J. Appl. Math. Comput. (2017) 53:303-319 @ CrossMark
DOI 10.1007/s12190-015-0969-4

ORIGINAL RESEARCH

Global stability of an eco-epidemiological predator-prey
model with saturation incidence

Lingshu Wang! - Guanghui Feng?

Received: 28 October 2015 / Published online: 21 December 2015
© Korean Society for Computational and Applied Mathematics 2015

Abstract A delayed predator-prey model with disease in the predator and stage
structure for the prey is investigated. By analyzing the corresponding characteristic
equations, the local stability of each of feasible equilibria is studied. The existence of
Hopf bifurcations at the disease-free equilibrium and the coexistence equilibrium are
addressed, respectively. By using Lyapunov functions and LaSalle invariant principle,
sufficient conditions are derived for the global stability of the trivial equilibrium, the
predator-extinction equilibrium and the disease-free equilibrium, respectively. Fur-
ther, sufficient conditions are derived for the global attractiveness of the coexistence
equilibrium of the proposed system.
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1 Introduction

Predator-prey models are important in the modelling of multi-species interactions
and have received great attention among theoretical and mathematical biologists.
The dynamics of the predator-prey models has been studied by many means, such
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as the adomian decomposition method (ADM), the variational iteration method
(VIM) and the differential transform method (DTM) (see [1,4,6-8,13]). Since the
pioneering work of Anderso and May [3] who were the first to propose an eco-
epidemiological model by merging the ecological predator-prey model introduced
by Lotka and Volterra, great attention has been paid to the modelling and analysis of
eco-epidemiological system recently (see [9,11,12,15-18,21,22]). In [18], Xiao and
Chen discussed a predator-prey model with disease in the prey. Mathematical analy-
sis of the model equations with regard to invariance of nonnegativity, boundedness
of solutions, nature of equilibria, permanence and global stability were analyzed. In
[21], Zhang and Sun considered a predator-prey model with disease in the predator
and Holling-II type functional response. Sufficient conditions were derived for the
permanence of the eco-epidemiological system. In [22], Zhang et al. considered the
following eco-epidemiological model

%(1) = rx(t) — ax*(t) — appx @) S(),
S(t) =ayx(t —1)S¢ — 1) —d3S(t) — BS()I(2), (1.1)
I(t) = BS@I () — dal (1),

where x(t), S(t) and I(¢) represent the densities of the prey, susceptible (sound)
predator and infected predator population at time ¢, respectively. The parameters
a,apn, ari, ds, ds, r and B are positive constants (see [22]). In system (1.1), the authors
assumed that the infectious predator would die of diseases and only the healthy preda-
tor had predation capacity, but once infected with the disease, the predator would not
be able to recover. By regarding the time delay t as the bifurcation parameter and
analyzing the characteristic equation of the positive equilibrium, the local asymptotic
stability of the positive equilibrium and the existence of a Hopf bifurcation of system
(1.1) were investigated in [22].

The above-mentioned works all used bilinear incidence to model disease transmis-
sion. However, there are a variety of factors that emphasize the need for a modification
of the bilinear incidence. For example, the underlying assumption of homogeneous
mixing may not always hold. Incidence rates that increase more gradually than linearly
in 7 and S may arise from saturation effects. It has been strongly suggested by several
authors that the disease transmission process may follow saturation incidence. After
studying the cholera epidemic spread in Bari in 1973, Capasso and Serio [5] introduced
a saturated incidence rate with 815 /(1 4+« ). This incidence rate seems more reason-
able than the bilinear incidence rate 851, because it includes the behavioral change
and crowding effect of the infective individuals and prevents the unboundedness of
the contact rate by choosing suitable parameters.

We note that it is assumed in system (1.1) that each individual prey admits the same
risk to be attacked by predators. This assumption seems not to be realistic for many
animals. In the natural world, there are many species whose individuals pass through
an immature stage during which they are raised by their parents, and the rate at which
they are attacked by predator can be ignored. Moreover, it can be assumed that their
reproductive rate during this stage is zero. Stage-structure is a natural phenomenon
and represents, for example, the division of a population into immature and mature
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individuals. Stage-structured models have received great attention in recent years (see,
for example, [2,16,19,20]).

Based on above discussions, in this paper, we incorporate a stage structure for the
prey and saturation incidence into the system (1.1). To this end, we study the following
differential equations

x1(t) = rxa(t) — (ri +d)x1 (@),
fo(t) = rixi(t) — daxa(1) — ax3 (1) — alxz(r)sa),ﬁs( o
. 5 NIt
S(t) = cl;z;c(z()tl( )r)S(t ) —d3S(t) —bS“(¢) T al()’ (1.2)
. t t
1(1) = T al() daI (1),
where x1(¢) and x> (¢) represent the densities of the immature and the mature prey
population at time ¢, respectively. T > 0 represents the time delay due to the gestation
of the susceptible predator. The parameters a, a1, a2, b, dy, d>, d3,ds, r,r1, o and B
are positive constants in which d; and d5 are the death rates of the immature and the
mature prey, respectively; dz and d4 are the death rates of the susceptible and infected
predator, respectively; a and b are the intra-specific competition rate of the mature
prey and the susceptible predator, respectively; a; > 0 is the capturing rate of the
susceptible predator; a» /a; > 0 is the conversion rate of nutrients into the reproduction
of the predator by consuming mature prey; the disease incidence is assumed to be the
saturation incidence 8S1/(1 + «al), where B > 0 is called the disease transmission
coefficient.

The initial conditions for system (1.2) take the form

x1(0) = ¢1(0) =0, x2(0) = ¢2(6) = 0,
SO) =¢1(0) =0, 1(0) =¢2(0) 20, 0 €[-7,0),
91(0) >0, ¢2(0) >0, ¢1(0) >0, ¢2(0)
>0, (9100), 92(0), $1(0), $2(0)) € C([—7, 0], RYy), (1.3)

where RY = {(y1, y2. y3. ya) 1 yi = 0,i =1,2,3,4}.

It is well known by the fundamental theory of functional differential equations [10]
that system (1.2) has a unique solution (x{(), x2(¢), S(¢), I (t)) satisfying initial con-
ditions (1.3). It is easy to show that all solutions of system (1.2) with initial conditions
(1.3) are defined on [0, +00) and remain positive for all # > 0.

The organization of this paper is as follows. In the next section, we show the perma-
nence of solutions of model (1.2) with initial conditions (1.3). In Sect. 3, by analyzing
the corresponding characteristic equations, we study the local stability of each feasible
boundary equilibria of system (1.2) and the existence of Hopf bifurcations of system
(1.2) at the disease-free equilibrium. By means of Lyapunov functions and LaSalle
invariant principle, we establish sufficient conditions for the global stability of each
feasible boundary equilibria of system (1.2). In Sect. 4, by analyzing the correspond-
ing characteristic equation, we discuss the local stability of coexistence equilibrium
and the existence of Hopf bifurcations of system (1.2) at the coexistence equilibrium.
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By means of Lyapunov functions and LaSalle invariant principle, we establish suffi-
cient conditions for the global attractiveness of the coexistence equilibrium. A brief
discussion is given in Sect. 5 to conclude this work.

2 Permanence

In this section, we are concerned with the permanence of system (1.2).

Lemma 2.1 Positive solutions of system (1.2) with initial conditions (1.3) are ulti-
mately bounded.

Proof Let (x1(t), x2(t), S(t), 1(¢)) be any positive solution of system (1.2) with initial
conditions (1.3). Denote d = min{d, d3, d3, ds}. Define

V() = x1(t — 1) + x2(t — 7) + Z—;[sm + 10,

Calculating the derivative of V () along positive solutions of system (1.2), it follows
that

V() = —dixi1(t —T) — daxa(t — ) — axzz(t — 1)+ rx(t—1)

- Z—l[dsS(t) +dsl (1)] — bS (1)
2

< —dV(t)—a [x t—1)— L]z —bS2(1) + r

- 2 2a 4da
r2

< —=dV(t —

< ()+4a

which yields lim sup, _, o V(1) < 7.
If we choose M| = r2/(4ad), M> = a»r?/(4aaid), then

limsupx;(t) < M@ =1,2), limsupS(t) < My, limsupl(t) < M>.

—00 t—0o0 —00

Theorem 2.1 Suppose that
(H) BS > da,
where S is defined in (2.3), then system (1.2) is permanent.

Proof Let (x1(t), x2(t), S(t), 1(¢)) be any positive solution of system (1.2) with initial
conditions (1.3). By Lemma 2.1, it follows that lim sup,_, , ., S(t) < M>. Hence, for
¢ > 0 being sufficiently small, there is a Ty > O such that if t > Ty, S(¢) < My + ¢.
Accordingly, for ¢ > 0 being sufficiently small, we derive from the first and the second
equations of system (1.2) that, for t > Ty,

X1(t) =rxa(t) — (r1 +dp)x1 (1),

a(t) = rixi(t) — doxa(t) — ax3(t) — ay (M + £)x2(1), @b
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which yields
o r o . rri — (ri+di)(da+aiMz)
gg)niggofxl(t)z . dliz'—il, ltlinﬁggm(t) > 2+ dp) = X5,
2.2)
we derive from the third equation of system (1.2), for ¢ sufficiently large, we have
S(1) = bx,S(t — 1) — d3S(t) — bS(t) — ﬂsm
- 1+aM,
By Theorem 4.9.1 in [14], one can obtain that
. 1 BM>
1 fS@) > —-[bx, —dy — ———]:=S. 2.3
lim inf ()_b[£2 3 1+on2] S (2.3)

we derive from the fourth equation of system (1.2), for ¢ sufficiently large, we have

; BSI(1)
I1(t) > ———— —d4l (¢
R T T R
Since (H1) holds, then
o 1
liminf I (t) > —[BS —d4] :=1. 2.4)
t——+00 ady
The above calculations and Lemma 2.1 imply that system (1.2) is permanent. O

3 Boundary equilibria and their stability

In this section, we discuss the stability of the boundary equilibria and the existence of
a Hopf bifurcation at the disease-free equilibrium.
System (1.2) always has a trivial equilibrium E((0, 0, 0, 0). If rr1 > da(r1 + dy),
then system (1.2) has a predator-extinction equilibrium £ (x?, xg, 0, 0), where
0 rlrry — da(r1 +dy)] O dr(ry +dy)
b a(ri+dp? 7 P a(n +dy)
If azxg > d3, then system (1.2) has a disease-free equilibrium E» (xf', x; ,87,0),
where
L r@abx} +aid) L abx} +ayds o a(arxy — ds)
= (r1 +dy)(ab + ajaz)’ 2= ab+ayay ’ ~ ab+aja
The characteristic equation of system (1.2) at the equilibrium E((0, 0, 0, 0) takes
the form

(h+d3) (A4 d)D2 + (1 + dy + do)A +do(ry +dy) — rry] =0, 3.1

It is readily seen from Eq. (3.1) that if rr; < da(r1 + dj), then Ej is locally asymp-
totically stable; if rri > d>(r1 + di), then Ey is unstable.
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Theorem 3.1 Ifrry < da(r1+dy), then the trivial equilibrium E((0, 0, 0, 0) of system
(1.2) is globally asymptotically stable.

Proof Based on above discussions, we see that if rry < da(r; + d1), then Ey is
locally asymptotically stable. Hence, we only prove that all positive solutions of system
(1.2) with initial conditions (1.3) converge to Eq. Let (x1(t), x2(¢), S(¢), I (t)) be any
positive solution of system (1.2) with initial conditions (1.3). Define

r

1
Vo(t) =
o(1) o

t
00 + 50 + LSO + 10 +a / 22 () S ().
dy a t—1

Calculating the derivative of V(¢) along positive solutions of system (1.2), it follows
that

_do(ri+dy) —rry

Vo(t) =
ot®) r +dp

2 a a1, 2
x2(t) —axy(t) — — [d3S(t) +dsl (t)] — —bS~(1).
ap ap

] 3.2)
If rri < da(r1 + dy), it then follows from (3.2) that Vo(r) < 0. By Theorem 5.3.1 in
[10], solutions limit to A, the largest invariant subset of {V(¢) = 0}. Clearly, we see
from (3.2) that Vp(¢) = O if and only if x2(r) = 0, S(¢#) = 0 and I (t) = 0. Noting that
A 1is invariant, for each element in A, we have x,(¢) = 0. It therefore follows from
the second equation of system (1.2) that

0 =2X20) =rix1(),

which yields x1 (¢) = 0. Hence, Vo(t) = 0 if and only if (x1(2), x2(2), y1(¢), y2(2)) =
(0, 0,0, 0). Accordingly, the global asymptotic stability of Eqy follows from LaSalle
invariant principle for delay differential systems. |

The characteristic equation of system (1.2) at the equilibrium E (x?, xg, 0, 0) is of
the form

(b dy) W2 4-(r1 +dy +da+2ax)) htrr —do (r1+d1) ) OeFds—apxde ™) = 0, (3.3)

Equation (3.3) always has a negative real root: Ay = —da. If rr| > da(r1 + dy), then
the equation

A2+ (r1 +di 4 do 4 2ax) + rry — da(r +di) =0
has two roots with negative real parts. All other roots of Eq. (3.3) are determined by

the equation
A4d3 —axxde ™ = 0. (3.4)

Denote f(A) = A +d3 — azxge_“. If azxg > d3 holds, it is easy to show that, for A
real,

f0)=ds — azx(z) <0, lim f(A) =400
A—>—+00
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Hence, f (1) = 0 has a positive real root. Therefore, if azx(z) > d3 holds, the equilib-
rium E (x?, xo, 0, 0) is unstable.

If 0 < axx; < d3, we claim that E is locally asymptotically stable. Otherwise,
there is a root A satisfying ReA > 0. It follows from (3.4) that

Re). = azxge_fRe’\cos(rlm)») —d; < azx(z) —d; <0,

which is a contradiction. Hence, if 0 < azxg < d3, then the equilibrium E| is locally
asymptotically stable. O

Theorem 3.2 If 0 < azxg < d3, then the predator-extinction equilibrium
Eq (x?, xg ,0,0) of system (1.2) is globally asymptotically stable.

Proof Based on above discussions, we see that if 0 < azxg < dz, then E| is locally
asymptotically stable. Hence, we only prove that all positive solutions of system (1.2)
with initial conditions (1.3) converge to E. Let (x1(¢), x2(t), S(¢), 1 (¢)) be any posi-
tive solution of system (1.2) with initial conditions (1.3). System (1.2) can be rewritten
as

X1(1) = )%[—xz(w(xl (1) — xD) 4+ x1 (D) (x2(1) — 1]
1

. ri 0 0

f20) = Fl=x OO = x3) + RO 0 - )]

2
+x2(t)[—a(x2(t) — x))] — a1x2(1)S(1)

. S()1
S(t) =axy(t —1)S{t — 1) —d3S(t) — bSZ(t) — %)18
. BSOI®) B
1(t) = Tooln Tl () daI (1) 3.5)
Define
Vii(t) = ki (x1 —x? —x?lnx—(l))+x2 —xg —xglnx—f) + k(S +1).
X1 X3

where k| = rlx?/ (rx(z)), ko = ap/ap. Calculating the derivative of Vij(¢) along
positive solutions of system (1.2), it follows that

0 _ .0 ) .
A 0+ 200 + ks (30 + )

(1) )
2
__nf [0 _ 0 [m® _ 0
- x(z)( xl(t)(xl(t) x7) xz(t)(xz(t) xz))

—a(xa(t) = x3)% + arxy S(t)
—a1x2(t)S() +arx2(t —1)S(t — 1)
—kad3S(t) — kabS*(1) — kadsI (1). (3.6)

Vi) =
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Define
t
Vi@t) = V11(I)+a1/ xo(u)S(u)du.
1—T
By calculation, we have that

2
. (1) (1)
Vi(t) = —;—;0 (, / if 0O - X0y — ,/2—([)(362(0 - xS)) — a(x(1) — x9)?

— (kadz — a1x)S(1) — kabS? (1) — kody (1) (3.7)

It follows from (3.7) that if ayx) < ds. i.e. kads > a;x{ holds, then V(1) < 0. By
Theorem 5.3.1 in [10], solutions limit to A, the largest invariant subset of { V() = 0}.
Clearly, we see from (3.7) that Vi(t) = Oifand onlyif x| (t) = x?, x(t) = xg, S@) =
0 and 7(t) = 0. Hence, the only invariant set M = {(x(l), x(z), 0, 0)}. Using LaSalle
invariant principle for delay differential systems, the global asymptotic stability of E
follows. O

The characteristic equation of system (1.2) at the equilibrium E; (xf, x;' ,851,0)
takes the form

(h4dy — BSHDE + 8222 + g1x + g0 + (A2 + fik + fo)e *T1=0, (3.8)
where

go=axy (r1 +d)(d3 +2bST), gi=(d3+2bST)(r1 +di + c1)+axy (r1 +dy),

g =r1+di +c1+dy+2bST, c1 =dy+2ax; +arST,
fo=ax}[a1ST(r1 +di) — axy (ry + dy)],
fi = axxy [a1ST — (ry +di + e, fr=—axy.

Clearly, Eq. (3.8) always has aroot A.; = St — dy. All other roots of Eq. (3.8) are
determined by the following equation

A+ gon + gid+ go + (227 + fik + fo)e T =0. 3.9)
When 7 = 0, Eq. (3.9) reduces to
32+ (g2 + )22+ (g1 + f)A+ g0 + fo = 0. (3.10)
By calculation, we derive that
Ar=g+ fr=r+d +c +bST >0,
Az = (g1 + f1)(g2+ f2) — (g0 + fo) = bST(r1 +di +c1)(r1 +di +c1 +bST)

+ ajayxy ST(cr +bST) +axy (ri +d)(ri +dy + 1) > 0,
Az = (g0 + fo) A2 = xi ST(r1 + di)(ab + a1az) Ay > 0.
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Hence, if 0 < BS™ < dy, then the equilibrium E; is locally asymptotically stable
when t = 0.
Ifiw(w > 0) is a solution of (3.9), separating real and imaginary parts, we have

fiwsinot + (fo — fro?) coswt = gro? — g, 3.11)
fiwcoswt — (fo — fro?)sinwt =0’ — glo '

Squaring and adding the two equations of (3.11), it follows that
6 4 2 _
o’ + hyw™ + hjwo” 4+ hg = 0. (3.12)
By calculation, we derive that

hy = g3 —2g1 — f2 =3+ (r1 +d1)? + 2rr1 +bST(2d3 +3bST) > 0,
hy = g% —2g0g2+2fofr — f12

= [axy (r1 +dD)? + a1 ST (d3 + bST)? 2y + daxy +a1ST) > 0,
ho = g2 — f¢ = xF ST (r1 + di)(ab + a1a2) (g0 — fo)

Note that if go > fo, equation (3.12) has no positive real roots. Accordingly, by
Theorem 3.4.1 in Kuang [14], we see that if 0 < BST < d4 and go > fo, then E
is locally asymptotically stable for all T > 0. If 0 < B8ST < d4 and go < fo, then
equation (3.12) has a unique positive root wg. That is, equation (3.9) has a pair of
purely imaginary roots of the form +iwg. Denote

1 fiwo(@) — g1w0) + (fo — fr05) (8205 — g0)
T = — arccos 3 )
o (f1wo) + (fo — fawp)
2k
+ L k=0,1,2,---. (3.13)
N

By Theorem 3.4.1 in Kuang [14], we see that if 0 < 8S™ < d4 and gg < fp, then E;
remains stable for T < 1g.
We now claim that
d(Re()))
dt =10

This will show that there exists at least one eigenvalue with positive real part for
T > 19. Moreover, the conditions for the existence of a Hopf bifurcation [10] are then
satisfied yielding a periodic solution. To this end, differentiating Eq. (3.9) with respect
to t, it follows that

>0

(d_x)“ B 332+ 2g0h + g1 2HA+ fi T
dt A3+ A2+ gid+g0) AR+ fir+ fo) A

@ Springer



312 L. Wang, G. Feng

Hence, a direct calculation shows that

_[d(Ren) - !
sign =vsignq Re| —
dt - dt )
A=iwo A=iwg

— sign 3wy +2(83 — 281)wj + 81 — 28082 | —2f305 +2f2fo — f}
(@ — 8100)? + (g0 — g202)? (fiwn)? + (fr0} — fo)?

We derive from (3.11) that
(@3 — g100)* + (g0 — £208)* = (fiwo)* + (rwf — fo)?

Hence, it follows that

, [d(zm) ] . 3wy + 2hwf + hi
sign =sign > 0.
A=iwg

dt (fiw0)? + (frw} — fo)?

Therefore, the transversal condition holds and a Hopf bifurcation occurs at w =
o, T = T9.
In conclusion, we have the following results.

Theorem 3.3 For system (1.2), assume 0 < BS™ < d4 holds, we have the following:

(i) If go > fo, then the disease-free equilibrium Ez(xfr,x;, §%,0,) is locally
asymptotically stable for all T > 0;

(ii) If go < fo, then there exists a positive number 1y, such that E, is locally asymp-
totically stable if 0 < © < 19 and is unstable if Tt > to. Further, system (1.2)
undergoes a Hopf bifurcation at E» when T = 1.

Theorem 3.4 Let 0 < BST < dy hold, then the disease-free equilibrium E; is glob-
ally asymptotically stable provided

(Hy) x, > s+,

Here, x, is defined in Theorem 2.1.

Proof 1Tt is easy to see that if (H>) holds, then ax;r > a1 5. It follows from (3.8)
that go — fo = x5 (r1 + d)lads + 2abST + ay(axy — a1ST)] > 0 holds. By
Theorem 3.3, we see that if 0 < BST < d4 and (H;) hold, then the equilibrium
E, (xfr.x;r , ST, 0) is locally asymptotically stable. Hence, it suffices to show that all
positive solutions of system (1.2) with initial conditions (1.3) converge to E;. We
achieve this by constructing a global Lyapunov function. Let (x1(¢), x2(¢), S(¢), 1(¢))
be any positive solution of system (1.2) with initial conditions (1.3). System (1.2) can
be rewritten as
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. r + +
xi1(1) = F[—xz(t)(xl(t) —x) +xi (@) (x2(1) — x;)]
1

: " + + +
X2 (1) = F[_xl(t)(XZ(t) =Xy ) +x2(0)(x1 (1) — x)] + x2()[—a(x2(r) — x;)]
2

+a1STx2(t) — arx2 (1) S(1)

. NG
St) =ayxr(t —1)S(t — 1) —d3S(t) — sz(t) — 'f_’_(glgi
L BSOIW)
1(t) = 1ol d4l (1)
(3.14)
Define
v — 1 22
V21(t)=k3(x1—x1 — X ln—)+x2 Xy — X, ln—+
xl x

S
+ky (S— St —StIn S—) + kal.

where k3 = rle'/(rx;), ky = ay/as.

Calculating the derivative of V,1(#) along positive solutions of system (1.2), it
follows that
(r) - xr . Xz(l) —x* S —

@)+ —= (t)+k4T)S(t)+k4j(t)

(/”“ (1(t) — x +)—‘/ il ;020 = ) —ata) - x)?
x1(t)

—a1x2(t)S(t)+a1xr(t —1)S(t—1)—ks (d4 ) 1)+ aix; St

a1S+

D)

Var(t) = k3

1+« I(t)
Xt =TS — 1)+ a1ST(x2(t) — x3) — kab(S(t) — ST)?
(3.15)

Define

st 2SN,
x;S"‘

t
Va(t) = Vi (1) +a1/ [Xz(u)S(u) — x5S
-7
By calculation, we have that

Vz(t)———(,/mg 0 —x)— lﬁt ) — x5 ) — kab(S() — ST

et |:x2(t DSt -1 | —:)S(t - r):|
0 x5 S(t)
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+ + +
U . L. T L)
ayx, S |:x2(t) 1 ]nxz(t):| kq(dy 1+a[(t))1(t)
+
—(x2(1) — x5)? [a - 22)} (3.16)

It follows from (3.16) that if 0 < ST < d4 and (H;) hold true, then Vz (t) <0 with
equality if and only if x{(t) = x1+, xa2(t) = x;, S(t) = ST, 1(t) = 0 Using LaSalle
invariant principle for delay differential systems, the global asymptotic stability of the
equilibrium E; of system (1.2) follows. O

4 Coexistence equilibrium and its stability

In this section, we discuss the stability of the coexistence equilibrium.
It is easy to show that if ST > d4, system (1.2) has a unique coexistence equilib-
rium E*(x}, x5, §*, I*), where

r rri —do(ri +dy) aq
xi = x5, X=— 8
Y 4d 7t 2 a(ry +dy) a
1 1 ady BS* —dy
St =_-A+ [-A24—"2 0 p=B2 T
2 +\/4 + a(ab + ajap) ady
A—st——F
a(ab + ayap)

The characteristic equation of system (1.2) at the equilibrium E* is of the form

A oA+ par 4 pia+ po + (@303 + @At F @ik +qo)e T =0, (4.1)

where
=r+d+ct+ca+ daecl”
p3=ri 1tctcs Tt al*
d4a1*( +di+cate3)tes(r +di + )+—d4ﬁl* +ax; (ri +dp)
= r c+c c3(r c ax, (r )
P2 ol 1TdpT T3 31 1T 1+ al")? 2 1
cydgal™ dyBI* dsal*
= d > d ,
p1=(1+ 1+62)(1+a1*+(1+a1*)2 +ax;(ri+dy) |3+ T+l

cydyal™ d,BI*
l+al*  (14+al®?)

; (4 dy + do + 2005 + 49T
= —ayxy, =—ax;|r ax ,
q3 2Xo q2 2X> 1 1 2 2 +al*

dial* dial™
g1 = —axxd | (r14di +c2) ——— tax} (r1 +di) —ay S* (11 +dy + — )],

po = ax;(ri +di) (

1+al* 14+ al*

*

sl
q0 = —azﬁ%[aﬁ(m +dy) — a1 S*(ry +dy)],
¢y =dy +2ax5 +a1S*, c3 = axxs + bS*.
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When 7 = 0, Eq. (4.1) becomes
M3+ @) + (p2+g)A + (pr+qDA+po+q0=0. (42

It is easy to show that

dsaI™
1+ al*

> b

A =p3s+qz=ri+d+c+bS" +

Ny = (p3+g3)(p2+q2) — (p1+q1)
= ax;(r1 +di)(r1 +di + ¢2) + araxx;S*(c2 + bS™)

+bS*(ri+di+co+bS)\ri +dy +cr+

1+al*
dspI* (bS*—l— dsal™ )

(1 4+ al*)? 1+al*
dsal* dsal*
d d bS* 0,
1+oz1*(r]+ 1+62)(F1+ 1+e+ + o)~

As = (p1+q1) 2 — (po + qo)(p3 + q3)?
Ag = (po + qo0)A3

Note po+go > 0, hence, if A3 > 0, we have A4 > 0. By the Routh-Hurwitz criterion,
we know thatif St > dy and Az > 0 hold, the coexistence equilibrium E* of system
(1.2) is locally asymptotically stable when t = 0.

Substituting A = iv(v > 0) into (4.1) and separating the real and imaginary parts,
one obtains that

(g3v} = q1v) sin vt + (q20* — qo) cos vT = v* — prv? + py,

(g3v} — q1v) cos vT — (g2v% — go) sinvT = prv — p3v?. *3)
Squaring and adding the two equations of (4.3), it follows that
8 +ft3v6+ﬁ2v4+ﬁlv2+ﬁo =0, “4.4)
where
P 2 _ 2 ) _ _ 2
hy = p3 —2p2 — g3, 12 = py +2po —2p1p3 — g5 + 29143,
hi = p? —2pop2 — 7 +2q0q2.  ho = p? — q2.
Letting z = v, Eq. (4.4) can be written as
h(z) :=2* + h32> + hoz® + hiz 4+ ho = 0. (4.5)

If ﬁi > 0@ =0,1,2,3), then fz(z) has always no positive roots. Hence, under these
conditions, Eq. (4.4) has no purely imaginary roots for any T > 0 and accordingly,
the equilibrium E* is locally asymptotically stable for all 7 > 0.
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If fzi > 0 = 1,2,3) and ﬁo < 0, then Eq. (4.5) has one positive root z*.
Accordingly, Eq. (4.4) has one positive roots vy = /z*. From (4.3) one can get
the corresponding 7¢/) > 0 such that (4.1) has a pair of purely imaginary roots =i v
given by

) — 1 Arecos (q2v3 —4q0) (Vg — p2v3+po) +(g3v3 —q1v0) (P1vo— p3vo) 2jm
Yo (@23 —q0)*+(q3v3 —q1v0)2 vo
j o ()’ 1’ 2’ .

Differentiating the two sides of (4.1) with respect to t, it follows that

(d,\)‘l B 43 43p3a2 2ok + pi 3322 + 2o} + g1 T

dt) T A a3 parl £ pia+ po) | AM@3AE + A2+ A +qo) A

After some algebra, one obtains that

_ {dRek] e (d/\)_l
sign =sign el —
dt p—) dt S

_sign{ (p1=3p313) (3v3 — P1)+2(p2—2v3) (v§ — p2v3 + po)

V2 (p1—p3vd)2+ (g — pavd+po)?

+

(g1 — 39393 (q3v3 — q1) + 2g2v0(q0 — g2V3)
(0 — q2v9)% + (q1vo — q3v)?

We derive from (4.3) that
w2 (p1 — p3v))? + (v — p2vg + po)? = (q0 — q2v3)* + (q1vo — g3v3)*. Hence,
it follows that A . .
. [dRex , 4v§ + 3h3vg + 2havd + hy
sign = sign 3 5 51> 0
dt | ._.() (@2v5 — q0)% + (q1v0 — q313)
From what has been discussed above, we have the following results.

Theorem 4.1 Assume that BST > dy4 and A3 > 0 hold, we have
(i) Iffzi > 0@ =0, 1,2, 3), then the coexistence equilibrium E* is locally asymp-
totically stable for all T > 0.
(ii) Ifﬁi >00@=1,2,3)and ]’Al() < 0, then there exists a positive number 7O such
that E* is locally asymptotically stable if0 < © < ©© and is unstable ift > t©.
Further, system (1.2) undergoes a Hopf bifurcation at E» when t = t(©.

Now, we are concerned with the global attractiveness of the coexistence equilibrium
E*.
Theorem 4.2 Assume that BS™ > da, then the coexistence equilibrium E* (x}, x5, 8%,
I*) of system (1.2) is globally attractive provided

(H3) x, > a—lS*, 1> [aB(I*)? —4bS* (1 + al*)]/[4abS*(1 + «I*)] Here, X,
and I are deﬁngd in Theorem 2.1.
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Proof Let (x1(¢), x2(t), S(t), I1(t)) be any positive solution of system (1.2) with initial
conditions (1.3). System (1.2) can be rewritten as

x1(1) = xr—*[—m(t)(m () = x7) +x1 () (x2(t) — x3)]
1

() = ;—1[—x1 (2 (1) — x3) + 02D (1) — xD)]

2
+x2(0)[—a(x2(t) — x3)1+ a1 S x2(t) — a1x2(1) S(r)
) St
S(t) = arxo(t —t)S(t — 1) —d3S5(t) — sz(t) — llg—i-(tT)Ig;
. BSOIM)
I(t) = T Tall) 41 (1) (4.6)

Define
Vai(t) = ks [ x; —xF —x %1 2L +x —x*lnx—2+k S—S*—S*lni
31 5 X1 1 1 x 2 X 2 s 6 S*

2
1

where ks = rix{/(rx3), ke = ai/ax.
Calculating the derivative of V31(¢) along positive solutions of system (1.2), it
follows that

X1() x2 (1) —x3 S()—S5* . 1(1) -

V31 (1) =ks ————L 1() 2@ X2(t)+hke—— SO S) + ke————— 0 I(t)
(‘/”(’ (1 () —x) — ,/ #10) (xz(f)—xz)) o) — x3)?
x1(1)
S(t) — §*

+a1 5" (x2(r) — x3)—ai(x2(t) —x3)S(t)+aix2(t—1)S(t — 1)
keBI(t)(S(t) — S*)

S(t)
—ked3(S(t) — S*) — kebS(1)(S(1) — S*) —

1+ al(t)
keBS()( (1) — 1) .
T ral() —keda(I(t) — I™) 4.7)
Define
t
Va(0) = Vai(1) + an / [xz(u)S(u) — 38" —x3S"In %;(u)}d
t—t1

By calculation, we have that

2
v T [x2®) oo |X1®) o
Vs(1) = = (,/x](t)m(t) x}) ,/xzmm(r) x2>)
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S [xz(t —0)S(t—1) 1—m x(t —1)S@ — r)i|
2 EN0) EN0)
—ajx;S* [ % —1—1In ¥ :| — koo™
S EA0) o] (T+al*) (1 +al(@)

% %2 %
[(m)—l*)—w} — (x2(t) — x3)? (a—‘“s)

28% x2(1)
aB(I*)? 1 }

- (4.8)
4S*(1 +al*) 1+al(r)

—ke(S(t) — §%)? |:b —

Note that the function g(x) = x — I — Inx is always non-negative for any x > O,
and g(x) = 0 if and only if x = 1. Hence, if x2(t) > a1S*/a and I (1) > [ef(I*)*> —
4bS*(14+al™)]/[4abS*(1+al*)]fort > T, wehave —(xz(z‘)—)c’z")2 [a — ‘”S*] <0

x(1) | —

) af(I*)? 1 . o .
and —kg(S(t) — S*) [b — (0l 1+0t1(t)] < 0 with equality if and only if
x2(1) = x5 and S(¢) = S§*. This, together with (4.8), implies that if (H3) holds,
then V3(7) < 0 with equality if and only if x| () = x{, x2(t) = x3, S(t) = §* and
1(t) = I*. Therefore, the global attractiveness of E* follows from LaSalle invariant
principle for delay differential systems. This completes the proof. O

5 Conclusion

In this paper, we have incorporated a stage structure for the prey and time delay due
to the gestation of the predator into an eco-epidemiological model. By analyzing the
corresponding characteristic equations, the local stability of each of feasible equilibria
of system (1.2) has been established, respectively. It has been shown that, under some
conditions, the time delay may destabilize both the disease-free equilibrium and the
coexistence equilibrium of the eco-epidemiological system and cause the population to
fluctuate. By means of Lyapunov functions and LaSalle invariant principle, sufficient
conditions were obtained for the global asymptotic stability of each of feasible equi-
libria of system (1.2), respectively. By Theorem 3.1, we see that if rr; < da(ry +d),
then both the prey population and the predator population go to extinction. By The-
orem 3.2, we see that if 0 < azxg < d3 holds, the prey population persists and the
predator population goes to extinction. By Theorem 3.4, we see that if 0 < BS™* < d4
and x, > a;S™/a hold, that is the disease transmission coefficient 8 is sufficiently
small and the prey population is always abundant enough, the disease among the
predator population dies out and in this case, the prey and the sound predator coexist.
By Theorem 4.2, we see that if S > d4 and (H3) hold, that is the prey population
is always abundant enough and the disease transmission coefficient g is sufficiently
large, the coefficient equilibrium is a global attractor of the system (1.2). In this case,
the disease spreading in the predator becomes endemic and the prey, sound predator
and the infected predator coexist.
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