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Abstract This paper studies single machine scheduling with a fixed non-availability
interval. The processing time of a job is a linear increasing function of its starting time,
and each job has a release date. A job is either rejected by paying a penalty cost or
accepted and processed on the machine. The objective is to minimize the makespan
of the accepted jobs and the total rejection penalties of the rejected jobs. We present a
fully polynomial-time approximation scheme for the problem. We also show that the
special case without non-availability interval can be solved using the same method
with a lower order.
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1 Introduction

Scheduling problems have been extensively studied in various machine environments
and performance measures. In most classical scheduling problems, the machine is
available all the time. Actually, however, a machine may be unavailable in some
parts of the scheduling period due to preventive maintenance or tool change and so
on. Due to its strong background in industrial applications, machine scheduling with
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availability constraints has received increasing attention. Two cases, resumable and
non-resumable, were defined in the literature (Lee [9]). A job is called resumable if
it cannot finish before the unavailable period of a machine and can continue after the
machine is available again. On the other hand, a job is called non-resumable if it has
to restart, rather than continue. Li and Fan [11] studied the non-resumable version of
the scheduling problem on a single machine subject to availability constraints. The
objective is to minimize the total weighted completion time. They proposed a pseudo-
polynomial-time algorithm and a FPTAS for the problem with a single non-availability
interval. Ma et al. [18] provided a survey of different problems with machine availabil-
ity constraints. Zhao et al. [29] considered two parallel machines scheduling problem
where one machine is not available in a fixed time period, they gave a FPTAS for the
problem. Shen et al. [21] and Wang et al. [22] focused on parallel-machine schedul-
ing with non-simultaneous machine available time. Zhao and Tang [28] considered
a parallel-machine scheduling problem. Each machine is not available in a specified
time period. They presented a pseudo-polynomial dynamic programming algorithm.

Furthermore, recent empirical studies have verified that the job processing times
are increasing functions of their starting times, such as cleaning tasks, scheduling
maintenance and so on, where any delay in starting to process a job increases the
job’s processing time. The phenomenon is “deteriorating jobs”. Hsu et al. [S5] analyzed
linear deteriorating jobs scheduling with due-date assignment and maintenance activity
on a single machine. The objective is to minimize the total of earliness, tardiness
and due-date cost. They showed that the problem can be solved in polynomial time.
Wang et al. [22] studied single-machine scheduling problems with a time-dependent
deterioration, where the job processing time is defined by an increasing function of
the total normal processing time of jobs in front of it in a sequence. They constructed
a mixed integer programming formulation for the problem. Wang and Wang [23]
considered scheduling problem with convex resource dependent processing times and
deteriorating jobs, in which the job processing time is a function of its starting time and
its convex resource allocation. Liu et al. [15] stressed a single-machine common due-
window assignment scheduling problem with deteriorating jobs. The job processing
times are functions of their starting times and job-dependent deterioration rates that
are related to jobs and are not all equal. Cheng et al. [1] made a concise survey of
scheduling with time-dependent processing time.

Additionally, in many cases jobs rejection may be considered. For example, to
obtain the maximum profits, the manufacturer often rejects some jobs which have the
larger processing times and bring the relatively smaller profits. In such a case, we
reject a job by paying a rejection penalty. Zhang and Luo [27] addressed two parallel-
machine scheduling with deteriorating jobs, rejection and a fixed non-availability
interval. They presented a FPTAS for the problem. Li and Yuan [12] studied parallel-
machine scheduling with deteriorating jobs and rejection, the objective is to minimize
the scheduling cost of the accepted jobs plus the total penalty of the rejected jobs. Gerstl
and Mosheiov [2] solved a parallel identical machine scheduling problem with job-
rejection and position-dependent processing times. They considered two scheduling
measures: total flow-time and total load. Both problems are shown to be solved in poly-
nomial time. Hsu and Chang [4] aimed to investigate the unrelated parallel-machine
scheduling with deteriorating jobs and rejection. The objective is to minimize the sum
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of cost including the weighted of total load, total completion time, total absolute devi-
ation of completion time, and the total penalty of the rejected jobs. Luo [17] presented
a FPTAS for the uniform parallel-machine scheduling problem with deteriorating jobs
and rejection, where the objective is to minimize the sum of the total load of the
accepted jobs on all machines and the total penalties of the rejected jobs. Shabtay et
al. [20] provided a detailed review of scheduling problems with rejection. Shabtay
[19] studied a single machine serial batch scheduling problem with rejection. The
objective is to minimize total completion time and total rejection cost. Zhao et al. [30]
considered the due date assignment problem with rejection and position-dependent
processing times on a single machine.

Moreover, jobs may be not ready for processing at the beginning and they arrive
over time due to the limitation of supplying or storage ability. Motivated by this phe-
nomenon, scheduling with release dates has attracted increasing attention. Liu et al.
[16] considered scheduling deteriorating jobs on a single machine with release times
and rejection, the objective is to minimize the makespan plus the total penalty incurred
by rejecting jobs. They presented two dynamic programming algorithms and designed
a FPTAS for the considered problem. Li et al. [10] studied a single machine schedul-
ing problem with resource dependent release dates. The objective is to minimize total
resource-consumption. Li et al. [13] considered parallel-batch scheduling of deteri-
orating jobs with release dates. The goal is to minimize the makespan. Yuan et al.
[25] addressed two-agent single-machine scheduling problem with release dates and
preemption. The objective is to minimize the maximum lateness. Zhang et al. [26]
assessed single machine scheduling with release dates and rejection, the objective is
to minimize the sum of makespan of the accepted jobs and the total rejection penalty of
the rejected jobs. Liu and Luo [14] extended the study of Zhang et al. [26] to deal with
single machine scheduling problem with release dates, rejection and an unavailable
interval.

However, both Zhang et al. [26] and Liu and Luo [14] considered scheduling prob-
lem in which the processing times of jobs are constants. In this paper, we extend the
study of Liu and Luo [14] to the case with deteriorating jobs. We consider deteriorat-
ing jobs scheduling on a single machine with simultaneous considerations of release
dates, rejection and a fixed non-availability interval. The processing time of a job is a
linear increasing function of its starting time. We present a FPTAS for the problem,
and show that the special case without non-availability interval can be solved using
the same method with a lower order.

The remainder of this paper is organized as follows: In Sect. 2 we introduce the
notation and formulate the problem; In Sect. 3 we present some properties which
are useful for solving the problem; In Sect. 4 we provide a FPTAS for the considered
problem; In Sect. 5 we consider a special case without non-availability interval. Finally,
conclusions are given in the last Section.

2 Problem formulation

The considered problem can be formulated as follows. There are a set of n jobs
J={J1, ..., Jy} and a single machine with a fixed non-availability interval [T, T5],
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the machine can process at most one job at a time. The actual processing time of job
J;j is an increasing function of its starting time ¢, that is, p}f‘ = pj(a + bt), where

a>0,b >0, pj > 0is the normal processing time of job J;, pj‘ represents the
actual processing time of job J;. Each job has a release date r; and a rejection penalty
w; > 0.

Without loss of generality, we assume that all p;,r; and w; (j = 1,2,...,n) are
integers, and Z?Zl p}f‘ > T1 which implies that not all jobs can be completed before
T1, otherwise the interval [T, T3] is unnecessary. Denote by A and R = J\A the
set of accepted jobs and the set of rejected jobs, respectively. Let P; () denote the
completion time of the accepted job J; in a feasible schedule 7. By using the three-field
notation of Graham et al. [3], the problem under consideration is denoted by

L. hlrj. pj(a+bt), rejl Conax + D w;
JjeA JieR

(where h denotes a fixed non-availability interval of the machine), which is NP-
hard since the study of Zhang et al. [26] showed that problem 1|r;, rej| Cimax +
JjEA
> wj is NP-hard.
JieR
We present a FPTAS for the problem and then give a special case without non-

availability interval denoted by 1|r;, pj(a + bt), rej| Cmax + 2> w;, which can be
JieA J;eR
solved using the same method with a lower order.

3 Preliminary results

In this section, we provide some lemmas which are useful for the following results.

Lemma 1 For the problem 1|pj(a + bt)|Cmax, if to is the starting time of the first
job, then

Cmax = (t() + %) Hl;’:l (1 +b[’j) - ;_Z

Proof See Kononov and Gawiejnowicz [6]. O

Lemma 2 The problem 1|rj, pj(a + bt)|Cmax is solved by sequencing the jobs in
non-decreasing order of r;.

Proof It can be proved by a pairwise interchange of jobs. Suppose that there exists an
optimal schedule S = (7, J;, J;, m2) withr; > r;, where | and 7 denote the partial
sequences of S. Let S’ be the schedule with jobs J; and J; of S mutually exchanged,
that is, S’ = (71, J;, Jj, m2). In addition, we assume that the completion time of the
last job in 71 is B, and let C;(S) and C;(S’) denote the completion times of job J;
in S and S’. We will show that the interchange of jobs J; and J; does not increase
the objective value. The repeated implementation of this argument will lead to the
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optimality of the non-decreasing order of r; for the problem 1|r;, p;(a + bt)|Cpax.
Specifically, it suffices to show that C; (§) < C;(S). Then we have

C;(S) = max{B,r;} + pj(a + bmax{B, rj})
= (max{B ri}+ ) (I+bpj) — —
Ci(S) = max(C;(S), rz)+Pz(a+bmaX(C (8), )
= (max(C;().ri} + 3 ) A +bp) = 5
_ (max{(max{B P} 4o ) (1 +bpj). ri + })(1+bp,»)—%
= (max {(max{B, rj}+z) (I+bpj)(1 +bp;), (ri + %) 1+ bpi) })——
Ci(8') = max{B, r;j} + pi(a + bmax{B, ri})
=(max{B il + )(1+bp,) %
C;(8') = max(Ci(S). rj) + pj(a + bmax(Ci(S). r;))
= (max{C (sh, ri}+ )(1 +bpj) — Z
— (max{(max{B i+ )(1+bpl) v+ })(l-l—bpj)—%

(max {(max{B, ri}—f-z) (1 +bpi)(1 +bp)), ("j + %) (1 +bpj) })_

Since rj > r;, we have

(max{B,rj}+ %) (1 +bp]) (1 +bp;) > (max{B ri}+ )(1 + bpi) (1 +bpj)

ey
and obviously that

(max (Bor} + 2) (1 ko)) (L +bp = (m+5) (L4 b)) @)

Then we obtain C;(S") < C;(S) from (1) and (2). This completes the proof of the
Lemma. o

Using the similar method, we can obtain the following two Lemmas.

Lemma 3 For the problem 1|r;, pj(a + bt),rej| Cmax + 2. wj, there exists an
JjeA  JjeR

optimal job sequence such that the accepted jobs are sequenced in non-decreasing

order of 1.

Lemma 4 For the problem 1, h|r;, pj(a + bt), rej| Cpax + > wj, there exists an
Ji€eA  JjeR

optimal job sequence such that (i) the accepted jobs scheduled before T\ are sequenced

in non-decreasing order of v j; (ii) the accepted jobs scheduled after T, are sequenced

in non-decreasing order of r .
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4 A FPTAS
Let the jobs be indexed according to ri < rp < --- < r,, We introduce variables
xj, j=1,2,...,n, where

0 JobJ; is rejected.
xj =11 JoblJ; isscheduled before T;.
2 JobJ; is scheduled after T.

Let X be the set of all the vectors x = (x1, x2, ..., x,) withx; =k, k =0, 1, 2. The
first j components of each vector x € X correspond to a feasible schedule of jobs
Ji, Ja, ..., Jj. Let fj(x) be the objective value. P; (x) denotes the completion time

of the last job processed before 77. Pz(x) represents the completion time of the last
job processed after To. W;(x) is the total rejection penalties of jobs Ji, Jo, ..., J;.
Furthermore, if P2 (x) = T2, then it implies that there is no job processed after 75, thus

for the first j JObS the makespan is P (x). Consequently, f;(x) = P (x) + W;(x).
While if sz (x) > T, then it implies that there is at least one job processed after 7,
thus the makespan is sz(x), and f;(x) = PJ.Z(x) + W;(x).

Then we define the following initial and recursive functions on X :

Py(x) =0, Pj(x)=To, Wox)=0, fo(x)=0.
Pk(x) = max{P _1(x),rj}+pja +bmax{P _1 (), b, forxj=k k=1,2.
Pj(x) = P]‘-_l(x), forx; =k, i#k, i=12 k=0,12.
Wj(x)=Wj,1(x)+wj, forxj=0.
Wj(x) = Wj_l(x), for Xj = k,k=1,2.
fi@) = P} (x)+ Wj(x), for P}(x) =T.
fix) = P}(x)+ Wj(x), for P}(x) > T
Consequently, the problem 1, &|r;j, pj(a+bt), rej| Cmax + > wj reduces to the

Jj €A Jj eR
following problem:

Minimize f;,(x)
Subject to P (x) < Ty, x € X.

We first introduce procedure Partition (A, u, §) proposed by Kovalyov and Kubiak
[7,8], where A C X, u is anonnegative integer functionon X,and0 < § < 1. This pro-
cedure partitions A into disjoint subsets AY, A3, ..., A,‘éu such that |u(x) — u(x’)| <
dmin{u(x), u(x")} for any x, x’ from the same subset A?, j=1,2,...,k, The
following description provides the details of partition (A, u, §).

Procedure Partition (A, u, §)
Step 1 Arrange vectors x € X in the order x D x@ . xUAD guch that 0 <
u(xMy < u(x@) < ... < u(x(14D)y,
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Step 2 Assign vectors xM x@ o x0D) to set A7 until iy is found such that
u(x™y < (1 4+ OHuxx®y and u(x+Dy > (1 4+ &u(xD). If such i;
does not exist, then take A,‘:u = A] = A, and stop. Assign vectors
xOHD @42 (2) 1o get A% until i is found such that u(xy <
(1 + ®uxUtDy and u(x@+Dy > (1 + §ux D). If such ip does
not exist, then take Azu = A5 = A — A{, and stop. Continue the above
construction until x 14D is included in Azu for some k.

Procedure Partition requires O (]A|log |A|) operations to arrange the vectors of A

in nondecreasing order of u(x) and O (| A|) operations to provide a partition. The main
properties of Partition (A, u, §) were given in Kovalyov and Kubiak [7,8].

Property 1 |u(x) —u(x")| < &min{u(x), u(x")} for any x,x' € AYj o=
1,2,..., k.

Property 2 k, < logu(x'4)/8§ +2for0 < & < 1 and u(x'4) > 1.

A formal description of the FPTAS A, for problem 1, h|r;, pj(a + bt), rej|

Cmax + 2, wj is given below.
Jj€A  JjeR

Algorithm 1 A,

Step 1 (Initialization) Number the jobs so that r| < rp < --- < r,. Set Yy =
{(0,0,...,0)}and j = 1.

Step 2 (Generationof Y1, Y2, ..., ¥,)Forset Y;_1, generate set Y; by adding k in
position j of each vector from Y; 1, k = 0, 1, 2. Calculate the following
for any x € Y]/., assuming x; = k.

P} (x) = max{P}_,(x),rj} + pj(a+bmax{P}_ (x),r;}),
for x; =k, k=1,2.
Pi(x)=Pj_|(x), forx;=k, ik i=12k=01.2.
If le (x) > T, delete x from Y ]/ otherwise, go on the following compu-
tations.
Wj(x)z ij](x)—l-w]‘, fork =0,
Wi(x) = W;_1(x), fork=1,2.
fi(x) = P} (x) + W;j(x), for P}(x) =T,
fij@) = P}(x) + Wj(x), for P} (x) > T.

If j =n, thenset ¥, = Y,, and go to Step 3.
If j <n,thensetd = ¢/(2(n + 1)), and perform the following computa-

tions.

Call Partition (Y/’., P;, 8) (i = 1, 2) to partition set Y/’. into disjoint subsets
Ppi pi P

Yy, ""’Yk,,,-'
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Call Partition (Y, W;, §) to partition set Y]’. into disjoint subsets YW, Y2W,

S A
Call Partition (Y]/., fj, &) to partition set Y]f into disjoint subsets Y ]f , Y2f ,
aDlividf]: s;t Y; into disjoint subsets Yo a00 = Y 'n Ya‘zz nyYnyl,

kpi; ax=1,2,.. ,kp2; b=1,2,... kw; c=12,... ky.
For each nonempty subset Yy, 4,5¢, choose a vector x(@a2b¢) guch that
P} (x“19P) = min{P] (x) |x € Yayarpe )

Set Y; = {x@®2b) gy =1,2, .. kpi; ap = 1,2,....kp» ; b =
1 2
1,2, okws ¢ = 1,2, kpand Yaupe = Y2 YL OV Y] # ¢),
and j = j + 1. Repeat Step 2.
Step 3 (Solution) Select vector x° € ¥, such that f,(x%) = min{f, (x) |x € ¥,, }.

Fortheproblem 1, h|r;, pj(a+bt), rej| Conax + 2 wj,letx™ = (x{, x5, ..., x})
JjeA  JjeR

be an optimal solution and set L = log max{n, 1/&, 1 + bpmax, "max + %, T+ %, W},

where pmax = max’j_{p;}, rmax = max’i_,{r;}, W = >"_, wj. Then we have the

J
following theorem.

Theorem 1 For the problem 1, hirj, pj(a+bt), rej| Ciax + > w;, Algorithm A
Ji€eA  JjeR

finds x° € X such that P} (x°) < Ty and f,(x°) < (14 &) fu(x*) in O(n®L3 /e*).

Proof Suppose that (x7, ... ,x}‘.‘, 0,...,0) € Yo apbe S Y]/. forsome j anday, as, b, c.
By the definition of A, such j always exists, for instance j = 1. Algorithm A,
may not choose (xi“, el x}‘f, 0,...,0) for further construction. However, a vector

x(@a209) quch that le (x(@@bo)y — min{Pjl (x) |x € Yayaspe} is chosen instead of
=, ..., x;‘, 0,...,0), then we have

Pl(x@®b)y < Plx*) < Ty

. 1 2
Since Yo a0 = Y2 Y] ﬂYbWﬁYCf and x (@1926) | (x¥, s X7,0,...,0) € Yaarbes
then we have

x(@azbe) ()c]k oo xt

1 . 2
j,o,...,o) eyp x@mho (xi L x o,...,o) evt

I
x(@azbe) (xT, o xt0, ...,0) € YhW, x(@razbe) (xT, ) ..,x;-‘,O, . ..,O) € ch.

O
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Then according to Property 1, we have

Wi ) = Wy (x@) | < smin fw; (), wy (x@e) ) < sw; )
Pl — Pl (x <“'“2b‘))( < smin [P}, P} (x@209) | <5P] (%)
PX(x*) — P? (Wlazb@)’ < Smin {sz(x*), P? (x“‘l“zl”))} < §P2(x")
F565 = £ (x| < smin {0, g5 (x@9) ] < 57500

Consequently, we have
Wi = wj (x@e9) | < 5w (),
(P.(x )~ P! (x“””zb“))’ <SPG, i=1.2.

1) = £ (x| < 875

Set § = 6. We consider vector (xj,..., x x]H,O,...,O) and §(4192b0)
(x{alazbc),..., ﬁalazbo,x”l,o, ., 0). Wlthout loss of generality, we assume

x;‘H = k, then
Pj1+1 ();(alazhc)) < le_,_l(x*) <7
If k = 0, then

‘Wj+1(X*) —Win (f(”mbc)) = Wi +wjp1 — W ( (a'uzbd) - wj+1‘ .
<SW;(x™) <51 Wjp1(x™)
‘ +1(x Pg+1 (i(alazbc)) _ Pl:(x*) _ P’.' (x(alazbc))‘
J
< 8PI(x*) =81 Pl ("), fori =1,2.
’fj+1(x*) — fit ()?(‘”“zb”)) =[x w1 — f; ( (”'“2b°)) - wj+1‘
< 8fj(x*) < 81 fj1(x™)

If k =1, then
‘Wj+1(x*) _ Wj+l (i(alagbc))‘ ‘W (X ) _ ( (alazbc))‘
S SWi(x™) =81 Wi (x™)
PG = Pl (F@9) | < 6Pl () 3)
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(The proof of (3) is given in the Appendix).

P2 %) — PRy (§0909) | = P20y — P2 (x(reat0)|
<OPF(x*) =8P}y (x¥)

‘fj+1(x*) — fit1 (i(“‘“zhc))‘ < 81fjr(x) 4)
(The proof of (4) is given in the Appendix).
If k = 2, then
‘WjJrl(x*) _ Wj+l (i(alazbc)) ‘W] (x*) _ ( (alagbc))‘
< SWi(x™) = 81 W1 (x¥)
‘PJ]-H('X*) _ Pj1+1 ()“C‘(alasz)) ‘P ()C ) — ( (a|a2bc))‘
< 8P x* =8 P; Jr1(x )
‘szﬂ(x*) - P2, ();mmzbc)) < 8P (x%) 5)
(The proof of (5) is given in the Appendix).
[ £ = fian (F@2P)| = | P26 4+ Wi %) — PR (F1209)

—Wjt (i(alasz))’
< ‘PJ_Z_H(X*) _ Pj2+l ()Z(alazbc))‘

+ ‘Wj+1(x*) — Wi (f(”‘azbc))‘
<4 P; +1(x )+ 8 Wi (x™)
= 51f]+1(x )

Therefore, for x7+1 =k, k=0,1,2, we have

(Wi () = Wy (201909 | < 5,500,
’ (%) — Pl (WI“Z”C))‘ <8P, =12,
‘fj+1(x )= fi+1 (f(””“ﬂ”))‘ < 81 fj+1(x™). ©)
Consequently,
Wit (R02P) < (14 8)W (),

Pi, ()z<“1“2b“>) < (L48)P, ("), =12
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Deteriorating jobs scheduling on a single machine 595

fi+1 (i(‘”“zbc)) < (148D fi1(x).

Assume that ¥ (@192b¢) ¢ Ye,code S Y]’.Jrl and algorithm A, chooses x (€1¢24¢) ¢ Yeicrde
instead of ¥(@1%2b9) in the (j 4 1) st iteration. It is derived that

Pl (x99 < Pl (§0209) < L") < Ty

‘W,H (Wl“zbﬂ')) — W (x“l“zde))) < 5Wip ()z(“l“zb“)) <8(1 4 8)W,11(x*)

[Py (b)) = L et < pE (RO929) < (14 01 PL ()

[ (Bb9) = fran (x€1249)| < 00 (#0289) < 601480 101G (D

From (6) and (7), we obtain
)P}+1(x*) _ P;+1 (x(clczde))

< ‘P}—H(X*) _ P;+1 (i(mazbc))) + ’le:+l ()E(alazbc)) _ P]l:+l(x(clczde))

<8Pl () + 81+ 8P, (x)

=[5+ (1 + 8811 Pl () ®)
Similarly,

W1 %) = Wy (x€299) | < 164+ (1 + 8811 W1 () ©)

£0167) = fa (x020) [ < B+ A+ 081 finG"D  (0)

Setd; =5+ (1 +6)8§-1,1=2,3,...,n—j+ 1. From (8), (9) and (10), it follows

(Wi ) = Wy (x€299) | < 8,W40 (),
[Pl = Pl (x20) [ £ Pl i =12,

‘fjJrl(x*) _ fj+1 (x(clczde))‘ < 82fj+l(x*).

By repeating the above argument for j + 2, ..., n, we show that there exists x’ € Y,
such that

Pl(x) < Py (x*) < T

’Wn(x*) - Wn(x/)’ < 8n—j+1 W (x™),
Py (x*) = Py

< S jp Py(x), i=1,2.

| ™) = fo D] < nmjir fu (™) (1)
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Since
n .
Suju1 <8 (148 =1+ —1
j=0
_’g (ntDn-(n—k+2)
P k!
n+1
. (n+1)n---(n—k+2)(£)k
p k! (n + 1k 2
>S5
T &k \2
n+1 ek
(3)
k=1
<e¢
Therefore,

[Wa(x®) = Wy (x)| < eW,(x¥), | Pr(x™) — Pa(x)| < ePy(x®), i=1,2.
| fn@*) = fuGD] < efu ™).
Then in Step 3, a vector x” will be chosen such that
Py(:%) < Py(x)) < Py0") < T
and
Fo@®) = [ = (L) fu ™).
The time complexity of Algorithm .4, can be established by noting that the most
time-consuming operation of iteration j of Step 2 is a call of procedure Partition, which

/ ! /
Y| log |/ YJH‘ <

3 |Yj| < 3kp1 - kp2 - kw - ky. By Property 2, we have

requires O ( log ) time to complete. To estimate ‘Y /’ , recall that

kpt <2(n+1logTi /e +2= 0(nL/e),
kw <2(n+1)log (W)/e+2=0 (nL]e).

And by Lemma 1, we can obtain Pnz(x) < [max (T, rmax} + %] H?:l (1 + bpj) - £
Then we have
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a n
kp2 < 2(n + Dlog {[max{Tz, Fmax) + Z] HJ:1 (1+bp;) — —}/
e+2=0 (nzL/e) ,
a n
ky < 2(n + 1log {[max{Tz, Fmax) + E] H]:l (1+bpj)— <+ W}/
e+2=0 (nzL/s) .
Thus |Y}| = Om®L*/e*) and O( Yi|log|Y|) = O (8L’ /&*). Therefore, Algorithm

Ag runs in O (n8L3 /&*).

5 A special case

In this section, we give the special case without non-availability interval (77 = 7> = 0)

denoted by 1|rj, pj(a+bt), rej| Cmax + >, wj, which can be solved using the same
JjeA  JjeR
method with a lower order.

Similar to the problem 1, h|rj, pj(a+bt), rej| Cmax + 2, w;, we introduce vari-
JjeA  JjeR
ables x;, j =1,2,...,n, where

= 0 Job Jjis rejected.
771 Job Jjis accepted.

Let X be the set of all the vectors x = (x1,x2,...,x,) withx; =k, k =0, 1. We
define the following initial and recursive functions on X:

Py(x) =0, Wo(x) =0, folx)=0.

Pj(x) = Pj_1(x), for x; =0.

Pi(x) =max{P;_1(x),r;} + pjla+bmax{P;_1(x),r;}), forx;=1.
Wix)=W;1(x) +w;, forx; =0.

Wikx) =W;_1(x), forx;=1.

fi(x) = Pj(x) + W;(x).

The problem 1|r;, p;j(a+bt), rej| Cmax + 2 w; reduces to the following problem:

JjeA  JjeR

Minimize f;(x)
Subject to x € X.

Before giving the following algorithm A4’,, we first point out three major changes
in this problem.
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le (x) and sz (x) denoted in Sect. 4 are no longer necessary since the machine
is available all the time in this problem. In this section, we just need define one
function P;(x) as the makespan of the accepted jobs.

In algorithm A, we need four Partitions (Y]’., P]’., (i =1,2), (YJ/., W;,§) and
(Y]/., fj.8). While in the proof of theorem 2 we will see that Partition (Y ]’ )
is unnecessary, then in algorithm .4’, we only need two Partitions (Y]/., Pj, ) and
(Y7, W;, d).

The constraint Pn1 (x) < T is useless in this section, which means that P;(x) has
no constraint. Note that in algorithm A, in order to guarantee the constraint
Pn1 (x) < T, we must choose the vector x(@19209) guch that le (x(@abo)y —

min{Pj1 (x) |x € Yajarpe } rather than a vector x@1926¢) such that f;(x(@19209)) =

min{f; (x) [x € Ya,asbc }-

Algorithm 2 A4,

Step 1 (Initialization) Number the jobs so that r| < rp < --- < r,. Set Yy =
{(0,0,...,0)}and j = 1.

Step 2 (Generation of Yy, Y2, ..., Y,) For set Y;_, generate set ¥ j’ by adding k
in position j of each vector from Y;_1, k = 0, 1. Calculate the following
for any x € Yj/.,

Pj(x) = Pj_1(x), forx;=0.

Pj(x) = max{Pj_l(x), rj} +pj (a —|—bmax{Pj_1(x), rj}) ,
for x; = 1.

Wix) = W;_1(x) +wj, forx; =0.

Wix) =W;_1(x), forx; = 1.

£i) = Pj(0) + Wi (x)

If j = n, thenset ¥, =Y, and go to Step 3.

If j <n,thensetd = ¢/(2(n + 1)), and perform the following computa-

tions.

Call Partition (Y /f, P;, §) to partition set Yj’. into disjoint subsets Y, ¥.1,

P

Lypb

Call Partition (YJ’., W, §) to partition set YJ’. into disjoint subsets Y, , YZW,
YW

N

Divide set Y/’. into disjoint subsets Y, = YaP NYV.a=1,2,..., kp; b=

1,2,..., kw.

For each nonempty subset Y, choose a vector x(??) such that

£y = min{ f; (x) |x € Yap}

SetY; = (x“Pja=1,2,....0kp; b=1,2,....,kwand Y = Y/ N
YbW # ¢}, and j = j + 1. Repeat Step 2.
Step 3 (Solution) Select vector x° € Y, such that f,(x®) = min{ f,(x) |x € Y, }.
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Theorem 2 For the problem 1|rj, pj(a + bt), rej| Comax + > wj, Algorithm A’y
Ji€eA  JjeR

finds x° € X such that f,(x°) < (14 &) f,(x*) in O(n>L3/&?).

Proof The proof is similar to that of Theorem 1, and simpler than it. We can obtain
the following results from the proof of Theorem 1.

‘Wn(x*) - Wn(x/)‘ < eW,(x"), ’Pn(x*) - Pn(x/)’ < ePy(x™).
Since fj(x) = Pj(x) + W;(x), then

ifn(x*) - fn(x,)| = |Pn(X*) + W (x™) = P(x") — Wn(x/)|
< [Pax®) = PaCx)] 4 [ W (6%) = Wu (X))
= ePn(x*)—l—eWn(x*)
= efu(x™)

So, it is derived that f,(x?) < f,(x") < (1 + €) f,, (x*).

Similar as the time complexity of Algorithm A, to estimate Y]/. , recall that

‘Yj’.H‘ < 2|Yj| < 2kp - kw, by Property 2, we have

kp <2(n+ l)log[(rmaX + %) Hl;zl (1 +bpj) — %]/84—2 = O(n2L/8)

kw <2(n+1)log(W)/e+2= 0(nL/e).

Thus ‘Y]/. = 0(*L2/¢?) and O(|Y}| log ‘Y}f‘) — 0(n*L3/2). Therefore, Algorithm
A'g runs in O(n3L3/&?). O

6 Conclusions

In this paper, we mainly considered single machine scheduling with release dates and
rejection, where the processing time of a job is a linear function of its starting time
and a job can be rejected by paying a certain penalty. The machine is not available in a
specified time period, and the unavailable time period is fixed and known in advance.
The goal is to minimize the sum of the makespan of the accepted jobs and the total
rejection penalties of the rejected jobs. We presented a FPTAS for the problem and
showed the algorithm can run in O (n®L>/&*), and for the special case without non-
availability, we showed that can be solved in O (n3L3/¢?) by using the same method.

Acknowledgments We are very grateful to thank the referees for careful reading and valuable comments
which led to improvements of our original manuscript.
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Appendix

This appendix proves two important results which corresponding to (3) (5) and (4) in
the proof of Theorem 1, respectively.

Result 1 ‘Pl’fﬂ(x*) _ P/’;l()z(awzbv))‘ <51 Pk, (") forxjn =k, k= 1,2.
- a1 )
= |1+ bpjy max [ PEG) | + apji
—(1 + bpj+1) max [P]k (x(a'azbc)) ,rj+1] —apj+i
= ‘(1 +bpjy1) (max {Pj]f(x*), rj_H} — max {P,k (x(“‘azbc)) ,rj_H})‘

=(1+bpjs1) ‘max {P]]-C(x*), rj+1} — max {PJk (x(“‘“zbc)) ,rHlH

It can be divided into the following four cases, and we show that Result 1 holds for
each of them.
Casel.dr; | > Pj].‘(x*) and rj41 > P]]F(x(lllazbc))
P.;{+l(x*) - P,/]'(+1 (f(alazbc))‘ = +bpjt1) |rjis1 —rjs1] < 6Pj’-‘+l(x*)

- 81Pj’.‘+l(x*).

Case 1.2 P]].‘(x(”l"zb")) > Ty > PJ]-‘(X*)

P (") = Pfy (f(alazbc))) = (1+bpj+1) ”"j+1 — P} (x(‘”“zb"))’
=+ ij+1)(Pf (x(“‘“zbc)) L))
< (14 bpjp)(PF (x029) — Ph(x)
= (1+bpjt1) ’PJ’? (x“”‘””")) — PF(x")
< (1+bpj+1)8 P} (x*)

< 61+ bpjsy max { PR |
< 81Pf,(x%)

Case 1.3 Pj]f(x*) >rjp > lef(x(alazbc))

PG = Pl (F99) | = (14 bpji) [ PR = 1y

= (1 +bpjsn) (PG = rjn)

@ Springer



Deteriorating jobs scheduling on a single machine 601

< (L+bpjs1) (p]/s(x*) e (x(alazbc))>
= (1+bpj11) ’R/’.‘(x*) — Pk (x(alazbc))‘
< (14 bpj1)8 P} (x*)

= 8(1 + bpj41) max {P]’.‘(x*), er]

< 51P]]-(+1(x*)

Case 1.4 7j+1 < Pf(x*) and rj1 < Pj(x(@1®P9)

Pi, (%) — Py, ()z“““z”c))‘ < (1 +bpji1) ‘lef(x*) —~ Pj'-‘(x(“lazbc))‘
< (1+bpj 18P} (x")
=38(1 + bpj+1) max {P]].‘(x*), rj+1}
< 81 Py (x%)
Based on the above analysis, obviously we have
|PE () = PE (R@P9)| < 8 Pl 0, for k=12,
This completes the proof of Result 1.
Result 2 | fj 1 (x*) — fj41 (R@92PN)| <8 fj41(x*), forxjy1 = 1.

Since |fj x*) = f; (x(”I“ZbC))| < 8fj(x™), then it implies the following four cases:
Case 2.1 sz(x*) =T, sz(x(“lazbc)) =1

‘fj(X*) — /i (x(alazbc))‘ = ‘Pj-l () + W;(x*) — P} (x(“mbc))

_Wj(x(alllzbc))‘ < Sfj(x*)
Case 2.2 P2(x*) > Tp, P}(x(@@b9)) > T

’fj(x*) _ fj (x(u|£l2bc))’ — ‘sz(x*) + W}'(X*) B P]_Z (x(amzbc))

—W, @b < o ()
Case 2.3 sz(x*) > T, sz(x(“I“Zb")) =7

7507 = g (x=9) | = | P26 + Wy ) — P (b))

—Wj (R0 | < 85 (6%)
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Case 2.4 P} (x*) = Ty, P} (x(“4209) > T,
‘fj (x*) — fi (x(alazbc’))’ = ‘le (x*) + W; (x*) — P/Z (x(alazbc))
_Wj(x(amzbc))‘ < Sfj(x*)

In the following we show that Result 2 holds for each of the above four cases. We only
consider Case 2.1 and Case 2.3 since Case 2.2 and Case 2.4 can be similarly proved.
For Case 2.1,

Fis1 (") = fit (x(mzbv))\ = ‘P}H(x*) + Wi () = Py (WI“Z””))

—Wjt (i(alasz))’
<8P () + 81 W ()
=81 fjr1(x™)

For Case 2.3,
‘fj(x*) — 1 (x(alazhc))‘ _ ‘sz(x*) W) — le (x(alazbc)) — W (x(@abe))
If PF(x*) 4+ Wj(x*) — P} (x(@19209) — W (x(@19209) > 0, then
‘f] (X*) _ f] (x(dlazhC))‘ — P/2(x*) _ P/l (x(alazbc)) + W] (X*)
—W; (x(‘““zb")) < 8f,(x%) (12)
Otherwise,

‘fj(x*) —f (x(alazbc))‘ = Pl(xl1b) _ P2(x*) 4 W (x(alazbc))
—W;(x™) <8fj(x") (13)

Either (12) or (13) is hold. Hence, we consider (12) and (13) in the following, respec-
tively.

e If (12) is established, then we have

fj+1(x*) . fj+l (i(mazbc))‘ — PJ»2+1(x*) _ PJ]+1 (;C(amzbc)) + Wj+1(x*)

_Wj+1 ()z(alazbc)) (14)
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or

Fit1(x) = fi1 (i(alazbc))‘ =P, (i(“lazbc)) — P} (")

Wi (R2O) — Wi et (15)
Consider (14), we have

Fir1 (™) = fit1 (i(“‘“zb"))) = P}, (x*) — P}, ()E(“lazbc)) + Wit (x)
Wi (;(alasz))
= PH) = Pl (5109) + W)
—-W; (x(alasz))
P = P} (x) 4 W07
—W; (x(ouasz))
8fj(x*) < 81 fj4+1(x™) (obtained from (12)).

IA

IA

Consider (15), we have

S0 = fia (F0000)| = pl (F0b0) - P2 ) Wy (T0000)
W1 (x™)
< Pl (ROb9) = Pl (%) 4 Wy (Fre29)
Wi (x®)
<8P () + 81 W ()
<8P () + 81 W ()
=81 fj+1(x™) (16)

e While if (13) is established, then (15) must follow, and (14) is impossible.

Consider (15), we have

‘ Fis1(x%) = fjp1 (@ @92y < 8 f;1(x*) (obtained from (16)).

Consequently, for both (12) and (13) in Case 2.3, we can obtain

)fj+l(x*) _ fj+l(f(a]a2bc))‘ < 51fj+1(x*), fOI‘)Cj_H -1
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Based on the analysis above, for each of the four cases we have

Fi1 () = [ GO <81 fi (%), forxjp =1

This completes the proof of Result 2.
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