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Abstract We consider a generalized algebraic Riccati equation arising in stochastic
control with an indefinite quadratic part. Three effective methods for computing a
matrix sequence, which converges to the stabilizing solution of the considered type of
Riccati equations with indefinite quadratic parts are explored. Convergence properties
of these methods are studied. Computer realizations of the presented methods are
numerically compared. Based on the experiments the main conclusion is that the
Lyapunov iteration is faster than the Riccati iteration because these methods carry
the same number of iterations. The iterative methods are numerically compared and
investigated.
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1 Introduction

The H linear quadratic problems have been introduced by Basar and Bernhard [1]
as a two-player zero sum game. H, control theory plays an important role in contem-
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porary control theory. There are engineering applications where the algebraic Riccati
equations with an indefinite quadratic term have to be solved (see [5] and reference
there in). In addition new type of methods and their extensions to solve such type
of equations are studied in [3,5,7-9]. Recently, linear quadratic differential games
and their applications have been widely investigated in many literatures. The Riccati
type equations have significant importance in the investigations of the H>/H, opti-
mal control problems. The stochastic H, / Hy, control with state, control and external
disturbance-dependent noise is discussed by Zhu and Zhang in [11]. Necessary and
sufficient conditions for the existence of the Nash strategy are presented by means of
four coupled stochastic algebraic Riccati equations are derived under the assumption of
mean-square stabilizability of stochastic systems in [11]. A linear quadratic stochas-
tic two-person zero-sum differential game with constant coefficients in an infinite
time horizon is considered in [12]. The closed-loop saddle points are characterized
by the solvability of an algebraic Riccati equation with a certain stabilizing condi-
tion. A model-free policy iteration method for learning the Hy, control policy by
using measured system data without system model information is proposed in [13]. A
least-square based model-free policy iteration approach by using real system data is
considered in order to solve the suitable algebraic Riccati equation. The data-driven
Hy control problem of nonlinear distributed parameter systems is considered in [14].
A data-driven off-policy learning method is proposed based on the simultaneous policy
update algorithm and its convergence is proved.

A new type of Riccati equation is introduced in [15] where a generalized class of
continuous-time two person zero-sum stochastic differential games is studied. Here
we consider a more general Hs, Riccati equation:

R(X):=ATX + XA+ CTC + (X)
—[X(G B)+ (ST SHIRT'[X(G B+ (ST sH" =0 (1)

. Ry O
with R = < 0 Ry
Here I1(X) is a positive definite (semidefinite) operator, i.e. [1(X) > 0if X > 0
(I1(X) = 0if X > 0).

Riccati equations for the H, control of stochastic systems is different from Hy,
Riccati equations in deterministic systems because Eq. (1) has an additional term I7(X)
which appears from state-dependent noises of the system. This term I7 (X) complicates
the process to compute the stabilizing solution of (1). Traditional methods applied to
the Hy, Riccati equations in deterministic systems do not work for the stochastic case.
In this reason many researchers have derived and proposed new iterative methods for
computing the stabilizing solutions to Hs, Riccati equations in stochastic case.

The matrix function R(X) defined for a symmetric matrix X, (X = XT) can be
rewritten in the following form:

, Ri <0,Ry, >0,and (G B) and (SlT SZT) are block matrices.

R(X) = ATX + XA+ CTC — (XG + SHR;'(GTX + 51)
—~(XB+SH R, (BTX + ) + T(X).
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Different algorithms for solving Hy, control problems have been investigated by
Wu and Luo in [10]. The main idea is to introduce two iterative algorithms, where one
matrix sequence is constructed, for computing the stabilizing solution to the algebraic
Riccati equation with an indefinite quadratic part (1). However, we have no direct proof
of the convergence properties of these iterative methods. For this reason we consider an
iterative process with two matrix sequences and we derive the convergence properties
of this iterative process. Moreover, we show that the introduced iterative algorithms are
equivalent to the iterative process, where two matrix sequences are studied. Based on
the equivalence relation we conclude, that the iterative algorithms, where one matrix
sequence is constructed are convergent algorithms.

In this paper we use the following notations: R"** stands for a set of n x s real
matrices. We write X > Y or X > Y if X — Y is positive definite or X — Y is
positive semidefinite for any two symmetric matrices X and Y. A matrix A is called
asymptotically stable (or Hurwitz), if the eigenvalues to A have a negative real part.
E(.) denotes the mathematical expectation. A feedback gain matrix K is said to be
stabilizing for linear systems dx = (Ax + Bu)dt, if the feedback matrix A — BK is
Hurwitz.

Remark 1 Consider the following example [5] of a two-mass spring system with uncer-
tain stiffness. The dynamical stochastic system is
dx(t) = Apx(t)dt + Gu(t)dt + Bu(t)dt + A1x(t)dw @)
z(t) = Cx(7) + Du(z) '
where x(t) € R" is the state vector, v(¢) € R™! denotes the control of the “disturbance
player”, u(t) € R™2 denotes the control of the “controller player” input, w(t) is an
one-dimensional Wiener process. The interpretation of the “controller player” and the

“disturbance player” can be found in Vrabie [9]. The disturbance player wishes to
maximize, while the controller player seeks to minimize the cost functional:

o0
Jy(u,v) = E / TcTCx +u"D"Du — y*v T v) dt . (3)
0

The corresponding Riccati equation, which stabilizing solution leads us to the equi-
librium point for such defined Hy, control problem is (1) with I7(X) = A;T XA and
A=A, S1 =5 =0and R = —y>I, Ry = D'D.

2 Preliminaries

Some lemmas that are instrumental in the construction of the iterative processes are
presented in this section. We introduce the following perturbed Lyapunov operator

Lw.p(X) =W)X +XW+I1(X),

and we will present the solvability of (1) through properties of the perturbed Lyapunov
operator.
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Lemma 1 [4] The following are equivalent:

(i) The matrix X is the stabilizing solution to (1),
(i1) The perturbed Lyapunov operator L A is asymptotically stable where:

Fiz=R'GTX +5), Fz=-R'B'X+8),
AZA_GFLX"'BFL)?-

The above lemma gives a deterministic characterization of a stabilizing solution to
the set of Riccati Egs. (1).

Lemma 2 For the map R(X) the following identities are valid:

(i) R(X+2Z)=RX)+ (AX)TZ+ZAX)-ZBR;'B'Z
~-ZGR'GT"Zz+1(2),
where A(X) = A - GF(X)+ BF(X),
Fi(X) =R{'(G"X +51).
F(X) = —R; ' (BTX + %)) 4)

for any symmetric matrices X, Z;

() RW,V,X)= (AW, V)X +XAW,V)+CTC
— (F(X) = V)" Ry (F2(X) — V) + IT(X)
— (F1(X) = W) R (F1(X) — W)
+ (W —R7'SHTRI(W — RS — STR{'S)
F(V+RS) TRV + RS - SRS (9)

with AW, V)=A—-GW+ BV, W e R"*" V e R"2*" |
Proof The statements of Lemma 2 are verified by direct manipulations. O

Lemma 3 Assume there exist positive definite symmetric matrices X, Z, X with X >
X, R(X) <0, and Z is the stabilizing solution to

0=(AXNTZ+ ZAX)+1(Z) +R(X)— ZBR; ' B"Z. (6)

Then

() if L3y %) is asymptotically stable with A(X, X)=A - GF(X)+ BF(X)

thepf(—X—ZzO;
(i) if X — X — Z > 0 then the Lyapunov operator 'CA(X+Z,)?);H is asymptotically

stable with A(X + Z, X) = A — GF1(X + Z) + BF>,(X).
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Proof There exists a matrix Q > (O for which R(}A( )+ Q = 0. We have

RX)+0=ATX+XA+0X) +C"C
—~(XG+ SHR7NGTX +81) — (XB+SHR; ' (BTX +5) =0.

Since Z is a solution to (6) then
R(X+2)=-ZGR;'G"Z.
Thus
RX+2Z)=RX)+0-ZGR'G" Z.

According to (5) we rewrite the last equation (W = Fj(X) = Rl_l(GT X +
S, V=FX) =-R'(BTX+5)):

R(F1(X), F2(X), X + Z) = R(F1(X), (X), X))+ 0 -~ ZGR;'G" Z,

and then by applying some matrix manipulations we obtain the identity (AKX, X) =
A —GF(X)+ BF2(X)):

0=AX, X)T[X-X-Z]1+[X-X-Z]AX, X)
+OX-X-2)+0-X-X)GR{'GT(X - X)

+ (R +2)- Fz(fo)T Ry (X +2) = Fa(%) 7

or

0=Lsxpm (X=X =2)+W,

and
W=0-X-X)GR{'G" (X - X)

R+ -B®) (RE+2)-RAE) 2 0.

Thus X — X — Z > 0. The statement (i) is proved.
In order to prove the statement (ij) we derive a connection between the matrix
coefficients A(X, X) and A(X + Z, X):

AX,X\)£GF(X+2Z)=AX+Z,X) = GFI(X) — Fi(X + 2))
= AX+2Z,X)+ GR;'G" z
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and using it to transform identity (7) we yield

0=AX+ZX)TX-X-2)+ X—-X-2)AX+Z,X)
+I(X-X-2)+0
+[X — X —ZIBR,' BT[X — X — 2)]
~ZGR'GTZ - (X -X-2)ZGR'GT (X - X - 7).

Thus
A N 1 aTe s
0="Lixzim (X=X =2Z) +[8 =X - ZIBR;'BT[R - X - Z)
+0-ZGR{'G"Z-(X-X-2)ZGR'GTX-X-2). (8
Since X — X — Z is positive definite and R; is negative definite, then the Lya-
punov operator £ (X+2Z.5):11 is asymptotically stable because Riccati Eq. (8) has the

stabilizing positive semidefinte solution.
The lemma is proved. O

3 Some iterative procedures
3.1 An iterative process with two matrix sequences
We present the main theorem with properties for constructing two matrix sequences

of positive semidefinite matrices { X k) Yoeor 12 ) } oo+ We construct the above matrix
sequences as follows. We take

XD = x® 1 z®  with x© =0, )
k=0,1,2....
Each matrix Z®, k = 0,1,2,...1s computed as the stabilizing solution of the

algebraic Riccati equation with definite quadratic part:

g(z(k)) — (A(k))T z® L z® g4®) H(Z(k)) —i—R(X(k))
-z®BR'BTZ® = 0, (10

where
F(X®) =R (GTX® +5p),
F(X®) = —Rr; V(BT X® 1 8),
AD = A — GF(XP) 4+ B F,(X0).

We formulate sufficient conditions for the existence of a stabilizing solution to the
algebraic Riccati Eq. (1). In fact, the next theorem proves the convergence properties
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to the main iterative loop (9), (10) under the sufficient conditions for existence of a
stabilizing solution to (1).

The matrices {Z®) Yo are stabilizing solutions to the sequence of algebraic Riccati
equations (10). We will prove that the sequence {X (k)},‘?io is monotonically non-
decreasing and converges to the unique stabilizing solution to set of Eq. (1). We
reformulate the convergence theorem introduced in [5, Theorem 3] and we present it
as sufficient conditions to the existence of the stabilizing solution to (1).

Theorem 1 Assume there exist symmetric matrices X and X© such that R(X (0)) >
0, R(X) < 0and X© < X. Assume the Lyapunov operator L. A©). 7 is asymptotically
stable. Then, for the matrix sequences {X (k)},fozo, {z® Yoo are satisfied

(i) The Lyapunov operator L ).y is asymptotically stable;

(i) REX*D) = —zO GRTGT zW > 0;

(iii) the Lyapunov operator L A7 i asymptotically stable,
where A¥) = A — GF(X®) + BF(X*+D);

(iv) X > X® D > x® > 0fork=0,1,...;

(V) limg_ oo XK = X is the stabilizing solution to (1).

Proof The proof follows the proof of Theorem 3 from [5]. O
Moreover, practical computation of the stabilizing solution Z® of (10) follows

the following simple recursive procedure like those in [2,6]. We choose Yy = 0 and
Ys,s = 1,2, ...1s the stabilizing solution to the algebraic Riccati equation:

ATy, + v, AQ — v, BR;' BT Y, + Qr -1 =0. (11)

Note that the matrix Qg s—1 = R(X (k)) + IT(Ys_1). We apply the Matlab procedure
care for solving (11).

3.2 An iterative process with one matrix sequence
In this section we consider an alternative iteration process where one matrix sequence
is constructed. This sequence converges to the stabilizing solution of the given set of

Riccati equations. We are proving that this introduced iteration is equivalent to the
iteration loop (9), (10). We substitute R(X®©) in recurrence Eq. (10):

0= (AT (X("“) _ X“‘)) + (X(k“) _ X(k)) AR 4 1(z®)
+ATX® 4 X0 4+ CTC - (xO6 + SHRT (GTXD 4 51)
- (X(k)B + SZT) R;" (BTX(") + S2> +1(x®)

_ (X(k+1) _ X(k)) BRy'BT (X(k+1) _ X(k)) '
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Transforming the above matrix equation we obtain:

0= (A(k))T x k+1) + x kD A0 + H(X(k+1))
+CTC - STR;'S1 = STR; 'S+ XWGR ' GTx®
k —1 pT y(k
+x®BR;'BTX®
_ (X(k+1) _ X(k)) BR;'BT (X(k+1) _ X(k)> ) (12)

There are two approaches to continue the transformation of the last recurrence
equation. The first one is to extract the term (A — G Fy (X ONTx k+D 4 x*k+D (4 —
G F1(X®)) and the second one is to extract the term (A + B Fo(X®)Tx*+D 4
XD (A + B F,(X0)).

We apply the first approach:

0=(A—-GFXONTx*D 4 x*D (4 - GF(XP)) + m(x*HD)
+X(k+l) B Fz(X(k)) + F2(X(k))TBTx(k+1)
+CTC — STR'S1 — STR, 'S, + XPGR'GTX®
k —1 pTy(k
+x®BRy'BTX®
_ (X(k—H) _ X(k)) BRy'BT (X(k+1) _ X(k)) '

After some matrix manipulations we derive

T
0=(4-GRX®)) XED 4 x*D (4 - GF(XD))

— X%V B+ STIR BT x*Y 4 5] 4+ m(x*HY)
+CTC — STR'S1 + XPGR'GTX® . (13)

Based on the executed matrix manipulations we conclude, that the perturbed Riccati
Eq. (13) is equivalent to the main iterative process (9), (10). Thus the matrix sequence
defined by (13) with X@ = 0 converges to the stabilizing solution to (1). Numerical
solvers for the perturbed Riccati Eq. (13) based on the Riccati recurrence equation are
investigated in [2,6]. Following the experience with iterations considered in [2,6] we
transform the latest recurrence equation in the following form:

T
0=(A-GFP) X%V 4 x*D (4-GFP)

—[X* DB 4 STIR BT XD 4 5]+ W (14)
where
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Further on, we apply the second approach to transform (12):

0= (A+ B FRXONT x*D 1 x&D 4 4+ B p(x©y) + mx*)
—F (X(k))TGTX(k-H) _ x&+D GF, (X(k))
+CTC — STR'S1 — STR, 'S, + XOGR'GTX®
k —1 pT y(k
+x®BRy'BTX®
_ (X(k+1) _ X(k)) BRy'BT (X(k+1) _ X(k)) .

‘We obtain

0=(A+BFERXONT x4+ x* D 4 + B F(x0))
CTC + X(k)BR—lBT (k) STR_152 + H(X(k_H))
—(GTX®D L g HTRINGTX*HD 4 5y
+(X(k+1) _ X(k))GRflGT(X(k+1) _ X(k))

— (X% = x®) pRIBT (x4 - x®) . (15)

Thus, the recurrence Eq. (15) is equivalent to the main iterative process (9), (10).
In order to construct the matrix sequence by using Eq. (15) we apply the following
practical realization to (15):

1. Wetake X© =0 ;

2. Compute XD as the stabilizing solution to

the Lyapunov equation :
0=ATXD 4 xO A+ 17X +CTC—SITRy'S, — STR'S)

3. Compute X @ x® . asthe stabilizing solution to

the Lyapunov equation : (16)
0= (A+ BF(X©)T xkth L x*k+D (A 4 B Fr(XR)) + 1(Xx®)

+CTC+ XPBR'BTX® — (GTX® + snTRN(GTX® + 51)

+(XO — xk=GRTGT(X® — x*=Dy — TR'S,

_ (X(k) _ X(k—l)) BRz_lBT (X(k) _ X(k—l)) ;

k=1,2,...

In this section we have considered two iterative methods for computing the stabi-
lizing solution to (1):

— Riccati iteration (14);
— New Lyapunov iteration (16).

One matrix sequence is constructed in both methods (14) and (16).
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4 Numerical experiments

In this paper we have studied three iterative methods for solving algebraic Riccati equa-
tion, arising in stochastic control with an indefinite quadratic term (1). Here we provide
some numerical experiments with these iterative methods. The first one is the iterative
process (9), (10). We construct two matrix sequences {X (k)} and {Z (k)} ,k=0,1,...
for each example. The matrix sequence {X®)} is computed using the external loop
of the iterative process (9), (10). In order to find the stabilizing solution Z ®) to (10)
we apply Riccati iteration (11). Furthermore, the next two methods are described by
the iterative procedures (14) and (16). These methods construct one matrix sequence,
which converges to the stabilizing solution of (1). The results from numerical experi-
ments are compared.

In our experiments we solve Riccati recurrence equations (11) and (14) with the
MATLAB procedure care where the flops are 81 1 per one iteration. The MATLAB
procedure /yap is applied for solving (16) and the flops are %n3 per one iteration.

We consider a family of examples of Riccati Eq. (1) with [7(X) = AlTXA +
A>TX Ay in two tests, where the coefficient real matrices are given as follows:
A, A1, Az, By, By were constructed using the MATLAB notations:

Test 1 : A = abs(randn(n,n))/6 — 6.5 x eye(n, n);
n=14,.., 17,
R =—-[0.3500;00.320;000.375]; 81 =randn(3,n)/4;
R, =1[8.720;270;00 11.5]; S» =randn(3,n)/4;
G =randn(n,3)/5; B =randn(n,3)/5; Q =0.3x%xeye(n,n);
Ay =randn(n,n)/2; Ar =randn(n,n)/5;

Test2 : A = (randn(n,n))/24 — 9 x eye(n, n);
n=20,..,32;
R =—-[0.3500;00.320;000.375]; S; =randn(3,n)/4;
Ry=1[8720;270;00 11.5]; S =randn(3,n)/4;
G =randn(n,3)/5; B =randn(n,3)/5; Q =0.002 % eye(n,n);
Ay =randn(n,n)/2; Ay =randn(n,n)/S;

In our definitions the function randn(p,k) returns a p-by-k matrix of pseudorandom
scalar values and a g-by-m sparse matrix respectively (for more information see the
MATLAB description).

Our experiments are executed in MATLAB on a 2.20GHz Intel(R) Core(TM) i7-
4702MQ CPU computer. We use two variables ol R and ¢ ol for small positive numbers
to control the accuracy of the computations. We use tolR = le — 7,tol = le — 5 in
our experiments. We denote Errorp ; = ||R (X(k)) || and Errorg = ||g (Z(k))H.
Iteration (9) stops when the inequality Errorg i, < tolR is satisfied for some k.
Iteration (10) stops when the inequality Errorg s, < tol is satisfied for some so. The
above inequalities are practical stopping criteria for (9) and (11), (14) and (16).

We have executed one hundred examples of each value of n. Table 1 shows the
values of the variables “I7);” and “I¢g”. The variable “I¢);” means the biggest number
of the iterations for the main iterative process (9) is finished for all runs, i.e. Ity =
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Table 1 Results for the example

(9), (10) with RI:(11) (14) (16)

n Ity Itg CPU Ity Itg CPU Ity Itg CPU
TEST 1

14 53 7.2 10.7s 39 16.6 2.0s 35 17.7 0.9s
15 56 10.4 11.4s 36 17.3 2.1s 29 18.1 1.3s
16 133 11.2 13.1s 38 18.4 2.3s 56 21.5 1.4s
17 60 10.5 16.7s 82 20.7 3.0s 176 21.3 1.5s
TEST 2

26 58 14.2 23.9s 39 20.6 4.4s 99 21.6 2.5s
27 152 10.4 29.8s 39 21.4 5.2s 36 21.8 2.8s
28 63 9.8 29.7s 49 22.5 5.3s 107 23.6 3.1s
29 318 12.6 44.4s 58 23.7 5.8s 127 26.4 3.7s
30 89 11.8 47 8s 50 24.7 7.1s 51 25.0 3.3s
31 60 12.9 53.5s 54 25.9 8.1s 44 26.3 3.6s
32 200 12.9 68.0s 65 26.9 9.1s 135 322 4.3s

Table 1, Test 2: CPU time

70 v v v T T
#
il ———(9)- (10) with RE(11) 7
——(19) 7
+(16) -
_
50} - 1
r"'ﬁﬁ-
V4
wf P 1
/
/
0} R s 1
/’///
20F E
10F E
%*
D— 1 1 1 1 1
26 27 28 29 30 31 32

Fig.1 Comparison for CPU time

maxp—1,....100 lgp, where Errorg i < tol R. The variable “Itg” stands for the average
Kp

number of iterations executed in the inner loop by iterations (11), (14) and (16) until

the main iteration is finished, i.e. Itg = max,—1 .. 100 2—p, where Errorg s, < tol.

Iterations (14) and (16) construct one matrix seque’ﬁce, which converges to the
stabilizing solution. Results from the experiments with (14) and (16) are presented in
the same table. These iterations stop when the inequality Errorg i, < tolR holds.
We display the biggest number of iterations “/#;,” and the average number of iterations
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558 1. G. Ivanov, I. G. Ivanov

avlt of each size for all one hundred runs. In addition, the column “CPU” presents
the CPU time for execution of the corresponding iterations for all one hundred runs 1.

The results described in the table show that all introduced iterative methods are
effective methods for computing the stabilizing solution of the Riccati equations aris-
ing in the Hy, stochastic problems.

5 Conclusion

The novelty of this paper is the construction and numerical analysis of the new iterative
algorithms provided a converge matrix sequence. We have studied two iterative pro-
cesses for finding the stabilizing solution to generalized Riccati equations (1). In the
proposed algorithms, we transform the given two matrix sequences {X®} and {Z®)}
into one different matrix sequence. We have made numerical experiments for comput-
ing this solution and we have compared the numerical results. We have compared the
results from the experiments with regard to the number of iterations and CPU time for
executing. Our numerical experiments confirm the effectiveness of the proposed new
methods (14) and (16). The proposed algorithms complete the stabilizing solution with
less computational time and no loss of accuracy. Moreover, the proposed algorithms
utilize less computer memory and it can be considered as their potential benefit.
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