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Abstract We consider group scheduling problem on a single machine with mul-
tiple due windows assignment. Jobs are divided into groups in advance according
to their processing similarities, and all jobs of the same group are required to be
processed contiguously on the machine in order to achieve production efficiency and
save time/money resource. A sequence-independent setup time precedes the process-
ing of each group. The goal is to determine the optimal sequence for both groups and
jobs, together with an optimal combination of the due windows assignment strategy
so as to minimize the total of earliness, tardiness and due windows related costs. We
give an O (n logn) time algorithm for the problem.

Keywords Single machine scheduling - Group technology - Due windows

Mathematics Subject Classification 90B35

1 Introduction

Scheduling problems with due date assignment have attracted attention in recent years
due to the just-in-time (JIT) production management. In a JIT system, jobs should be
completed as close as possible to their due dates. Completing a job early means having
to bear the costs of holding unnecessary inventories, while finishing a job late results
in a contractual penalty and a loss of customer goodwill. Kuo and Yang [12] stressed
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a single machine scheduling problem with a common due-date and deteriorating jobs,
in which the job processing time is an increasing function of its starting time. They
made a concise analysis of the problem and provided a polynomial time algorithm to
solve it. Li et al. [13] studied the problem of scheduling deteriorating jobs and due date
assignment on a single machine. They presented some polynomial time algorithms to
solve the problem with two due date assignment methods: CON and SLK. Moreover,
Chand and Chhajed [1] introduced the problem of simultaneous determination of
optimal due dates and optimal schedule for the single machine problem with multiple
due dates, they provided an efficient optimal algorithm to solve it. For further research
on this topic, the reader may refer to Wang and Wang [23], Yang et al. [27], Yang et
al. [28], Fan and Zhao [6] and Zhao et al. [33].

Furthermore, job completions can be accepted without penalty within an interval
in time in the JIT system. This time interval is often called the due window. A job
completed within the due window is considered to be on time and will not be penalized.
However, a job completed prior to or after the due window will be penalized according
to their earliness/tardiness. Sidney [19] was among the pioneers, who stressed a single
machine scheduling problem with due windows assignment. He assumed that each job
has its due window and no job’s due window is allowed to contain the due window of
another job. The goal was to find a schedule that minimizes the total costs of earliness
and tardiness. Recently, Janiak et al. [9] considered various models of due window
assignment scheduling problems on a single machine such that the objective function
including the maximum or total earliness and tardiness and the due window parameters
is minimized. They constructed polynomial algorithms for the considered problems.
Wang and Wang [22] explored a single machine common due window scheduling
problem simultaneously with the learning effect and deteriorating jobs considerations.
Cheng et al. [4] investigated a common due window assignment scheduling with
linear time-dependent deteriorating jobs and a deteriorating maintenance on a single
machine setting. They showed that the proposed model is polynomial solvable. Yang
et al. [25] first proposed the multiple due windows assignment scheduling problem
with controllable processing times, in which n jobs may have distinct m due windows,
where 1 < m < n. The objective is to determine the optimal due window positions and
sizes, the set of jobs assigned to each due window, the optimal job compressions, and
the optimal schedule to minimize a total cost function, which consists of the earliness,
the tardiness, the processing time compressions, and the due windows related costs.
For the detailed research results on scheduling with due window, the reader may refer
to Mor and Mosheiov [16], Yin et al. [30], Chen et al. [3], Jietal. [11], and Yin et al.
[31].

Additionally, an important issue of scheduling problems is characterized by the
group technology (GT) assumption. The GT method groups products with similar
characteristics into families and sets aside groups of machines for their production.
Families may be based on size, shape, geometry, manufacturing requirements and so
on. Through decades of application, people have found many advantages of GT. For
instance, jobs in the same group tend to move through production in a direct route,
reducing the manufacturing lead time; changeover among different jobs in the same
group is simplified, reducing the costs or time involved (Ji et al. [10], Li et al. [14]).
As a realistic example of GT, Conway et al. [5] stressed paint production on a single
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machine. Customer orders vary in colors, but they can be divided into several major
color groups, such as red, blue, and green. Within a color group, red, for example,
colors may range from very light to dark red. The setup time of the machine to produce
paint in colors of the same group is small and can be neglected, since it is natural to
produce paint from lighter to darker colors. While the time to switch the machine
from the production of paint of one color group to another color group is substantial,
which may include the time to clean the machine and change the tools, and the setup
time is color-independent in general. Another example can be found in the metal or
wood cutting process, the process need to cut various sizes and shapes of product, the
products with similar shape or manufacturing requirements are grouping as a product
family and the cutting tools used to process the individual product family are grouping
as a machine family. Thus, it is clear that dividing the orders into groups according to
their processing similarities can significantly increase the production efficiency. Chen
et al. [2] considered single machine scheduling with common due date assignment in
a group technology environment. The objective is to find an optimal common due date
and an optimal sequence of jobs to minimize the sum of the cost of tardy jobs and the
cost related to the common due date. Ng et al. [17] explored group scheduling with
controllable setup and processing times, the objective is to minimize the total weighted
completion time. Wang et al. [20] studied single machine scheduling problems with GT
and deteriorating jobs. The job processing time is a decreasing function of its starting
time. The objectives are to minimize the makespan and the total completion time.
They provided polynomial time algorithms to solve these problems. Shabtay et al. [18]
argued that single machine scheduling with optimal due date assignment and resource
allocation in a group technology environment. They gave a polynomial algorithm
for the considered problem in which each job has a constant processing time, and
when jobs have controllable processing times, the complexity of this problem remains
an open question. Ji et al. [10] assessed a single-machine group scheduling and job-
dependent due window assignment problem in which each job is assigned an individual
due window based on a common flow allowance. The goal is to find the optimal
sequence for both groups and jobs, together with the optimal due window assignment,
to minimize the total cost that comprises the earliness and tardiness penalties, the due
window starting time and due window size costs. Apart from above, the reader may
refer to the following literatures for a detailed comprehension of group scheduling
problem: Ham et al. [7], Li et al. [14], Yang [26], Yang and Yang [29], Zhu et al. [34],
Wang et al. [21], Low and Lin [15], Zhang [32], and Xu et al. [24].

Although the due date and due window assignment in JIT scheduling have been
extensively investigated in the literature, there are only a few researches on JIT schedul-
ing problem with multiple due dates, especially multiple due windows assignment.
Moreover, the multiple due dates and multiple due windows assignment scheduling
problems under a GT restriction have never been explored. The group scheduling
problems with due date assignment that jobs within the same group are assigned to
a common due date and each job within the same group is assigned to a different
due date with no restrictions have been studied by Li et al. [14]. Actually, however,
jobs within the same group may have not only one due date because of the different
needs of customers or other special reasons. Then to consider the case that jobs within
the same group G; have z; distinct due dates can meet the actual needs better, where
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1 < z; < n;, and n; is the number of jobs in group G;. If z; = 1, it means that all jobs
in the same group have one common due date; if z; = n;, it indicates that each job
within the same group is assigned to a different due date. Obviously it is an extension
of Li et al. [14]. This paper will further expand the due date problem into the due
window problem. That is, jobs within the same group G; have z; distinct due win-
dows, 1 < z; < n;. The extension allows for greater flexibility in modeling real-life
problems. For example, in an order picking operation process, the number of orders
to be completed may be too great to realistically justify measurement from a single
due window for a single customer. By viewing the order picking operation process
as being composed of several discrete segments, each team of orders could be made
uniform around its own due window. The orders should be ready at their due window
in order to avoid staging delays. Moreover, a higher cost in the form of transship fee
generally accompanies a later due window (Yang et al. [25]).

In this paper, we consider scheduling problem on a single machine with multiple
due windows assignment in a group technology. We seek to determine the optimal
group sequence, the optimal job sequence, and the optimal due windows assignment
to minimize the total of earliness, tardiness and the due windows related costs.

The remainder of this paper is organized as follows: In Sect. 2 we introduce the
notation and formulate the problem. In Sect. 3 we study the group scheduling problem
with multiple due windows assignment. Finally, conclusions are given in the last
Section.

2 Problem formulation

The following notations will be used throughout the paper and we will introduce
additional notations when needed.

n : the total number of jobs;
m : the total number of groups, 1 < m < n;
n; : the number of jobs in group G;,i = 1,2, ...,m, and Z;"zlni =n;
s; : the setup time of group G;;
pij : the processing time of job J; of group G;;

pilj) : theprocessing time of jobin the jth positionof group G;,i = 1,2,...,m, j =
1,2,...,n;;

z; : the number of due windows assigned to the n; jobs of group G;, 1 < z; < n;;

Iix : thesetofjobs assigned to the kth due window ingroup G,k = 1,2, ...,z;,i =
1,2,...,m;

nix : the number of jobs assigned to the kth due window in group G, i.e., | ljx| = njk
and >} nix = nj;

Nji : the total number of jobs assigned to the first k£ due windows in group G;, i.e.,
> inij=Nifork=1,2,....2.i=12,... m and Ng = 0.

The problem under consideration is formulated as follows. We are given n indepen-
dent and non-preemptive jobs that are classified into m groups G1, G2, ..., G,,. Each
group G;, fori = 1,2,...,m, has n; jobs {J;1, Ji2, ..., Jin;}, where z;nzlni = n.
Jobs of the same group are required to be processed contiguously. A sequence-
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independent machine setup time s; precedes the processing of the first job of group
G;. All jobs are simultaneously available for processing at time zero.

Let dix (> 0) and w;x (> djx) denote the starting time and finishing time of the k th
due window in group Gj, respectively. S;x = w;;x — d;; denotes the size of the k th

due window in group G; fork = 1,2,...,z;,i = 1,2,..., m. We assume that the
number of distinct due windows z; assigned to group G; (i = 1,2, ..., m) is given in
advance, and n;ji, for k = 1,2, ..., z;, is known. If z; = 1, it means that all the jobs

in group G; have one common due window; If z; = n;, it indicates that there exists
n; distinct due windows for n; jobs in group G;. The earliness and tardiness of job
Jij € iy are E;; = max{0,d;; — C;;} and T;; = max{0, C;; — wj}, respectively.
The objective is to find the optimal group sequence, the optimal job sequence, and the
optimal due window assignment to minimize the following total cost function

m n;
g(m) = Zi:l Zz=1 (i Eit + Bi Tt + vidit + 8 Sin) &)

where «;, B;, i, §; are non-negative parameters representing the unit time costs of
earliness, tardiness, due window starting time and due window size, respectively.
Using the three-field notation, the considered problem can be described as

m n;
LIGT. MDW| D~ > " (@iEii + BiTi + vidiy + 8:S).

where M DW means the multiple due windows.

3 Group scheduling with multiple due windows

In this section, we study the scheduling problem with multiple due windows assign-
ment under a GT restriction, i.e., 1|GT, MDW| X" > (i Eq + BT + vidi
+ 8 Sir)

3.1 Preliminary results

Some useful lemmas are given in this subsection to solve the group scheduling problem
with multiple due windows.

Lemma 1 In an optimal schedule, there exists no idle time between consecutive jobs
on the machine and the first job starts at time zero.

Proof The proof is obvious and omitted. O
Lemma 2 Given two sequences of non-negative numbers x; and y;, the sum of the

products of the corresponding elements _;_,x;y; is minimized if the sequences are
monotonic in the opposite way.
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Proof See Hardy et al. [8]. O

The following Lemma 3 indicates that for an optimal sequence, the jobs assigned
to different due windows are mutually disjoint, that is, there is an optimal solution
such that n;; consecutive jobs (in positions N;—1y + 1 to N;) in a sequence 7 are
assigned to the k th due window in group G;.

Lemma 3 Foranygivend; = {d;1,dp2, ..., di;;}, wi = {w;1, wi2, ..., wiz )} ingroup
Gi, i = 1,2,...,m, and a schedule w, there exists an optimal I; such that Iy =
{Ji[Ni(k—l)+1]’ Ji[Ni(k71)+2], oo dipvgg)y for k = 1,2, ..., z;, where Jj|y) is the job

scheduled in position r in group G;.

Proof For any given d;, w; and w, i = 1,2, ..., m, without loss of generality, we
assume that in a schedule S; = (w1, Ji, Jj, m2) job Ji immediately precedes job
Jj, while in another schedule S, = (71, Jj, Ji, m2) jobs Jix and J; are mutually
replaced, where 71 and 775 denote partial sequences and jobs Ji and J; are, respectively,
scheduled in the 4 th and (24 1) th position in group G; in the schedule S7. In addition,
we assume that for both schedules S1 and S, Ji is early for the (» + 1) th due window
in group G;, and J; is tardy for the r th due window in group G;, where J; € I;41)
and ]j (S I,'r.

Let C;;(S1) and C;;(S2) be the completion times of job J; in group G; in schedule
S1 and S, respectively. And S;(;r) denotes the starting time of group G;. By the
definition, the completion times of jobs J; and J; in Sy are

h—1
Cik(S) = Si(m) +5i + lel pimn + Pk @)

and hei
Cij(S1) = S;(0) +si + D, pitn + pi+ pj 3

Similarly, the completion times of jobs J; and J; in S are

h—1
Cij(S2) = Si(m) +si + D pit+p; @
and
h—1
Cir(82) = Si(m) +s5; + lel pitn + pj + Pk (5)
Then,
g(S1) — g(8) = {ei[dig4+1) — Cix(SD] + Bi[Cij (SD) — wir ]}
—{ai[di¢+1) — Cir(S2)] + Bi[Cij (S2) — wir]}
=aipj+ Bipk
>0
Obviously,

g(S81) > g(52).
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Similarly, the total cost decreases as repeating this interchange argument for the
jobs which assigned to the same due window are not sequenced consecutively. This
completes the proof. O

Lemma 4 For a given schedule w, if the due window starting time d;j. and finishing
time wiy are within the starting and ending times of group Gi, then the optimal
values of di; and wji coincide with some jobs’ completion times of group G; for
k=1,2,...,z,i=1,2,...,m

Proof Assume thatdj; = S; () +s; + zl \pitns wik = Si () + 5 +zl”‘+h”‘pi[1],
k=12,...,zi,i = 1,2,...,m, where b;; and b;; + h;; mean the b;; th and
(bix + hix) th positions of group Gj;, respectively. We only address G; here as an
example to demonstrate that the result is correct. Consider that there exists an optimal

schedule without the stated property, without loss of generality, suppose that there
exists k =r, 1 <r < z; such that

bir
dip = Si(mw) +5; + Zz=1 pin+ A1, 0= A1 < pifp;,+11s

and

lr+h1r
Wiy = S;(T) + 5 + Z pi + Az, 0 < Ad < Pithiyhi+1]-

Note that moving d;, and w;, A units of time only change the cost of jobs assigned
to the r th due window in group G;.

The total cost of jobs assigned to the r th due window in group G; as a function of
A1 and Aj is given by

Niy Nir Nir
gir(A1, A2) =« ZZ_N_ Eiin + Bi Zz Nio_1y+1 T +vi ZI:N4(<_|)+1 difn

+36;
Zl Nig— 1)+1

We consider each cost component separately as follows:

(2)
Nir bir bir
qi ZI:N,'(,,”JA Ein = o Zz:N,»(,,UJrl Eipy = Z[:N,(,,,I)H (ir = Cim)
bir Nig—1+1
=« [|:(Si(77) +5i + Zl=1 pin + Al) — (S:(ﬂ) +5i + Z M Pi[lj)i|
bir -nt+2
+{Si(m) +si +Zl=] piy + Aq Si () + si +Z Dill)

+ e
biy bir
+ [(Si(ﬂ) +si + 21:1 pin + AJ) - (Si(ﬂ) +5i + lelpi[z])“
bir
=aq; ZI=N,<H)+1 ( = Ni¢e—1) — D piig + @i (biy — Ni—1)) Ay
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(b)
Nir
Bi Zz =Nig—1)+1 Ty = i Zl=bir+h,‘r+l in = pi zz by (G T Wir)
bir+hir+1 ity
=Bi [[(S () + i + Z Pi[l]) - (S () +S,+z Pi[l]+A2):|
bir+hir+2 bir+hir
[(S, @+si+D " p'm) - (Si(ﬂ) +si > pin AZ)}

e
+ [(Si(ﬂ) +si+ ZL Pi[/l) - (S () +si + z et pin + A2)“
=Bi erf:,,+h,,+1 (Nir =1+ Dpigny — Bi(Niy — bir — hir) A2
©
Vi ZIN';V o1 G =i levzi;v,-(,,l)+1 diy

= Yiltir (Si(ﬂ) + s + ZZI piln + Al)
= Yiltir Zj’:l pif + vinip (S; (1) + i) + yini Ay

(d)

Nir Nir Nir
8 2 g ST =0T i~ wi) =8 Nyt (dir = i)
r+hir bir
= dinir [(S (ﬂ)+sz+z Pi[1]+Az) - (Si(ﬂ) -Hi+Z:1=I Pi[1]+AI):|

biy+hiy
=dinir Zl:b».ﬂ pirn + Sinir (A2 — Ayp)

Therefore the total cost can be expressed as
gir(A1, A2) = AA1 + BAy + C,

Where A = a;(bir — Ni¢-—1)) + vinir — 8inir, B = 8injy — Bi(Niy — by — hiy), and

l(l‘ 1)
C = Z Yiltir Pi[l] +Zl N1+ )/zl’lzr +a;(l — z(r 1 — 1)] Pill]

biy+hir ir
+Zl:bi,+l 5inirpi[1]+zl:bl_r+hir+l Bi(Nir — 1+ D) pipy + vinir (Si (7w) + 5i)

Clearly, A, B and C are independent of Aj and A,. We can see that f; (A, A2)
is a linear function of A and A,. Thus we can either decrease A and A, to zero, or
increase them to pjp,,+1] and pj[s,, 1, 1], respectively, to obtain a lower cost. In any
case, we can see that d;j; and w;; coincide with some jobs’ completion times of group
Gi. O

Lemma S Foranygiven I ={I\1,..., Lz, D1, .... 1z, ... Im1, ..., Inz,, } and a
schedule 7, if the values of djx and w;y are within the starting time and ending times
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ofgroup Gi, k =1,2,...,z;,i =1,2,...,m, then there exists optimal due windows
such that dix = Cijp;) and wix = Ci[p;+hy) Where

nik (8 — vi)

o

bik = Nig—1) + [

nik(Bi — 8

Bi

Proof This lemma can be easily proved by the standard technique of small perturba-
tions. Without loss of generality, we only consider group G; here as an example to
demonstrate that the result is correct. Suppose thatk =r, 1 <r < z;, diy = Cip,, ]
and w;, = Cj[p;,+h;,]- The effect of moving d;x A units of time to the left is

— o (bir — Nig—1) — 1) A — yiniy A + 8iniy A (6)
The effect of moving d;x A units of time to the right is
i (bir — Nig—1)) A + vinir A — 8iniy A @)

Both (6) and (7) are non-negative due to the optimality of the original schedule. Then
from —a; (biy — Ni¢r—1) — DA — yiniy A + §niy A > 0 and o; (bjr — Nig—1)) A +
Yitir A — 8iniy A > 0, we have by < Njg—1) + nix(8; — yi)/o; + 1 and bj >
Ni—1y + nix(8; — yi)/o;. By Lemma 4, we know that b;; is an integer, therefore,
bj is the smallest integer greater than or equal to N;x—1) + [nx(§; — yi)/wi], i.e.,
bix = Ni-1) + [nix(8; — vi)/a;]. Using the same method, we obtain b;; + hj; =
Nig—1 + nic(Bi — 6:)/Bi1. a

Remarks For any given I = {I11,..., Lz, 1, ..., gy, oo s Ity oo, Iz, } and a

schedule , if 0 < [nix(8; — yi) /il < [nik(Bi — 8;)/Bi], we can determine the

optimal due window assignments for a group by Lemmas 4 and 5. But the ratios

may not meet the above inequality, e.g., for the given parameters, there may exist

inequality [n;x(B; — 8;)/Bi1 < [nix(8; — yi)/ei], then we need further analysis. Note

that [nix (Bi — 8:)/Bi1 < [nix(8; — vi)/a;1 means njx (B; — 8;)/Bi < nix (8; — vi)/eti.
Similar to the analysis of Ji et al. [10], we have the following discussion.

(i) With a shift of d;; (without changing w;x) by A units of time to the right, resulting
in a change of total costs of Ag = o; (bix — Nijk—1)) A + yinix A — §injx A . With
a shift of w;y (without changing d;;) by A units of time to the right, resulting in a
change of total costs of Ag = 8;njx A — Bi (Nix — bix — hix) A.

If i + hix < Nijg—1) +nix(Bi — 8;)/Bi, a shift of w;x by A units of time to the
right till bix + hix = Njk—1) + [nik(Bi — 8;)/Bi1 can only reduce the total cost. If
bix < Nig—1) +nix(Bi — 8;)/Bi, then bjr < Nig—1) +nix(Bi —8:)/Bi < Nigk—1) +
nik(8; — yi)/a;, so a shift of d;x by A units of time to the right till bz = N;k—1) +
[nir(Bi — 8;)/Bi can only reduce the total cost.

(i1) With a shift of dj; (without changing w;x) by A units of time to the left, resulting
in a change of total costs of Ag = —a; (bjx — Nik—1) — DA — yinig A + §injk A.
With a shift of w; (without changing d;x) by A units of time to the left, resulting
in a change of total costs of Ag = B; (Nix — bix — hix + 1)A — §inir A.
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If bix > Nig—1) +nix(8; — yi)/oi + 1, a shift of d; by A units of time to the left
till bix = Nik—1) + [nik(8; — yi)/a;] can only reduce the total cost. If b;x + h;x >
Nig-1) +nix(8; — yi)/a; + 1, then bjx + hix > Nig—1) +nix(§; — vi)/oi +1 >
Nig—1) + nix(Bi — 8;)/Bi +1, so a shift of w;x by A units of time to the left till
bik + hix = Nig—1) + [nik(8; — yi)/a;1 can only reduce the total cost.

Form (i) and (ii), we can see that

Nig—1y + [nic(Bi — 8:)/Bi1 < bik < bix + hik < Nijg—1) + [nix(8; — vi) /i1,

if bjx < bjx + hijx, a further shift of dj; to the right and a further shift of w;; to
the left till b;jx = bjr + hj;x can only reduce the total cost, which means that dj; =
wik.k = 1,2, ..., z;. And the multiple due windows assignment problem reduces to
the multiple due dates assignment problem. Then we have the following Lemma 6.

Lemma 6 If [nix(B; —8:)/Bi1 < (i —vi)/ew] for i € {1,2,...,m}, then
the multiple due windows assignment problem reduces to the multiple due dates
assignment problem. The optimal due date assignment is given as follows. For any
k= 1,2,...,Zi,

®)

Dy = | Citbw1 where bix = Nige—p) + (—""g‘ﬁgﬂ if Bi > vi,
ik =
0 otherwise.

Where Dy represents the due date of job Jj.

Proof When all jobs belong to a single group and setup time equals to zero, Chand and
Chhajed [1] showed that there exists an optimal schedule for 1 [M D| >/ | > Jiel; (aE;
+ BT; + y D;) in which the due date can be assigned according to (8), where M D
means the multiple due dates. Because their proof is independent of the job distri-
bution on the time axis, the result can immediately be generalized to the problem
1IGT, MD| >/ > (i Ejs + Bi Tir + yi Diy). Then the above lemma holds.
From Lemma 6, without loss of generality, we only consider the case [n;x (8; — ;) /
a;] < [nix(Bi — &;)/Bi] in the following Lemmas 7 and 8. O

Lemma 7 If[njx(8; — yi) /il <0 < [nix(Bi — 8i)/Bi1, the problem becomes a spe-

cial due window assignment problem, with dy;, = 0, wix = S; (7w) +5; + Zf’i‘;rh”‘ pill}»

and bix + hix = Nijg—1) + ’Vnik(llgsii—éi)—‘.

Proof If [nix(8; — yi)/ai] < 0, meaning §; < y;, then a shift of d;; by A units of time
to the left will result in a change of the total cost Af < 0, so result d;x can be shifted
to the left until it equals time zero. Using the same analytical method of Lemmas 4
and 5, we can get the result about w;. O

Lemma 8 If [n;(8; — vi)/ai1 < [ni(Bi — 8;)/Bi1 < Ofori € {1,2,...,m}, then
the multiple due windows assignment problem also reduces to the multiple due dates
assignment problem. And for any k = 1,2, ..., z;, the due date Dj; = 0.
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Proof If [ni(8; — vi)/ai1 < Tnik(Bi —8;)/Bi1 < 0, which means 8; < §; < v,
then a shift of w;x by A units of time to the left until dj; will result in a change of
the total cost Af < 0, so wj can be shifted to djx, and the multiple due windows
assignment problem reduces to the multiple due dates assignment problem. Since
Bi < vi, according to (8), we can get the result that D;z = 0,fork =1,2,..., z;.

From Lemmas 4—8, according to the ratios of [n;x (8; —y;)/a; | and [nir (B —6i)/Bi ],
there exist three cases:

Case 1.1: 0 < [ni(§i — vi)/ail < [nix(Bi — 6;)/Bil. This will be the normal
multiple due windows assignment problem, which can be determined by Lemmas 4
and 5.

Case 1.2: [njx(6; — vi) /il <0 < [nix(Bi — &;)/Bi1. This is a special multiple
due windows assignment problem, which can be determined by Lemma 7.

Case 1.3: Tni(Bi —38)/Bi1 =< T[ni(Si —yi)/eil or [nix(6; —yi)/eil <
[nir(Bi —8;)/Bi1 < 0. The problem reduces to the multiple due dates assign-
ment problem, which can be determined by Lemmas 6 and 8.

m}

Lemma 9 For any given sequence m, the cost function of all jobs within group G;
under the optimal due windows assignment strategy of Case 1.1, denoted by d} (m) =

{di.d5, ..., di*z,-} and wi(m) = {wf, w), ..., w;“zl_ }, can be expressed as follows:
ni
gi (. di' (), wi (D) = D " wir piy +nivi (i (o) + 1) ©)
Where
a;i(l = Nig—1) — D) +vyi(n; — Niw=1)), Nig—1) +1 =1 < b
wi; = nikdi + yi(ni — Nik), bitk +1 =1 < bix +hix  (10)

Bi(Nix =1+ 1) +yi(n; — Nix), bix +hix+1 <1< Ny

Proof Let 7 be a given job sequence, and group G; with Case 1.1, the optimal d},
and w?‘k for k = 1,2,...,z, can be determined by Lemma 5. Then for any k €
{1,2,...,zi}, we have

bik
Ein = Zj:l+1 pifj for Nige—1y + 1 <1 < bjx — 1, Ejj =0 for by <1 < Nji.

i
Tip = 0for Nijg—1y + 1 <1 <bjx + hir, Tin = Z./:bik+hik+1 pirj) for bix
+hix +1 <1 < Ni.
bik
diiny = dix = Cijpy) = Si () + 5i + lel piiy for Njge—1y +1 <1 < Nix.

bik+hik

P for Nik—1) +1 <[ < Nj.

wig) = Wik = Cifpy+hy1 = Si(0) + 5i + Z

bik+hik
Sity = wiy) — dijn = wik — dik = Zl:b-k+1 pi for Nijg—1y) +1 <[ < Ni.
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Then the cost function of all the cost function of all jobs within group G; can be
written as follows:

zZi Nik
k=1 I=N;k—1)+!

bix
{ = N,(k 1 (ai Z, 1+1p’[/]) +Z/ =bix+hi+1 (’3’ Z, —bigth; ka,U])
+nipyi | Si(w) + 5 +Z'(k 1)P1+Z Pill +nk52lk hlkp'l
ikVi \ Qi i i[l] I=N;(—1)+1 ill] g I=bj;+1 0
1
_ [Z Nigeopy 1 o;(l = Nig—1) — Dpipny + Zl:b,ﬁh_k“ Bi(Nik — L+ Dpipn
k-1 kthik
nikyi (St(”) +sit 20 Jin pz[z]) + ki Zl Ni_1y+1 Pl F ik le oy 41 Pi[l]]
= zk . [Zz S [i (= Nik—1y = 1) + i (n; — Nie—1))] pipn)

bithir Nik
+Zl e [nix i +vi (i = Ni) ] pipny +Z[:bik+hik+1 [Bi (Nik = 1+ D+y; (nj = Nig) Pi[lj)

+n;v; (Si () +57)

gi (m, & (), wi(m)) = (i Eipry + Bi Ty + vidign + 8iSiqny)

Therefore, the result holds. O

Lemma 10 For any given sequence w, the cost function of all jobs within group G;
under the optimal due windows assignment strategy of Case 1.2, denoted by d} (7) =
{0,0,...,0} and w;‘(n) = {w;"l, wfz, e, w;"Zi }, can be expressed as follows:

n
gi (. d}' (), wii () = D" wirpiy + nid: (i (x) +s:) (11)
Where,
| nikdi, Nige—1) +1 <1 < big + hix (12)
=) BNk — L+ 1), big +hig +1 <1 <Ny~

Proof Let 7 be a given job sequence, and group G; with Case 1.2, the optimal d},
and w;“k for k = 1,2,...,z, can be determined by Lemma 7. Then for any k €
{1,2,...,z}, we have

Eijp = 0for Njg—1) +1 <[ < Nj.
Tiyp = O0for Nijg—1y +1 <1 < b + hix,

!
Ty = Zj:,,ﬁhimpi[/] for bix + hix +1 =1 < Nix.
digy = dix =0 for Njg—1) + 1 <1 < Ni.
bik+hik
wi] = Wik = Cilpythy) = Si(0) + 5 + Z pify for Njg—1y+1=<I < Ni.

lk+hlk
Sitn = wipy — digy = wik = S; (1) +5i + Z pifn for Nig—1+1=<I<Niji.
Then the cost function of all jobs within group G; can be written as follows:

8i(m. djf (m), wi' (1)) = Z Zl Nigny+1 (@i Eijny + Bi Ty + vidigny + 8 Siny)
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Zi Nik bik+hik
= Zkz[ [Zz:b,wh,wl (ﬂz Z, btht] Pz[j]) +nii (S () +si + z Pz[l]):|

z Ni ikthi
= Zk:1 [Z ) Bi (Nik — L +1) pipny + nixdi Z C T pitn + nikdi (; (1) + )]

I=bjk+hir+1
ik+hik
= zk . [Zl o mikdipin + zz b bhi ] Bi(Nix — 1 + I)Pi[/]] + ni8; (Si () + 50)

Therefore, the result holds.

If group G; is under the optimal due windows assignment strategy of Case
1.3, then the multiple due windows assignment problem of group G; reduces to
the multiple due dates assignment problem, i.e., {d}},d}, ... ’di*zi} =d(m) =
Di(m) = wi(m) = {w], wh, ..., wl*z[}. The corresponding objective function
g, d(m), w(r)) = Zl 121' (oG Eip + Bi Ty + vidi + 8; Siy) is translated into
f(m, D(m)) = Z, 1 l " (i Ei; + Bi Ty + i Diy). Then we contain the following
lemma. O

Lemma 11 For any given sequence 1, the cost function of all jobs within group G;
under the optimal due windows assignment strategy of Case 1.3, denoted by d} (m) =

w () = D} () = {D}}, D}, ..., D;"Z’_ }, can be expressed as follows:
ni
film D)) =D " wipin + niwi (Si (1) + 51) (13)
where
w; = min{f;, y;}, (14)
a;i(l = Nigk—1) — 1) +¥i(ni — Nik=1)), Nige—1) +1 =1 < bjk
o forB: .
Wil [ﬁi(Nik =1+ 1)+ yi(ni — Nig), bix +1 <1< Ny orpi > vi
(15)
and
wy = Pi(n; —1+1), 1=<1=<n;forp <y, (16)
Proof Let  be a given job sequence. By Lemma 6, the optimal due date D}, for
k=12,...,z,i =1,2,...,m can be determined according to (8). We split the
proof into two cases with respect to the relation of 8; and ;.
Case 2.1: B; > y;. Forany k € {1,2, ..., z;} in this case, we have

bik
Ein = Zj:l-i—l Dil;j] for Nigk—1) +1 <1 < bjx — l and E;;;; = 0 for bjy <[ < Ny.

I
Tiin = Ofor Nig—1y +1 <1 < bj and T} = Z

iy Pitin for b+ 1< 1 < Nig

bik
Diyny = Dix = Cifpyg = Si () +si + lel pin for Nigk—1) +1 <1 < Nik arn
Then the cost function of all jobs within group G; can be written as follows:

film DF ) = D" (o B+ BiTa + vi Dir)

@ Springer



490 W.-X. Li, C.-L. Zhao

Zi

= Z Zl N1 (@i Eipny + Bi Tipn + vi Dinny)
bik bik
= Zkzl I=Nig—1)+1 (“i Z, =41 pt[/]) +ZI —bip+1 (’3’ Zj =bix+1 i[/])
Ni(k— 1) bik

Sio +si+ > pi + Zl:Ni(k,1)+1 Pi[l])i|

Zi bik Nik
= Zk:l ZI=N,-<;<,1)+1 @i (Il = Nig—1y = 1) pipy + Zl:bl_ﬁl Bi (Nik =1+ 1) pifny

Nik—1) bix
+nikvi (S () +si + Z i[l]) + nikyi leN_(k_”H Pi[l]]

+nikYi

1~ T

Zi bik
=2 { I= Ny 141 [ (I = Nige—1) = 1) +vi(ni = Nig—1y)] pinn)
+Zz b1 LB (Nik =1 +1) + i (ni = Nig)] Pi[l]} +niy; (Si(T) + 57)

Therefore, the result retains in this case.
Case 2.2: B; < y;.Forany k € {1,2, ..., z;} in this case, we have

Einy = 0 for N,'(k H+ 1 <1 < Nj.
1(k 1)

Tiin = Cipp = Si(w) +si + Z Piljl

+ Zj:N,-(k,l)H pij1 for Nig—1) + 1 =1 < Nix.
Diyy = Dix =0for Nj—1) +1 <1 < Nik (18)

Then the cost function of all jobs within group G; can be written as follows:

n;
film, Df (7)) = lel (i Eit + BiTit + i Dir)
Zj Nik
= Zk=1 Z,=NWI 1 @iEiy + BiTiuy + vi Diyy)
Nik i(k—1)
= Zk 121 =Nig- 1)+1 (Sz(ﬂ) + s +Z Pilj1 + Z/ Ny 41 Pl[]])
= Z Z[ Nig— 1)+1 _Nik)Pi[j]"Fz Z/ Nigeoiy+1 /31 Nik— l+1)Pt[/]
DI I v P S0 + 50
= Z Z; —Nig 1>+1 i — L4+ 1) pitj1 + niBi (Si () + i)

Therefore, the result also holds for the second case. O

3.2 A unified optimization algorithm

In this subsection, we will present an O (n log n) time unified optimization algorithm
for the problem 1 [GT, MDW| >/ > (i Eit + Bi Tit + vidit + 8i Sit).

@ Springer



Single machine scheduling problem 491

In view of Lemmas 9-11, for any given job sequence m, the unified cost func-
tion under the optimal due windows assignment strategy, denoted by d*(wr) =
{dl*l,...,d]“u, coesdyys ooy dy b oand wi(m) = {wyy, ...,wi‘ﬂ,...,w
w;"nzm }, can be formulated as follows:

*
mls s

glmd (), wim) = > S wup+ > (S0 +s)  (19)
where,

yi, if group G;j is Case 1.1
Y; = 4 8;, if group GjisCase 1.2 , @w; = min{B;, vi},
w;, if group G;j is Case 1.3

and wj;(1 <i <m, 1 <[ < n;) is defined by (10) for Case 1.1, by (12) for Case 1.2,
and by (15) and (16) for Case 1.3.

From (19) we can observe that under an optimal due window assignment policy,
the total cost is the sum of m + 1 separable terms. The first m terms, Z;”:l Wil Pill]
fori = 1,2,...,m, is dependent only on the internal job sequence within group
G;, while the last term, Z;"zlnil/fi(Si () + s7), is only concerned with the starting
time of the group and is independent of the internal job sequence of each group. As
a result of this separable characteristic of the objective function, our problem reduces
to m + 1 subproblems. The first m subproblems are to find an optimal job sequence
which minimize Z;ilwil piiy fori = 1,2, ..., m, while the last subproblem is to
find an optimal group sequence which minimizes Z?:Wiwi (S;(r) + ;). Then the
following two lemmas are immediately obtained.

Lemma 12 The optimal job sequence within group G; can be obtained by matching
the smallest wj; value to the largest p;; value, the second smallest w;; value to the
second largest p;; value, and so on.

Proof 1t can be easily proved by Lemma 2. O

Lemma 13 In an optimal schedule, the groups are ordered in non-decreasing order
of (si + >, pir) [nivi.

Proof we prove the result by contradiction. Let 7w be an optimal schedule that does not
satisfy the property of the lemma. Then 7 must contain at least two adjacent groups,
say G ; followed by Gy, such that (sg + >, prr) /mie < (sj + D0, pj)) [njvr;.
Swapping G j and Gy, while leaving the other groups in their original order, we obtain
a new schedule 7’. Then we have

Skm) = S;m) +s5;+ > pi, (20)
Sk = 8500, 1)
S = S;m) +sc+ > P (22)

Because the completion times of jobs processed before (after) G ; and Gy are the
same under schedule 7 and 7/, the cost function for groups processed before (after)
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G and Gy are not changed. As a consequence, by submitting (20-22) into (19), the
difference between the objective values of the two schedules is

g(m, d* (), w*(m)) — g (', d*(x"), w* ("))
= ng Y (Sj + le le) —njy; (Sk + 27; Pkl)

nj n
si+20 i s+ 205
=nknj1/fk¢j( j 1=1Pjl =1 ~o.

njy; ng Yk

This contradicts the optimality of 7, and completes the proof of the lemma.
Based on the above analysis, now we present the following algorithm to solve the
LIGT, MDW| 377 >0 (@i Eir + BiTis + yidi + 8; Sir) problem. i

Algorithm

Step 1 Calculate the ratios of [n;x(6; — y;)/i| and [nir(B; — 8;)/Bi, and according
to Lemmas 4-8, determine which case each group is.

Step 2 For the groups of Case 1.1, calculate w;; according to (10), and b; and b;x +h;x
according to Lemma 5. For the groups of Case 1.2, calculate w;; according to
(12), and bjx + h ;i according to Lemma 7. For the groups of Case 1.3, calculate
w;; according to (15) and (16), and b;; according to Lemma 6 or 8.

Step 3 Sequence the jobs within each group by Lemma 12 and arrange the groups in
non-decreasing order of (s; + Z?’Zl pil) / n;y; by Lemma 13.

Step 4 For the groups of Case 1.1, assign the due windows according to Lemma 5.
For the groups of Case 1.2, assign the due windows according to Lemma 7.
For the groups of Case 1.3, assign the due windows according to Lemma 6
or 8.

To determine the computational complexity of the algorithm, note that Step 1, Step
2 and Step 4 can be performed in linear time; Step 3 requires O (3L n; logn; +
mlogm) time. Since >_7" n; = n and m < n, the time complexity of the algorithm
is O(nlogn).

Theorem 1 The 1 |GT, MDW| X1\ > (i Eit + Bi Ty + vidi1 + 8 Sit) problem
can be solved by the above algorithm in O (nlogn) time.

4 Conclusions

We considered the problem of the simultaneous determination of multiple due windows
assignment and job scheduling on a single machine under a GT restriction, where the
objective is to determine an optimal combination of the job schedule and due windows
assignment strategy to minimize the total related cost that comprises the earliness,
tardiness and the due windows. We presented an O (nlogn) time algorithm for the
problem. It would be an interesting and valuable topic to investigate the case where the
job processing times are time-dependent or resource-dependent in the future research.
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