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1 Introduction

Since the pioneering work of Anderson and May [1], great attention has been paid
to developing realistic mathematical models for transmission dynamics of infectious
diseases(see, for example [3,4,7-12,14,15,17-20]). An increasing number of works
are devoted to the study of the relationsips between demographic processes among
different populations and diseases. There are many works on dealting with predator—
prey models with disease in the predator or the prey (see, for example [3,10,11,13,14,
17-19]). In [17], Zhang et al. considered the following delayed eco-epidemiological
predator—prey model:

(1) = rx(t) — ax*(t) — aix () S(),
S(t) = arx(t — 1)S(t — 1) — d3S(t) — BSM)I (1), (1.1)
I(t) = BSWI (1) — dal (1),

where x(¢), S(¢) and I(t) represent the densities of the prey, susceptible (sound)
predator and infected predator population at time ¢, respectively. The parameters a,
ai, az, dz, da, r and B are positive constants(see [17]). In system (1.1), the authors
assumed that the infectious predator would die of diseases and only the healthy predator
had predation capacity, but once infected with the disease, the predator would not be
able to recover.

In most of the liternatures, it was frequently asumed that the disesse incubation
is negligible. However, for some disesse, once infected, each susceptible individ-
ual becomes infectious instantaneously and later recovers with a permanent acquired
immunity. An epidemic model based on these assumptions is called SIR (susceptible,
infectious, recovered) model. In [4], Cooke formulated an epidemic model with time
delay effect for the spread of a communicable disease carried by a vector by assuming
that the force of infection at time 7 is given by BS(¢)I (t — t), where B is the average
number of contacts per infective per day and t > 0 is a fixed time during which the
infectious agents develop in the vector and it is only after that time that the infected
vector can infect a susceptible human. Cooke considered the following model:

St)=A—diSkt)—BSHI(t — 1),
I(t)=BSWIE —1)— (day+ V) (®). (1.2)
R(t) = yI(t) — dsR(1),

In system (1.2), S(¢) represents the number of individuals who are susceptible to the
disease, that is, who are not yet infected at time ¢; /() represents the number of
infected individuals who are infectious and are able to spread the disease by contact
with susceptible individuals; R(#) represents the number of individuals who have
been infected and then removed from the possibility of being infected again or of
spreading at time ¢, respectively. The parameters di, d» and d3 are positive constants
representing the death rates of susceptibles, infectives and recovered, respectively. In
[71, McCluskey further discussed system (1.2) and completely proved that if the basic
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reproduction number is greater than unity, the endemic equilibrium is globally stable
by constructing a suitable Lyapunov function.

Stage-structure is a natural phenomenon and represents, for example, the division of
a population into immature and mature individuals. Predator—prey systems where only
immature individuals are consumed by their predator are well known in nature. One
example is described in [12], where Chinese fire-bellied newt, which is unable to feed
on the mature Rana chensinensis, can only feed on the immature one. Stage-structured
models have received great attention in recent years (see, for example, [8,12,13,16]).

Based on above discussions, in this paper, we study the following differential equa-
tions

X1(t) = rxo(t) — (1 +d)xi (1) — axi(t) — arx (HS(1),
X2(t) = rix1(t) — daxa(t),
S(t) = apx1 (1)S(1) — bS* (1) — d3S(t) — BS(DI (1),
[(t) = Be ™St —)I(t—7)— (n+ V),
R(t) = yI(t) — nR(®), (1.3)

where x1(¢) and x> (¢) represent the densities of the immature and the mature prey
population at time ¢, respectively. The parameters a, aj, az, b, dy, d>, d3, r, r1, B,
and y are positive constants, in which r is the birth rate of the prey; a and b are the intra-
specific competition rates of the immature prey and susceptible predator , respectively;
dy and d, are the death rates of the immature prey and mature prey, respectively; rq
is the transformation rate from the immature individuals to mature individuals for the
prey; aj is the capturing rate of the predator, a;/a; is the conversion rate of nutrients
into the reproduction of the predator. T > 0 represents the latent period of the disease;
y is the recovery rate of infectious individuals. In system (1.3), we assume that only
the susceptible predators have ability to capture immature prey.
The initial conditions for system (1.3) take the form

x1(0) = ¢1(0) =0, x2(0) = ¢2(6) =0, S(O)=¢1(0) =0, 1(0) =¢2(0) =0,
R(0) =¢3(0) =0, ¢1(0) >0, ¢200)>0, ¢1(0) >0, ¢(0) >0, ¢3(0) >0,
((/)l (9)7 (/)2(9)’ ¢1 (G)a ¢2(9)7 ¢3(0)) eC ([_t9 O]s Rio)v 0 e [_7:7 0)5 (14)

where R ) = {(y1, y2, 3, 4. ¥5) 1 yi > 0,i =1,2,3,4,5}.

It is well known by the fundamental theory of functional differential equations
[5] that system (1.3) has a unique solution (x1(¢), x2(¢), S(¢), I(¢), R(t)) satisfying
initial conditions (1.4). It is easy to show that all solutions of system (1.3) with initial
conditions (1.4) are defined on [0, + 00) and remain positive for all r > 0.

The organization of this paper is as follows. In the next section, we show the perma-
nence of solutions of system (1.3) with initial conditions (1.4). In Sect. 3, by using the
theory on characteristic equation of delay differential equations with delay-dependent
parameters developed by Beretta and Kuang [2], we discuss the local stability of each
of feasible equilibria of system (1.3). We establish the existence of Hopf bifurcations
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at the endemic-coexistence equilibrium. In Sect. 4, by means of Lyaponov function-
als and LaSalle’s invariance principle, we obtain sufficient conditions for the global
stability of each of feasible equilibria of system (1.3).

2 Permanence

In this section, we give a result on the upper bound of positive solutions of system
(1.3) with initial condition (1.4).

Lemma 2.1 Positive solutions of system (1.3) with initial conditions (1.4) are ulti-
mately bounded.

Proof Let (x1(t), x2(¢), S(t), 1(t), R(t)) be any positive solution of system (1.3) with
initial conditions (1.4). By the first and second equations of system (1.3), we can obtain

X1(1) < rxa(t) — (r +dp)xi (1) — axi(r),
X2(t) = rix1(t) — daxa(t).

< [rri—dy (r1+d))| .

which yields limsup, ,, , x1(?) ads

2—1M1 = M.
By the last three equations of system (1.3), we can obtain

= M, limsup,_, ,  x2(t) <

S(t) < aaM S(1) — bS* (1) — d35(t) — BS()I (1),
[(t) = Be St — ) (t — 1) — (n+ V) (1), (2.1)
R(t) = yI(t) — nR().

Define
N@) =St —1)+e*" 1) + e R(1).

Calculating the derivative of N (¢) along positive solutions of system (2.1), it follows
that

. oM * (aaM))?
N(t)g—dN(t)—b[S(t—r)— b } + m
(axMy)?
<—=dv() + "

where d = min{ds, u}. If we choose M3 = (axM1)?/(4bd), then

limsup S(r) < M3, limsup /(1) <e M"M3, limsup R(r) <e M.

—>00 —0o0 —>0o0

This completes the proof. O
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Lemma 2.2 For any positive solution (x1(t), x2(t), S(¢), I(t), R(t)) of system (1.3)
with initial conditions (1.4), we have

rry —dy(ri +di +aiM3)

. _

fiminfx; (1) = ad> A1
— (d _I“:M

liminf §() > 25— @+ M) _ o

t—+00 b N

where M3 is defined in Lemma 2.1.

Proof Let (x1(t), x2(¢), S(t), 1(t), R(t)) be any positive solution of system (1.3) with
initial conditions (1.4). By Lemma 2.1, it follows that limsup, , , ., S(t) < M3,
limsup,_, , o, 1(t) < e”#* Mj3. Hence, for & > 0 being sufficiently small, there is a
To > Osuch thatifr > Ty, S(t) < M3 + ¢, 1(t) < e """ M3 + &. Accordingly, for
¢ > 0 being sufficiently small, we derive from the first and the second equations of
system (1.3) that, for t > Ty,

%1(1) > rxa(t) — (r1 4 d)x1 (1) — axi(t) — a1 (M3 + &)x1 (1),
Xo(t) = rix1(t) — daxa(t), (2.2)

which leads to

rry —dy(ry +di +aiM3)

Lim inf x; () > ads Xp- 2.3)
By the third equation of system (1.3), we can obtain
S(t) > arx S(t) — bS*(t) — d3S(t) — (e " M3 + £)S(1), 2.4)
By comparison, we have
fimnf 510> G LI g @5)
This completes the proof. O

3 Local stability and Hopf bifurcations

In this section, we discuss the local stability of each of feasible equilibria of system
(1.3) by analyzing the corresponding characteristic equations.

Clearly, system (1.3) always has a trivial equilibrium E(0, 0, 0,0, 0). If rri >
da(r1+d1), then system (1.3) has a predator-extinction equilibrium £ (x?, xg ,0,0,0),
where

o Tri—dy(r +di) 0
.X'] =, _x2 =
ady

ri[rry —da(r1 + dy)]
aa’22
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If the following condition holds:

rri—da(ri+d)  ds

> 0,
ady ar

(H1) yo =
system (1.3) has a disease-free equilibrium E3 (x1+ , x; , 87,0, 0), where

0
ayds + abx r a
xf=——" "1 x;:—xf, S+:—(x?—xf'>.
ajax + ab d> ai

Further, if the following condition holds:

aayBype Mt
(Hy) y1 = Pr -
(ab+araz)(u+ y)

then system (1.3) has a unique positive equilibrium E,(x}, x5, ¥, I'*, R*), where

«_In—dri+d)  alu+y)
xi = — eMr,
ady ap
(et y)et? - axxi —bS* —ds _
B B ’ 0
Note that the variable R(¢) does not appear in the first four equations of system
(1.3). Therefore, we first consider the following subsystem of system (1.3):

S*

X1() = rxp(t) — (r 4+ d)x (1) — axi (1) — ayx (O)S(@),
X2(t) = rix1(t) — daxa(t), 3.1
S(t) = apx1 (1)S(1) — bS* (1) — d35(t) — BS()I (1),
(1) = Be M St —) (1t —1)— (u+ Y.
Accordingly, system (3.1) has the equilibria £} (0,0, 0,0), E{ (x?,x2,0,0), EJ(x]",

x),ST,0)and EL(x}, x5, S*, I*).
The characteristic equation of system (3.1) at the equilibrium Eé takes the form

A+d3) A+ pu+y) [)»2 + (1 +di +d)r+dar(r1 +dr) — rrl] =0, @32

Clearly, Eq. (3.2) always has two negative real roots: A = —d3, A, = —(u + y).
If rr1 < da(r1 + dy), then all roots of (3.2) are negative. If rry > do(r; + d1),
then (3.2) has one positive real root. Hence, Eé is locally asymptotically stable when
rr1 < dp(r1 + di) and unstable when rry > dy(r1 + dy).

The characteristic equation of system (3.1) at the equilibrium £ } is of the form

G+ u+y) <A+d3 —agx?) [/\2+ (r1 rd +d2+2ax?)k
frr —do(ri +dy)] = 0. (3.3)
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Clearly, Eq. (3.3) always has a negative real root A = —( + ). All the roots of the
following equation

22 + (r1 +d +d2+2ax?>)»+rr1 —dy(r1+dy)=0

are negative as rry; > d>(r1 + dp). The other root of (3.3) is A = azx? —d3 = aryp.
Hence, the equilibrium E f is locally asymptotically stable when y < 0 and unstable
whenyy > 0.

The characteristic equation of system (3.1) at the equilibrium Ezl takes the form

(A3 +en?teh+ eo) (/\ oty — ﬂs+e—<ﬂ+*>f) —0, (3.4)
where
e = ’dﬂ +ax; +dy + bS™,
2

el = (ady + ajaz)xi ST+ bS* (rdﬂ +ax{ + dz) :
2

ey = dr(ab + alaz)er+.
We first consider the following equation:
A+ e +eih+eo=0. 3.5)
A direct calculation shows that

Al =e >0,

rr
Ay) =e1ep—ey=|—

Lpaxf +do+ bS*) |:ad2xf“ +bst (ﬂ + axf)}
d2 d2

+apxfarst (rdg +axt + bs+) +dybS* (rdﬂ +dy+ bs+> >0,
2 2

Az = egAy > 0.

Hence, by the Routh—Huiwitz criterion, we see that the Eq. (3.5) has no positive roots.
Other roots of Eq. (3.4) are determined by the following equation:

fi) == A4 p4y — pSTe WHT =, (3.6)
If y1 > 1, for A real, it is easy to show that,

[0 =p+y —=BSTe™ =(u+y)1—y) <0, AEToofl(A) = +o00.
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218 L. Wang et al.

Hence, f1(A) = 0 has at least one positive real root in this case. If y; < 1, one has

Re(A) = BSTe # cos(tImhr) — (u+ y) < BSTe ™' — (u+ y)
=—(u+ )T =y <0.

Accordingly, by Theorem 3.4.1 in Kuang [6], we see that if y; < 1, the equilibrium
Eé is locally asymptotically stable. If y; > 1, the equilibrium E% is unstable.
In conclusion, we have the following results.

Theorem 3.1 For system (3.1), we have the following:

(i) If rr1 < da(r1 + dy), then the equilibrium Eé is locally asymptotically stable; if
rry > do(r1 + dy), then Eé is unstable.
(ii) Assume that rry > da(r1 + dy). If yo < O, then the equilibrium El1 is locally
asymptotically stable; if yo > O, then E 11 is unstable.
(iii) Assume that yo > 0. If y1 < 1, then the equilibrium E2] is locally asymptotically
stable; if y1 > 1, then E; is unstable.

By Theorem 3.1, for system (1.3), we have the following conclusions.

Corollary 3.1 For system (1.3), we have the following:

(i) If rr1 < da(r1 + dy), then the equilibrium E is locally asymptotically stable; if
rr1 > do(r1 +dy), then Ey is unstable.
(ii) Assume that rry > dy(ry + dy). If yo < 0, then the equilibrium E1 is locally
asymptotically stable; if yo > 0, then E| is unstable.
(iii) Assume that yo > 0. If y1 < 1, then the equilibrium E3 is locally asymptotically
stable; if y1 > 1, then E; is unstable.

The characteristic equation of system (3.1) at the endemic-coexistence equilibrium
E! is of the form

A+ ushd 4+ uah® 4wk + ug + (v3k3 + A% 4+ VA + vo) e =0, (3.7

where

d

rr

1 * * rry *
uy = (U + y)<d2 + ax +d2>+bS </L+ y + d—2+ax1 +d2>

+adyx{ + ayxfaS*,

rri N "
uz =pu~+ y + — +ax;y +dr +bS”,
2

rr
uy = (u+ y)ady + a1axS*)xi + drajarx{ S* + bS* |:(/L +y) (d—l +axi + dz)
2

—l—adzxﬂ,
ug = daxyS*(n + y)(ajaz + ab),
v3=—(n+ 7)),
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rry * * *
v=—W+7y) d—+ax1+d2+bS —BI"),
2

v =—(+y) [(% —i—axik + dz) (bS* — BI™) —i—aa’zxf +a1a2xTS*:|
2

vg = —dzxik(pt + Ya®S* — BI™) + ajaxS*].
When t = 0, Eq. (3.7) becomes
W (3 + 0307 + 2+ v)A7 + ( +v)hFug+v=0.  (3.8)

By calculation, it follows that

Al =uz+v3 = rdﬂ—}—axik—{—cb—i—bS* >0,
2
sax [ TT1 * *
Dy = (u3 +v3)(u2 +v2) — (U1 +v1) = arazxy$ (d_ +axi +bS )
2
-l-adzxi" (ﬂ + axi‘ + dz)
dy
+BbS* I (u+ y) +bS (d—+ax1 —l—dz) (d_ +axj +dr+bS ) > 0,
2 2
rr
Az = (u1 +v1) A — (o + vo) (u3 + v3)* =bS* <d—l+axik+d2) [BI*(u+ y)I
2
* Q¥ rr *
+dox( S (araz + ab) <d_ + axj —i—dz)
2
rr
X |:ad2xi‘ +bS* (d_ +axi +dy + bS*)]
2
+ajxjarS (d_ +axj +bS ) |:;31 (w+v)
2
X <d_ + ax] +d2) +dax{S™(a1a; +ab):|
2
% ok rry * *
+bSTBI (1 + y) (d_ +ax{ +dy+bS )
2
rriq 2 rri * 12 2
“I\ % +2d—2 (ax{ +dp) + (ax})” + (d2)

+ BI*dox{b(S") (1 + y)(araz + 2ab) > 0,
Ag = (uo + v0) A3 = adaxi B2 I*(u + y) Az > 0.

By the Routh—Hurwitz criterion, the equilibrium Ei of system (3.1) is locally asymp-
totically stable when 7 = 0.
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Suppose that Eq. (3.7) has a pair of conjugate purely imaginary roots iw(w > 0).
Substituting A = iw into (3.7) and separating the real and imaginary parts, one obtains

(v3a)3 —viw) sinwt + (vza)2 — Vg) COSWT = ot — u2w2 + ug,
(v3cu3 — V{w) COSWT — (vga)2 — vp) Sinwt = —u3a)3 +uw. 3.9)
Squaring and adding the two equations of (3.9), we derive that
a)8+S3w6+szw4+s1w2+s0 =0, (3.10)
where
S3=u§—2u2—v§, 32=u§+2uo—2u1u3—v%+2v1v3,
= u% — 2uouy — v% + 2vgva, S0 = u% — v%.
Let z = w?, then Eq. (3.10) can be rewritten as
4 3 2 _
$(z) =27 +5327 + 522" + 512+ 50 = 0. (3.11)

If s3 > Oand s% —4s153 < 0, then s(z) has always no positive roots. Hence, under these
conditions, Eq. (3.7) has no purely imaginary roots for any T > 0 and accordingly,
the equilibrium El is locally asymptotically stable for all 7 > 0.

If Eq. (3.11) has at least one positive root, without loss of generality, we assume that
(3.11) has four positive roots, namely, z1, z2, z3 and z4, respectively. Accordingly,
Eq. (3.10) has four positive roots wy = /zk(k = 1,2, 3, 4).

Fork =1, 2, 3, 4, from (3.9) one can get the corresponding r,g > 0 such that (3.7)
has a pair of purely imaginary roots +iwy given by

ch/ _ 2£ n i Arecos vza),% (wﬁ — uza),% + uoz) + (v3wz — vla)k)z(ula)k — uga),%) ’
Wk ok (v2wf)” + (v3ewy — viay)
j=0,1,2,...

Differentiating the two sides of (3.7) with respect to 7, it follows that

A\ A3+ 33 4 2uph 30307 + 200A + 1)
dv) " =AOF +uzhd +uak® +urh +ug) - A(wsA3 + 0242 + vik + vo)
T
-
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After some algebra, one obtains that

, {dRe/\} , {R (dk)_l}
sign - =sign el —
dr =7} dr r=rkj

_ sign { (11— 3u3}) (30 — 1) +2 (2 = 26}) (o — w205} + o)

a),% (u1 — ugw,%)z + (w,f — uza)/% + uo)2

n (v1 — 3v3w,%) (v3a),% — vl) — 2v%w,% }

)
(w)? + (Vi — v30})

We derive from (3.9) that

2 2 2 4 2 2 2 3 2
wj, <u1 — u3wk) + (a)k — urwj, + uo) = (vowr)” + <v1a)k — v3a)k> .

Hence, it follows that

{dRek } ) { 4w,§ + 3S3a)/§ + 2526()/% + 51 }
= sign
T_TJ

2
(wp)? + (viex — v3w})

. { s'(z8) }
= sign 5 (-
(2o)? + (viox — v3e})

Based on the theory on characteristic equation of delay differential equations with
delay-dependent parameters developed by [6], one can obtain the following result.

Theorem 3.2 Let y1 > 1 hold. For system (1.3), we have

(i) If s3 > 0, and s% — 4s153 < 0, then the coexistence equilibrium E, is locally
asymptotically stable for all T > 0.

(ii) If s(z) = O has at least one positive root zx, then all roots of (3.7) have negative
real parts for v € [0, r,?), and the equilibrium E, of system (1.3) is locally
asymptotically stable for T € [0, t,?).

(iii) If all conditions as stated in (ii) hold true and s'(z;) > 0, then system (1.3)
undergoes a Hopf bifurcation at E, when T = ‘ij (G=0,1,..).

4 Global stability

In this section, we study the global stability of the trivial equilibrium Eg, the
predator-extinction equilibrium E, the disease-free equilibrium E; and the endemic-
coexistence equilibrium E, respectively. The strategy of proofs is to use Lyapunov
functions and LaSalle’s invariance principle.

Theorem 4.1 If rri < da(ry + dy), then the trivial equilibrium E((0, 0, 0, 0, 0) of
system (1.3) is globally asymptotically stable.
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Proof By Theorem 3.1, we see that if rr; < da(r] + di), then Ey is locally asymp-
totically stable. Hence, we only prove that all positive solutions of system (1.3) with
initial conditions (1.4) converge to Ey. Let (x1(¢), x2(¢), S(¢), I(t), R(t)) be any pos-
itive solution of system (1.3) with initial conditions (1.4). Define

r a a a
Vo) = x1(t) + —x2(t) + —S(t) + —e T I(t) + e R(1)
da az az az

t
+a—'ﬁ/ S@) T (w)du.
ap t—1

Calculating the derivative of V(¢) along positive solutions of system (1.3), it follows
that

dry(ri +dy) —rr

. 1 2 ar ., » ai
Vot) = — y x1(0) — ax2(t) — Lbs2(r) — LayS(r)
2 an a
— Bt 1) — Lt uR@). 4.1y
ar ar

If rry < da(r1 + dy), it then follows from (4.1) that Vo(z) < 0. By Theorem 5.3.1 in
[5], solutions limit to A, the largest invariant subset of (Vo) = 0}. Clearly, we see
from (4.1) that Vy(7) = 0 if and only if x1(#) =0,5() =0,I(t) =0and R(¢t) = 0.
Noting that A is invariant, for each element in A, we have x1(¢) = 0. It therefore
follows from the first equation of system (1.3) that

0=x1(t) =rxa(t),

which yields x; () = 0. Hence, Vo(t) = Oifand onlyif (x(¢), x2(2), S(¢), I(¢), R(t))
= (0,0,0,0,0). Accordingly, the global asymptotic stability of Eq follows from
LaSalle’s invariant principle for delay differential systems. O

Theorem 4.2 Assume that rr1 > dy(r1 + dy) holds. If yy < 0, then the predator-
extinction equilibrium E 1(x?, xg, 0,0, 0) of system (1.3) is globally asymptotically
stable.

Proof By Theorem 3.1, we see thatif yp < 0, then E is locally asymptotically stable.
Hence, we only prove that all positive solutions of system (1.3) with initial conditions
(1.4) converge to Ep. Let (x1(t), x2(t), S(¢), 1(¢), R(t)) be any positive solution of
system (1.3) with initial conditions (1.4). System (1.3) can be rewritten as

£10) = 75 [ =00 (1) — )
1
+2010) (20 = 33) | + 210 [=a (310 =) | ~ @m0 0),
2) = 7 [=01® (1200 = 23) #0200 (110 =) |

$(t) = apx1(1)S(t) — bS* (1) — d3S(1) — BS()1 (1),
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[(t) = Be ™St — )t —7) — (u+ V) (1),
R(t) = yI(t) — nR(). (4.2)

Define

X1 X2 ai
V“(t)le—x?—x?ln—o—i—kl xz—xg—xgln—o + —S
Xy Xy a

+ —e’”] + e’”R
a a

where k| = rxg /(rlx(l)). Calculating the derivative of Vi1(¢) along positive solutions
of (4.2), it follows that

_ 40 _ 0
Vi) = )C](I)Txlfq(t) +k1xzme25€2(t) + Z—;S(f)

+ —e‘“l(t) + —e’”R(t)

x2(1) 1( 0\2
= x1 (1/ 0 (x1(¢) — x 1)—,/ (2(f)—x ) —a(xl(f)—xl)

— —bSZ(t) (d3 — ale) S@t) — —e/“;u(t) — —e’”MR(t)
ap ap ap

~Desiyim + LS — 01 — 7). (4.3)
an ar
Define
t
Vit = Vi) + g f S@) I @w)du.
az t—1

By calculation, we have that

2
. Q) ()
Vi) = — — ( X2(t) (x1() = x7) — i;(t) (x2(0) —xg)> —a(x1() —X10)2
— D2y — Dot ur () — et UR®) 4+ aryoS(1). (4.4)
a a a

It follows from (4.4) that if 9 < 0 holds, then Vi(t) < 0. By Theorem 5.3.1 in
[5], solutions limit to A, the largest invariant subset of (Vi(t) = 0}. Clearly, we see
from (4.4) that V; () = 0 if and only if x(t) = x), x2(t) = x3,S(t) = 0,1(t) =0
and R(t) = 0. Hence, the only invariant set A = {(x(l), xg, 0, 0, 0)}. Using LaSalle’s
invariant principle for delay differential systems, the global asymptotic stability of E
follows. O
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Theorem43 Let yo > 0 hold. If y1 < 1, then the disease-free equilibrium
Ez(x1 ,x2 , 81,0, 0) is globally asymptotically stable.

Proof By Theorem 3.1, we see that if 9 > 0 and y; < 1 hold, then the equilibrium
E» is locally asymptotically stable. Hence, it suffices to show that all positive solu-
tions of system (1.3) with initial conditions (1.4) converge to E;. We achieve this by
constructing a global Lyapunov function. Let (x1(z), x2(¢), S(¢), I(¢), R(t)) be any
positive solution of system (1.3) with initial conditions (1.4). System (1.3) can be
rewritten as

Xi1(1) = x% [—x2(0) (x1(0) = x77) + x1(0) (x2(0) — x3) ] + x1(0) [—a (x1(1) — x77)]
1

+arSTxi(t) — ayx; (1)S(),
i(t) = ;—L [—x1(0) (x2() — x5°) + x2(0) (31 (0) — x7)].
2
S(t) = arx1(1)S(t) — bS* (1) — d3S(1) — BS)I (1),
[(t) = Be ™St —0)(t—1)— (u+ Q)
R(t) = yI(t) — uR(). (4.5)

Define

Vgl(t)le—xr—xrlnx—}r+k2 xz—x;'—xg'lnx—i
X RY)
2 (s st st ) 4 Wenry,
a S+ ap

where ky = rx, f/@r 1% ). Calculating the derivative of V51 (¢) along positive solutions
of system (4.5), it follows that

. x1(t) —x x2(t) — x, ai(S() — S . :
Var(r) =~ L 2~ QW =2 ) Lone j
21(0) = 1() x1(t) + ko P X2(1) + &S0 (t)+ p” ()
2
_ | [x@ _ @ on) 2
== ( Py (x1(6) — x7) =0 (x2(1) — x5 )) a(xi() —xy)

— sy — 52— Dgsiyrae + LBSe — i@ —1)
a, as az

— T y) — BSTU ). 4.6)
Define
aj !
Vo) = Vi (6) + 2L / ST (wydu.
ap t—1
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By calculation, we have that

2
: ) )
V(1) = — é [ ﬁm (x1(6) = x) — 20) (x2(r) — xi)} —a(x® —x7)’
—Aps@) = ST — Lol (w4 )1 — y) ). 4.7)
an ar

It follows from (4.7) that if y; < 1 holds true, then Vz (t) < 0 with equality if and
only if x| (¢) = xf, x2(t) = x;, S(t) = ST, 1(t) = 0. Hence, the only invariant set
in Mis A ={(x;, x5, ST, 0).

By the fifth equation of system (1.3), it follows that lim,_, 4 oc R(#) = 0. Therefore,
the global asymptotic stability of the equilibrium E> of system (1.3) follows from
LaSalle’s invariant principle for delay differential systems. O

Theorem 4.4 Assume that yy > 1 holds, then the endemic-coexistence equilibrium
E.(x], x5, 8%, I'*, R*) of system (1.3) is globally attractive provided

(H3) S > gl*-

Here, S is the persistency constant for S(t) as defined in Lemma 2.2.

Proof Let (x1(t), x2(t), S(t), 1(¢), R(t)) be any positive solution of system (1.3) with
initial conditions (1.4). System (1.3) can be rewritten as

X1(1) = )% [—x2(t) (x1(1) — xT) + x1(0) (x2(1) — x3) ] + x1(0) [—a (x1(1) — x7)]
1

+a;8*x1 (1) — ayx1(1)S(1),
(t) = ;—1 [—x1(0) (x2(0) — x3) + x2(0) (x1(0) — x7)] .
2
$(t) = a1 ()S(t) — bS2(t) — dsS(t) — SO (1),

[(t) = Be ™St — )t — 1) — (L + ) (1),
R(t) = y1(t) — uR(). (4.8)

Define

X X a S
V31(t):x1—xf—xi"lnx—i+k3 (xz—xi"—x;lnxi)+ 1(.S’—S*_S*]nﬁ)
1 2
Vi
ERLLVLY (e Ly L )
ap I*

where k3 = rx3 /(rix}).
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Calculating the derivative of V31(¢) along positive solutions of system (4.8), it
follows that

. _ * _ % S _ S* .
Vai(t) = Xl(;folfcl(I) + kg%xm) + Z—;(I;TSU)
@ 10— 1
* aze 1(1) I
2
4 t

+ A1) — 5% — Lb(sa) — 59— Lps@)
a ap ap

ai
+—B8St—10)I(t — 1)
ax

ar , St—0)({t—71) [
_Eﬁl — o + az,BS I*. 4.9)
Define
t
Vi(t) = V31(t) + a—lﬂ/ |:S(u)1(u) —S*I* — S*I*In M] du.
a Ji— S*I*
Direct calculation shows that
(t) (1) ’
. t t
Vs(r) = — ;—]{ o 0 =) = [T (o —xé*)] —a(x0—x)’
B a—lﬁS*I* [S(t -0l —1) il St —1)I(— 1)]
an S*I(t) S*I (1)
_a_l * ok S*_ _ S* _a_l k2 _:BI*
el [S(o t=in S(t)} PR [b S(t):|'

(4.10)

Note that the function g(x) = x — I — Inx is always non-negative for any x > 0, and
g(x) = 0if and only if x = 1. Hence, if S(¢) > g[* fort > T, we have V3(t) <0
with equality if and only if x1(t) = x{,x() = x3,SFt) = S¢ — 1) = S* and
I1(t) = I(t — 7). We now look for the invariant subset A within the set

M = {(xl,xz,S, D:x1(t) =x{,x20) =x3,80) =S, 1(t) = 1(¢ —1:)}.

Since S(r) = S* on A and consequently, from the third equation of system (1.3) we
obtain )
0=S(@t) = ax|S* — b(S*)? — d3S* — BS*I(1). (4.11)

This yields 7(¢) = I*. Hence, the only invariant setin M is A = {(x}, x3, S*, I'*)}.
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By the fifth equation of system (1.3), it follows that lim;_, ;o R(#) = R*. There-
fore, the global attractiveness of E, follows from LaSalle invariant principle for delay
differential systems. This completes the proof. O

5 Conclusion

In this paper, we have incorporated the disease for the predator and stage structure for
the prey into an eco-epidemiology model. By analyzing the corresponding character-
istic equation, the local stability of each of feasible equilibria has been established.
It has been shown that, under some conditions, the time delay due to gestation of the
predators may destabilize the endemic-coexistence equilibrium of system (1.3) and
cause the population to fluctuate. From Theorem 3.2, we see that there is a threshold
r,? for the time delay such that below it the endemic-coexistence equilibrium is stable,
but if the delay is greater than the threshold, sustained oscillations arise. By means
of Lyapunov functionals and LaSalle’s invariant principle, sufficient conditions were
obtained for the global stability of the endemic-coexistence equilibrium, the disease-
free equilibrium, the predator-extinction equilibrium and the trivial equilibrium of
system (1.2).
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