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Abstract A stage-structured predator-prey model with a transmissible disease
spreading in the predator population and a time delay due to the gestation of the
predator is formulated and analyzed. By analyzing corresponding characteristic equa-
tions, the local stability of each feasible equilibria and the existence of Hopf bifurca-
tions at the disease-free equilibrium and the coexistence equilibrium are addressed,
respectively. By using Lyapunov functions and the LaSalle invariant principle, suf-
ficient conditions are derived for the global stability of the trivial equilibrium, the
predator—extinction equilibrium and the disease-free equilibrium, respectively. Fur-
ther, sufficient conditions are derived for the global attractiveness of the coexistence
equilibrium of the proposed system. Numerical simulations are carried out to support
the theoretical analysis.
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1 Introduction

Since the pioneering work of Kermack—Mckendrick on SIRS [7], epidemiological
models have received much attention from scientists(see, for example, [2,3,5-7,10,
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11,13,15,19]). Mathematical models have become important tools in analyzing the
spread and control of infectious disease. Eco-epidemiology which is a relatively new
branch of study in theoretical biology, tackles such situations by dealing with both
ecological and epidemiological issues. Following Anderso and May [2] who were the
first to propose an eco-epidemiological model by merging the ecological predator—prey
model introduced by Lotka and Volterra, the effect of disease in ecological system is an
important issue from mathematical and ecological point of view. Recently, many works
have been devoted to the study of the effects of a disease on a predator—prey system
[3,5,6,10-13,15,19]. In [12], Venturino formulated two eco-epidemiological models
with disease in the predators and mass action and standard incidence rates, respectively.
In the two models, it was assumed that the disease spreads among predators only
and that the infected individuals do not reproduce, only sound ones do. Analysis
of the long-term behavior of solutions of the two models was carried out to show
that whether and how the presence of the disease in the predator species affects the
behavior of the ecological system, but also whether the introduction of a sound prey
can affect the dynamics of the disease in the predator population. Following the work of
Venturino [12],in [19], Zhang and Sun considered a predator—prey model with disease
in the predator and general functional response. Sufficient conditions were derived for
the permanence of the eco-epidemiological system. In [3], Guo et al. considered the
following eco-epidemiological model

Lo o anx(D)S@)

x(t) =rx(t) —ax=(t) —1 T nx() ,

. S

$(r) = % —dyS(t) — BSWI (),

i) = BSWIM) — doI (1), (1.1)

where x(¢), S(¢) and I(t) represent the densities of the prey, susceptible (sound)
predator and infected predator population at time ¢, respectively. The parameters ¢,
aiz, az1, di, d2, r, m and B are positive constants (see [3]). In system (1.1), the
authors assumed that the infectious predator would die of diseases and only the healthy
predator had predation capacity, but once infected with the disease, the predator would
not be able to recover.

We note that it is assumed in system (1.1) that each individual prey admits the same
risk to be attacked by predators. This assumption seems not to be realistic for many
animals. In the natural world, there are many species whose individuals pass through
an immature stage during which they are raised by their parents, and the rate at which
they are attacked by predator can be ignored. Moreover, it can be assumed that their
reproductive rate during this stage is zero. Stage-structure is a natural phenomenon
and represents, for example, the division of a population into immature and mature
individuals. Stage-structured models have received great attention in recent years (see,
for example, [14,16-18]).

Time delays of one type or another have been incorporate into biological models
by many researchers (see, for example, [1,9,17,18]). In general, delay differential
equations exhibit much more complicated dynamics than ordinary differential equa-
tions since a time delay could cause the population to fluctuate. Time delay due to
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the gestation is a common example, because generally the consumption of prey by
the predator throughout its past history governs the present birth rate of the predator.
Therefore, more realistic models of population interactions should take into account
the effect of time delays.

Based on above discussions, in this paper, we incorporate a stage structure for the
prey and time delay due to the gestation of predator into the system (1.1). We make
the following assumptions:

(A1) The prey population the birth rate is proportion to the existing mature pop-
ulation with a proportionality r > 0; the death rate of the immature population and
transformation rate from immature individuals to mature individuals are proportional
to the existing immature population with proportionality constants d; > Oandr; > 0,
respectively; the intra-specific competition rate of the mature population is a > 0; the
death rate of the mature population is proportional to the existing mature population
with a proportionality d > 0.

(A2) The predator population the disease spreads among the predator species only
by contact and the disease can not be transmitted vertically. The infected predator
population do not recover or become immune. The disease incidence is assumed to be
the simple mass action incidence 8S1, where B > 0 is called the disease transmission
coefficient. Only the susceptible predators have ability to capture mature prey with
Holling type-II response function x, /(1 4+ mx3), m > 0 is the search rate multiplied
by the handling time and the infected predator are unable to catch mature prey due to
a high infection. The capturing rate of the susceptible predator and the conversion rate
of nutrients into the reproduction of the predator by consuming mature prey are a; > 0
and az/a; > 0, respectively; the natural death rate of the susceptible predator is d3 >
0; the natural and disease-related mortality death rate of the infected predatorisds > O.

To this end, we study the following differential equations

x1(t) = rxa(t) — (r +dp) x1 (1),

S
2 = @) = dyan) — axdn) - {0,
. — St —
$() = “2fzfmxz)(t ¢ T)’) —d3S(t) — BSOI(1),
1(t) = BSWI(1) — dal (1), (1.2)

where x1(¢) and x;(¢) represent the densities of the immature and the mature prey
population at time ¢, respectively. T > 0 is a constant delay due to the gestation of the
predator.

The initial conditions for system (1.2) take the form

x10) = 91(0) = 0, x2(0) = ¢2(0) = 0, S(0) = $1(60) = 0,
16) = $2(0) 2 0, 6 €[z, 0)
1(0) > 0, ¢2(0) >0, $1(0) > 0,
500) > 0, @10), 0200), ¢1(60), $2(0)) € C ([-. 01, RL),
(1.3)
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where RY ) = {(y1, y2. y3. ya):3i =0, i =1,2,3, 4},

The organization of this paper is as follows. In the next section, we discuss the
positivity and the boundedness of solutions of system (1.2) with initial conditions
(1.3). In Sect. 3, by analyzing the corresponding characteristic equations, we study the
local stability of each feasible boundary equilibria of system (1.2) and the existence
of Hopf bifurcations of system (1.2) at the disease-free equilibrium. By means of
Lyapunov functions and LaSalle invariant principle, we establish sufficient conditions
for the global stability of each feasible boundary equilibria of system (1.2). In Sect. 4,
by analyzing the corresponding characteristic equation, we discuss the local stability
of coexistence equilibrium and the existence of Hopf bifurcations of system (1.2) at
the coexistence equilibrium. By means of Lyapunov functions and LaSalle invariant
principle, we establish sufficient conditions for the global attractiveness of the coex-
istence equilibrium. Numerical simulations are carried out in Sect.5 to support the
main theoretical results. A brief discussion is given in Sect. 6 to conclude this work.

2 Positivity and boundedness

It is well known by the fundamental theory of functional differential equations [4] that
system (1.2) has a unique solution (x(¢), x2(¢), S(¢), I(¢)) satisfying initial condi-
tions (1.3). In this section, we show the positivity and the boundedness of solutions of
system (1.2) with initial conditions (1.3).

Lemma 2.1 Solutions of system (1.2) corresponding to initial conditions (1.3) are
defined on [0, +00) and remain positive for all t > 0.

Proof Let (x1(t), x2(t), S(t), I1(t)) be a solution of system (1.2) with initial condi-
tions (1.3). First, we show that x,(z) > 0 for all # > 0. Notice x(0) > 0, hence if
there exists a o such that x,(#y) = 0, then 79 > 0. Assume that £ is the first such time
that xo(t) = 0, thatis #p = inf{r > 0: x2(#p) = 0}. By the second equation of system
(1.2), we obtain x2(tp) = rix1(fo) < 0. Hence x;(fp) < 0. By the first equation of
system (1.2), we have

'
x1(t) = |:x1(0) + r/ xz(s)e(r‘+d')sds] e~ (ntdnt, 2.1
0

By the definition of 7, x2(#) > 0 for ¢t € [0, fp]. Thus, we have x| (fp) > 0. This
contradiction shows that x>(#) > 0 for all + > 0. By (2.1), we have x(¢) > 0 for all
t > 0.

Now, we show that S(¢) > O for all + > 0. Let us consider S(¢) for r € [0, t].
Since ¢1(0) > 0 for 6 € [—1, 0], we derive from the third equation of system (1.2)
that
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S(t) = —(d3 + BI(1)) S(1).

A standard comparison argument shows that

t
S@t) = S(O)eXp[—/ (ds +,31(s))ds] >0,
0

ie., S(t) > 0 for r € [0, ]. In a similar way, we treat the intervals [z, 27], ...,
[nT, (n+ 1)T], n € N. Thus, we have S(¢) > 0 forall r > 0.
It follows from the fourth equation of (1.2) that

t
1(t) = 1(0) exp [/ (BS(u) — dy) du] > 0.
0

Thus, we have 7(t) > O forall r > 0. O

Lemma 2.2 Positive solutions of system (1.2) with initial conditions (1.3) are ulti-
mately bounded.

Proof Let (x1(t), x2(t), S(t), 1(¢)) be any positive solution of system (1.2) with
initial conditions (1.3). Denote d = min{d;, d;, d3, d4}. Define

V() = x1(t — 1) + 020t — 1) + Z—;(Sm +1(0)).

Calculating the derivative of V (¢) along positive solutions of system (1.2), it follows
that

V() = —dix|(t—1)—daxa(t — 1) —axj(t—7) + rxa(t — r)—Z—; [d3S(t)+dal (1)]

av )
< —dV(t) — t—1)— — —
< —aV() —a|nt -0 -]+
r2
<—dV(t)+ —
< ()+4a
which yields
r2
li V(i) < —.
Vo =3

If we choose M| = r2/(4ad), M> = a>r?/(4aaid), then

limsupx;(t) <My (i =1,2), limsupS() < My, limsupl(t) < M.

—>00 —0o0 —>00

O
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Lemma 2.3 For any positive solution (x1(t), x2(t), S(t), 1(t)) of system (1.2) with
initial conditions (1.3), we have that

rr1 — (r1 + d)(dy + a1 M>)
a(r1 +dy)

)

liminf x2(¢) > x, :=
t——400 2()__2

where M> is defined in Lemma 2.2.

Proof Let (x1(¢), x2(t), S(t), 1(¢)) be any positive solution of system (1.2) with
initial conditions (1.3). By Lemma 2.2, it follows that limsup, , ., S(t) < M>.
Hence, for ¢ > 0 being sufficiently small, there is a Tp > O such thatifz > Ty, S(¢) <
M + . Accordingly, for ¢ > 0 being sufficiently small, we derive from the first and
the second equations of system (1.2) that, for t > Tp,

X1(t) = rxa(t) — (r1 +dr) x1(1),
%2(1) > r1x1(1) — daxa(t) — ax3 (1) — a; (Ma + &) xa (), (22)

which yields

rry — (r1 + di)(dx + a1 M>)

liminf x2(¢) > x, := 2.3
iminf () = x a(r +dy) 23)
The proof is complete. O

3 Boundary equilibria and their stability

In this section, we discuss the stability of the boundary equilibria and the existence of
a Hopf bifurcation at the disease-free equilibrium.

System (1.2) always has a trivial equilibrium E((0, 0, 0, 0). If rr; > da(r1 +dy),
then system (1.2) has a predator—extinction equilibrium E (x?, xg, 0, 0), where

o rlrri—da(ri +dy)]

o Tr1—dx(ri+dy)
_xl = 5 xz =
a(ri +dp) a(ri +dp)
Further, if the following holds
—d d d
(H1) rry —da(r1 +dp) - 3 -0,
a(r1 +dy) az — mds

then system (1.2) has a disease-free equilibrium E; (x{", x; , S*,0), where

4 rds " ds
X = soXy =,
(r1 +d1)(az — md3) ay —mds
o+ aay |:rr1 —d(n+d) &3 :|
ai(ay — mdz) a(ri +dy) ar —mdsz |’
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The characteristic equation of system (1.2) at the equilibrium E((0, 0, 0, 0) takes
the form

h+d3) O+ dy) [)\2 T +d +d)A+dy(r +dy) — rrl] —0. (3.1

It is readily seen from Eq.(3.1) that if rr; < da(r1 + dy), then Ej is locally asymp-
totically stable; if 71 > da(r; + dp), then Ej is unstable.

Theorem 3.1 If rr; < dy(r1 + dy), then the trivial equilibrium E(0, 0, 0, 0) of
system (1.2) is globally asymptotically stable; ifrr1 > da(r1+d1), then the equilibrium
Eo is unstable.

Proof Based on above discussions, we only prove that all positive solutions of system
(1.2) with initial conditions (1.3) converge to Ep. Let (x1(¢), x2(¢), S(t), I(t)) be
any positive solution of system (1.2) with initial conditions (1.3). Define

r
ri +dp

Volt) = X1 () + x2(0) + Z_;[S(” + I

Calculating the derivative of V(¢) along positive solutions of system (1.2), it follows
that

do(ri+dy) —rr

. _ 1 . 2 . a_1
Vo(r) = s x2(1) —ax; (1) o [d3S(t) + dal (1)]. (3.2)

Let A be the largest invariant subset of {Vo (t) = 0}. Clearly, if rry < da(r1 + dy), it
then follows from (3.2) that Vo(7) < 0 with equality ifand only if x,(#) = 0, S(t) =0
and /() = 0. Noting that A is invariant, for each element in A, we have x»(¢) = 0.
It therefore follows from the second equation of system (1.2) that

0 =2X2(t) =rix1(),

which yields x1(#) = 0. Hence, Vo(t) = Oifand only if (x1(¢), x2(¢), y1(¢), y2(2)) =
(0, 0, 0, 0). Accordingly, the global asymptotic stability of Eq follows from LaSalle
invariant principle for delay differential systems. O

The characteristic equation of system (1.2) at the equilibrium E; (x?, xg, 0, 0) is
of the form

0
ayx.
(A +dy) [kz+ (rl + dy +d2+2axg))n+rr1 —dy (r +d1)](k+d3 _ 1+2 2 Oe_M)ZO.
me

(3.3)

Equation (3.3) always has a negative real root: A; = —dy. If rry > do(r1 + dy), then
the equation

)\2+(r1+d1+d2+2axg))»+rr1—dz(rl—i-dl):(),
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has two roots with negative real parts. All other roots of Eq. (3.3) are determined by
the equation

0
hAdy— —22 g =, (3.4)
1 +mx,
0
Denote f(A) = A+d3 — %e_“. If (H1) holds, it is easy to show that, for A real,
2
FO) —ds - 28 _ (e mdy)lrn —da(n t dV] —dsalri ) _
1+ mxd a(ri +di) +mlrry — da(ri + di)] ’

lim f(}) = +o0.
A— 400

Hence, f(A) = 0 has a positive real root. Therefore, if (Hj) holds, the equilibrium
E, (x?, xg, 0, 0) is unstable.
If the following holds:

rry —da(r1 +dp) d3

H 0 9
) 0 <=0 ¥d)  ~ a—md

we claim that E is locally asymptotically stable. Otherwise, there is a root A satisfying
ReX > 0. It follows from (3.4) that

0 0
arx arx
Rel = 2—20641@1 cos(tImi) —dz < 2—20 —dz <0,
1 +mx, I +mxy

which is a contradiction. Hence, if (H3) holds, then the equilibrium E; is locally
asymptotically stable.

Theorem 3.2 If (H») holds, then the predator—extinction equilibrium E (x?, xg , 0,
0) of system (1.2) is globally asymptotically stable; if (Hy) holds, then the equilibrium
Eq is unstable.

Proof Based on above discussions, we only prove that all positive solutions of system
(1.2) with initial conditions (1.3) converge to Eq. Let (x1(¢), x2(¢), S(¢), 1(t)) be
any positive solution of system (1.2) with initial conditions (1.3). System (1.2) can be
rewritten as

810 = 55 [0 (10 =) + 010 (r20) =) |
(1) = :—22) [—xl(t) (xz(t) - xS) +x2(1) (xl(f) - x?)]
0 ayxa(t)S(t)
+x2(1) [—a (X2(t) - x2)] - H—m—xz(tf
. — St —
$() = “”{fmxz)(t . T)T) —dsS(1) — BS()I (1),
[(t) = BS()I (1) — dal (1). (3.5)
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Define

v“(t)zcl(xl—x? xVn — )+x2—x2 len—+k1(S+I)
xy x)

where ¢ = rix; /(rxz) ki =a1(1+ mxg)/az Calculating the derivative of Vy1(t)
along positive solutions of system (1.2), it follows that

—x0 —xY . .
Vi) = cl(xlx(l’zt) Do + “(2 (t)x2 2200 + ki (S0 + F(1))

B _;B( 22; <XI(I) B ) B 28 (xz(t) _xg))
2
ai(1 +mx2)x2(t)S(t)

1+ mx)(t)

(k1d3 - a,x‘g) S(). (3.6)

2

2
—a (xz(t) _ xg) — kydaI (1) —

a1 (1+ mxz)xz(t —17)S(t — 1)
14+ mxy(t — 1)

Define

t
) . x2(u)S(u)
Vi) = Vi) + ar (1 +””2) /H T+ moG ™"

By calculation, we have that

2
Vl(f) — _r_l( ng; (xl(t) — x?) — %ﬁg (xz(t) — xg)) —a (xz(t) — x§)2

- (k1d3 - alxg) S(t) — kida (1). (3.7)

It follows from (3.7) that if k1d3 > alxg, ie (H») holds, then Vl (t) < 0 with
equality if and only if xl(t) = xl, x(t) = x2, S(t) = 0 and I(r) = 0. Hence, the
only invariant set M = {(x1 , xz, 0, 0)}. Using LaSalle invariant principle for delay
differential systems, the global asymptotic stability of £ follows. O

The characteristic equation of system (1.2) at the equilibrium E» (x]+, x; , 81,0
takes the form

(+ds = BST) 13+ g2 + g0+ go + (S22 + fir+ fo) ™7 =0,
(3.8)
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where

go=d3la(ri+dy)—rrl, e1=d3(n+di+a)+a(@+d)—rr,

+di+ds + dy + 2ax; + a1S”
=7r o, o = ax . L5
82 1 1 3 2 2 (1+mx;)2
ay(ry +dp)S+
=—-d3|a(ri+d)—rrip— —————
fo 3|: (r1+dp) 1 A +mxf)
a1S+

— —dy | tdifa— 12
bl 3|:1 1 A mad)

}7 f2:_d3-

Clearly, Eq. (3.8) always has aroot A; = 8S™ — dj. All other roots of Eq. (3.8) are
determined by the following equation

24 gl + gk + g+ (A2 + fir+ fo) e =0 (3.9)
When t = 0, Eq. (3.9) reduces to

M@+ LA+ + A +go+ fo=0. (3.10)

It is easy to show that

Ar=g+ Hh=r+d +oa>0,

A= (g1+ f1)(g2+ f2) —(go+ fo) = (r1 +di +a)[a(r) +di) —rri]
ardza ST

(14 mx3)?’
_ardy(ry +dp)S*
(1 4 mx))?

Hence, if BS* < d4 and the following hold:

ardzaSt

> 0,
+)2

(H3) (ri+di +a)[a(ry +dy) —rr]+
(1 + mx,

the equilibrium Ej is locally asymptotically stable when t = 0.
If iw(w > 0) is a solution of (3.9), separating real and imaginary parts, we have

fiosinwt + (fo — fzwz) CoOswT = g2w2 — 80,
fiwocoswt — (fo — fzwz) sinwt = w° — glw. (3.11
Squaring and adding the two equations of (3.11), it follows that

@® + hyo* + hiw> + hg = 0. (3.12)
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By calculation, we derive that

hy = g% —2g1 —f22 =(n +d1)2+a2+2rr1 >0,

h =g — 28082 +2fofo — fE = la (r1 +dy) — rry P
ai(d3)*S*
(14 mx3)?

d3)*(r1 +dp) S+
ho — o2 — £2 — aji(
0=8 ~Jo (1 —i-mx;)2

(a+d2+2ax;') >0,

al(r1+d1)S+
|:2(01(7’1 +dy) —rry) — m}

Note that if go > fop, then (H3) holds. Hence, if gg > fo, Eq. (3.12) has no positive
real roots. Accordingly, by Theorem 3.4.1 in Kuang [8], we see that if gg > f and
BST < dy, then E; is locally asymptotically stable for all T > 0.If gg < fo, then Eq.
(3.12) has a unique positive root wg. That is, Eq. (3.9) has a pair of purely imaginary
roots of the form =+iwq. Denote

3 P 2
o = - arccos Srwo(wy — grwo) + (fo fzwoz)(gzwo g0) n 216771 k=0 1.2....
o (fiwo)? + (fo — frwp)? wo

(3.13)

By Theorem 3.4.1 in Kuang [8], we see that if BST < d4, go < fo and (H3) hold,
then E, remains stable for 7 < 1.
We now claim that

d(Re(}))
drt

=10

This will show that there exists at least one eigenvalue with positive real part for
T > 109. Moreover, the conditions for the existence of a Hopf bifurcation [4] are then
satisfied yielding a periodic solution. To this end, differentiating Eq. (3.9) with respect
to t, it follows that

(d_x)—l B 302+ 2g2h + g1 20+ fi T
dt A3+ A2+ gid+g0) AR+ fir+ fo) A

Hence, a direct calculation shows that

d(Rel) A\ !
sgn =sgnq Re| —
de A=iwo dr A=iwo

~ en 3w +2(83 — 280)w5 + &7 — 28082 | —2f5wf +2f2fo — [T
(@3 — g100)? + (g0 — g203)? (frwo0)? + (frw} — fo)?

We derive from (3.11) that
3 2 2)? 2 2 2
(a)o - glwo) + (go - gzwo) = (fiwo)” + (f2wo - fo) :
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186 L. Wang et al.

Hence, it follows that

[d(ReA) ] 3wy + 2ha0f + I
sgn = sgn > 0.
A=iw

dt (fiw0)? + (frw} — fo)?

Therefore, the transversal condition holds and a Hopf bifurcation occurs at w =
wo, T = T0.
In conclusion, we have the following results.

Theorem 3.3 For system (1.2), assume (Hy) and BS™ < dy hold, we have the fol-
lowing:

) If go > fo, then the disease-free equilibrium Ez(xfr, x;, S*, 0) is locally
asymptotically stable for all T > 0;

(i1) If go < fo and (H3) hold, then there exists a positive number 1o, such that E; is
locally asymptotically stable if 0 < t < 1o and is unstable if Tt > ty. Further,
system (1.2) undergoes a Hopf bifurcation at Ey when t = 1.

Theorem 3.4 Let (Hy) hold, if BSt < dy, then the disease-free equilibrium E; is
globally asymptotically stable provided

rr—dy(ri+d) s

Hy) x, > .
(Ha) x5 a(ry +dp) a; — mds

Here, x, > 0 is defined in Lemma 2.3.

Proof Ttis easy to see that if (Hz) holds, then x5 > r”;(ffir%dl) — aszn - It follows

from (3.12) that gg > fo holds. By Theorem 3.3, we see that if ST < dy, (H})
and (Hs) hold, then the equilibrium E»> (xl+ . x; , ST, 0) is locally asymptotically
stable. Hence, it suffices to show that all positive solutions of system (1.2) with initial
conditions (1.3) converge to E>. We achieve this by constructing a Lyapunov function.
Let (x1(¢), x2(t), S(¢), I(z)) be any positive solution of system (1.2) with initial
conditions (1.3).

System (1.2) can be rewritten as

() = x’—+ [—x2(0) (x1(0) — x7) + x1(0) (x2() — x3)].
1

(1) = ;—L [—x1(0) (x2(6) = x5) + x2(0) (¥1(6) — x7)] + x2(0) [ (xa2(1) — x57)]
2

a1S+ (1) — ayxy(t)S(t)
l—l—m)c;'x2 1—|—mx2(t)’
oo ax(t—1)S(t —1)
S(1) = Fa—— —d3S(1) — BS()1 (1),
I(t) = BS@®)I(t) — dyl(1). (3.14)
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Define

X2

Va1 (1) = e | x1 — x7 — xF ln— +x—x —xFIn=
1 1 2 2 +

xl X2

S
+ ko (s- st — s+1nS—) +kol,

where ¢; = rix, /(rx;r) ky = a1 (1 +mx, )/az.
Calculating the derivative of V21(¢) along positive solutions of system (1.2), it
follows that

. —xr — 5t .
Var (1) = cz%xm + % 2(1) + kz“;Tsm + i (1)
2
] x2(1) x1(2) 2
:_E( O (xit)—x") — T(t)(m(t)_x;)) —a(x) —x5)
B ar(1 +mxy )xz(t)S(t) a (1 + mx;r)xz(t —17)S(t—1)
1 + mx;(t) 1+ mxy(t — 1)

S5* 0@ —1)S@E 1)
S() 1+mx(t —1)

—ka (ds = BST) 1 (1) —ar (1 +mxy)

a1S+ +
+—— () —x)) + kadsS*. (3.15)
1-|—mx2

Define

x2(u) S (u) xy st
L+mxa(u) 14 mx)

t
Va(t) = Vai (1) +ap (1 +mx;)/ [
-7

xSt (1 4+ mx)xo(u)S W)
_ 2 n 2 du
L+mxy xSt +mxo))

By calculation, we have that
(1) () ’ 2
_ i [l _ ) [al ) o o+
Va (1) F ( 0 (X1(f) X ) 0 (Xz(t) Xy )) a (Xz(t) xz)

n |:(1 + mx, )xz(t —10)S(t —1) —ln (1 + mx2 )xz(t —10)S(t — r)i|

- _
Xy SO+ mxa(t — 7)) Xy S(O(1 + mxa(t — 7))
st o Admoo) 5 A+ mn)
(1 4+ mx3)xa (1) (14 mx3)xa (1)
B et B N2 ast
ky (dy — BST) 1(2) (xz(t) x2) T w0 | (3.16)
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Itfollows from (3.16) thatif ST < dj4 and (H4) hold true, then V2 (t) < Owithequality
d (I+mxf)STx@-1)St—1) _

: : _ .+ — _
if and only if x; () = x|", x2(t) = x,, () = 0 an S SO ) 1.

We now look for the invariant subset M within the set

(1 +mx})STxa(t — 1)S(t — 1) _

N=101 xS Dix@=x], xi)=x;" 1(t) =0, TSSO+ msti =)

Since x1(t) = xr and x (1) = x2+ on M and consequently, 0 = x,(¢) = r1x1+ —
+
N . . . . .
dz)cgL — a(x;r )2 — %ﬁ), which yields S(¢) = S*. Hence, the only invariant set in
2

NisM = {(x1+, x; , ST, 0)}. Using LaSalle invariant principle for delay differential
systems, the global asymptotic stability of the equilibrium E» of system (1.2) follows.
]

4 Coexistence equilibrium and its stability

In this section, we discuss the stability of the coexistence equilibrium and the existence
of a Hopf bifurcation.

It is easy to show thatif B8S* > dj, system (1.2) has a unique coexistence equilib-
rium E*(x, x5, §*, I*), where

1 1 1 —d d d

Xy = : x5, x§‘=_A+\/_A2+_[”1 2(ri+di) 4],
r+di 2 4 m a(ry +dy) ap
_mzdntd) 1 o da *zl[ arx; —d}
a(ry +dy) m’ B’ B L1+ mx} :

The characteristic equation of system (1.2) at the equilibrium E* is of the form
W pad o poa ok pit po + (4307 + @222+ qur) T =0, @)
where

p3=&+r +d +ds+ BI*,
p2 = (d3+ BI*) (& +r1 +di) +& (1 +dy) —rry + 2SI,
p1 =B I (@411 +di) + (ds + BI*) [& (1 +di) —rri]
po=B*S*I*[& (r +di) —rr],

ax; ax; .
=2 gp=——"2_(dy+2ax} +r +di),
& 1 +mx3 7 1 +mx3 ( 2 T 1)
arxy .
=——"=—|(r1 +dy) (dr + 2ax5) —rry|,
q1 [+ me [(r1 +d) (da 3) 1]
N a1 S*
=dr +2axF + —M8—.
“ 2T edn (1 +mx3)?
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When 7 = 0, Eq. (4.1) becomes
W3+ a2+ (p2+9) A+ (pr+q1) k4 po =0. 42)
If the following holds
(Hs) & (r1 +dy) > rry,
then it is easy to show that

A =p3+qg=a+r +d >0,

A= (p3+q@3)(p2+q2) — (p1+q) = (&+r +di) @@ +d) —rr]
. axja)S*
o >

1+ mx3)3

Az = (p3+q3) (P2 +q2) (p1 + p2) — (p1 + p2)* — po (p3 + ¢3)°

arxXa; S*
=ﬂ2S*I* 2 2 1
(1 +mx})3

)

(@+ri+d)+@+r+d)[ae+d)—rr]

axya S* ]

2ok gk (A
S*I d dy) —2——
[ﬂ (& +ri+di)+ (1 +dy) TR

Aq = poA3z > 0.

Hence, by the Routh—Hurwitz criterion we know that if (Hs) holds, the coexistence
equilibrium E* of system (1.2) is locally asymptotically stable when 7 = 0.

Substituting A = iw(w > 0) into (4.1) and separating the real and imaginary parts,
one obtains that

3 2 4

(q3a) — qla)) SiNwT + " coswT = w" — p2w2 + po,
(q3w3 — qla)) Ccos wT — q2w2 sinwt = prw — p3a)3. 4.3)
Squaring and adding the two equations of (4.3), it follows that

o® + h30® 4+ hyo + ho? + p =0, (4.4)

—2p2—q3, ha=p3+2po—2pips — g5 +2q193, hi = pl—2pop2 —qi.
Letting z = w?, Eq. (4.4) can be written as

hz) =2t + 3 + ha® + hiz + p% =0. 4.5)
If fzg > 0 and fz% — 4f11fz3 < 0, then fz(z) has always no positive roots. Hence,

under these conditions, Eq. (4.4) has no purely imaginary roots for any t > 0 and
accordingly, the equilibrium E* is locally asymptotically stable for all T > 0.
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If Eq. (4.5) has at least one positive root, without loss of generality, we assume that
(4.5) has four positive roots, namely, z1, z2, z3 and z4, respectively. Accordingly,
Eq. (4.4) has four positive roots wy = /zx (k =1, 2, 3, 4).

For k = 1, 2, 3, 4, from (4.3) one can get the corresponding rkj > 0 such that
(4.1) has a pair of purely imaginary roots iwy given by

27j 1 PoF(f — prof+ po) +(@30] —q1ox) (prox — p3w})

j
T, = —— + — arccos
7o o (@20D)? + (307 — qran)?

. j=0,1,2, ...

Differentiating the two sides of (4.1) with respect to t, it follows that

(d_k)_l B 433 +3p3r? 4+ 2poik + py 3P + 2k +q1 T
dr —AOA + 33+ pad2 + pia+po) M@+ @Al +qin) &
After some algebra, one obtains that

o re (4 -
sign el —
& dt ;

T:fi{

) [ dRek ]
sign
T*fl

sign | — (21~ 370D (s = p1) + 2p2 — 20 @] — P2 + po)
W2(p1 — p30D)? + (@f — P20 + po)?

(g1 = 330D (g3} — q1) — 2g3 07
(g201)? + (qrox — q30})?

We derive from (4.3) that

of (p1 = p3@})’ + (@f — P20} + po)” = (@00 + (mox — 537)”

Hence, it follows that

dRel 40)2 + 3?13(0? + 2?120),% + /’Al]
sgn = sgn 5 75
=1/ (G201)” + (qrok — q305)

= sgn ' (z1)
(@201 + (1o — qz)? |
From what has been discussed above, we have the following results.

Theorem 4.1 Assume that BS™ > dy and &(ry + dy) > rry hold, we have

) IfiA13 >0, andﬁ% —4h1hs < 0, then the coexistence equilibrium E* is locally asymptotically
stable for all T > 0.
(ii) lfft(z) has at least one positive root zj, then all roots of (4.1) have negative real parts for
T € [0, r,?], and the equilibrium E* of system (1.2) is locally asymptotically stable for
T €0, 1.
(iii) If all conditions as stated in (ii) ho(d true and ﬁ’(zk) # 0, then system (1.2) undergoes a
Hopf bifurcation at E* when t = rkj (j=0,1,..)

Now, we are concerned with the global attractiveness of the coexistence equilibrium E*.
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Fig. 1 The numerical solution of system (1.2) with = 0.01, (@1, ¢2, ¢1, ¢2) = (0.5, 0.5, 0.5, 0.5)

Theorem 4.2 Assume that BSt > dy. If (Hy) holds, then the coexistence equilibrium
E*(x}, x5, S*, I*) of system (1.2) is globally attractive.

Proof Let (x1(t), x2(t), S(t), 1(t)) be any positive solution of system (1.2) with initial conditions
(1.3). System (1.2) can be rewritten as

B0 = xi [—x2(0) (x1(6) = x}) + x100) (x2(0) — x3)],
1

$2(0) = T [=x1(0) (x200) = 5) + 20 (11(0) = 27) | 4+ 20 [a (v200) = x3)]
2
a S* ayxa(t)S(t)
+ 1 +mx§"x2(t) T 1l tmxn@)’
arxy(t —1)S(t — 1)
m —d3S(t) — BS(OHI (1),

I(1) = BSH)I(t) — dal(1). (4.6)

S@t) =

Define

X S
V31(t) = c3 (x1 —x]k—xi‘lnx—l)+xz—x;—x§‘ln—i+k3 (S—S*—S*ln—)
X X5 S*

I
+ k3 (1—1*—1*1n[—*>.
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Fig. 2 The numerical solution of system (1.2) with t = 3, (¢1, ¢2, ¢1, ¢2) = (0.5, 0.5, 0.5, 0.5)

where c3 = r1x{/(rx3), k3 = ai (1 +mx3)/az. Calculating the derivative of V31 (¢) along positive
solutions of system (1.2), it follows that

x1(t) — xf . x(t) — x4 S(@t) — S* I(t) —1I* .

. _ 53 .
Vai(t) = 637)61([) x1(t) + T X(t) + k3 SO S(t) + k3 0 I(t)
2
_ i [x@) R EIO) N 2
=g ( o (x1(6) — x7) porm (x2(0) xz)) a (x2(r) — x3)
a; 8* sy @+ mxD)xa @) S()
+ 1 +mx3 (xz(l) XZ) 1 4+ mx;(t)
al(l—i-mx;)xz(t—‘E)S(t—r) w ST -8t —-1)
—a (1 +mx2) e e ———
1+ mx(t — 1) S() 1+ mxy(t —1)
+k3d3S™ + k3dal™. 4.7
Define
_ o [T 2@)Sw) x5 8* x38* (1 + mx3)xo (u)S(u)
V3 =Vs1(0)+ar (1 + mxz) /,_r |:1 + mxy (1) T mx3 T+ mxj x5 S*(1 + mxp (u)) -
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Fig. 3 The numerical solution of system (1.2) with t = 0.01, (¢1, ¢2, @1, ¢2) = (0.5, 0.5, 0.5, 0.5)

By calculation, we have that

2

vm:_”( 20 (1) - x7) x'(t)(xzm—x;‘)) —a(x) - x3)’

x5 x1(t) x2(1)

a; S* N o STt -0)St—-1)
T (20 —38) —an (Lmed) S
(1 4 mxa(£)xa(t — 7)S(t — 1)

x2S +mxx(t — 1))

2
B NEERD) .
:‘;}( o (10 =) =16 (“(’)_xz))

v | (L +mxDxa(t —1)S( — 1)
—aix; —1
[ X3S (1 4+ mxa(t — 1))
(I +mx3)xa(t —1)S(t — r):|
XSO0 +mxy(t — 1))
i g |:x3‘(1 + mx;(t)) 11 x5 (1 +mx2(l))]

+a1x3S* +a;x3S*In

—ajxp n
x2() (1 + mx3) x2()(1 + mx3)

(4.8)

S* 1
_ (xz(t) — xi“)z |:a a :| .

T + mx; . x2(1)

Note that the function g(x) = x — 1 — Inx is always non-negative for any x > 0, and g(x) =0

if and only if x = 1. Hence, if xp(r) > MZLOA — Do for 1 > T, we have —(xa(r) —
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Fig. 4 The numerical solution of system (1.2) with t = 3, (¢1, ¢2, ¢1, ¢2) = (0.5, 0.5, 0.5, 0.5)

x5)? [a — us %] < 0 with equality if and only if xo(r) = x%. This, together with (4.8),

. . . —d d d . . L .
implies that if x(¢) > rrla(rfﬂ%f) Do az—fndg fort > T, V3(t) < 0 with equality if and only if
x1(t) = x{, x2(t) = x5, %% = 1. We now look for the invariant subset M within

the set

(1 +mxi)xa(t — 1S — 1)
A =1(x1, x2, S, I):x1 = x7, x2 = x5, =
I( b S DS R =0 T (T - )

arxy
1+mx3 S,

Since x; = x{', x2 = x5 on M and consequently, 0 = X () = rix{ —dax} —a(xi")2 —

which yields S(7) S*. Tt follows from the second equation of system (1.2) that 0 = S (1) =

?f’ii* — d3S* — BS*1(¢), which leads to I = I*. Hence, the only invariant set M in A is
2

M = {(x], x5, S*, I*)}. Therefore, the global attractiveness of E* follows from LaSalle invariant
principle for delay differential systems. This completes the proof. O

5 Numerical simulations

In this section, we give some examples to illustrate the main results in Sects. 3 and 4.

Example 1 In system (1.2), let r = 0.5, r1 = 0.15,a = 0.1, a1 = 1.5, a0 = 0.5,d; =
02,d, =02,d3 =0.25,dy =03, 8 = 0.95 and m = 0.01. It is easy to show that rr; —

da(ry + dy) ~ 0.005, ’”;(‘jlzg‘l,j)dl) - = 7 ~ —0.3597, that is rry > da(ri +d1) and (Hy)

@ Springer



Modelling and analysis of an eco-epidemiological model 195

60 12
50 1 10
40 1 8
= 30 1 = 6
x x
20 1 4
10 2
0 0
0 50 100 150 0 50 100 150
t=x, plane t=x, plane
0.9 20
15
£ 10
5
0
50 100 150 0 50 100 150
t-S plane t-I plane

Fig. 5 The numerical solution of system (1.2) with t = 0.01, (¢1, ¢2, @1, ¢2) = (0.5, 0.5, 0.5, 0.5)

hold true. Hence, system (1.2) has a predator—extinction equilibrium £7(0.2041, 0.1429, 0, 0).
By Theorem 3.2, we see that £ is locally asymptotically stable for all T > 0. Numerical simulation
illustrate the result above (see Figs. 1, 2).

Example 2 In system (1.2),letr = 1.5, r1 =1,a=0.8,a; =15, a, =1,d; =0.1, d»
05,d3 = 0.1,dy = 05,8 = 0.5and m = 0.2. It is easy to show that 8BS+ — dy

rri—da(r1+dy) & _adsST
—0.2540, ST — G &~ 09775, (o + 1y +d)le(r +di) — el + (S_,;X;)z

0.2603, go — fo ~ —0.0698, that is ST < d4, go < fo, (Hy), and (H3) hold true. Hence,
system (1.2) has a disease-free equilibrium £7(0.1391, 0.1020, 0.5320, 0). By Theorem 3.3, we
see that there exists a positive constant 7o &~ 0.0556 such that E is locally asymptotically stable
if 0 < T < 10 and is unstable if T > 7. Further, system (1.2) undergoes a Hopf bifurcation at E»
when 7 = 9. An investigation of system (1.2) with the coefficients above can be conducted via a
numerical integration using the standard Matlab algorithm (see Figs. 3, 4).

Qo

Example 3 In system (1.2), let r = 3,r; = 03,a = 0.1,a; = l,a, = 295, d =
03,dr = 028,d3 = 02,dy = 025, = 095 and m = 0.1. By calculation
we have BST — dy ~ 0.9104. Hence, system (1.2) has a unique coexistence equilibrium
E*(54.7174, 10.9435, 0.2632, 16.0152). A direct calculation shows that fl3 ~ 0.9470, fz% —
4hyhy ~ —55.1220. By Theorem 4.1, we see that E* is locally asymptotically stable for all T > 0.
Numerical simulation illustrate the result above (see Figs. 5, 6).
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Fig. 6 The numerical solution of system (1.2) with t = 3, (¢1, ¢2, ¢1, ¢2) = (0.5, 0.5, 0.5, 0.5)

6 Conclusion

In this paper, we have incorporated a stage structure for the prey and time delay due to the gestation
of the predator into an eco-epidemiological model. The prey individuals were classified as belonging
either the immature or the mature and it was assumed that the immature prey is not at risk of being
attacked by the predator. This seems reasonable for a number of mammals, where the immature
prey concealed in the mountain cave, are raised by their parents; they do not necessarily go out for
seeking food, the rate they are attacked by the predators can be ignored. By comparison argument,
a priori lower bound of the density of the mature prey population was derived. By analyzing the
corresponding characteristic equations, the local stability of each of feasible equilibria of system
(1.2) has been established, respectively. It has been shown that, under some conditions, the time
delay may destabilize both the disease-free equilibrium and the coexistence equilibrium of the eco-
epidemiological system and cause the population to fluctuate. By means of Lyapunov functions and
LaSalle invariant principle, sufficient conditions were obtained for the global asymptotic stability
of each of feasible equilibria of system (1.2), respectively. By Theorem 4.2, we see that if the prey
population is always abundant enough and the disease transmission coefficient 8 is sufficiently
large, the coexistence equilibrium is a global attractor of the system (1.2). In this case, the disease
spreading in the predator becomes endemic and the prey, sound predator and the infected predator
coexist. By Theorem 3.4, we see that if the disease transmission coefficient g is sufficiently small
and the prey population is always abundant enough, the disease among the predator population
dies out and in this case, the prey and the sound predator coexist. By Theorem 3.2, we see that
if (H3) holds, that is the carrying capacity of the prey and the conversion rate of the predator are
sufficiently small, and the death rate of the sound predator and the half saturation rate of the predator
are sufficiently large, the prey population persists and the predator population goes to extinction.
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By Theorem 3.1, we see that if 77| < da(r] + d}), then both the prey population and the predator
population go to extinction.
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