy.j hy jhy.j+1
1 1 inj n—p+1 1
Fii= — —Fi_ i —Fi4 i —F i —ri s+ b, ntl _ b oo ygltTPT gl
ij Ar i—, i+,j i, i,j+ l] gzj At 2 fl

The following discrete maximum principle on &Y provides the e-uniform sta-
bility of the difference operator (5, + Eév ) (see [3]).

Lemma 1 (Discrete maximum principle) Suppose that the discrete function ¥/" ; sat-
isfies Wi"j > 0on TN, Then 6, + EN)Wl"j > 0 on &M implies that 'I/l-”j > 0at
—N,M
each point of &
. . —N,M
Proof Assume that there exist a point (x/, y;‘, ) ed , such that
lI/(x;k,yj,t:) = min ¥ (xi,yj.ta) <O.

(x,-,yj,z,,)egN’M

Clearly (x7, y], ) ¢ TN, which implies (x], y;‘, t*) e &NM,
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14 1
09 lp(x;k’ y;<5 t;:) - lp(x;kv y;f_lv t;lk) < 09 lp(x;k+1’ yjs t:) - lp(x;k’ yjs t::) > 0 and
W(XT,Yj_H,f:)_lp(x;k,y* t*) >O

jn

Therefore, ¥ (xF, y;f, )= (xF, y;f, tr ) < 0,¥(xF, y;ﬂ L ZCHIEN yj, ) <

Now, by applying the operator (8, + LX) on v(x], y;f, tY), along with the above
inequalities, we get

(6,_ + Lév) v (x;", Vi t,;‘) <0,

which is a contradiction as (6, + Cév)llf(xi, Yjita) = 0, forall (x;, y;, t,) € GN.M
Hence ¥ (x;, yj, t;,) > 0, forall (x;, y;, 1) € 6N’M. O

4 Error analysis

Here, we provide the main theorem for the e-uniform convergence of the numerical
solution in the discrete maximum norm.

Theorem 2 Letu and U be the solutions of the continuous problem (1) and the discrete
problem (5), respectively. Then, we have the following error bound

u(xi, yj, ty) — Ui,?j

=C(N TN+ A, (xivon) € OV
o0

Proof We can notice that on the first interval [0, t], i.e., where the time discretization
parameter n varies from 0 to p, the initial conditions of the continuous problem (1)
and the discrete problem (5) will be same. So, the analysis can be carried out in the
same way as one can do for a problem with out delay. Hence, by using the convergence
result of [3], we can obtain

Hu(x,-,y,-,tn)—U;fjoogC(N*‘lanLAt), (5. yj. ta) € VM (6)

For the second interval (z, 27], the approach of [3] is not applicable because, the
value of the delay term involves in the right hand side of Eq. (5) will be the numerical
solution obtained in previous time interval [0, t]. So, we will provide the detailed
proof to get the error over the interval (z, 27].

On the domain &, =9 X (7, 27), we consider the following singularly perturbed
delay parabolic PDE:

up+ Leu(x,y, t) = —cx, ulx,y,t =)+ f(x,y,1), (x,y,1) €&,
u(x, y,t) = ur(x, y,1), (x,y,1) € & =D x [0, 7],

u(x,y, t) =0, (x,y,t) € 09 x (7, 271),
@)

where 1 is the exact solution on &1.
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We discretize Eq. (7) by means of the implicit-Euler scheme for the time derivative
and the upwind scheme for the spatial derivatives to determine the numerical solution
U of Eq. (7) at @12\/ ‘M Hence the discretization takes the form,

67U — e (82482) ULy +ar 87 UL +azij 85 ULy + b UL

ij R i
- N.M
:—Ci’le-r’ljp—Ffir’lj, on @2 s .
U(xia)”jatn)=U1(xi7)’j’tn)a (xiaijtn)661’ ’
Uxi,yj, ta) =0, i=0,N or j=0,N,

and 1, € Ag,t’
3
where Uq (-, -, -) is the numerical solution calculated on (’Siv’M.
Now, we split the solution of Eq. (7) asu = G + E| + E> + E1», where the initial
conditions in & are G = u,(x, y,t), E;y =0, E; = 0and E12 = 0. Following the
continuous problem, we decompose the solution of the discrete problem (8), as

n __ n n n n
Uij =G+ Ei;+ Ey; + Eny

where G j is the solution of

- 2 2 — _
8t G?’j —& <5x —l—(Sy) G?,j +a1;,-,j8x G?,j +a2;,~,j8y G?,j —i—biﬁler{j

= —Ci,jG:-’l’;p + i’:lj, on 6%’Z:
Gﬁj = Uy (x;, YVjs tn), on 61 T ©)
GﬁjZG(xiﬂijtn)a l=O,N or jZO’N’

and ¢, € Agt,

and Egﬁj, £ =1, 2, 12, satisfy

8;El;'1,j — & (3% + 55) El?,j + al;i,.jS;E(Zﬁj —i—az;,',ja;E[?’j + bi,jE@Zj

= —cijEq;", on &,
—N,M
Ed; = Eo(xi. i to), on &, (19)
E¢} ;= Ee(xi, yj, tn), i=0,N or j=0,N,

and t, € Agz-

The error can be splitted as

u(xi, yj, tn) — U/'; Hoo < HG(xi, Yjstn) — Gf’,j”w + HEl(Xi, Yj-tn) — Enj; Hoo

(11

+ HEz(xi, Yjstn) — E2fl; ‘oo + HElz(xi, Vistn) — E12} ;

"
We will find the error separately for each term in the above equation.
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Error analysis for the smooth component of the solution: Employing the initial con-
dition for the smooth part of the solution and the error estimate given in Eq. (6) along
with the Taylor’s expansions, we obtain the truncation error for Eq. (9), as

(6 +22) 0t 1)

e
[ ( llnN+At)+At

392G
912
L 3G hei | 8%G
g (hx,i +hx,i+1) ‘ e N +al;i,j7 2 N
e 3G hy i ||9%G
ZA(he i +hy i URPRSRET A | et )

Now hy; < 2N—L hy < 2N~ and by using the bounds of the derivatives of G
given in Theorem 1, we obtain

67 +2) (6o

§C(N_1 lnN—i—At),

]

for 1 <i, j < N — 1. Now, by choosing appropriate barrier function and applying the
discrete maximum principle (Lemma 1), we can get

H(G(x,-,y,-,tn)—c;;{j)”ooSC(N—llnNJrAt). (12)

Next we shall estimate the error associated to the layer component E; by separately
providing the proofs in two spatial subregions depending on the location of mesh-point
Xi.

Error analysis for the boundary layer components of the solution: First, we consider
the outer region in the x-direction, i.e., x € [0, 1 — px]. By following the proof of
bound for E7 in fixed time level ¢, from [10], we get

‘El (Xi’yj»tn)_Elzj" <CN7!, (13)

forO0 <i <N/2and0<j <N.

Next, we find the estimate |E1(x;, y;, t;) — E12j| for N/2<i<Nand0 < j <
N, by means of consistency and barrier function argument. The truncation error for
Eq. (10), can be written as
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(Sf + Eév) (El (xi2yjs ) — Ele) =cij (E1 (xi, yj, tamp) — E1;;"7F)
0
+ ((— +/:€> - (8; +£Q’)) E;.
ot
Now, by using the initial condition of Eq. (10) in the above equation, we get

(51_ +£,];V) (El (xXis ¥ tn) — Elﬁj) = ((% +£s> - <8t_ +Eév)> E;.

Therefore, the Taylor’s expansions yield

[6r +2)) (Eri vy — E17)

HOO

e 33E1 e 33E1
< |:§(hx,i +hyiv1) a7 N + g(hy,j +hy 1) ‘F N
n hy i 32E1 hy,j 32E1 32E1
MEIUP ) LIV il )
Il T2 T T P a2 |

Since hy; = 2,0x OSN_l InN, for N/2 < i < N, along with the bounds of the
derivatives of E; g’iven in Theorem 1, the truncation error becomes

5 +22) (o - 1)

-1 —a (1 —x;
<C |:8—N_1 In N exp (M>
e

o
X

£ —a (1 —x;)
+§(l’ly,j + hy,j+1)exp <xf’>

/. —a (1 —x;) —a (1 —x;)
’ & &

after simplification, we obtain that

(o + ) (1 viom = £ | = |:iN_llnNexp (M)

o &
X

—a (1 —x;
+Atexp(#):|.

-1
N a hy g
Let us choose ¢}'; = C N~'lnN l—[k " (l+ xt ) + At | as a bar-
‘ —i e

rier function, and by applying the discrete maximum principle (Lemma 1), we get
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(2 (x,-,y,-,tn)—EI;’,J-)HOOsc(N*1 InN +Ar). (14)

We can get the bound for the other boundary layer part £ in an analogous way.
Therefore, for 0 < i, j < N, we can have

H(Ez(xi,yj,z,,)—Ezgfj)Hoo (NN +ar). (15)

Error analysis for the corner layer component of the solution: By following the proof
of bound for E1; in fixed time level ¢, from [10], we get

|En (5i, v 1) = Bl ;| = N7, 16)
forO <i+j<3N/2.
Next, we will use the Taylor series approach to estimate the truncation error for

i + j > 3N/2. The local truncation error for the difference Eq. (10) of the corner
layer part E1, can be written as

(51_ + 5?’) (E12 (xiv yjita) — Elzﬁj) = ci,j (En2(xi, yj ta—p) — E12; ;" F)
d
+ ((& + £g> — (3; + ﬁg)) Er.
By employing the initial condition in the above equation, we get

(5; -I—Eév) (E12 (x,-, Vi, tn) — E123j> = ((% +£8> — (5; —I—Eé\/)) E.

Next, by using the Taylor’s expansions, we obtain

[+ (Fatei, v - B

”OO

e 33E12 £ 33E12
< g(hx,i + hyiv1) PN N +§(hy,j +hy j+1) EEh N
o 32 E1, hy 32E, 02 E1,
+£a1;,’,]‘ - )—Jaz;i’j — | tA4r 3 .
2 0xs |l 2 0y o e |0

Since hyi =2p, OEN_1 InN and hy ; = Zpy OEN_I InN, fori + j > 3N/2 along
with the bounds of the derivatives of E», we get the truncation error as

H (57 + ﬁfsv) <E12 (¥ s 1n) = Elﬁf‘) Hoo

-1 —a (1 —x; —a (1—y;)
<C |:E—N_1 In N min {exp (M> , exp (3—1
o e £
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-1 —a (1 —x; —o (1= )
+8—N*] In N min {exp (M) , eXp (u)}
a e e
— 1 — i — 1-— i
+ At min {exp (#) , exp <M) }i| .

Now, by choosing a barrier function

N —1

o Nk

n o _ —1 o,
¢i’j—C(At+N InN || (1+ - )

k=i+1

N ah}k !
N 'lnN 1
+ n ]_[<+ - )

k=j+1

and by using the discrete maximum principle (Lemma 1), we get
|(ErGi v = Eol)| = covlnn + an, (a7
o

Finally, by combining all the bounds from Eqgs. (12)—(17), then employing on Eq. (11),
: N.M
we can get the required bound on &,
Fort > 2t, we can obtain the desired error bound in a similar way as done above.O

5 Numerical results

To verify the error estimate obtained in Theorem 2, here we carry out some numerical
experiments for the following 2D test problems by choosing 7 = 2 and Pro =
2.2, = x, y. In the tables, we begin with N = 8, Ar = 0.2 and p = 1/Ar and we
multiply N by two and divide Az by two.

Example 1 Consider the following singularly perturbed 2D delay parabolic IBVP with
constant coefficients:

up —eAu+ux +uy =ulx,y,t =+ flx,y,0), (x,y,1) €D x(0,2],
u(x,y, 1) =@p(x, y,1), (x,y,1) €® x [-1,0],
u(x,y,t) =0, (x,y,1) € 3D x [0,2].

The source function f(x, y, t) and the initial data ¢ (x, y, t) are such that the exact
solution of the above problem is

u(x,y, 1) = (1 —exp(—1)) (my + max +exp(—(1 —x)/e))
x (my +may +exp (—(1 — y)/e)),

where m; = —exp(—1/¢), mp = —1 —mj.
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Table 1 Maximum pointwise errors and the corresponding order of convergence for Example 1

€ Number of mesh-intervals N / temporal mesh-size At
8/1 16/ 15 32/ % 64/ 15 128/ o 256/ 1t5

10~! 1.0562e-1 7.1832e-2 4.0928¢-2 2.2042¢-2 1.1445¢-2 5.8295¢-3
0.5562 0.8116 0.8928 0.9456 0.9732

1072 1.9181e-1 1.3457e-1 8.8636e-2 5.6470e-2 3.4444e-2 2.0190e-2
0.5114 0.6024 0.6504 0.7132 0.7706

1073 2.0568e-1 1.4074e-1 9.2071e-2 5.8304e-2 3.5466e-2 2.0768e-2
0.5473 0.6123 0.6592 0.7172 0.7720

1074 2.0713e-1 1.4139¢-1 9.2427¢-2 5.8491e-2 3.5568¢-2 2.0826e-2
0.5509 0.6133 0.6601 0.7176 0.7722

1075 2.0727e-1 1.4145e-1 9.2463e-2 5.8509e-2 3.5579e-2 2.0831e-2
0.5512 0.6134 0.6602 0.7177 0.7723

10-6 2.0729¢-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e—2 2.0832e-2
0.5512 0.6134 0.6602 0.7177 0.7723

1077 2.0729e-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e-2 2.0832e-2
0.5513 0.6134 0.6602 0.7177 0.7723

1078 2.0729e-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e-2 2.0832e-2
0.5513 0.6134 0.6602 0.7177 0.7723

eN- At 2.0729¢-1 1.4146e-1 9.2467e-2 5.8511e-2 3.5580e—2 2.0832e-2

pN-At 0.5513 0.6134 0.6602 0.7177 0.7723

For each ¢ the maximum pointwise error is calculated by

’

e = max u(xi, yj, tn) —U(xi, yj, tn)
(xivyj,tn)eﬁN’M |

where u(x;, y;,t,)andU(x;, y;,t,) denote the exact solution and the numerical
solution obtained in &Y with N mesh-intervals in the spatial directions and M
mesh-intervals in the temporal direction, such that Ar = 7'/M is the uniform mesh-
size. In addition, the corresponding order of convergence for each ¢ is determined by

eN,Al‘

N,At __ &

pe " =log, N4/
&

Now, for each N and At, we define the e-uniform maximum pointwise error by

N,A N, At
B s

e t:maxe
&
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Table 2 Maximum pointwise errors and the corresponding order of convergence for Example 2

€ Number of mesh-intervals N / temporal mesh-size At
8/1 16/ 15 32/ % 64/ 15 128/ o 256/ 1t5

10~! 1.0894e—1 7.3729¢-2 4.1932¢-2 2.2514e-2 1.1689¢e-2 5.9596e-3
0.5632 0.8142 0.8972 0.9457 0.9718

1072 1.9526e-1 1.3425e-1 8.8205¢-2 5.6181e-2 3.4258¢-2 2.0092e-2
0.5405 0.6060 0.6508 0.7137 0.7698

1073 2.1242e-1 1.4122e-1 9.1897e-2 5.8141e-2 3.5373e-2 2.0719e-2
0.5890 0.6198 0.6605 0.7169 0.7717

104 2.1427e-1 1.4198e-1 9.2318¢-2 5.8355¢-2 3.5488¢-2 2.0783e-2
0.5938 0.6210 0.6618 0.7175 0.7719

1075 2.1446e-1 1.4205e-1 9.2361e-2 5.8377e-2 3.5499¢-2 2.0789¢-2
0.5942 0.6211 0.6619 0.7176 0.7719

10-6 2.1448¢-1 1.4206e-1 9.2365¢-2 5.8379e-2 3.5500e—2 2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720

1077 2.1448e-1 1.4206e—1 9.2366e-2 5.8379e-2 3.5501e-2 2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720

1078 2.1448e-1 1.4206e-1 9.2366e-2 5.8379e-2 3.5501e-2 2.0790e-2
0.5943 0.6211 0.6619 0.7176 0.7720

eN- At 2.1448¢-1 1.4206e-1 9.2366e-2 5.8379e-2 3.5501e-2 2.0790e-2

pN-At 0.5943 0.6211 0.6619 0.7176 0.7720

and the corresponding ¢-uniform order of convergence by

VA N Al

AL

p = log, (eZN,At/2> :

Next, we consider an example with variable convection coefficients.

Example 2 Consider the following singularly perturbed 2D delay parabolic IBVP:

u—eAu+ (1+x(1—x)uy + (1 4+ y(1 = y)u,

=ulx,y,t—1)+ f(x,y,1), (x,y,1) € 2 x (0, 2],
u(x7yat)=(pb(-xvy’t)a (xvy’t)egx[_lao]a
ulx,y, t) =0, (x,y,t) € 99 x [0, 2].

Here also, we choose the source function f(x, y, f) and the initial data ¢, (x, y, f) in
such a way, so that they fit with the same exact solution as mentioned in the Example 1.

The calculated maximum pointwise errors and the corresponding order of conver-
gence for Examples | and 2 are presented in Tables 1 and 2, respectively, for various
values of € and N. In both the tables, we can observe that for a fixed &, the maxi-
mum pointwise errors decrease monotonically as N increases, which confirm that the
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(@A) e=le—2.

= 0.5+

T 0.8
(b)e =1e—4.

Fig. 1 Surface plots of the numerical solutions U at ¢t = 2 and N = 32 for Examplel.a¢ = le — 2. b
e=1le—4

Fig. 2 Visualization of the 0
10 T T
order of convergence through -¥-oN"'
loglog plot for Example 1 O(N""InN)
% _ e=1e-1
P23 e=le-4
_ 10} \ g =le-8
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i
X
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10—
10 10
N
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Fig. 3 Visualization of the 10° i
order of convergence through N 1
loglog plot Example 2 * O(T I:'N)
e=le-
e=1e-4
107"} e=1e-8

Max. Error

10°

10 10°
N

implicit upwind scheme (5) is e-uniform convergent. It also reflects the fact that the
classical upwind scheme applied on this class of problem results almost first-order
convergence. To visualize the appearance of the boundary layer and its behavior for
different &, we have given the surface plots for e = 1072, 10~* and N = 32 in Fig. 1,
for Example 1.

In order to reveal the numerical order of convergence, we have plotted the maximum
pointwise errors (in loglog scale) in Figs.2 and 3, for Examples 1 and 2, respectively,
which again confirm the almost first-order convergence of the scheme.

6 Conclusions

In this paper, we have analyzed an efficient numerical scheme for the singularly per-
turbed 2D delay parabolic convection—diffusion problem of the form (1), using the
uniform mesh for the temporal domain and a special piecewise-uniform Shishkin
mesh for the spatial domains. For the discretization of the continuous problem, we
have used the implicit-Euler scheme and the classical upwind scheme to the temporal
and spatial derivatives, respectively. For the proposed scheme, the stability and error
analysis have been carried out, which shows that the method converges uniformly
with first-order (up to a logarithmic factor) in space and first-order in time. Along with
the analysis, we have presented some numerical examples to verify the theoretical
findings.
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