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Abstract In this paper, we introduce impulsive delayed matrix function and give its
norm estimation. With the help of impulsive delayed Cauchy matrix and the variation
of constants method, we obtain representation of solutions to linear impulsive delay
differential equations. Moreover, we derive some sufficient conditions to guarantee
the trivial solution is locally asymptotically stable. Finally, two examples are given to
illustrate our theoretical results.
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1 Introduction

In recent decades, there are only few development on seeking explicit formula of
solution to delay differential/discrete equations by introducing continuous/discrete
delayed exponential matrix [1,2]. One of the most advantages of continuous/discrete
delayed exponential matrix is to help transferring the classical idea to represent the
solution of linear ODE:s into linear delay differential/discrete equations. For more con-
tinued works, one can refer to existence and stability of solutions to several classes of
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delay differential/discrete equations [3—13] and some relative controllability problems
[14-17].

Impulsive delay differential equations are widely used to characterize the situation
subject to abrupt changes in their states depending on the previous time interval. For
more recent development of theory and application, one can refer to [18-21] for the
determined case and reference therein. Next, we also remark that there are interest-
ing work on impulsive stochastic delay differential equations with Markovian jump
[22-28], where the classical approach are used to address the exponential stability
problem. More precisely, Lyapunov—Krasovskii functional, stochastic version Razu-
mikhin technique as well as linear matrix inequalities technique are utilized to derive
the sufficient conditions to ensure the exponential stability of the trivial solution in the
mean square.

In general, it is difficult to derive explicit presentation of solution without knowing
impulsive delayed Cauchy matrix even for linear impulsive delay differential equations
by adopting the similar idea to derive a solution involving impulsive Cauchy matrix
[29, p.108, (3.3)] for linear impulsive differential equations.

In this paper, we firstly introduce impulsive delayed Cauchy matrix and seek the
formula of solutions for the following linear impulsive delay differential equations

xX(t)=Ax(@t)+Bx(t—1), t>0,71>0,1t#¢,
Ax(t;)) =Cix(t)), i=1,2,..., )
x(@) =), —1<t=<0,

where A, B, C; be constant n x n matrices, AB = BA, AC; = C;A and BC; =

CiB foreachi = 1,2,...,¢ € C! := C'([~7,0],R"), and x(t) € R", and time

sequences {tk},fil satisfy 0 = 10 < t; < -+ < f < ---, impulsive conditions

Ax(tx) = x(t5) — x(@)), x(t) = lim (1 + €) and x(5,7) = x (1) represent
€—>

respectively the right and left limits of x(¢) at = #; and . lim # = oo.
—+00

Secondly, we seek the possible presentation of solutions to linear impulsive non-
homogeneous delay differential equations

X)) =Ax(@t)+Bx(t—1v)+ f(t), t>0,t>0,t#¢, f€ C([RT,RY),
Ax(t) =Cix(t), i=1,2,..., )
x(t)=¢), —1<t=<0.

We would like to point that the main innovation is to derive the impulsive delayed
Cauchy matrix for (1) and give its norm estimation. Further, we obtain explicit formula
of solutions to (1) and (2) by virtue of new constructed impulsive delayed Cauchy
matrix. Moreover, we present two sufficient conditions to guarantee the trivial solution
to (1) is locally asymptotically stable. Next, we extend to show that the trivial solution
to impulsive delay differential equations with nonlinear term is locally asymptotically
stable. Finally, we make two numerically examples to illustrate our theoretical result.

The rest of the paper is organized as follows. In Sect. 2, we recall some notations
and definitions, and give the concept on impulsive delayed Cauchy matrix and its
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norm estimation, and show that is the fundamental matrix for linear impulsive delay
differential equations. In Sect. 3, we give the explicit formulas of solutions to linear
impulsive homogeneous/nonhomogeneous delay differential equations via impulsive
delayed Cauchy matrix and the variation of constants method. In Sect. 4, sufficient
conditions ensuring local asymptotical stability of solutions are presented. Examples
are given to illustrate our theoretical results in final section.

2 Preliminaries

For any x € R" and A € R"*", we introduce vector norm ||x|| = maxi<;<p ||
and matrix norm ||A| = maxji<;<, Z;'.:l |a;;| respectively, where x; and a;; are
the elements of the vector x and matrix A. Let L(R") be the space of bounded linear
operators in R”. Denote by C(R™, R") the Banach space of vector-value bounded con-
tinuous functions from Rt — R” endowed with the norm |[|x[|c = sup,cg+ X (@) |-
We introduce a space C!(RT,R") = {x ¢ C(RT,R") : ¥ € C(RT,R")}. Denote
PCRT,R") :={x: Rt - R": x € C((t;, t;+1], R")} and PC'(RT,R") := {x :
Rt - R": x € PC(RT,R")}.

Definition 2.1 A functionx € C'([—t, 0], R*)UPC!(R*, R") is called the solution
of (1) (or (2)) if x satisfies x(tr) = @(t) for —t < ¢t < 0 and the first and second
equations in (1) (or (2)).

Definition 2.2 (see [1, (11)] or [5, (11)]) eft : R — R"™" is called delayed matrix
exponential if

O, t<-1,1>0,
B _ I, —t<t<O,

)2

t— k— D)k
I+Bt+Bz(Tr M’

t_
tog Bt - (k—Dr<t<kr, k=1,2,...,

3)

where B is a constant n x n matrix, ® and [ are the zero and identity matrices,
respectively.

d Bt B(t—1)
Lemma 2.3 (see [1, Lemma 4] or [5, p.2253]) Forallt € R, rer = Ber .
Lemma 2.4 (see [8, Lemma 12]) If | B|| < ae®?, o € R™, then ||e§(tff)|| <e¥ te
R.

Lemma 2.5 (see [30, 2.28, p.44]) Let A € L(R"). For any ¢ > 0, there is a norm on
R" such that ||A|| < p(A) + &, where p(A) is the spectral radius of A.

Lemma 2.6 (see [29, (3.7), p.109]) Let A € L(R") and a(A) = max{fr | A €

o (A)}. Forany e > 0, there are K > 1 such that ||eA'|| < Ke®@M9! forany t > 0.
Here o (A) is the spectrum of A.
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In what follows, we introduce a concept of impulsive delay matrix function, an
extension of delay matrix function for linear delay differential equations, which help
us to seek explicit formula of solutions to impulsive delay differential equations.

By virtue of delayed matrix exponential (3), we define Y(-,-) : R x R — R"**”"
and

Y(t,8) =X, s+ 1), 1t > 5, )
where
_ Bi(t—t—t; _
Xt5) =P 1 > e TTX(t,5), Bi=e 4B
S—‘L’<lj<l

Here, we call Y (-, -) defined in (4) as impulsive delayed Cauchy matrix associated
with (1).

Remark 2.7 Obviously, Y(1,1) = X(t,t +17) = 279 — [ and Y(t,5) =
eA(t—s)X(t’ s+1)= eA(t—s)efl(tfsff) -0, 1 <s.

Lemma 2.8 Impulsive delayed Cauchy matrix Y (-, -) is the fundamental matrix of

(1).

Proof We divide our proof into two steps.

Step 1 We verify that Y (-, -) satisfies differential equation %Y(t, s) = AY(t,s) +
BY(t —1,s), t € (8, ty+1]. In fact, having differentiated Y (¢, s) fort € (¢, t;+1] and
t > s, by using Lemma 2.3, we obtain

d , , ,
EY(t, $) = AeATTIX (1,5 + 1) + A9 [Blef'“z”)

Bi(1—21—1;
+ B Z Cjerl(l‘ T tJ)X(tj’s_’_r)]
S<lj<l
—r— _2r— —2t—t;
:AY(t,S)‘l-BeA(t T S)[etBl(l‘ 2t Y)+ Z Cje-[Bl(t T [])X(tj,s+f)]

S<lj<l—T

= AY(t,s) + BY(t — 1, 5).

Step 2 We verify that Y(ti+, §) =Yt ,s) = CiY(t;,s). Note that ef’+ =B forall
t > —1, then

+ Bi(tF—1— B (tT—t—t;
Y (i) = et “”[efl(t’ IR M IJ)X(l‘j,S-i-T)]

e
S<Ij <II-

- Bi(t —1— Bi(t7—1—t;
:eA(ti _S)[erl(t' T s)+ Z Cjé’rl(tl T [’)X(tj,s—i—r)

S<lj <li
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Bi(t—1—;

+ Cie; )X(t,',S+‘E)]
=X s+ 1)+ Ciet TIX (4, s+ 1) =Y (T, ) + CiY (1, 9).
This ends the proof. O

To give the norm estimation of Y (-, -), we first consider the norm estimation of
B = e ATB.
For a given By, one can find a @ € RT such that

[Bill < e (&)

In fact, by Lemmas 2.5 and 2.6, we have ||Bi| = ||e_ATB|| < K(p(B) +
£)e@(=A+ET  Choosing & > max {K (p(B) +¢),a(—A) 4+ ¢}, ¢ > 0, then we

obtain (5). In addition, we can calculate the parameter « for a given matrix by using
MATLAB software.

Lemma 2.9 For any ¢ > 0 there exits K > 1 such that

1X @, ) s( I1 (p(cj)+1+e))e‘*<’+”>, (6)
A‘—‘[<t_/'<t
and
1Y (. )l < K( I1 (p(cj>+1+s>)e<“<A>+“+8><’—s>. @)
S<l]'<l

Proof Without loss of generality, we suppose thatt,, <s—17 < fj,4jand 4, <t <
tmtn+1, m,n = 0,1,2,.... Next, we apply mathematical introduction to complete
our proof.

(1) For n = 0, by Lemma 2.4 via (5),
IX @t ) < flef D) < e+,

(i) For n = 1, by Lemmas 2.4 and 2.5 via (5), we have

IX(t )l < B0 4+ Cyr1e2 T VX (141, 5)

< eOl(H‘T—S) + (p(Cpy1) + S)ea(l‘—fmﬂ)ea(fm+1+‘f—s)
< (P(Cmg1) + 14 £)e®H779),

(iii) Leti :=i(0, t) be the number of the impulsive points which belong to (0, ¢). For
n = k, suppose that
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m-+k
IIX(t,sMIs( I1 (p(cj)+1+s))e“““*”=( I1 <p(C_,»)+1+s>)e“<’“*~”.
j=m+1 s—T<tj<t

@iv) Forn =k + 1, by Lemmas 2.4 and 2.5 via (5) again,

efl(t—s) + Z Cjef](tfrftj)x(tj’ 5)

s—T<tj<t

X (. s)l

IA

m+k+1

j—1
eXUHT8) Z (p(Cj)-FE)ea(t_tj)( H (p(Cr)

j=m+1 r=m+1

IA

+ 14 8))ea(t_;+ts)

m+k+1 j—l
= (1 + Z (p(Cj) +e) H (p(Cy) +1 +8))e(¥([+‘[—_§‘)

Jj=m+1 r=m+1

m+k+1
=( I1 (p(Cj)+1+8))e“(’+T_”

Jj=m+1

=( I1 (p(cj>+1+s))ea<f+f—s>.

S—'L’<Ij<t

Linking mathematical induction, one can obtain (6).
Finally, using (4) and (6) via Lemma 2.6, one can derive (7) immediately. The
proof is finished. O

3 Representation of solutions

In this section, we seek explicit formula of solutions to linear impulsive nonhomoge-
neous delay system by adopting the classical ideas to find solution of linear impulsive
ODEs.

We drive explicit formula of solutions to linear impulsive homogeneous delay sys-
tem.

Theorem 3.1 The solution of (1) has the form

0
(1) = Y (1, —Dp(—1) + / Yt 9[6(s) — Ap(s)ds, 1 = -, (8)

—-T

Proof Concerning on the solution of (1) and Lemma 2.8, one should search in the
form

0

x(t) =Y, —1)c +/ Y(t,s)g(s)ds,

—-T
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Stability of impulsive delay differential equations 259

where ¢ is an unknown constants, g(¢) is an unknown continuously differentiable
function. Moreover, it satisfies initial condition x(¢) = ¢(t), —t <t <0, i.e.,
0
x(t) =Y, —1)c +/ Y(,5)g(s)ds .= ¢@), —1<t<0.

-7

Lett = —1, we have
Y(—1,5) = H

Thus ¢ = ¢(—1). Since —t <t < 0, one obtains

O, t<s5s<0,

Y(t,s) = eA(tfs)eB1 (t—t—y5) —
* ‘ AU <5<y,

Thus on interval —t <t < 0, one can derive that
0
p() =Y, —De(—1) +/ Y(z,5)g(s)ds
-7
t

0
=Y, —1)p(—1) +/ Y(,s)g(s)ds +/ Y(,s)g(s)ds
t

-7

t
= A=) + / A= g (s)ds. 9)

-7

Having differentiated (9), we obtain

t
¢(1) = Aer T o(—1) + A / e g(s)ds + g(t) = Ap(t) + g(1).

-7
Therefore,
g(t) = @) — Ap(1).
The desired result holds. O
Next, the solution of (2) can be written as a sum x (1) = xo(¢) + x(¢), where xq(¢)

is a solution of (1) and x(#) is a solution of (2) satisfying zero @ial condition.
The following result show us how to derive the formula of x(-).

Theorem 3.2 The solution x(t) of (2) satisfying zero initial condition, has a form

=1 ¢
x(t) = Z/ Y(t,s)f(s)ds+/ Y(t,s)f(s)ds, t > 0. (10)
j:O lj t;
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Proof By using method of variation of constants, one will search x () in the following
form

=1ty t
) = Z/ Y(t,s)cj(s)ds—l—/ Y(t,5)c;(s)ds, (11)
j=0 1 t

where c;(t), j = 0,1,...,i(0,¢) is an unknown vector function. We divide our
proofs into several steps as follows:

(1) For any 0 < ¢ < t1, we have x(t) = fot Y (t, s)co(s)ds. Let us differentiate x (7)
to obtain

1—71
40 = AT + B/ Y(t — 7, 5)co(s)ds
dt 0

t

+B/ Y(t —1,5)co(s)ds + co(t)

-1
= Ax(t) + Bx(t — 1) + f(1).

From Remark 2.7, we know, Y (t — 7,5) = ©®, s >t — 1, then

co(r) = f(0).

(i) Forany #; <t < tp, we have

t t
mz/lY(z,s)f(s)der/ Y (t,s)ci(s)ds.
0

n

Let us differentiate x () again to obtain

t
4o = / YAY () + BY (¢t — 7, 9)] f(s)ds
dt 0

+ /Z[AY(t, $) 4+ BY(t — 1, 8)]ci(s)ds + ¢1(r)
= AW”H Bx(t — 1) + f(1),
which implies that
ci(t) = f(0).

(iii) Suppose that c;_1(¢) = f(¢) holds on subintervals (t;_1, %], i =2,3....
Forany #; <t < tj+1, we have

il '
x(t) = Z/ ! Y(t,s)f(s)ds +/ Y(t,s)c;(s)ds.
i—0 tj t
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Let us differentiate x () again to obtain

i(0,1—7)—1

tiy1
%MZAM+B /Z_:O /t, Y(t —1,5)f(s)ds

t—T
+ / Yt —1,8)ci0,1—7)(s)ds ¢ +ci(t)

1i0,1—1)

= Ax(t) + Bx(t — 1) + f(1).

This yields that ¢; (#) = f(¢). According to the mathematical induction, one can
obtain ¢;(t) = f(t), i = 1,2.... Linking with (11), (10) is derived. m]

Corollary 3.3 The solution of (2) has the form

0
x(t) = Y(1, —0)o(=1) + / Y1, $)[é(s) — Ag(s)lds

-7

i—1 lj+1 t
+ Z/ Y(t,s)f(s)ds+/ Y(t,s) f(s)ds. (12)
j—O tj t

4 Asymptotical stability results

In this section, we discuss asymptotical stability of trivial solution of (1).

Definition 4.1 The trivial solution of (1) is called locally asymptotically stable, if
there exists § > 0 such that |¢||1 := max[—; 01 @) || + max[—,01 l¢@)| < &, the
following holds:

lim [|x()] = 0.
11— 00

To prove our main results on the stability of trivial solution, we introduce the
following conditions.
(Hp) Suppose that the distance between the impulsive points #; and #;41 satisfies

0<0 <try1 -5 <60, k=0,1,2...,

and set

P 01, a(A) +a <0,
| 6, @A) +a >0,

for some « given in (5).
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(Hy) Let n; := a(A) + o + %ln(p(C) + 1), where p(C) := max{p(C;) : j =
1,...,
i(0, 1)} and assume that n; < 0.

(H3) There exists a positive constant p such that

100
—e ¢ P
(Hy) Suppose that > < 0, where
m =a(A)+ao+ phn(p(C)+1). (13)

Now, we are ready to state our first stability result for trivial solution of (1).

Theorem 4.2 If (Hy) and (H,) are satisfied, then the trivial solution of (1) is locally
asymptotically stable.

Proof Using (8), Lemma 2.9 and Theorem 3.1, we have
0
lx@I < 1Y —Dlle(=D) +/ Y@, )lillgs) — Ap(s)llds

-7

i
< K(H(p(C,-) +1+ e))e@‘“)*“*”“”)||<p(—r)||
j=1

0 i
+ / K ( [Teeh+1+ e))e““‘”"’*s)('” lg(s) — Ag(s)llds

7 =1

< Me(ﬂl(A)+a+8)t(p(C) +1 +g)i(0*t)
— Me(a(A)+Ol+8)(t7[,'(0‘,))e(Ol(A)+O(+€)ti(0,,) (p(C) + 1 + S)i(o,t)

< Me(ot(A)+Ol+8)9e(d(A)+(1+8)i(0,l)9(p(C)+ 1 +8)i(0,l)
— Me(a(A)+d+8)9[e(()l(A)+(¥+8)9(p(c) + 1 +£)]i(0,l)’ (14)

where

0
M i= K (e@@Hater ooy 4 / @A 6(6) _ Ag(s)|lds) > 0.

-7

It follows from the condition (H>) that one can choose ¢ > 0 such that
N (o) 41 o) e < 1.
Then (14) gives
x| < M@ +ated 500 o for ¢ oo(implies i (0, 1) — 00).

The proof is completed. O
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Next, we give second stability result for trivial solution of (1).

Theorem 4.3 If (H3) and (Hy) are satisfied, then the trivial solution of (1) is locally
asymptotically stable.

Proof The proof is similar to Theorem 4.2, so we only give the details of main differ-
ences. Note that (H3), we have i(0, 1) < f(p + ¢), ¢ > 0 arbitrarily small. Linking
the formula (14), one has

Ix(0)]| < Me@MDTaToN (5(C) 4 1+ )" 01
< Me[a(A)+Ol+8+(p+s) In(p(C)+1+¢)]t .

By virtue of (Hs) we can find ¢ such that
X ()] < Ml Fetetpra @+l < pr, 31 5 0as 1 — oo.

The desired result holds. |

To end this section, we extend the above results to nonlinear case. Consider the
following linear impulsive delay system with nonlinear term

xX(t)=Ax(t)+Bx(t — 1)+ f(x(t)), t>0,7>0,1#¢,
x() =), —t<1t=<0, (15)
Ax(t) =Cix(t;), i =1,2,...,

where f € C(R", R").
We impose the following additional assumptions:
(Hs) Suppose exists [ > 0 such that || f(x)|| < {||x].
(Hg) Suppose that K/ + '772 < 0, where 7, is defined in (13).

Theorem 4.4 Assume that (Hz), (Hs) and (Hg) are satisfied. Then the trivial solution
of (15) is locally asymptotically stable.

Proof By Corollary 3.3, any solution of (15) should have the form
0

x() =Y, —1)e(—1) +/ Y(t,9)[g'(s) — Ap(s)lds

-7

=1 pi ‘
+ 2/ Y(t,s)f(x(s))ds +/ Y(t,s)f(x(s))ds. (16)
j*O tj 1

By the conditions of (H3), (7) reduces to

1Y (£, $)| < K(p(C) + 1 4 &)/ D @A tate)t=s)
< Ke[a(A)+a+s+(p+s)ln(p(C)+1+s)](t—s)

< Ke 209, (17)
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Taking norm in two sides of (16) via (17) and (Hs), one has

0
X)) < KeZ 0 p(=1)| + / KeZ 9]¢/ (s) — Ap(s)llds

-7

fi

i—l ¢
+§:/ﬁ Kk%“ﬂﬁwmﬂws+/ﬁKe%“*mu@NM&
j=0"1
This yields that

0
_n n _n
e xll < Ke2 o=l +/ Ke 2%¢'(s) — Ag(s)llds

—T

oy
+Kl/ e” 2%||x(s)|\ds.
0
Let

L 0 P
T'=Ke? o(=0)ll+ [ Ke 77¢'(s) — Ap(s)llds > 0.

—T

By using the well-known classical Gronwall inequality (see [31, Theorem 1]), we
have

_n
e T x@)| < Tk,

which yields that

lx@®I < TeKF3)1 50 as 1 — oo
due to (Hg). The proof is finished. o
5 Examples

In this section, we give two examples to illustrate our above theoretical results. Here,
we use MATLAB software to compute some parameters and draw the figures for the
examples.

Example 5.1 Consider (1) with 7 = 0.2 and
-3 0 1 0 2+1 0 .
= = ;] = -] =
A (O _2'5), B (0 0'8), ¢ (0 2), j=12.....
(18)
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and

0.3 . 141
p(t) = (0.4), i0,1) = [T} (19)

where [x] is the biggest integer less than real x.

Obviously, AB = BA, AC; = C;A, BC; = C;B,j =1,2,..., and a(A) =
—2.5, p(C) = 3. Next, [led!]| = e72 < Ke@A+9) where K = 1 and ¢ > 0. By
. 141
computation, |¢]l; = 0.4 = lp(=T)|| < § := 041, p = lim (&0 = jim 2] =
11— 00 11— 00
%. Next, by using MATLAB software, we obtain

18221 0 ) < @, choose o = 1.3821,

— lle~ATB| =

0
M > K (@7 1o (—0)| + / e~ @AFDS 07 (5) — Ag(s)||ds) = 0.5440 > 0,

-7

and
m =a(A)+a+ pln(p(C)+ 1) = —-0.4248 < 0.
Now all the conditions of Theorem 4.3 are satisfied. Thus,
lx@®| < Me3t = Me™0212% 5 0 as 1 — oo,

that is, the trivial solution of (1); (18); (19) is locally asymptotically stable (see Fig. 1).
Example 5.2 Consider (15) with T = 0.2 and

(=33 0 _ (0.5sinx
A‘( 0 —3.3)’ f(X(t))_(O.Ssinxz)
08 02 305 ,
B:(o 0.6)’ CJ':(O 2.5), j=12., (20)

and ¢, i (0, ) are defined in (19).

By the calculation, AB = (_20'64 :?gg) = BA, AC; = (_3'9 :égg) =
CjA,

BC; = (2(‘)4 ?:2) =CjB, j=1.2.....

Obviously, 2(A) = —3.3. and [|e?|| = ¢33 < K@M+ where K = 1 and
¢ > 0.1Inaddition, || f (x)|| < I||x], we can choose [ = 0.5. Next, by using MATLAB
software, we obtain

1.5478 03870
0

|Bill = le "B| = H( 1.1609) H < ae®?, and choose a = 1.4483.
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Fig. 1 The state response x () of (1);(18);(19)

0.4

X,

0.35 %,(t) |1

0.3

0.25

0.2

X, (1), X,(0)

0.15

0.1
0.05
\‘;\4
0 . .

Fig. 2 The state response x(¢) of (15); (19); (20)

Moreover, 1o = a(A) +a + pIn(p(C) + 1) = —1.1586, thus,

B 0 gy

T=Ke?2"|e(—D)| + Ke 27|¢'(s) — Ap(s)|lds = 0.6228 > 0.
—T

Note that K1 + ’772 = —0.0793 < 0. Now all the conditions of Theorem 4.4 are

satisfied. Then,
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lx(0)|| < Te®+31 = 0.6228¢700793 5 0 as 1 — o0,

that is, the trivial solution of (15); (19); (20) is locally asymptotically stable (see Fig. 2).
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