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Abstract We establish some new criteria for the oscillation of fourth order nonlinear
dynamic equations on a time scale. We investigate the case of strongly superlinear and
the case of strongly sublinear equations subject to various conditions. Some examples
are given here to illustrate our main results.
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1 Introduction

This paper deals with the oscillatory behavior of solutions of fourth order nonlinear
dynamic equations of the form

(@) O+ f(Lx70) =0, 121 (1.1)
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subject to the following conditions:

(i) a is a positive real-valued rd-continuous function satisfying

/°° o(s) A
——As < o0. (1.2)
I40) a(s)

(i) f :[to, 00) x R — R is continuous satisfying

sgn f(t,x)=sgnx and f(t,x)<f(t,y), x=y, t>1, (1.3)

where ¢ > 1o denotes time scale interval [fg, +00] N'T on a time scale T through-
out this paper.

By a solution of Eq. (1.1), we mean a nontrivial real-valued function x satisfying
Eq. (1.1) for ¢t > t, > #p. A solution x of Eq. (1.1) is called oscillatory if it in nei-
ther eventually positive nor eventually negative; otherwise it is called nonoscillatory.
Equation (1.1) is called oscillatory if all its solution are oscillatory.

Recently, there has been an increasing interest in studying the oscillatory behavior
of first, second, third and higher order dynamic equations on time scales, see [1-6].
In [7], the oscillation of fourth order nonlinear dynamic equations

(a)(bOx20)™)Y + £ (.27 (1)) =0, (1.4)

and

(@) (b@) (x(1) + p()x(t — (S))A)A)Az + (1, x7(t —8)) =0 (1.5)

are considered under conditions

/OoimzfooimszLAtzoo. (1.6)
n a) n b@®) n a()

With respect to dynamic equations on time scales, it is fairly new topic and for general
basic ideas and background, we refer to [8, 9].

To the best of our knowledge, there is no results regarding the oscillation of
Eq. (1.1) with condition (1.2). Therefore, our main goal of this paper is to establish
some new criteria for the oscillation of Eq. (1.1) under condition (1.2).

The obtained results extend our earlier result in [2] from second to fourth order.

2 Preliminaries

A time scale T is an arbitrary nonempty closed subset of the real numbers R. Since
we are interested in oscillatory behavior, we suppose that the time scale under con-
sideration is unbounded above. The forward jump operator o : T — T is defined by
o(t) =inf{s € T : s > t}. For a function f : T — R, we write f° = f oo and 2
represents the delta derivative of the function f as defined for example in [8]. For the
definition of rd-continuity and further details, we refer to [8].

Besides the usual properties of the time scale integrals, we require in this paper
only the use of chain rule ([8], Theorem 1.90)

(x1-?

1
=xA/ [hx” + (1 — h)x] “dh, 2.1
11—« 0
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On the oscillation of fourth order strongly superlinear and strongly 121

where « > 0 and x is such that the right-hand side of (2.1) is well defined, and the
integration by parts ([8], Theorem 1.77)

b b
/ floe@®)g At = (fg)(b) — (fg)(a) — / fAngna,  (22)

where a,be T and f, g€ C,y.
One consequence of (2.1) that will be used in the proof of our results throughout
this paper is as follows (see [2], Lemma 2.1]).

Lemma 2.1 Suppose |y|® > 0 on [ty, o0) and a > 0. Then

—anA
RN Gl
(yIH* = 1-a 7 |y

on [to, 00). (2.3)

We shall obtain results for strongly superlinear and strongly sublinear equations
according to the following classification:

Definition 2.1 Equation (1.1) (or the function f) is said to be strongly superlinear if
there exists a constant 8 > 1 such that

[f @0l _ 1f@ )
Ixif = ylf

for |x| < |y], xy >0, t > 19, 2.4

and it is said to be strongly sublinear if there exists a constant y € (0, 1) such that
|f@ 0l £yl
Il =yl

If (2.4) holds with 8 = 1, then Eq. (1.1) is called superlinear and if (2.5) holds with
y =1, then Eq. (1.1) is called sublinear.

for [x] <|y|, xy >0, t > 1. 2.5)

We may note that condition (1.3) implies

|f. 0| <|f@ty)| forlx| <y, xy >0, t > 1. (2.6)

Next, we establish some results that will be needed to prove oscillation criteria.
Lemmas 2.2 and 2.3 give useful information about the behavior of possible nonoscil-
latory solutions of Eq. (1.1).

Lemma 2.2 [f x is an eventually positive solution of Eq. (1.1), then one of the fol-
lowing four cases hold for all sufficiently large t > ty:

M (axAz)A(t)>0, A1) >0 and x2@) > 0:;
@M (@) >0, () <0 and ) >0;
(I10) (axAz)A(t)<0, A1) <0 and x2@) >0
@) (@) >0, ¥ @©)>0 and x>() <0,
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122 S.R. Grace et al.

Proof From Eq. (1.1), we have
a4’
(ax ) ) = —f(t, x? (t)) <0 forallt> 1.
A2 A A2 A .
It follows that (ax®") (), x= (¢) and x~(¢) are eventually monotonic and of one

sign on [fp, 00).
Next, we consider the following four cases for all large ¢ > fo:

(i1) (axAz)A(t)>O, A (1)<0 and x2(1) <O0;
(i) (axAz)A(t)<O, A1) <0 and x2() <0
i (@) <0, @) >0 ad x2¢) <0;
i) (@) <0, x>0 and x2¢) >0.

Then two cases (i1) and (i) are not valid. In fact, if xAz(t) <0and x2() <0
eventually, then lim;_, o, x(#) = —o0, which contradicts the fact that x(#) > 0 even-
tually.

In the two cases (i3) and (i4), we see that (axAz)A(t) < 0 and (axAz)Az (1) <0
and hence one can easily find that lim;_, o0 a(£)x?" (f) = —00, i.e., x2"(t) < 0 for all
t > ty. Thus the two cases (i3) and (i4) are disregarded. This completes the proof. [J

Lemma 2.3 If x is an eventually positive solution of Eq. (1.1), then there exist posi-
tive constants c| and ¢y such that

c1&(t) <x(t) <cat for all sufficiently large t > 1y, 2.7

Proof Let x be an eventually positive solution. Let #| < 7, integrating (1.1) twice
from #1 to ¢ and dividing by a(¢), we get

where

xAz(t):a(tl)x (;l)?Jr(ax )A(tl)(t—(:)
a(t)/ / f(¢.x7(@))AcAy
=a(mx® (’l)ﬁﬂwf )(n)(a_(t;l)

1 t
—— | (t—om)f(5.x7())AsAn
AR OUEE0)
where we have applied Lemma 1 in [5] in the last step. Integrating the resulting
equation twice from #; to ¢ and using the same arguments, we get
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t JR—
x(f)=x(f1)+XA(I1)(I—t1)+a(;1)xA2(,l)/ (t—cr(n))An
1 a(n)

ANA Lit—om)(n—n)
A
+ (ax®")" (1) pros,
(t—a(n))
- X (O)ACA 2.8
Seren “( o)) f(¢.x7())Ac A (2.8)

for all t > t; > #. By using the Leibniz rule ([8], Theorem 1.117) and the L’Hdpital’s
([8], Theorem 1.120), we have

f o)1) 5 ,
/; 1 —1
lim = a () = (n=11) An = constant,
=00 (t—11) =00 Jya(n)

which shows the asymptotic relation
"t—am®—1)
151 a(’?)

Now consider the discussion above in 4 different cases of Lemma 2.2 to prove the
claim.
For the right-hand side, if (I) in Lemma 2.2 holds then

An~ (1t —11). (2.9)

t —_—
X(0) < x(t) + X2 ) — 1) + a()x™ (1) MA
t a(n)
! — —
A)A(h)/ (t—om)(n tl)An,
51 a(n)

then the right-hand side of (2.7) trivially holds as the coefficients in the inequality
above are all positive and (2.9) holds; if (II) in Lemma 2.2 holds then

P —om)(n—r1) A
a(n)

x(1) sx(t1)+xA(t1)(t—t1)+(axA2)A(t1)/
n

hence (2.7) holds from (2.9); if (II) in Lemma 2.2 holds then
x(t) < x(1) +x2 @) — 1),
hence (2.7) holds; if (IV) in Lemma 2.2 holds then

x() < x(0) +a()x® (o )/ m

(t)/ (t—o(n))(n—tl)
a(mn)

then the right-hand side of (2.7) trivially holds as the coefficients in the inequality
above are all positive and (2.9) holds;

For the left-hand side, if (I) or (IV) in Lemma 2.2 holds, (axAz)(t) is positive
and increasing and hence we conclude that x(¢) > c&(¢) for t > #; and c is a positive
constant.

If (II) in Lemma 2.2 holds, (a)cA )(7) is negative and increasing and hence we
conclude that x(¢) > cé (t) for t > t1 and c is a positive constant.

’
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124 S.R. Grace et al.

If (IIT) in Lemma 2.2 holds, (ax AZ)(t) is negative and decreasing and hence we
conclude that x(t) > ¢&(¢) for t > t; and ¢ is a positive constant. This completes the
proof. g

We may note that the inequality parallel to those listed in Lemmas 2.2 and 2.3
hold for an eventually negative solution of Eq. (1.1).

Remark 2.1 Based on Lemma 2.3, all nonoscillatory solutions of Eq. (1.1) which are
asymptotic to c1t, c1 7 0 as t — oo can be classified an maximal solutions and which
are asymptotic to c2&(¢), cp # 0 as t — oo can be regarded as the minimal solutions.
Remark 2.2 Based on Lemma 2.3, all nonoscillatory solutions of Eq. (1.1) which are
asymptotic to c1t, c; 7 0 as t — oo can be classified an maximal solutions and which

are asymptotic to c2&(¢), ca # 0 as t — oo can be regarded as the minimal solutions.

Remark 2.3 From Lemma 1 in [5] £(¢) can be rewritten as
© roo oo pro(u) 1 00 o) —t
§(r) =/ / AuAs =/ / AsAu :/ —  Au.
t s a(u) t t a(u) t a(u)

3 Main results

We shall investigate the oscillatory behavior of all solutions of Eq. (1.1) when it is ei-
ther strongly superlinear or strongly sublinear. We begin with the strongly superlinear
case of Eq. (1.1).

Theorem 3.1 Suppose that Eq. (1.1) is strongly superlinear. If
oo
/ o (s)| f(s.c&%(s))|As =00, forallc#0, 3.1)
fo
then Eq. (1.1) is oscillatory.

Proof Let x be a nonoscillatory solution of Eq. (1.1). Suppose that x(¢) > 0 for r >
to € T, where ty is chosen so large that the four cases of Lemma 2.2 and (2.7) in
Lemma 2.3 hold with £(¢) < 1 for all 1 > #.

Next, we distinguish the following four cases:

Case (I). Tn this case, we see that x2(r) > 0 and x2° (£) > 0 for 7 > 19, and in view
of (2.7), there exists a constant b > 0 such that

x°(@) <bo(t) and x°(t)>b&°(t) fort> 1. (3.2)

Integrating Eq. (1.1) from # to ¢ and using the fact that (axAz)A(t) > 0 for t > 1,
we have
t

(axAZ)A(t) +f f(s, x”(s))As = (axAz)A(to) < 00.

fo
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On the oscillation of fourth order strongly superlinear and strongly 125

Thus,
/00 f(s,x7(s)As < 00. (3.3)
fo
Using (3.2) and the superlinearity of f in (3.3), we get
GRS Q) AP /°° a(s) \* .
00 > : ( = 6))P >(x ()" As > g <"§‘7(s)> f(s,bE(s))As

> f o (s)f (s, bE7 (s)) As, (3.4)
to

which contradicts condition (3.1).
Case (I). In this case, we have (ax®*)2(1) > 0, x2%(r) <0 and x2(t) > 0 for
t > ty. By (2.7), there exists a constant o > 0 such that

x°(t)>a and x°(t)>a&’@) fort> 1. (3.5)

We multiply Eq. (1.1) by o (#) and integrate from #( to # we obtain

t

t
/ o (s)f (s, x7(s))As = —t(axAz)A(t) +to(axA2)A(to) —i—/ (axAz)AAs
1

0 4]
t

< to(axAz)A(to) —G—f (axAz)A(s)As

0]
= 1o(ax™")* (t0) + ax® (1) — ax® (t9)
< to(axAz)A(to) — axAz(to) < 00.
Thus, we find
/00 o(s)f(s, x° (s))As < 0. (3.6)
fo

From (3.5) and (3.6), we obtain (3.4) which contradicts (3.1).
Case (III). In this case (3.5) holds and since (axAz)A(t) < 0 and is decreasing on
[to, 00), we have

(axA) (u)<(ax ) (t) foru=>t=>t.

Integrating this inequality from 7 to s > ¢ we get

(ax )(s)<(s—t)(ax )(t)<s(ax )(t)

or
(s)<< ())(ax ) (t) fors=>1t>1. 3.7)

Integrating (3.7) from 7 to v > s >t > f¢ and letting v — 00, we get

xA(t)z(/oo< (S))As)y(z)>g(t)y(r) for t > 1o, (3.8)
t
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126 S.R. Grace et al.

where y(f) = —(ax2")2(t) > 0 for ¢ > to. Since x2(¢) > 0 and x2” (1) < 0 for 1 > 1o,
there exists a constant k > O such that
x(t) > ktx®(t) fort >ty (3.9)

Using (3.9) in (3.8), we obtain
x(t) = kt§(1)y(r) fort > 1o,
or
x7(t) > ko (1)E° (1) y° (1) fort > 1. (3.10)
Now, Eq. (1.1) takes the form
IAR0)
(x7(1)P
Using (3.5), (3.10) and the superlinearity property in (3.11) we have
yA 0 = éof @) f(1,dg”0)(y7 )" fort =1,

where ¢ = (%)/3 . Thus, we can easily see that

Y2 >co(t) f(t,dE% (1)) fort > to. (3.12)
(o @)f ~ a
By Lemma 2.1, we obtain
1-B (1)) A A
(yﬂ—(tl)) - (yya(g;ﬂ oD f (1. d7 (1) fort = 1.

Integrating this inequality from 7y to t we get

YA = £ (1,27 (1)) (x°®)", 1>1. 3.11)

1
0=y ) =y P+ 1) [ 00)f(s.de )
1o
which contradicts condition (3.1).
Case (IV). In this case, a(t))cAz () > 0 and is increasing on [ty, 00). Thus
a(s)xAZ(s) > a(t))cAz (t) fors=>rt=>1.

Integrating this inequality twice from ¢ to u > ¢ > o and letting u — oo, one can
easily find

x(6) > £ (ax™’)(t) fort > 1. (3.13)

From the fact that (ax®*)2*(r) <0, (@x®)2(r) > 0 and ax®* () > 0 for 1 > 1,
there exists a constant b1 > 0 such that

(axAz)(t) > blt(axAz)A(t) fort > 1
=b1Z(1), (3.14)

where Z(t) = (ax®")2(t) > 0 on [to, 00). Using (3.14) in (3.13), we get
x% () >bio(®E°()Z°(t) fort > 1. (3.15)
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On the oscillation of fourth order strongly superlinear and strongly 127

Integrating Eq. (1.1) from 7 to u >t > ¢ and letting u — oo, we have
o
Z(@t) = (axAz)A(t) z/ (5. x7())As, 1 =1 (3.16)
t
Also, (2.5) holds and so there exists a constant ; > 0 such that
x7(@)>diE°(t) fort>1. (3.17)
Now, using (3.15), (3.17) and superlinearity of f in (3.16) we get

00 o B poo
Z(t)zt %(ﬂ@)ﬂmz<z—i>ﬁ gﬁ(s)f(s,dlgo(s))za(s)As

b1 p B o0 o
Z(d_l) VA (;)/t o (s) f(s. di57 (5)) As.

Thus

B oo
zl—ﬂ(z)z(z—l)/ o (s)f (s, d1£°(s))As  fort > to.
1 t

Letting ¢ = ¢ in the above inequality, we obtain a contradiction to condition (3.1).
A similar argument holds if we assume that x is an eventually negative solution of
Eq. (1.1). This completes the proof. g

Next, we present a sufficient condition for the oscillation of strongly sublinear
equation (1.1).

Theorem 3.2 Suppose that Eq. (1.1) is strongly sublinear. If

00 Y
/ <L) £(5)| £ (5. co(s))|As =00 forall ¢ 0, (3.18)
0 U(S)
then Eq. (1.1) is oscillatory.

Proof Let x be a nonoscillatory solution of Eq. (1.1) and assume that x(¢) > 0O for
t >ty € T, where to is chosen so large that the four cases of Lemma 2.2 and (2.7) in
Lemma 2.3 hold with £(¢) < 1 for all r > #g.

Next, we consider the following four cases:

Case (). There exist positive constants k1 and k; such that

kio(t) <x°(t) <kyo(r) forallt > tg. (3.19)
From (3.3) and (3.19) and using the strong sublinearity of f we get
< f(s,x7(s))
n (x7(s))
* f(5.ka0 (5))
T Jy (k2o (s)7

kl 14 00
<k_> / E(s) f (5, koo (5)) As,
2 to

o0 > /oof(s,x(s))As = (x"(s))VAs
0]

(klo(s))yAs

v

which contradicts (3.18).
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128 S.R. Grace et al.

Case (IT). There exist positive constants b and by such that
b1 <x°(t) <byo(t) fort>ty. (3.20)

From (3.6), (3.20) and strong sublinearity of f, we obtain

00 > /toooo(s)f(s,x(s))As=ftoooo(s)f((;+:)()sy))(x0(s)))’As

bi\" [ - s\

2(1;_2) /[0 s V<m> f(s,b20(s))As
by vore s

= (52) I (o@)) FO o) s

where c is a positive constant. This contradicts condition (3.18).
Next we consider:
Case (III). Integrating Eq. (1.1) from u to r > u > 1o twice, we get

X (t)>f / Wf 7, x% (1)) AT As

B —o(7) .
_/u< e )f(r,x (1)) At

Integrating this inequality from u to t > u > ¢ty we find

Ly oS o
x2 ) 2/ (/ (%)As)f(t,x“(t))Ar

There exists a constant ¢y > 0 such that

xA(t) > fmclé(r)f(t,x“(t))Ar. 3.21)
t

Since x2(7) > 0 and x4 (r) < 0 for ¢ > o, there exists a constant ¢» > 0 such that
x(1) = catx®(r) fort > 1. (3.22)

Using (3.21) in (3.22) we have
x(1) zct/mE(S)f(s,xU(S))As
where ¢ = ¢jc. Next, we let t
y(t) =/too§(s)f(S7xU(S))AS

Then
S @)
(x? ()Y

In this case, there exists a constant » > 0 such that

=2 =EW f(t,x7 (1) =) x7(0)" fort=1. (3.23)

x(t) <bt fort > 1. (3.24)
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On the oscillation of fourth order strongly superlinear and strongly 129

Thus,
A ft.bo (1)
—yA O 2§07 (o 0y )
or
0 ( ) E@) f(t,bo(r)) fort>1
RO -

Integrating this inequality from #( to ¢ and using Lemma 2.1 we get

RO FyRs) e\ [
/m e Asz—/myy(s)mz<5) /toas)f(s,ba(s))m

1
- 0 < ) fé(s)fs bo () As

which contradicts condition (3.18).
Case (IV). As in the proof of Theorem 3.1, Case (III), we obtain (3.13) and (3.14)

. 2 .. .
for t > 1. Since (ax®")(t) is increasing, we see that

or

X (1) = £ (1) ((ax®) (1)) = €7 (1) (ax®) (1) fort > 1. (3.25)
Using (3.14) in (3.25), we get
x°(t) = byt£° (1) (ax™ ) (t) fort> 1. (3.26)
Using (3.24) and the strong sublinearity of f in Eq. (1.1), we get
7280 = £(t.17 () = L) ((;“)E:)YV D (o @y > LE00) ((Lfac(f);’y D buge iz,
where Z(t) = (axAz)A(t) for t > tg. Thus
_Z%)

14
Zr(n — (_> <o~(r)>E Of(t.co) fort=1o.

The rest of the proof is similar to that of Case (III) and hence is omitted.
A similar argument holds if we assume that x is an eventually negative solution of
Eq. (1.1). This completes the proof. O

Remarks

1. The results of this paper are presented in a form which is essentially new even
for the special cases of Eq. (1.1) when T =R and T = Z, i.e., for the corresponding
differential equation

(ax"®))" + f(t,x(1)) =0 (3.27)
and the difference equation

A*(a()A%x (D)) + f(t, x(t + 1)) =0. (3.28)
For Eq. (3.27), we give the following oscillation result.
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130 S.R. Grace et al.

/OO &ds < 0.
Iy Cl(s)

(i) If Eq. (3.27) is strongly superlinear and

/oo o (s)| f(s.c&(s))|ds =00 forall c #0,
fo

o0 o0 1
$(t)=/t /S a(u)duds,

then Eq. (3.27) is oscillatory.
(i) If Eq. (3.27) is strongly sublinear and

Theorem 3.3 Assume

where

o
/ E(s)|f(s, cs) |ds =00 forall constants ¢ # 0,
4]
then Eq. (3.27) is oscillatory.
Also for Eq. (3.28) we obtain the following new oscillation result:

Theorem 3.4 Suppose

Z‘” o (s)
<
a(s)

s=to

(i) If Eq. (3.28) is strongly superlinear and

Z(s + 1)|f(s, cE(s + 1))| =00 for every constant ¢ # 0,

S=toy
where
oo X 1
()= Z_; Z M’

then Eq. (3.28) is oscillatory.
(i1) If Eq. (3.28) is strongly sublinear and

ad v
Z(ﬁ) E(s)|f(s,c(s+1))| =00 forevery constant ¢ #0,

S=ty

then Eq. (3.28) is oscillatory.
2. When either

x5 * ]
/ ——As=o00, or / —As =00
0 a(s) ) a(s)

holds, we see from the proofs of our results that Cases (I) and (II) of Lemma 2.2 are
the only cases to be considered and so easier oscillation criteria for Eq. (1.1) can be
obtained. Here, we omit the details.
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On the oscillation of fourth order strongly superlinear and strongly 131

3. The results of this paper can be easily extended to delay dynamic equation of
the form

(ax ) (t)+f(t X ( (t))):

where g: T — T, g(t) <t fort €T, g is non-decreasing and lim;_,, g(t) = 00
The details are left to the reader.

4. We may employ other types of time scales, e.g., T = hZ with h > 0, T = g™o
withg > 1, T = N(% ... etc., see [8, 9]. The details are left to the reader.

4 Examples

Example 4.1 Consider the differential equation

(to(t)xAz)Az(t) + (cr(t)x"(t))3 =0, t>1. @.1)

Denote a(t) = ta (1), f(t,x° (1)) = (o ()x% (t))>. It’s easy to see that a is a positive
real-valued rd-continuous function, [;° ‘7((5) As= [ LAt < o0, sgn f(t,x) =sgnx
and f(¢,x) < f(t,y), x <y, t > 1. Furthermore f(z, x) is strongly superlinear with
lex"OF _ o0y @I
e@> Ty
From Lemma 2.2 we get that

(t)—/oo/w ! AA—/ Tass 1t 1o
SO=1 ) wew = zp =L

Then we obtain
/Ooa(s)|f(s, cé‘"(s))|As > /OO Ico(s)As = 0o
1 1

for all ¢ # 0, which shows that all conditions in Theorem 3.1 holds. So by Theo-
rem 3.1 Eq. (4.1) is oscillatory.

for |x| <|y|, xy >0, t > 1.

Example 4.2 Consider the difference equations
A*(2'A%x) +e'x) =0 (4.2)

here f (¢, xt4+1) = e’xt3+1, a(t) =2". From Theorem 3.4 we get that

Eal | 1 1
%’(l)=zzz—uz 2s—1 = t=2"

Then we obtain

S 3 s 1
S+ Dl esm@) =3 T o

23s
s=1 s=1

for all ¢ # 0, which shows that all conditions in Theorem 3.4 holds. So by Theo-
rem 3.4 Eq. (4.2) is oscillatory.
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