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Abstract We consider in this paper an ecological model, in a predator—prey interaction
with the presence of a herd behavior. For the analysis of the model, the existence of
positive solution and also the existence Hopf bifurcation, Turing driven instability, and
Turing—Hopf bifurcation point have bee proved. Then by calculating the normal form,
on the center of the manifold associated to the Hopf bifurcation points, the stability
of the periodic solution has been proved. In the last part of the paper, numerical
simulations has been given to illustrate our theoretical analysis.
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1 Introduction

Since the works of Volterra [1] a huge improvement has been noticed in popula-
tion dynamics in general and ecosystems in particular; from a half century, several
mathematicians followed their steps and proposed several models for modeling the
interaction between the two species “predators” and “preys”, and each time it was
intended to include a new population phenomenon. someone of them assumed that
predator population has hyperbolic mortality for instance [2], and others assumed that
the predators has a quadratic mortality [3], others changed the interaction functional
to considering a specific population phenomenon. For instance Holling I interaction
functional [4-6], models only the predation of the preys, but for Holling II interaction
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functional [4], models both the predation of the preys and the search of the predators
for the preys. For more examples of interaction types, we cit Beddington—-DeAngelis
interaction type [7-9], Holling I-III interaction type [4,10-13], Ratio dependent inter-
action type [14,15].

Recently, herd behavior has been included. It is a behavior that the preys population
uses to defend against predators population. It make a group called “group defense”,
such that when the predators make contact with the preys population, they can’t reach
the inside of the preys group which means that the predators hunt only on the boundary
of preys herd. It is the reason of defining this dynamic of preys by the square root of
the preys population; for instance the works of [3,16-20]; and several models in the
same orientation to appear in the interface. Now calling the works of E. Venturino and
Y. Song; in [3,17,18,21-23], they assumed that this phenomenon is a natural behavior
of prey, but in [16] it has been assumed that is an instant cause of a disease that infects
the preys population.

In the present work a standard method has been given to include herd behavior in
some interaction functionals, and a difference between this functionals has been given,
and therefor it is the master key of the present work work. Motivated by the previous
works the proposed model is the following one:

dR _ _ R _ __ _aRP

@ =rR(1-%) 1+bv/R+cR’ 1)
dP = —mP + eaRP '
di 14+bv/R+cR’

where R(¢) and P (¢) stand respectively for the preys and the predators densities at the
time ¢, r is the reproduction rate of prey population and & the carrying capacity, e is the
conversion rate of preys biomass into predators biomass and note that 0 < e < 1, m
is the mortality rate, b and c related to search coefficient of the predator for the prey, a
represents the hunting rate, where ¢ is the maximum quantity of preys can be captured
by a predator.

In the case of herd behavior, the predators hunt exclusively on the boundary of
preys herd. For the ecological meaning of the interaction functional in system (1.1)

_ aRP . . . .
h(R, P) = TTpJRicR Some previous works are recalled including herd behavior.

In [2,16] the authors use the interaction functional 4 (R, P) = av/RP where VR
models the preys herd. This functional is the Holling I interaction functional with
the presence of prey group. In [3], the authors propose the interaction functional

hy(R, P) = % which is the Holling II interaction functional in the presence

of preys herd where b is the search rate of P for R. In this work, the generalized

Holling III interaction functional [11,13,24] defined by h3(R, P) = % has
been considered, and a simple assumption on this functional has been used to include
the preys herd. In the presence of this behavior the predators hunt only in the boundary
of the preys group which means that the functional 43(R, P) becomes h4(R, P) =

_ __aRP . . .
h3(VR, P) = b RicR’ where h4(R, .) saturates at large prey population densities
comparing A1 (R, .) and ha(R, .) (see Fig. 1).

In real world, the prey and the predator always in movement, for modeling this

dynamic we will consider that the two populations has a spatial disperse; the spatial
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Fig. 1 Three types of modified Holling interaction functionals in the presence of herd behavior for a =
0.5,b=0.5,c=0.5

dynamic of the predator—prey models including spatial diffusion has been widely
studied in literature, see [13—15,25-28]. Here, we will consider that both considered
population are in an insolated patch, which means that the immigration is neglected
using the Neumann boundary conditions. Considering the above discussion the system
(1.1) can be rewritten in the presence of spatial diffusion as follows:

Ri(x,t) —diRyx(x,t) =7rR(x,1) (l —
aR(x,t)P(x,t)

1+ bR, D) + cR(x, 1)

Pi(x,t) —dy Prx(x,t) = —mP(x,t) +

R(x,1)
=)

x € (0,L),
eaR(x,t)P(x,t) .
1+bVR(x,t)+cR(x,t)

3

(1.2)
with the associated Neumann boundary conditions
Ry(0,1) =Ry (L,t) = Pc(0,t) = R (L,1) =0Vt >0, (1.3)
R(x,0) = Ro(x) =0 P(x,0) = Po(x) =0 x € (0, L); '

where x is the covered distance by P or R, and L is the maximum distance that can
be covered by the prey or the predator, di, d, are the positive diffusion constants for
the preys and the predators , respectively.

The paper is organized as follow. In Sect. 2, the existence of a positive solution
of the system (1.2) and a priori bound of solution and also the global stability of
the equilibrium state E( have been proved. In Sect. 3, the roots of the characteristic
equation have been calculated and the existence of Hopf bifurcation and Turing driven
instability also have been proved and the Turing—Hopf bifurcation points has been
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calculated. In Sect. 4 the normal form on the center of the manifold of Hopf bifurcation
has been calculated for determining the direction and the stability of Hopf bifurcation,
also some numerical simulations is used to illustrate the analytic results. A conclusion
section ends the paper. We also mention the works [29—-32] for further reading.

2 Existence of a positive solution, a priori bound of solution, global
stability

In this section the existence of a positive solution of the system (1.2) has been proved
under Neumann boundary condition, then some estimation of the solution has been
given, at last the global stability of the equilibrium (k, 0) has been shown under some
condition of the parameters.

Obviously the system (1.2) has three equilibrium states Eg = (0, 0), E; = (k, 0)
and E* = (R*, P*) such that

. b+ /b> +4(% —c)

205 — o) @2.1)
R*
P*:%R*(l——) > 0,
k

which exists if and only if

k> R*and % > c, (2.2)

(there may exist a fourth equilibrium state, which is strictly non positive and thus not
biologically significant) for the existence of a positive solution and the bounders of
the solution the following theorem is used:

Theorem 2.1 For Py(x) > 0, Ro(x) > 0 and Ry(x), Py(x) not identically null, then
the system (1.2) has a unique solution (R(x,t), P(x,t)) such that 0 < R(x,t) <
R*(t) and 0 < P(x,t) < P*(t) for t > 0 and x € (0, L) where (R*(t), P*(¢)) is
the unique solution of the ordinary differential equation:

R(x)

R; =rR(x) <1 — > 0,
R(x)P
Pl = _mP(.x) + ed (X) (x) 5 (23)
1 +bR(x)+ cR(x)
R(0) = Rj= sup Ro(x), P(0)=P;= sup Py(x).
x€(0,L) xe(0,L)
Further we have lim;_, ., sup R(x, t) = k and
. 1 m+r
t_l)lgloo sup I X / P(x,t)dx < ek. 2.4

Q
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Proof By putting

f(R,P)=rR (1 R) aRkP
, =r - )
k 1+bvVR+cR
(R. P) pi_ aRP 2.5)
,P)=—m _— .
§ 1+bvVR+cR
where f and g verify the condition:
aR
= <0
I T bR+ eR
eaP
grR = (2.6)

>0
(1 + bR+ cR)?

It is obvious to see that the functionals f and g are Lipschitz functions which means
there exist ¢y, ¢z such that for positive Ry, Rz, P, P, we have

[f(Ry, P1) — f(R2, P)| < ci1(JR1 — R2| + | P1 — P2)),

|f(Rl, P]) - f(Rz, P2)| < C2(|R1 — R2| + |P1 _ le) (27)

From (2.6) to (2.7) then f and g is mixed quasi monotone functional in R(see [33]);
now putting (Ry(x, 1), P2(x, t)) = (R*(t), P*(t)) satisfying the equation:

U — d\Ryyy — f(Ry. P2) = 0> 0,

P (28)
W_dZPZ)(x_g(RZ’PZ):OZO,

and (R (x, 1), Pi(x,1)) = (0, 0) satisfying:
8Zi%_lel)cx_f(RlvPI)ZOSO, (29)
ai)#_dzplxx_g(RlsPl)zofo, ’

and0 < Ro(x) < Rj, 0 < Py(x) < P .(Ri(x,1), P1(x,1)) and (Ry(x, 1), P2(x, 1))
called the lower and the upper solution (or sub- and super-solution) of the system
(1.2); it is obvious to see that the functions f and g in addition of being Lipschitz, are
homogenous which means f (R, P) — f(R2, P) > —c1(R1 — R2) and f(R, P;) —
f(R, P,) > —c1(P1 — P») for R > Ry and P; > P, where ¢ is Lipchitz constant of
the functional f and the same idea for the functional g that means all the conditions of
the Theorem 2.1 in [33] are verified, which leads to the global existence of the solution
of the system (1.2) satisfying the condition 0 < R(x,7) < R*(t) and 0 < P(x,1) <
P*@)for t > 0and x € (0, L).

The strong maximum principle implies that 0 < R(x,?),0 < P(x,¢) fort > 0
and x € (0, L) that completes the first part of the proof.

Note that R(x,t) < R*(t) and P(x,t) < P*(t) where R*(¢) is the unique solution

RO | ind R(O) = R >0,

of the equation R, = rR(x)(1 — A
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It is easy to verify that R*(t) — k ast — +oo so for any ¢ > O there
exist Tp > O such that R(x,t) < k + ¢ for t > Ty, x € [0, L] witch leads to
limy_ oo SUp R(x, 1) = k.

Putting
L L
B() = / R(x,t)dx §(t) = / P(x, t)dx, (2.10)
0 0
and
w(t) =eB(t) +65(1), (2.11)
then

2 / (%) vE )
L= [ diRepdx + — 2 lax,
dt e 14+ bvR +cR

f
/

ds eaRP
— dr Pyxdx + dx. 2.12)
d /2 . [ T bR +CR:| (

. .. dw
Using Neumann boundary condition T becomes

dw _ dp db
ar - Car Tar

L R (2.13)
= -—mé(t) + er / R <1 — E) dx.

0

Adding and subtracting the term mef (1)

dw ; R
Frin —m(eB(t) + 6(t)) +mef(t) + er/ R <1 — E) dx, (2.14)
0
which leads to J
T e w + eBU)(m £ 1), (2.15)

dt

From lim;— 400 SUp R(x, ) = kwe have lim;_, ;o0 B(t) < Lk thus for small ¢ > 0
there exists 7 > 0 such that

dw
T < —mw + eLk(m +r), (2.16)

and note that w(t) is the solution of

d
d_‘;’ = —mw +eLk +&)(m +r), (2.17)
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then
m+r

Jim v =

etk +e)L, (2.18)

using the comparison principle and (2.16) we can obtain for 75 > T

L
m-+r
/P(x,t)dx=8(t) <w(t) < ek +e)L +¢et > T, (2.19)
0
that means
L
li ! PG, idx < 2 ek 2.20
t_)lToosupzx (x,t)dx < ek. (2.20)
0
This completes the proof. O

Now we consider the carrying capacity of the prey k as a bifurcation parameter, and
the Jacobian matrix of the system (1.1) can be defined as follows:

J(R, P) = (““ “‘2>, 2.21)

azy az?

where

b
a11=r<1 2R) 1+bﬁ+CR_R(m+C>

_EY ., ,
(14 bvR +cR)?
aR 0
ap =—————=——<0,
1+ bR+ R
b
l+b\/E+CR—R(m+c)
ar| = eaP 0,
(14 bvR + cR)?
+ cak (2.22)
ay =-m+ —, .
14+ bvR+cR

and D = diag(di, d») and corresponding the Neumann boundary condition the real-
valued Sobolev space can be defined as follows.

_ |, T _ g2 IR IR _ _
x={U=R P e H0.L)/ 5" == =0ax =0,L . (2.23)
X X

For Uy, U, € yx, defining the usual inner product (U;, U;) = fOL (R1Ry+ P1 Py)dx
and the associated Hilbertian norm of x noted by || - |[2.2
The associated eigenvalue problem is given by:

(2.24)

—®" = pudx e (0, L),
®'(0) = ¢'(L) =0,
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. nw ., nw .
it is well known that w, = (T) and cos(Tx) (n = 0,1...) are the eigenvalues

and the eigenfunctions of the problem (2.24) on y, respectively.
Under the boundary condition of we look for the solution of the form:

U= Z( )cos( x)e“ (2.25)

In order of the global stability of £ we have the following results

Theorem 2.2 The equilibrium state E1 = (k, 0) of the system (1.2) is globally asymp-
totically stable when R* > k and E* does not exist.

Proof The linearized system around the stationary state E1 = (k, 0) is given by:

U= DAU + J(k, 0). (2.26)

The eigenvalues of the matrix —(%)ZD + J(k, 0) are:

A =-r—d (%)2 <0,

N eak J ni\2 (2.27)
e ()
g I+bvk+ck VL
+ cak 0is equivalent to R* = k
—m = 1S equlva ent to =
b+ Vk)(c + Vk)

which means when R* > k then Ay < O for any n > 0 leads to the local stability
of the equilibrium E; for R* > k, and it is obvious to see that k = k(n) are the
bifurcating points of the forward bifurcation where k are the solution of the equation
of the variable k:

(m—i—dz(ﬂ)z) +b<m+d2( ) )\/_—i- (cm—l—cdz( n)z—ae>k:0.
L L L

(2.28)

Now for the global attraction of E the proof of Theorem 2.1 in [33] has been used,

and defining respectively the upper constant and the lower solution of the system (1.2)

by (Ry, P1) = (k+¢&, M) and (R2, P>) = (&, 0) where ¢ and M are positive constants

and ¢ is sufficiently small; and also the monotone sequences for coupled parabolic

equation defined in [33] by (R(m) (m)) and (R™, P) form = 1,2, ... such that

-5 (m) 5 (m—1)

A

+— f(R P,

1 | (2.29)
_ ?(m) + c_g(ﬁ(m— ),F(m_l)),
2

F(m)
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and

R(m)_R(m 1)+ f(R(m 1 P(m 1))
(2.30)

pm — pm) —g(R(m_l), p(m—l))’
r L P r

such that (R, P?¥) = (k + &, M) and (R©, PO = (¢, 0).
From Lemma 2.1 in Pao [33], (R(m) (m)) (R, P)and (ﬂ(”’), B(’”)) — (R, P)
such that

e < RM < Rmt+D SB§F<EW+D R
Yl

g < PM < pontD < B m+D

= (mfk” (2.31)
<P <P" <P" <,

if & = 0 then (R, P©) = (0,0) leads to P = 0 from [33] (R, P) and (R, P)
verify: _ o
f(R,P)=0, f(R,P)=0,

g(R,P)=0, g(R, P) =0, (2.32)
which is equivalent to

R R - eaRP

R(1-%) =0, L L —,
- 1+bVR +cR (233)

R (1 R) aRP 0 b caRP
r — T )=, —m e
3 1+b/R+cR = 1+b/R+cR

From the first equation of (2.33), R = k can be deduced, and the other equations
implies that P =0, R = k and from Theorem 2.2 of Pao [33] the solution (R, P)
satisfies:

(R, P) — (k,0) ast — 400 whene < Ry(x) <k +e.

Using the comparison theorem the functional 1 (x, ¢) that verify R(x, ) < n(x,1t)
can be defined where (x, ) € [0, L] x [0, +00) by the following parabolic equation

m=dinux+rn(l—1) 1>0,xe(0,0L),
MO, =1L, =01>0, (2.34)
n(x,0) = Ro(x),
and n(x,t) — k ast — 400 and there exists fo > 0 such that R(x,?) < k 4+ ¢ in
[0, L] x [tp, +00) which means the equilibrium state £ globally attracts the solutions

andislocally asymptotically stable, leads to the global stability of E;. Which completes
the proof O

3 Linear stability, Turing instability and bifurcation analysis

In this section the stability of the positive equilibrium E* has been analyzed, the
existence of the Hopf bifurcation, and Turing—Hopf bifurcation points for the system
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(1.2), Throughout the rest part of the paper, the condition (2.2) has been assumed; for
the simplicity to the readers the section has been splitted into three subsections.

3.1 The characteristic equation

The system (1.2) can be rewritten as follows:

U, = DAU + J(R*, P")U + F(U), (3.1
with
% pry _ [ Ak) B
where
b
2R* 14+ b/ R* + cR* — R* = +¢
Al = r (1 - ) —aP* (N’T ) 3.3)
(1 + by/R* 4 cR*)?
B=_"_o, (3.4)
e
1+ bVR* + cR* — R* (=2 + ¢
C(k) = eaP* <2ﬁ ) 0, 3.5)
(14 b/R* 4 cR*)?
and
92 92
DA = dlag (d1ﬁ7 dza_y2> s (36)
R (1 R) alR A(k)R — BP
- _&y_ etk _
_ k 1 R+ cR
F(U) = +bvR+c NEN))
— —C(k)R

+—
1+bvR+cR

Where F(U) is a nonlinear function around the equilibrium E*. The linearized
system of (1.2) around E* is given by:

U, = DAU + J(R*, PH)U. 3.8)
; nw . ¥ P*) 1o o
The matrix _(T) D + J(R*, P¥) is given by

- (2)

)

- (%)2 D + J(R*, P*) = (3.9)
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The eigenvalues of the matrix (3.9) are the solution of the characteristic equation
given by
A2 = T, (k)A 4 D, (k) = 0, (3.10)
with 5
nmw
L) = A) — (@ +d) ().
nmw\4 niw\2 (.11
D, (k) = didy (T) — A (T) — BC(k).

3.2 Hopf bifurcation

In this subsection, the existence of the Hopf bifurcation and the bifurcation points
have been calculated, further we will give the order of this last. Recall the existence
of Hopf bifurcation occurs if and only if 7,,(k) = 0 and D, (k) > 0.

Obviously Dg(k) > 0 and lim,,_, y oo Dy (k) = 400

Lemma 3.1 The positive equilibrium E*, whenever exists, verify the following con-
dition:

T =R*— (1 + =b~/ R*) > 0. (3.12)
ae
It is easy to prove the Lemma 3.1 using the equation of the existence of equilibrium
b/ R* + 1
point R* = ﬁ and under the condition (2.2) T can be written as follows
< —c
m

T(%—c)—b«/ﬁ+l——<1+ bdﬁ)(——c) (3.13)

m

—b«/ﬁ(1+—)+—>0 (3.14)

ae

Recall that the eventual Hopf bifurcation points must be the solution of the equation
in the variable &

A(k) — (dy + db) (%)2 —0, (3.15)

which is equivalent to

~ +d)<ﬂ)2—0
1 2\ ) =0
(3.16)

R*
Using P* = “-R*(1 — 7) and 7% R* = 1 + b/ R* + cR* then (3.15) becomes:

2R* mr R* n\ 2
r<1— k)—wR*<1 k>(1+ b«/R)—(dﬁ-dg)(T) =0,
(3.17)

* * *
r<1_2R*>_aP*1+va +cR*—R (ZW )
(1 4+ by/R* + cR*)?
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then the eventuels bifurcating points are given by
2r (R — T R (1 n %b«/R*)
ae
5 .
(r ~t+an (") ) R = (14 10V
ae

k(n) = (3.18)

Lemma 3.2 Putting
T (L\2_ 1
le[ 7 (%) m} (3.19)

Where [.] is the integer part and k(n) is defined in (3.18), Hopf bifurcation occurs for
the system (1.2) at k = k(n) and for n < N1 and k(n) verify the following estimation:

R <k(0) <k(l)<---<k(m)<k(n+1) <--- <k(Ny) < Teo, (3.20)
with
TOO—FT > 0. (3.21)
Where T is defined in (3.12).

Proof Note that Hopf bifurcation occurs if and only if 7, (k) = 0, leads to

nim\2
T = (@ +d) (7). (3.22)
with o pr
Tok) = Atk) =r <1 — ) n <1 + —bv R*) (3.23)
k R*2
and it is easy to see that limy_, g+ To(k) = —r < O
Ak) = % ( 2R+ - (1 + bVR*)) <R* - — <1 + b«/R*))
(3.24)
then .
Tk) = — (2R — “Z (1+ =0v/R*) ) > 0, (3.25)
k? ea 2
which means ,
Ty(k) = k—z(R* +7T) >0, (3.26)
and
lim Tyk) =Ty > 0. (3.27)
k——+o00

Where T is defined by (3.21); from (3.22) to (3.26), Ty (k) is strictly increasing
as a function of k and intersect the horizontal axis at

R*+ T)R*
k' = % >0, (3.28)
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0 #(0) k) 40y 200 300 400 500 600 700
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Fig. 2 Numerical simulation for the existence and the order of Hopf bifurcation points the solution of the
Eq. (3.22) where a = 1.5;b = 1.02;¢c = 1.02;e = 0.5;m = 0.5;r = 1.2;d; = 0.02;dp = 0.1 and
L = 5. Which means R* = 8.1497; N = 4; T = 7.7404 and Too = 1.1397 and its obvious to see that
Fig. 2 show the order of Hopf bifurcation points shown in (3.20)

the Eq. (3.22) possesses a solution if and only if

niw\2 . r
(dy + do) (7) < Jlim Tyt = 2T, (3.29)

in other words, the Eq. (3.22) posses solutions if and only if n < Nj where N is
defined in (3.19).

The function (d; + dg)(ﬂ)2 is strictly increasing as a function of n then the

estimation in (3.20) is obviously verified (see Fig. 2) and this completes the proof. O

Now we put A(k) = a(k) £ iw(k) as the solution of the characteristic equation
with:
a(k(n)) =0 and w(k(n)) = /D(k(n))

o (k(n)) = (R*+T)>0. (3.30)

_r
2k2(n)

Under the condition (3.30) the bifurcation points and their order is given by the fol-
lowing theorem

Theorem 3.3 If there exists N* < N a critical value jy, ..., jyx such that jy =
0<ji1 << jn- <Njyand Dig(k(i€)) > 0, £ =0...N* we have the following
estimation:

R* <k(0) <k(l) <---<k() <k(n+1) <--- <k(jn=). (3.31)
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3.3 Linear stability and Turing instability

In this subsection, a sufficient condition for Turing instability has been given, before
that recall that the existence of Turing instability exhibit when the two following
conditions holds:

(i) The equilibrium point is linearly stable in the absence of diffusion.
(i) The equilibrium point becomes instable in the presence of diffusion.

Obviously Dy (k) > 0, then D, (k) < 0 need to be proved for some values of n.

D, (k) =D ((%)2> = didy ((%)2)2 — A (%)2 —BC(). (332)

Note that Dg(k) > 0 so the minimum of the function (3.32) occurs when

() -2,

L L cr
with ) AK)
nim
s AN 334
<L ) 2d, (3.3

nmw
and D((T)E,) < 0 is a sufficient condition for Turing instability, that is

did A\’ dAkA(k) BC(k) <0 3.35
12(ﬁ>_2()ﬁ_ (k) <0, (3.35)
—ﬁ(A(k))2 — BC(k) <0 (3.36)
4d, ’ ’
d> 5
—Z (A(k)* > —BC(k) > 0, (3.37)
4d,

then

Ak) > 2 /%c(k) >0, (3.38)

It is a sufficient condition for having Turing driven instability. for the time biens
we should be focus on studying the intersection between the Hopf bifurcation curve
and Turing driven instability curve, not that this point (whenever it exists) is called
Turing—Hopf bifurcation point.

Obviously the condition 7,, = 0 and D,, > 0 is a necessary condition for the
existence of Hopf bifurcation and 7,, = 0 which equivalent to

2
A(k) = (d) + do) (%) —0, (3.39)
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leads to
R*r(R* + 1)
ki (dy, m) = —— , (340)
(i +d>) () R 40T
and D,, = 0 equivalent to
dd (Ef — dr AK) (E)Z — BC(k) =0 (3.41)
1\ 2 i3 =0, .
lacing A(k) = ——(R*+T) 4+ —T and C (k) ac’r (R*—T) ae2r(R* T)
replacin =—— —T an = —T)— _
) P g k R* a mR* mk
in (3.41)
niw\2
ae(R* —T) — (R* +T) (—)
kr(di,n) =r . L , (3.42)
ddy (B2) = =1 (B2) + R - T)
T R \L mR*
The two curves defined in (3.40) and (3.42) intersect at
L\? nm\4 R* (R*+T
di=df=(—) |-d5(—) —
: ! <n7t>|: 2(L) a(R*—T)
2
+Tr +rR*R* +T) — d (ﬂ) ] . (3.43)
L
Defining the functional
L\*1 m\4 R* (R*+T
() ARG () e
A <71> x|: o) a\wpr) ot
T\ 2
RN R +T)—ds (Z) x:| , (3.44)
with
, T\2 1 2 (TN4R* (R* 4T ,
Fx) = <Z) > [—dz (Z) — (=g )~ Tr =R R+ 1) | <0,
(3.45)
which means that the functional f is strictly decreasing as n growth and lim,,_, g+ f (x)
= 400 and lim,,_, ;0 f(x) = —o0 and there exist a positive integer n* such that
>0 if 1<n<n*
f) = { <0 if n*<n. (3.46)

leads to 1 < n, < n* such that the Hopf bifurcation curve defined in (3.40) intersects
the Turing instability curve (3.42) noted by L, , at the point (k*, d5) this point called
Turing—Hopf bifurcation point, for the existence of homogenous and nonhomogeneous
periodic solution is given by the following theorem:
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Theorem 3.4 We assume that the existence condition of the positive equilibrium E*
(2.2) holds, and defining the Hopf curve by H, in the k — dy plane defined in (3.40)

(i) If n = 0 the equilibrium E* is asymptotically stable when 0 < k <
R*(R*+T) . R*(R*+T)
—F = k* and instable when k > ——

(ii) The system (1.2) has a Hopf bifurcation near E* when k = kg (dy, n) and has a
homogenous periodic solution for n=0, and nonhomogeneous periodic solution
whenn =1,2,..., jy*

4 Normal form on the center of manifold for Hopf bifurcation

In this section the papers [15,34-37] has been followed and k has been used as a
bifurcation parameter. Assuming that k* = k},(n) where kj,(n) is defined by the
Eq. (3.15) and introducing the variable u = k — k7, (n) and rewriting the positive
equilibrium E* point in function of u by putting k = u + k7, (n) then we have:

w*(u) = R* and v*(n) = P*(u + k*). 4.1)
Putting ~ 3
R(,t)=R(,t) —u"(w) P(,t)=P(,t)— v*(u), “4.2)
and 3 5 _ 3
Ut) = (R(., 1), P(,0)7 and U* = (u* (), v*(w)7, (4.3)

Rewriting system (1.2) in the form:

dU (1)

- = DAU + Lo(U) + g(U, p), (4.4)

with D = diag(d,, d») and Lo(U) = J(U*U
and

~ 1 S
— o iyl
g,y =Y i!j!l!g”lR Pl 4.5)
i+ =2
1 2
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with
8i+j+l (k) 0,0,0
=08 000 47
j 3T R POl
- . R+ u* (1)
M - * -
& (R, P, ) =r(R+u(n)) (1— ok

a(P +v*(W)(R + u* (1))

14 by R+ u*(n) + c(R + u*(u))’

ae(P + v*(w) (R + u*(w))

14 by R+ u* () + (R + u*(n))

§P(R, P, ) = —m(P +v*(w) +

4.8)
The linearized system of (4.4) around the origin is:
dU (1) -
=T (). 4.9
T W) (4.9)
Now defining the normalized eigenfunction of the problem (2.6)
nw
cos (Tx>
¢n(x) = TN (4.10)
Jeos (4]
L 2,2
and putting
By (x) = (@a(x), 00" B(x) = (0, gu(x))". 4.11)

Let A, be the set of all eigenvalues of (4.9), under the form A = +iw, and the
associated invariant manifold set is:

Y, = span{< ¢(), B, > B, /() € x,i =1,2}. (4.12)

It is easy to see that I'(Y},,) C span{ﬁ,’;,i =1,2}n € Np; and let Y (r) € R? be
such that YT (t)(B}, BT € T,.

In the invariant manifold I" the linear partial differential equation (4.9) is equivalent
to the linear system:

V(1) = — (%)2diag(d1, dr) + Lo(Y (1)) Y () € R2. (4.13)

Itis obvious to see that (4.9) has the same characteristic equation ( 3.1), now defining
the matrix

2
M, = — (T”) diag(dy, d») + J(R*, P*). (4.14)
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Assume there exist n € Ny such that 7, = 0 with k = k*(n) then the eigenvalues
are +iw, (or £4/Dy) leads to
Ap =iy, —ion}; By = diag(ion, —iwy); z = (21, 22)"

Now defining
2.
P = <pnl) . d> (nTn) tiwy, @.15)
= = * N .
n Pn2 Cn(lk )
cn(k*)
dn1 2iwy,
= = ) ) 4.16
o <qnz) di (2)° — A" + i, (4.16)
2wy

Note that p, and g, verified the conditions

My pn = iwypn; M,{Qn = iWyqn, (4.17)
arpn =1, (4.18)

and the decomposition of x into two subspaces
x=x%a x5 (4.19)

with x© := {zqg + zq : z € C} and the stable subspace xS:=1{U €y : (g, U) =0}
for any U € x there exists z € C and w € x°; and defining the 2 x 2 matrices
Q= (pn, pn) VY = col(an, cjnT) where p, (resp g,) is the conjugate of p, (resp
qn); and ¥, 2, = diag(1,1) = I.

Using the decomposition of the space x to write U as follows:

U =21Ppn@n(x) + 22Pnpn(x) +wzi, 22 e Ryw € x°. (4.20)

Following the same ideas in [15,26,38], the normal forms can be written as follows

Buiz Bnziz
z:3ﬂ+<flm)+<ﬁ12 OGP+ Y, @2
Buizop Bn22125
with
2 2
Bu1 = qua(g{o) Pt + 8611 Pn2)- 4.22)

5 %Qozl + ﬁFozl + ﬁ;Goo if n=0, W)
2= ) )
! %anl + ﬁ;Gno + #ﬁGn(zn) if n#0,

@ Springer



Herd behavior in a predator—prey model with spatial... 143

where

Omi1 =g [g3oopn1 | Pt 12+ 8030 Pn2 | P2 |* + 8210(P21 Pr2 + 2w | put %)

+glzo<p,%213n1 +2put 1p2P)). (4.24)
2 r 2
Fior = | @] G ! v = [a Cun| = 3 [a oo |. (4.25)
n
Cn20 = Cnoa = 220002 + 28110001 Pn2 + 8020125 (4.26)
Cut1 = 200 |P21| + 4g110Re{ put pu2} + 28020 | P22 |, 4.27)
and
Gni = ¢ 1(8200Pn1 + 8110Pn2) Anit1 + (8110Pn1 + 8020 Pn2) Aniti
+Ani20(8200 Pl + €110 Pn2)
+(8110Pn1 + 8020 Pn2) Aniool, (4.28)
with

4| g Qiendiag(1, D) = Mo) ™! (Cox — g5 Coropo = g Coropo) if n, j =0,
M) o Qiwodiag(1,1) — Mo)~'Cap if n 0, j = 0, 2n,

(4.29)
and
——=Mo~"(Con1 — q{ Cor1po — @l Corrpo) if n, j =0,
Ajin =1 V7 : . (4.30)
—cpiM; ' Cy11ifn #0, j =0, 2n,
Cai = (Pn (V)i (x)). (4.31)
Note that .
T 1= = O,
1 .
—=i=0, 0,
= | FI=0NE (432)
%i =2n #0,
0 otherwise.
Using the change of variables
2=Vi—iVa, 2=V =iV, (4.33)
and
Vi =pcosf, Vo, = psinb, (4.34)
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d, d,

Fig. 3 Numerical simulation for the intersection point between Hopf bifurcation curve (3.40) and Turing
instability curve (3.42) whenn = 3;a =3.5; b =1.02; ¢ =1.02; e =0.5; m =0.75; r = 1.2;dp = 0.1
and L = 5. which means R* = 0.3863; ; T = 0.2452 and Too = 0.7616, and it is obvious to see that the
conditions (2.2) is verified (for the existence of the positive equilibrium E*)

12}

~

95

)

L L L L L L L L L
9
0 50 100 150 200 250 300 350 400 450 500 5

time

Fig. 4 Trajectory and phase portraits of the system (1.1) when E* is locally asymptotically stable and
k=14.75 < k* = 16.7304

then the normal form (4.21) can be written in the real coordinate using the above
change of variable, and becomes:

{p = Varip + Viop® + 0(up? + (1, p)I), 435)
0 = —won + 01, P)D),
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Fig.5 Trajectory and phase portraits of the system (1.1) when E* is instable and k = 19 > k* = 16.7304
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Fig. 6 Numerical simulation of the system (1.2) when the equilibrium (R*, P*) = (6.5394, 11.4886)
is locally asymptotically stable for k = 14.5 < k(0) = 14.75and dy = 0.2;dp = 0.1;a = 1.75;b =
1.22; ¢ = 1.12e = 0.5; m = 0.5; r = 3.2 with the initial condition R(0, x) = 5 and P (0, x) = 10

with
Va1t = Re{By1} Via = Re{B2}. (4.36)

The dynamic of the system (1.2) near the bifurcation point is topologically equivalent
to (4.35) in the neighborhood of u = 0 (u sufficiently small) and using Lemma 3.1.2
in Wiggins [39,40] and [27,41]. V,;» determines the direction of Hopf bifurcation and
the stability of periodic solutions, it is given by the following theorem:
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2000 N

0N 02
. 00 s 0 0 .
time distance time distance

Fig. 7 Numerical simulation of the system (1.2) when the equilibrium (R*, P*) = (6.5394, 11.4886) is
instable when k = 15 > k(0) = 1475 and di = 0.2;dy = 0.1;a = 1.75;b = 1.22;¢ = 1.12¢ =
0.5; m = 0.5; r = 3.2 with the initial condition R(0, x) = 5 and P (0, x) = 10 and shows the existence of
a homogenous periodic solution

P(x,t)

500 S
400
300

N —

04
wo\/ﬂ

fime Pl distance time distance

Fig.8 Numerical simulation of the system (1.2) when the equilibrium E* does not exist and E is globally
asymptotically stable when k = 6 < R* = 6.5394 and d] = 0.02;dp = 0.01;a = 1.75;b = 1.22; ¢ =
1.12¢ = 0.5; m = 0.5; r = 3.2 with the initial condition R(0, x) = 7 and P(0,x) =3

Theorem 4.1 (i) If V2 < Othen the system (4.20) has a supercritical Hopf bifurcation
in k = kj;(n) (that means the periodic solutions are stable) and the periodic solution

existif Vo1 > O0and p > 0or Vyp <Oand n < 0

(ii) If Vo > Othenthe system (4.20) has a subcritical Hopf bifurcationink = k}“{ (n)
(that means the periodic solutions are instable) and the periodic solution exist if
Vi1 > 0and u <0or Vy <0and p > 0.
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Fig.9 Numerical simulation of the system (1.2) when the equilibrium E* does not exist and E is globally
asymptotically stable when k = 6 < R* = 6.5394 and d| = 0.02,d, = 0.01a = 1.75,b = 1.22,¢ =
1.12e¢ = 0.5; m = 0.5, r = 3.2 with the initial condition R(0, x) = 1 and P(0,x) = 4

5 Conclusion

We have dealt in this paper with a predator prey model with a spatial diffusion, a linear
mortality and a herd behavior. the generalized Holling III interaction functional with
the presence of herd behavior and a Neumann boundary condition have been chosen.

In Sect. 1, a presentation of our model is given and also the ecological meaning of
the parameters is provided. In Sect. 2, the existence of a unique positive solution was
proved using the upper-lower solution (sub super-solution) method, it is also proved
that the solution of the system (1.2) is bounded. Furthermore, the global stability of
E| in the absence of E™* is proved.

In Sect. 3, the local stability of the positive equilibrium E* has been studied in the
presence of diffusion and also Hopf bifurcation has been analyzed (calculating the
Hopf bifurcation points and their order), also a sufficient condition for Turing driven
instability has been given; and the presence of homogenous periodic solution when
n = 0 and nonhomogeneous periodic solution when n = 1,2, ..., N is shown. At
last, the intersection between bifurcation curve and Turing driven instability curve is
analyzed to prove the existence of a Turing—Hopf bifurcation point.

In the next section, the normal form of Hopf bifurcation is calculated beside some
properties of the periodic solution (the stability and the instability of the periodic
homogenous and inhomogeneous solution).

At the end of the paper, numerical simulation has been used to illustrate the theoret-
ical results, for instance Fig. 2 represents the order of Hopf bifurcation points shown
in Lemma 3.2, Fig. 3 the existence of Turing—Hopf bifurcation point; Figs. 4 and 5 the
presence of a periodic solution of the system (1.1) such that for k < k*, the positive
equilibrium E* is locally asymptotically stable, but when & > k™, it becomes instable
and there exists a stable periodic orbit. Figure 6 shows the existence of a periodic spiral
to E* when k < k(0); Fig. 7 the existence of a stable periodic homogenous solution
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of the system (1.2) for k > k(0). Finally Figs. 8 and 9 represent the global stability of
the equilibrium E| for two different initial conditions when & < R*.

Acknowledgements Iam deeply grateful to the anonymous referees for providing constructive comments
that helped in improving the content of this paper.
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