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Abstract We study the initial boundary value problem of semilinear hyperbolic
equations with dissipative term. By introducing a family of potential wells we de-
rive the invariant sets and vacuum isolating of solutions. Then we prove the global
existence, nonexistence and asymptotic behaviour of solutions. In particular we ob-
tain some sharp conditions for global existence and nonexistence of solutions.
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1 Introduction

On the global wellposedness of solution of the initial boundary value problem (IBVP)
for semilinear hyperbolic equations

Uy —Au= f(u), xeQ,t>0,
u(x,0) =uo(x), u(x,0) =ui(x), xeQ, ()
ux,t)=0, xe€0R,t>0,

there have been a lot of results [1-9]. On the global wellposedness of solutions to
IBVP for semilinear hyperbolic equations with dissipative term

Uy — Au+yu; = f(w), xeQ,t>0, 2)
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u(x,0) =ugpx), u;(x,0) =u1(x), xe, 3)
ux,t)=0, xe€odQ,t>0, 4

we can find a host of literature [10-24].

Recently in [9], problem (1) was studied. By introducing a family of potential
wells Ws and corresponding family Vs the above mentioned problems were resolved.
Moreover, some new results on invariant sets, vacuum isolating and global existence
of solutions were obtained.

In this paper we study problem (2)—(4), where y > 0, 2 C R” is a bounded do-
main, f(u) satisfies the following conditions

(G) fu) e C'(R) and
H) u@f'w)— fu)=0, VueR,

where the equality holds only for u = 0.
(ii) There exists a a > 0 and ¢ such that

If@)| <alul?, VueR,

wherel<q<ooifn=1,2;1<q<%ifnz3.

(i) (p+1)Fu) <uf(u),Vu €R, forsome 1 < p <q and F(u) = [y f(s)ds.

Remark 1.1 Note that from the assumption (H) in [9] one can derive the assump-
tion (H) in the present paper. Therefore the assumption (H) in the present paper is
weaker than the assumption on f () in [9].

Since (2) includes the damping term yu,, the normal convexity method employed
in [3] cannot be directly used to derive the global nonexistence of solutions. Therefore
the main difficulty of the present paper is to improve the classical convexity method
for proving the global nonexistence of solutions, as well as to obtain a sharp condition
of global existence and nonexistence of solutions for problem (2)—(4). In addition,
due to the fact that almost all of the relative works focus on the case E(0) < d,
where d is the depth of the potential well defined for the problem, it is also a difficult
open problem to prove the global existence or nonexistence of solutions for problem
(2)—(4) with critical initial data E(0) =d.

The main purpose of this paper is to answer the following questions regarding
problem (2)—(4):

(1) Under what conditions the solutions exist globally in time. And under what con-
ditions the existence time of solutions is finite. Whether there exists a sharp
condition for global existence of solutions.

(ii)) How to prove the asymptotic behaviour of solutions.

(iii) For the critical initial data E(0) = d, where d is the depth of potential well,
how to prove the global existence, nonexistence and asymptotic behaviour of
solutions.

This paper is organized as follows.
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e in Sect. 2 we recall some preliminary lemmas and introduce a family of potential
wells, by which we not only obtain some new results on the global well-posedness
of solutions but also derive a sharp condition for global existence and nonexistence
of solutions in the rest sections;

e in Sect. 3 we discuss the invariant sets and vacuum isolating of solutions for prob-
lem (2)—(4) for 0 < E(0) < d and E(0) < 0 respectively;

e in Sect. 4 we prove the global existence and nonexistence of solutions and give a
sharp condition for global existence of solutions for problem (2)—(4) for E(0) < d;

e in Sect. 5 we prove the asymptotic behaviour of solutions for problem (2)—(4) for
0< E0) <d,;

e in the last section we prove the global existence, nonexistence and asymptotic be-
haviour of solutions for problem (2)—(4) with the critical data E(0) =d.

Throughout this paper, we set the notations: || - ||, = || - lLr(), || - | =
And(u,v) = fQ uvdx denotes the L2-inner product.
In order to prove the main theorems we give the following Proposition 1.2.

[ l2.

Proposition 1.2 Let g satisfy the condition in (H), then the embedding H' () —
LiTY(Q) is compact.
2 Preliminary lemmas and introducing of {W;s} and {Vjs}

In this section, before introducing potential wells, we define some functionals. Then
some preliminary lemmas are given to show some of their properties. Finally we
introduce a family of potential wells Ws and corresponding family V.

As did in [9] for problem (2)-(4) we define

J@W) = v - f F(u)dx,
2 Q
T = Vul® - / uf (u)dx,
Q
Qm)=mvmﬂ—/ufmmL §>0.
Q
Lemma 2.1 Let f(u) satisfy (H),

gm:fyx 0.

Then

(i) lim,—og(u) =0;

(ii) g(u) is increasing on (0, 00), decreasing on (—00, 0);
(iii)) f(u)u >0 for u € R, where the equality holds only for u = 0;
(iv) f(u) is increasing on (—o0, 00);
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)
a
+1

0<F(u) < )9t
q

Proof
(i) follows from (ii) in (H).
(ii) follows from (i) in (H) and

_uf' — f@

2

g (u)

u

(>iii) follows from above (i) and (ii) of this lemma.
(iv) follows from (i) in (H) and (iii) in this lemma.
(v) follows from (iii) in this lemma and (ii) in (H). O

Lemma 2.2 [3] Let f(u) satisfy (H). Then F(u) > B|u|erl for |lu| = 1 and some
B > 0.

By the proof of Lemma 2.5 in [9] it is easy to see the following Lemma 2.3.

Lemma 2.3 Ler f(u) satisfy (H),

(p()»):l/ uf (Au)dx.
rlJa

Then
(i) limy 0 <,0()») =0, 1imA—>+oo (p()\,) = +00;

(1) @(A) is increasing on 0 < A < 00.

From Lemmas 2.1-2.3, by the argument in [9] we can obtain the following Lem-
mas 2.4-2.7.

Lemma 2.4 Let f(u) satisfy (H), u € Hg () and ||Vu|| #0. Then

@ limy—oJ(Au) =0, limy— 400 J (Au) = —00;
(i) On the interval O < L < oo there exists a unique A = A(u) such that

d
—J (A =0;
da ( u) A=A

(iii) J(Au) is increasing on 0 < A < X, decreasing on A < A < oo and takes the
maximum at A = )_»;

(iv) I(w) =13 J(h);

(V) I(wu) >0for0<i <A, I(Au) <0 fork <X < oo, and I (lu) =0.
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Lemma 2.5 Let f(u) satisfy (H). Assume that u € HOl (2) and 0 < ||Vul| < r(6).
Then Is(u) > 0. In particular, if 0 < ||Vu| < r(1), then I (u) > 0, where

1

8 7! u
r@=—=) . C= sw lullge1
aCy ueHY (Q),u0 Vull

Lemma 2.6 Ler f(u) satisfy (H). Assume that u € HO1 () and Is(u) < 0. Then
IVul|| > r(8). In particular, if I (u) <0, then |Vul| > r(1).

Lemma 2.7 Let f(u) satisfy (H). Assume that u € HOl (), Is(u) =0 and |Vul| # 0.
Then ||Vul|| > r(8). In particular, if I (u) =0 and ||Vu|| #0, then ||Vu| > r(1).

Definition 2.8 For problem (2)—(4) we define

d= inj{/,](u), N={ue Hé(Q)H(u) =0, |Vu| # 0},
ue

d(®) = inf 7@, Ns ={u € H (Q)|Is) =0, [Vul| £0}, &> 0.

uE 8
By the same proof of Lemma 2.9 in [9] we can obtain the following Theorem 2.9.

Theorem 2.9 Let p satisfy (H). Then

@) d(S) > a(8)r2(8)for a(d) = 0<é< p+ . In particular, we have d >

p+1’
2(p+1) (—= Cq+1 ) B

(i) lims—d(8) =0, there exists a 5o > p+ such that d(59) =0 and d(8) > 0 for
0<6 <.

(iii) d($) is strictly increasing on 0 < § < 1, decreasing on 1 < § < 8y and takes the
maximum d =d(1) at § = 1.

Definition 2.10 Now for problem (2)—(4) we define
W ={uecH}(Q)|Iu)>0,Ju)<d)U{0}
V={ueH (Q)|Iu) <0, Ju)<d;
Ws = {u € Hy(Q) | Is(u) > 0, J(u) <d(8)} U{0}, 0<8 < dp;
Vs ={ue H}(Q) | Isu) <0, J(u) <d(8)}, 0<38<3d.

3 Invariant sets and vacuum isolating of solutions

In this section we discuss the invariant sets and vacuum isolating of solutions for
problem (2)—(4) for 0 < E(0) < d and E(0) < O respectively.

Definition 3.1 u = u(x, 1) € L>(0, T; Hj (Q)) withu, € L®(0, T; L*(R)) is called
a weak solution of problem (2)—(4) on 2 x [0, T) if

@ Springer



472 X. Jiang, R. Xu

®

t t
(uhv>+l/<Vu,vah==/‘(fW)n»dr+«uhvx
0 0

Vo e Hy (), t € (0, T); )
(i) u(x,0) =uo(x) in Hy (Q);
(iii)
E@) +y /l luc|*dr < E0), V€[0,T), (6)
where O

1 2 1 2 1 2
E(@t) = Zllull” + zIVull” — | F)dx = - llu 17 + J(w).
2 2 o 2

Remark 3.2 From u € L*®(0, T; H} (Q)), u; € L>°(0, T; L*()) and (2) we can ob-
tain uy, € L0, T; H-1(Q)).

By (6) and the similar argument to that in [9] we can obtain the following Theo-
rems 3.3-3.5 and Lemma 3.6.
At first we introduce the invariance of sets W5 and V.

Theorem 3.3 Let f(u) satisfy (H), uo(x) € H} (), uy € L*(Q). Assume that 0 <
e <d, (81,872) is the maximal interval including § = 1 such that d(§) > e for § €
(81, 82). Then

(i) All weak solutions of problem (2)—(4) with 0 < E(0) < e belong to Wy for 6 €
(81, 62), provided I (uo) > 0 or ||Vug|| =0.

(1) All weak solutions of problem (2)—(4) with 0 < E(0) < e belong to Vs for § €
(81, 82), provided I (ug) < 0.

By Theorem 3.3 we can obtain the theorem below.

Theorem 3.4 Let f(u), u;(x) (i =0, 1), e and (81, 82) be the same as those in The-
orem 3.3. Assume that 0 < E(0) < e. Then for any § € (81, 82) both sets Ws and Vi
are invariant, thereby both sets

Wsis, = U Ws and Vs, = U Vs

81<8<8y 81<8<8y

are invariant respectively under the flow of (2)—(4).

Theorem 3.5 Under the assumptions of Theorem 3.4 for all weak solutions of prob-
lem (2)—(4) we have

ut) ¢ Nss, = | M.

§1<8<8y
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Next we consider the case E(0) <O0.
To discuss the invariant sets for £(0) < 0, we introduce a lemma here.

Lemma 3.6 Let f(u) satisfy (H), uo(x) € H} (), uy € L*(Q). Assume that E(0) =
0 and ||Vug|| # 0. Then all weak solutions of problem (2)—(4) satisfy

1
g+1 \""
Vull > ro= ) -
2aCy

Now we can obtain the invariance of Vs for E(0) <0.

Theorem 3.7 Let f(u) satisfy (H), uo(x) € H}(Q), u1 € L*(Q). Assume that
E(0) <0o0r E(0) =0, [|[Vug|| # 0. Then all weak solutions of problem (2)—(4) belong
t0 Vs for § € (0, 251,

Proof Let u(t) be any weak solution of problem (2)-(4) with £(0) < 0 or E(0) =0,
[Vug|l # 0, T be the existence time of u(¢). From (6) we can get

D12 4+ a1 Val? + —— 15
— U a u u
2 p+1°

%Iluzll +Ju)<EQ), b€ (0 pTH>,t€[0,T). N

If E(0) <0, then (7) gives Is(u) < 0 and J(u) <0 < d(5) for § € (0, erl) t e
[0,T).If E(0) =0 and ||Vugll # 0, then Lemma 3.6 gives | Vu| >rofor0 <r < T.
Again by (7) we get I5(u) <0 and J(u) < 0 < d(5) for § € (0, p+1) 0<t<T.

Hence for above two cases we always have u € V; for § € (0, pT'H), 0<t<T. O

4 Global existence and nonexistence of solutions

In this section we prove the global existence and nonexistence of solutions and give a
sharp condition for global existence of solutions for problem (2)—(4) with E(0) < d.
Firstly we consider the global existence of weak solution of problem (2)—(4).

Theorem 4.1 Let y > 0, f(u) satisfy (H), uo € H} (Q), uy € L*(Q). Assume that
E@) <d, I(up) > 0 or ||Vupll = 0. Then problem (2)—(4) admits a global weak
solution u(t) € L*(0, oo; HJ (R)) with u; () € L>(0, 00; L*(Q)) and u(t) € W for
0<t<oo.

Proof Let {w;(x)} be a system of base functions in H(} (£2). Construct the approxi-
mate solutions

m
Up (X, 1) = Zgjm(t)wj(X), m=1,2,...,

j=1
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satisfying

(uml‘lv wS) + (Vum, Vw?) + V(”mt’ wS) = (f(”m)7 wS) ) s = 15 2» cee, M (8)

m

U (x,0) = Zajmw,-(x) — up(x) in H} (),
j=1

m
i (x,0) =Y " bjmw;(x) > u(x)  in LA(R).
j=I
Multiplying (8) by g/, (¢) and summing for s we get

dE, (1)

2
=0
a T lumedl

t
Em(t)+)// ltme |*dr = E(0) <d, 0<t<o0
0

for sufficiently large m

1 1
En(®) = 3 P+ 5 Vit | —/Qmm)dx.

©))

(10)

(11)

From (11) by the argument in [9] it follows that there exists a u and subsequence {u,}

of {u,,} such that
u, — u in L°°(0, oo; HO1 (£2)) weakly star and a.e. in Q2 x [0, 00),
u, — u in L971(Q) strongly for each ¢ > 0,
Uy — u; in L0, 00; L?(R2)) weakly star.

And u satisfies (i) and (ii) in Definition 3.1. Next we prove u satisfies (6). First we

prove that

lim F(u,)dx :/ F(u)dx.
Q Q

V—>00

In fact

/F(uv)dx—/ F(u)dx
Q Q

5/ | f G+ Bty — )] 1ty — uldx
Q

qg+1

= If G400y =l lluy —ullg+1, 0<6, <1, r=——.

q

Since
I1Lf e+ 6y — )] Sar/ (lu+6, (w, —w)]?)" dx
Q
1
=a’fu+6,(u, —w|i <C
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we get

V—>00

lim F(u,)dx =f F(u)dx.
Q Q

Hence from (4.4) we get
1 2 | 2 ' 2
Slucll” + S1IVull”+y | llucl“de
2 2 0
| > .1 2. ! 2
< liminf — |lu¢||© 4+ liminf = || Vu, ||~ 4 liminf y lluye || “dT
v—>o00 2 v—o00 2 V— 00 0

(1 1 !
< hrnmf(—nuwn2 + IV |I* + yf ||uw||2dr)
v—oo \ 2 2 0

liminf<E,,(0) + / F(u,,)dx)
V—>00 Q

lim (EU(O) +/ F(uv)dx>
V—>00 Q

=E<0>+/ Fu)dx,
Q

which gives (6). Finally by Theorem 3.3 we have u € W for 0 <t < cc. 0

Corollary 4.2 If in Theorem 4.1 the assumption “E(0) <d, I(ug) > 0" is replaced
by “0 < E0) < d, Is,(up) > 07, where (81,682) is the maximal interval includ-
ing § =1 such that d(8) > E(0) for § € (61, 62), then problem (2)—(4) admits a
global weak solution u(t) € L*(0, co; HJ () with u(t) € L>(0, o0; L?(Q)) and
u(t) € Ws for § € (61,62),0 <t < oo.

Theorem 4.3 If in Corollary 4.2 the assumption “Is,(ug) > 0 or [|[Vugll =07 is
replaced by “||Vug| < r(82)”, then problem (2)—(4) admits a global weak solution
u(t) € L0, oo; Hy (Q2)) with u,(t) € L>(0, 0o; L*(Q)) satisfying

E(0)
||W||2_m, lus 1> <2E0), 0<t<oo. (12)

Proof First ||Vugl| < r(82) gives Is,(ug) > 0 or ||Vug|| = 0. Hence from Corol-
lary 4.2 it follows that problem (2)—(4) admits a global weak solution u(t) €
L%(0, 00; H}(R)) with u(t) € L>®(0, 00; L?(R2)) and u(t) € Wy for § € (31,82),
0 <t < oo. Finally in

1 1
Enu,uz +a@®)|Vul® + Is(u) < Enutn2 +J(u) < E(0),

p+1
§€(81,8), 0<t<o0,

letting § — &1 we get (12). O
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Next we consider the existence of global strong solution for problem (2)—(4).

Theorem 4.4 Let y >0, f(u) satisfy
(i) fw)eC', f(0)=0and

(H) u(uf' @)~ f@w)=0,

where the equality holds only for u = 0.

(i) |f'(u)| < blu|? for some b > 0 and some 0 < q| < # ifn>3;0<q1 <o0if
n=1,2.

@Gi) (p+ DFu) <uf(u) forsome 1 < p <q1+ 1 and F(u) :f(;‘ f(s)ds.

up(x) € H*(Q NHJ (),  ui(x) € H} (Q).

Assume that E(0) < d and I (ug) > 0 or ||Vugl| = 0. Then problem (2)—(4) admits
a global strong solution u(t) € L*(0, T; H>(2)) N L>(0, oo; H(} (RQ)) with u,(t) €
L>(0, T; Hy () NL>(0, 00; L*(Q)) and uy (t) € L*(0, T; L*(RQ)) forany T > 0
and u(t) e W for 0 <t < oo.

Proof Clearly from (H;) one can get (H), where g = g1 + 1. Let {w;} be the eigen-
function system of problem

Aw+iw=0, xeQ, wlyo=0.

Construct the approximate solutions as shown in the proof of Theorem 4.1. Then
from (11) we get

1
” mt” +m”v m” +T1(um)<Em(t)<Em(O)<d

for sufficiently large m. Hence from u,, € W for sufficiently large m, we have

2(p+l)d

IVunll? < ="—=d,

lum* <2d, 0=t <oc. (13)

Let {u,} and u € L>(0, o0; H} (R2)) with u; € L>(0, 00; L*()) be the same as
those in the proof of Theorem 4.1. Then u is a global weak solution of problem
2)-@.

Next multiplying (8) by Asg.,, () and summing for s we get

d
dt< 1Vttt |1 +—||Aumll )vLJ/IIVLtszI2

= (fm)Vitm, Vitmy)
< @) 1 IV s |V bt |
< CUS @)l At NIV st N (14)

wheres = 25 r=nifn>3;s=r=4ifn=1,2.
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On the other hand, from (ii) in (H;) and (13) we can get || f/(u) |, < C for 0 <
t < 0o. Thus from (14) we obtain

d 1 2 1 2 2 2
(Sl + 5180 17) =€ (19201 + 1 A1)

By use of Gronwall inequality we get
IVitme |* + | A |* < C(T), 0<1<T. (15)
Multiplying (8) by g, (¢) and summing for s yield

ltmee 1> = (At — Vi + f (W), thmer)
< (1A || 4 ¥ Wtte | 411 F @) 1) et |
< C(T)|\uml

and
lumeel <C(T), 0=<t=<T. (16)

From (15) and (16), it follows that u € L°°(0, T; H*(R)) withu; € L*(0.T; H} (R))
and u; € L0, T; L*(R)), VT > 0 and u is a global strong solution of prob-
lem (2)—(4). O

Now we discuss the global nonexistence of solutions of problem (2)—(4).

Theorem 4.5 Let 0 <y < (p — DAy, f(u) satisfy (H), uo € Hy (Q), u; € L*(Q).
Assume that E(0) < d and I (ug) < 0. Then the existence time of solution for problem
(2)-(4) is finite, where

[ Vull

A= 1 .
ueH, (@), |Vulz0 [l

Proof Let u(t) be any weak solution of problem (2)—(4), T be the maximal existence
time of u(#). Let us prove T < oo. If it is false, then T = +o0. Let

M) = |lu]?,
then
M) =2y, u),
M (1) = 2[lull® + 2, 1) = 2ugll* = 2y (ur, 1) — 21 (w), (17)
which together with
1, p-1 ) 1
Sl + S IVulP + g 1) < E() < EQ)
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gives

M) > (p+ 3wl =2y (e, u) + (p— DIIVul* —=2(p+ DE©).  (18)

@) If E(0) <0, then
M(t) = (p + 3w = 29 (g, u) + (p — DATull?.
From y < (p — 1) it follows that there exists a ¢ € (0, p — 1) such that
y?<(p—1-8)(p—DAi.
Then
M) = @A+ e)llul* + (p— 1 —&)llugl* — 2y (e, w) + (p — DAT|Jull?.
From this and
J/2

2y (ur,u) < (p—1—&)|lue > + ST10s

2
u

<(p—1=ollu?+ (p — DAT[ull?,
we get
M) > 4+ e)llu . (19)

Hence by Schwartz inequality we get

. 4 .
FOM@©) = 20 2 @ o) Pl = 0 20,

—a n_ —o . B ‘5
MO = s (MOM© @+ D0 <0,
o= i, 0<t<oo.
4

Hence there exists a 77 > 0 such that

lim M) =0

t—T
and

lim M(t) = 400,

t—T

which contradicts T = +o0.
(i) 0< E(0) <d.
In this case from Theorem 3.3 we have u € Vs for 1 <8 < 6,, 0 <t < o0,
where (81, §7) is the maximal interval including § = 1 such that d(§) > E(0) for
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Global well-posedness for semilinear hyperbolic equations 479

6 € (61,62). Hence Is(u) <0 and |Vu|| > r(S) for 1 <8 <&, 0 <t < 00. So
we have Is,(u) <0 and ||Vu| > r(82) for 0 <t < co. From (17) we get

%(eV’Mm) =2¢"" (J|luc||* — I (u))

=2e7 (Jlus I* 4 (82 — DIIVull> = I5,(w))
> 2e"! (8 — Dr?(82) = C(82)e"",
1z /t ve 70 = £y y
e"'M(t) = C(82) e’'dt + M(0) = T(e — 1)+ M(0),

M) > CE/Z)( — eV £ eTVIM(0).

Hence there exists a ty > 0 such that

M) >

C(
2(2) fort >ty

and

M) = (r —10) + M(t0) =

C(62) C(%2) (t—1y), t>1. (20)
2y 2y

On the other hand, from y < (p — 1)A1 it follows that there existsa e € (0, p—1)
such that

yr<(p—1—e)(p—Drl—e).

From (18) we have

M) > (p+3)urll® =2y (e, u) + (p — DA ul® = 2(p + 1) E(0)
=@+ o)llull® + (p— 1 —&)lluel* — 2y (us, )
+((p— D2 =) |ull> + M (1) —2(p + D E(0). 1)

From (21) and

2
2y (up,u) < (p—1—&)|lug? + o 112
<(p—1—=28lul +((p—1>x%—e)||u||2,

we get
M(t) > 4+ e)llul* +eM@) —2(p + DE(0).

From (20) it follows that there exists a t; > 0 such that

eM(@)>2(p+ DEQ) fort>1n
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and
M) > @G+ lull® t>1.
The remainder of this proof is same with that in the proof of case (i).
Therefore for above two cases we always have T < oo. |

From Theorem 4.1 and Theorem 4.5 we can obtain the following sharp condition
for global existence of solution for problem (2)—(4):

Theorem 4.6 Let 0 <y < (p — DAy, f(u) satisfy (H), ug(x) € HOl (), uj(x) €
L%(Q2). Assume E(0) < d. Then when I (ug) > 0, problem (2)—(4) admits a global
weak solution; and when I (ug) < 0, the problem does not admits any global weak
solution.

Remark 4.7 Note that the proof of Theorem 4.5 for the case 0 < E(0) < d strongly
depend on the fact that u € V5 for 1 < § < 6, where u is the solution of problem
(2)-(4) with 0 < E(0) < d, I (ug) < 0. Therefore the introducing of the family {V;}
is necessary for the proof of Theorem 4.5.

5 Asymptotic behaviour of solution

In this section we prove the asymptotic behaviour of solution for problem (2)—(4)
with 0 < E(0) < d.

Lemma 5.1 Let y >0, f(u) satisfy (H) and u be the weak solution of problem
2)-@) with0 < E0) <d, I(ug) >0 or ||Vug|| =0. Then

() 1) = lluel® — S w) — 5 S jull?;
(i) 1(u) > (1 —81)|Vul?,

where (81, 82) is the maximal interval including § = 1 such that d(8) > E(0) for
3 € (81,02).

Proof Let u(t) be a weak solution of problem (2)—(4) with 0 < E(0) <d, I (up) >0
or ||Vug|| =0, T be the existence time of u(z).

(i) Multiply (2) by u and integrate on €2, we can derive the conclusion.
(i1) From Theorem 3.3 we have u(t) € Ws for §; <86 <1,0<t < T. Hence I5(u) >
Oford) <6 <1,0=<t <T and Is5;(u) > 0for 0 <t < T. Thus we get

MMﬂmW—LWMM=a4mmﬁ+szuwmmW.D

Then we have the following theorem on the asymptotic behaviour of the strong
solutions of problem (2)—(4) for 0 < E(0) <d.
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Theorem 5.2 Let y > 0, f(u) satisfy (H), ugp € H*(Q) N H}(Q), u1 € HY(Q).
Assume that 0 < E(0) < d, I(ug) > 0 or ||Vug| = 0. Then for the global strong
solution of problem (2)—(4) given in Theorem 4.4 we have

Et)<Ce™, 0<t<oo (22)

and
luel® + IVul* < Cre™, 0<t<oo (23)

for some positive constants C, C1 and ).

Proof Let u(t) be a global strong solution of problem (2)—(4) given by Theo-
rem 4.4. Then by Theorem 4.4 and Theorem 3.3 we have u(t) € L*°(0, T’; HZ(SZ)) N
L0, 00; HY(Q)) with u,(t) € L0, T; H) (2)) N L>®(0, 00; L*(R)), us (1) €
L>°(0, oo; LZ(Q)), VT >0and u(t) € Ws for 81 <8 < 62,0 <t < oo, where (81, §2)
is the maximal interval including § = 1 such that d(8) > E(0) for § € (61, 82).

Multiplying (2) by u,, integrating on 2 and multiplying the obtained equality by
%" (a > 0) leads

d
& (" E®) +ye llul* =ae” E(t), 0<t<T, ¥T > 0. (24)

Integrating (24) with respect to r we get

t

t
e“’E(z)+y/ e“f||u,||2dr§E(0)+a/ TE(tydr, 0<r<oo. (25)
0 0

From u(t) € W and

E® > Sl + 2= v + —— 1w,
=20 +1) PE R
we get
E@) > S+ L= jvu2=0. 0<r< oo (26)
-2 2(p+ 1) -

Moreover form Lemma 5.1 it follows that

t 1 t 1 t
/e‘”E(t)dtf—/ e“f||u,||2dr+—/ 7| Vu|>dr
0 2 Jo 2 Jo

g 1 '
< _ ot 2d / at g d
<5 | e+ s [ e
1 1 '
=3 (Hﬁ)f " lu- | *dt

s [ (o + Bl ar @)
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t d )/
_ oT r 2
/O irm ((ur,u)+ 2IIMII )dr

= (1. 100) + S ol — " (s ) + Sl

t
ror [ (e + i) ar

1 1
< 5 (12 4+ ) lmol?) + 3¢ (gl + (1 + ) [l

o t
5 [ e (el 1 i) a. 28)
0

From (26)—(28) it follows that
t
e E(M) +y / e lu |z
0

1 t
< CoE(0) + % (1 + ﬁ> / " |lur || ?dr +aC1e* E(1)
— 0] 0

13
+a%C) / " E(7)dr, (29)
0
where Co and C; are positive constants. Take « such that
)1 2y
0 <a <min T
1 1+ 17—51
Then (29) gives
13
e E(t) < 2CoE(0) 4 2a°Cy / eTE(t)dr, 0<t<o0
0
and by Gronwall inequality we obtain
™ E(t) < 2CoE(0)X1e’!

and (22), where C =2CoE(0) >0, A=a(1 —2C1) > 0.
Furthermore from (22) and (26) we get (23). Il

Lemma 5.3 Let y > 0, f(u) satisfy (H), uo(x) € H} (), u1(x) € L*(Q). Assume
that E(0) <d, I(ug) > 0 or ||Vugll = 0. Then for the approximate solutions given in
the proof of Theorem 4.1 we have

®

» d y d 2
I () = ltmell” — E(”mtv Up) — Ea””m” ,  Vm;

(i) I(up) = (1 = 8)IVunl? for sufficiently large m,
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where (81, 82) is the maximal interval including § = 1 such that (81, 62) C (0, 8o) and
E(0) <d(8) for s € (61, 82).
Proof

(1) Multiplying (8) by gs, (t) and summing for s we can get (i) in this lemma.
(i1) First E(0) < d(8) for § € (61, 82) gives E,,(0) < d(8) for § € (61, 82) and suffi-
ciently large m. Thus from (11) we have

1 t
Ellumzll2 + J(um) +vy _/ ltme 12T < En(0) < d(8),
0

8€(61,82), 0t <oo. (30)

From (30) by a similar argument to the proof of Theorem 3.1 in [9] we can
obtain that u,, € W5 for § € (1, 82), 0 <t < oo and sufficiently large m. Hence
we have I5(u,,) > 0 for § € (61, 62), 0 <t < oo and sufficiently large m, which
gives Is, (uy) > 0 for 0 <t < oo and sufficiently large m. Hence we have

I(um) = (1 = DI Vum|* + Is, () = (1= 81) | Vi |1*

for sufficiently large m. O

By the lemma above, we also prove the asymptotic behaviour of weak solution of
problem (2)—(4) for E(0) < d.

Theorem 5.4 Let y > 0, f(u) satisfy (H), uo(x) € Hy (Q), u(x) € L*(Q). Assume
that E(0) <d, I (ug) > 0 or ||Vug|| = 0. Then for the global weak solution u(t) given
in Theorem 4.1, (22) and (23) also hold.

Proof Let {u,,} be the approximate solutions give in the proof of Theorem 4.1. Then
from the proof of Theorem 4.1 we have

dE, (1)
#wnum,nz:o. 31)

Multiplying (31) by ¢%' (@ > 0) we get

d
o (e En(0)) + v e llum|I* = ae™ En(t), 0=t < o0, (32)

where
1 2 1 2
En(t) = zllumel” + zIVu | — | F(up)dx.
2 2 Q

Note that for u,,, both (i) and (ii) of Lemma 5.3 hold. Hence from (32) by a similar
argument to the proof of Theorem 5.2 we can obtain

En(t) <CEn(0)e ™, 0<t<oo

for some positive constants C and X independent of m, which gives
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1 1
5||um,||2+5||wm||2 < CEp(0)e™ + / F(up)dx, 0<t1<oo. (33)
Q

Let {u,} be the subsequence of {u,,} given in the proof of Theorem 4.1. Then we
have

lim F(u,)dx =f F(u)dx.
Q Q

V—>00

Hence from (33) we get
! 21v2<1"f1 21"f1V2
S ludl”+ S IVull” < Timinf Sl || + liminf 2 [ Vi, |
_ 1 2, 1 2
< liminf E”uvt” +§”V’4v”
< liminf (CEV(O)e_M + f F(uv)dx)
V—>00 Q
= lim <CEV(O)eM+ / F(u,,)dx)
V—>00 Q

=CE(0)e’“+/ F(u)dx,
Q
which gives (22) and (23). Il

Remark 5.5 Note that the proof of Theorem 5.2 and Theorem 5.4 strongly depend on
the fact that u € W;s for §; < & < 1, where u is the solution of problem (2)—(4) with
0< E©) <d, I(ug) > 0 or |Vupl =0, (61, 62) is the maximal interval including
6 = 1 such that d(§) > E(0) for é € (81, §2). Therefore the introducing of potential
wells {Ws} is necessary for the proof of Theorem 5.2.

6 Global existence and asymptotic behaviour of solutions for problem (2)—(4)
with E(0) =d

In this section we prove the global existence, nonexistence and asymptotic behaviour
of solutions for problem (2)—(4) with the critical data £(0) =d.
We firstly prove the invariance of sets W' and V".

Lemma 6.1 Let y >0, f(u) satisfy (H), ug € Hj (Q), u; € L*(Q),
W' = {u e H} ()1 (1) > 0} U {0},
V' ={ue H}(Q)|I(u) <0}.

Assume that E(0) = d. Then W' and V' are invariant under the flow of (2)—(4) re-
spectively.

Proof We prove this lemma by considering two cases (i) and (ii) for W’ and V’
respectively.
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(i) Let u(r) be any weak solution of problem (2)-(4) with E(0) =d, I(ug) > 0
or ||[Vugll =0, T be the existence time of u(r). We prove that u(t) € W' for
0 <t < T.If it is false, then there exists a 7y € (0, T) such that u(tg) € W', i.e.
I(u(tp)) =0, ||Vu(ty)|| # 0. Then we have J (u(ty)) > d. Hence by

1 t
Elluzll2 +J () + )//0 luz|*dr < E(0)=d.

we get féo llu;|>dr = 0 and |ju,|| = 0 for 0 < ¢ < 19, which implies ‘3‘—;’ =0 for
xeQ,0<t=<tyand u(x,t) = ug(x). Hence we have I (u(ty)) = I(ug) >0
which contradicts 7 (u(tp)) =0.

(i) Let u(¢) be any weak solution of problem (2)-(4) with E(0) =d, I(up) <O,
T be the existence time of u(r). We prove that I (u) <0 for 0 <t < T. If it
is false, then there exists a fy € (0, T) such that u(tg) € V', i.e. I(u(ty)) =0.
Let 19 be the first time such that /(1) = 0. Then I (1) < 0 for 0 < ¢t < ty. Hence
by Lemma 2.6 we have ||Vu| > r(1) for 0 <t <ty and ||Vu(zy)| > r(1). So
we have J(u(fp)) > d. The remainder of this proof is similar to the proof of

part (i). )

Lemma 6.2 Let y > 0, f(u) satisfy (H), ug € HO1 (), up € L%(2). Assume that
E0) =d, u(t) be a weak solution (not steady state solution) of problem (2)—(4), T
be the existence time of u(t). Then there exists a to € (0, T) such that

fo
/ llu,1?de > 0. (34)
0

Proof Let u(t) be any solution (but not steady state solution) of problem (2)—(4) with
E(0) =d, T be the existence time of u(z). We prove that there exists a tp € (0, T)

such that (34) holds. If it is false, then f(; lluc||>dr =0 for 0 <t < T, which gives

|lus]] =0 for 0 <t < T. Hence we have ‘(11—’; =0 for x € 2, t €[0,T), which gives

u(t) = ug, i.e. u(t) is a steady state solution of problem (2), (4). O

By the argument in the proof of Theorem 22 in [9] we can obtain the following
theorems.
The global existence of weak solution

Theorem 6.3 Let y > 0, f(u) satisfy (H), uo(x) € H} (Q), ui(x) € L*(Q). Assume
that E(0) =d and I (ug) > 0. Then problem (2)—(4) admits a global weak solution
u(t) € L®(0, oo; H) () with u,(t) € L*®(0, 00; L*(Q)) and u(t) e W =W N oW
for(0 <t < oo.

The asymptotic behaviour of weak solution

Theorem 6.4 Let y > 0, f(u) satisfy (H), uo(x) € Hy (Q), u(x) € L*(Q). Assume
that E(0) =d and I (ug) > 0. Then for the global weak solution given in Theorem 6.3,
both (22) and (23) hold.

Proof We only consider the case || Vug]| # 0. Let us recall the proof of Theorem 6.3
(see Theorem 5.1 in [9]). Take A,, =1 — Lom= 2,3, ..., ugm(x) = Auo(x). Con-

m’
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sider the initial conditions
u(x,0) =uom(x), ur(x,0)=ui(x), xe (35)
and corresponding problem (2), (35), (4). Then we have 0 < E,,(0) < d, I (ug,) > 0,
where
1 2 1 2
Ep(0) = Sllutll”+ s IVuom I — [ F(uom)dx.
2 2 Q
Hence from Theorem 4.1 and Theorem 5.4 it follows that for each m problem (2),
(35), (4) admits a global weak solution u,,,(t) € L*(0, co; HOI(Q)) with 1, (t) €
L>®(0, 00; L?(R2)) satisfying
En(t) <CE,0)e ™, 0<t<o0
for some positive constants C and XA independent of m. The remainder of this proof
is the same as the proof of Theorem 5.4. g

The global nonexistence of solution

Theorem 6.5 Let 0 <y < (p — 1)A1, A1 is defined in Theorem 4.5, f(u) satisfy
(H), uo(x) € Hy (Q), u (x) € L*(R). Assume that E(0) = d and I (ug) < 0. Then the
existence time of solution but not the steady state solution u(t) of problem (2)—(4) is
finite.

Proof Let u(t) be a weak solution of problem (2)—(4), T be the maximal existence

time of u(¢). We prove that if u(¢) is not a steady state solution of problem (2)—(4),
then T < oo. In fact, from Lemma 6.2 it follows that there exists a 79 € (0, T') such

that
fo
/ llu,]1>dt > 0
0

fo
E(to) = E(0) — 7// s |24t < d.
0

and

On the other hand, from Lemma 6.1 we have I (u(ty)) < 0. Hence from Theo-
rem 4.5 it follow that the existence time 7 of u(¢) if finite. Il

From Theorem 6.3 and Theorem 6.5 we can obtain the following sharp condition
of global existence and nonexistence of solutions for problem (2)—(4) with E(0) =d.

Corollary 6.6 Let f(u) satisfy (H), uo(x) € H} (Q), u1(x) € L*(Q). Assume that
0<y < (p—1Arjand E(0) =d. Then when I (uy) > 0 the solution u(t) of problem
(2)—(4) exists globally in time, and when I (1g) < O the existence time of solution but
not the steady state solution u(t) of problem (2)—(4) is finite.
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