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Abstract In this paper, we consider the following nonlinear fractional m-point
boundary value problem

Dy u(t)+ f@t,u() =0, 0<t<l,2<a<3,

m—2

w@=u'0=0, W)=Y &),

i=1

where Dy, is the standard Riemann-Liouville fractional derivative. By the properties
of the Green function, the lower and upper solution method and fixed-point theorem
in partially ordered sets, some new existence and uniqueness of positive solutions
to the above boundary value problem are established. As applications, examples are
presented to illustrate the main results.
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226 S. Liang, J. Zhang

1 Introduction

Recently, an increasing interest in studying the existence of solutions for boundary
value problems of fractional order functional differential equations has been observed
[4, 10, 21]. Fractional differential equations describe many phenomena in various
fields of science and engineering such as physics, mechanics, chemistry, control, en-
gineering, etc. For an extensive collection of such results, we refer the readers to the
monographs by Samko et al. [19], Podlubny [17] and Kilbas et al. [9].

On the other hand, some basic theory for the initial value problems of fractional
differential equations involving Riemann-Liouville differential operator has been dis-
cussed by Lakshmikantham [10-12], Z. Bai and H. Lii [3], A. M. A. El-Sayed et al.
[6, 7] and C. Bai [1, 2], S. Zhang [20], etc.

El-Shahed [7] considered the following nonlinear fractional boundary value prob-
lem

Dy, u(t) +ra(t) f(u()=0, 0<t<l,2<a<3,
u(0)=u'(0)=u'(1)=0,

where Dg, is the standard Riemann-Liouville fractional derivative. They used the
Krasnoselskii’s fixed-point theorem on cone expansion and compression to show the
existence and non-existence of positive solutions for the above fractional boundary
value problem.

Liang and Zhang [13] considered the following nonlinear fractional boundary
value problem

Dy u(t)+ f(t,u(t)) =0, 0<r<l,3<a=<4,
u(0) =u'(0)=u"(0)=u"(1) =0,

where Dy, is the standard Riemann-Liouville fractional derivative. By means of
lower and upper solution method and fixed-point theorems, some results on the ex-
istence of positive solutions to the above boundary value problems are obtained. But
the uniqueness is not treated.

Li, Luo and Zhou [14] considered the following three point boundary value prob-
lems of fractional order differential equation

Dy u(t)+ ft,u() =0, 0<r<l, I <a<2,
u(©0)=0,  Df u(l)=aD} u(),

where D, is the standard Riemann-Liouville fractional derivative. The existence
and multiplicity results of positive solutions by using some fixed-point theorems. But
the uniqueness is not treated.

In this paper, we deal with the following m-point boundary value problem

Dy u(t)+ f(t,u(t)) =0, 0<r<l1,2<a=<3, (1.1
m—2
w©0)=u'0)=0, W)=Y pu'E). (12)

i=1
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Existence and uniqueness of positive solutions to m-point boundary 227

where Dy, is the standard Riemann-Liouville fractional derivative. 0 < & < &
<o <&p_n < 1satisfies 0 < 2?1:_12 ﬂiélf)‘_z <1.

From the above works, we can see a fact, although the fractional boundary value
problems have been investigated by some authors, we note that the results dealing
with the existence of positive solutions of multi-point boundary value problems of
fractional order differential equations are relatively scarce. Motivated by all the works
above, in this paper we discuss the boundary value problem (1.1) and (1.2). Using
lower and upper solution method and a fixed point theorem in partially ordered sets,
we give some new existence and uniqueness criteria for boundary value problem (1.1)
and (1.2). Finally, we present some examples to demonstrate our results. Existence of
fixed point in partially ordered sets has been considered recently in [5, 8, 15, 16, 18].
This work is motivated by papers [5, 13].

2 Preliminaries

We need the following definitions and lemmas that will be used to prove our the main
results.

Definition 2.1 Let (E, | - ||) be a real Banach space. A nonempty, closed, convex set
P C E is said to be a cone provided the following are satisfied:

(@) if ye Pand A >0, then Ay € P;
(b) if ye Pand —y € P, then y =0.

If P C E is a cone, we denote the order induced by P on E by <, thatis, x <y if
and only if y —x € P.

Definition 2.2 [17] The integral

L[ f@

dt, x>0,
L) Jo x—0)l=s

18+f(x) =

where s > 0, is called Riemann-Liouville fractional integral of order s and I'(s) is
the Euler gamma function defined by

+00
F(s):/ e ldr, s>0.
0

Definition 2.3 [9] For a function f(x) given in the interval [0, 00), the expression

N T A A0
Por /=165 <dx> /o TN

where n = [s] + 1, [s] denotes the integer part of number s, is called the Riemann-
Liouville fractional derivative of order s.

The following two lemmas can be found in [3, 9] which are crucial in finding an
integral representation of fractional boundary value problem (1.1) and (1.2).
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228 S. Liang, J. Zhang

Lemma 2.1 [3, 9] Let o > 0 and u € C(0, 1) N L(0, 1). Then fractional differential
equation

Dy, u(t)=0
has
u@®)=cit® V4t P4 egt®™, cieR,i=0,1,....n, n=[a]+1

as unique solutions.

Lemma 2.2 [3, 9] Assume that u € C(0, 1) N L(0, 1) with a fractional derivative of
order a > 0 that belongs to C(0,1) N L(0, 1). Then

15, Do u(t) =u(t) + R T A Y S SO
forsomec;i e R,i=0,1,...,n,n=[a] + 1.

The following fixed-point theorems in partially ordered sets are fundamental and
important to the proofs of our main results.

Theorem 2.1 [8] Let (E, <) be a partially ordered set and suppose that there exists
a metric d in E such that (E, d) is a complete metric space. Assume that E satisfies
the following condition

if {x,} is a nondecreasing sequence in E such that x, — x,

then x, <x, VneN. 2.1
Let T : E — E be nondecreasing mapping such that
d(Tx,Ty)<d(x,y) =¥ (d(x,y)), forx=y,
where ¥ : [0, +00) — [0, +00) is a continuous and nondecreasing function such that

Y is positive in (0, +00), ¥ (0) = 0 and lim;_, oo ¥ (t) = 00. If there exists xo € E with
x0 < T (xq), then T has a fixed point.

If we consider that (E, <) satisfies the following condition
for x, y € E there exists z € E which is comparable to x and y, 2.2)
then we have the following result.

Theorem 2.2 [15] Adding condition (2.2) to the hypotheses of Theorem 2.1, we ob-
tain uniqueness of the fixed point.
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Existence and uniqueness of positive solutions to m-point boundary 229

3 Related lemmas

Lemma 3.1 Let Z;”;lz Bi éf‘_z # 1. If h € C[0, 11, then the boundary value problem

Dy u(t)+h(t)=0, O0<r<l,2<ax<3, 3.1
m—2
u@=u'0)=0, W'=Y &), (3.2)

i=1

has a unique solution

! T B
u(t) =f G(t, s)h(s)ds + T / H (&, s)h(s)ds, (3.3)
0 (@ —D(1 =277 Big;
where
1 [ A=) 2— (-5, 0<s<t<],
G(t,s)= (3.4)
(o) 1 = 5)*2, O<t<s<l,
aG(t,s) a—1 t“’z(l—s)”fz—(t—s)“’z, 0<s<t<l,
H(t,s) = =
ot Fa) | r2=2(1 — 5)*2, 0<t<s<l.

(3.5)

Proof By Lemma 2.2, the solution of (3.1) can be written as

_ a—1
u(t) =119 4 1% 4 31973 / @ F;O){) h(s)ds.

From (3.2), we know that ¢; = ¢3 =0 and

1 /1 a—2
= (1 —s5)*"“h(s)ds
Fe)(1- Y72 pig ) [ 0

m—2 &
- Bi / & — s)“h(s)ds]
i=1 Y0
Therefore, the unique solution of boundary value problem (3.1), (3.2) is

B t (l _ s)otfl
M([) = —/0 Wh(s)ds

toc—l
+ /(1 ) 2h(s)ds
D(a)(1— Y07 g™ [
m—2 &
- B / & —s)“h(s)ds}
i=1 0
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230 S. Liang, J. Zhang

t (l _ s)a—l
—/(; 71"(0[) h(s)ds

o1 14— lzm ]2 ‘31 a=2 / .
i | — " 2h(s)d
* (F(a) i T(a)(1 — Y12 Bie (I—s) (s)ds

I Yy
OIS |

i(s,- — 9" 2h(s)ds

_ b /t(z“—la — )2 — (1 —)* Hh(s)ds
(@) Jo
+L ] 71— )Y 2h(s)ds
I'(a)
a—1 ym—2
e T
T()(1 = X057 Big;

= U E272(1 — 5)*2h(s)ds

&
— | @&- s>°‘2h(s>ds}
0

ety 1251
+ O( 2
F(a)(l—z

/ E*72(1 — ) 2h(s)ds

ta_lz g / H (&, s)h(s)ds.
(@— (1= fﬂl a2 B

The proof is complete. O

1
:/ G(t,s)h(s)ds +
0

Lemma 3.2 G is a continuous function and G(t,s) > 0.

Proof The continuity of G is easily checked. On the other hand, for 0 <t <s <1 it
is obvious that
t(x—l(l _ S)oz—Z
G(t,s)=—>0.
(@)

Inthecase 0 <s <7 <1 (s # 1), we have

B 1 totfl(l _S)afl ol

G(t,s)—F(a)[ - —(t—s) ]
1 a—1 a—1 a—1

Zm[l (I—ys) —(t—ys) ]

F(l ) [(z —t5)* — —s)"‘*l]
> 0.
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Existence and uniqueness of positive solutions to m-point boundary 231

Moreover, as G(t, 1) = 0, then we conclude that G(¢,s) > 0 for all (¢,s) € [0, 1] x
[0, 1]. The proof is complete. g

Remark 3.1 Obviously, by Lemmas 3.1 and 3.2, we have u(¢) > 0 if k() > 0 on
t €0, 1].

Lemma 3.3
1 1 a—2 a—1
1 _
sup [ G(t,s)ds = ———, / H(n,s)ds = LI
re[0,11J0 (@a—Dl(@+1) 0 ING))

Proof Since

1 ' 1
/ G(t,s)ds =/ G(t,s)ds +f G(t,s)ds
0 0 t

t
= %/0 1A =92 =t —5)* Dds
+L/lr“‘ 1—5)*2d
T ), U7

1 ta_l P
~T() (a—l _E)
On the other hand, let

B IG Js— 1 toc—l 1
s0= [ G S‘@(a_1‘5>’

then, as

/ _ 1 a—2 a—1
¢<I)_W(I —1 )>0, fort >0,

the function ¢ () is strictly increasing and, consequently,

: A B
sup ¢ (1) = sup f G(t,s)ds =¢(1) = _( _ _)
0

tel0,1] 1ef0,1] o) \a—1 «
B 1 . 1
T ale—DIN@) (@—DCa+1)"

By direct computation, we have

noz—Z _ na—l

1
/0 H(n,s)ds = 7F(oe)

The proof is complete. O
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232 S. Liang, J. Zhang

Remark 3.2 From Lemma 3.3, we have

27;_12 Bi /1
H(;,s)ds
(@—D(1 =2 gier?) Jo

4

1
L = sup f G(t,s)ds +
tef0,11J0

b AT
@@= DF@ T - D1 = T pg)

(3.6)

Lemma 3.4 G (¢, s) is strictly increasing in the first variable.

Proof For s fixed, we let

e1(1) = % (z“*‘(l )2t — s)‘**‘) . fors<t,

1
H=—1""11-9" forr<s.
82(1) r@ I-9) <s
It is easy to check that g;(¢) is strictly increasing on [s, 1] and g»(¢) is strictly in-
creasing on [0, s]. Then we have the following cases:

Case 1: t1,1p < s and t; < tp. In this case, we have g,(t1) < g2(f2), i.e. G(t1,s5) <
G(ta,s).

Case 2: s <11, and t; < ;. In this case, we have g|(t1) < g1(f2), i.e. G(t1,s5) <
G(ta,s).

Case 3: 11 <s <mnandt| < tp.Inthis case, we have g2(¢1) < g2(s) = g1(s) < g1(f2).

We claim that g,(¢1) < g1(¢2). In fact, if g(¢1) = g1(#2), then g2(t;) = g2(s) =
g1(s) = g1(#), from the monotone of g; and g, we have t; = s = t,, which contra-
dicts with #; < t,. This fact implies that G(¢1, s) < G (2, s). The proof is complete. [J

4 Uniqueness of a positive and nondecreasing solution for the boundary value
problems (1.1)—(1.2)

In this section, we establish the existence and uniqueness of a positive and nonde-
creasing solution for the boundary value problems (1.1)—(1.2) by using a fixed point
theorem in partially ordered sets. The basic space used in this section is £ = C[0, 1].
Then E is a real Banach space with the norm |lu|| = maxo<;<; |u(#)|. Note that this
space can be equipped with a partial order given by

x,yeC[0,1], x<y < x()=<y@), tel0,1].
In [15] it is proved that (C[O, 1], <) with the classic metric given by

d(x,y)= sup {|x(?) —y@®I}

0<t<1

satisfied condition (2.1) of Theorem 2.1. Moreover, for x, y € C[O0, 1] as the function
max{x, y} € C[0, 1], (C[0, 1], <), satisfies condition (2.2).
The main result of this paper is the following.
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Existence and uniqueness of positive solutions to m-point boundary 233

Theorem 4.1 The boundary value problem (1.1)—(1.2) has a unique positive and
strictly increasing solution u(t) if the following conditions are satisfied:

1) f:[0,1] x [0, +00) — [0, +00) is continuous and nondecreasing respect to the
second variable and f(t,u(t)) # 0 fort € Z C [0, 1] with u(Z) > 0 (u denotes
the Lebesgue measure);

(ii) There exists 0 < A < L~ such that for u, v € [0, +00) withu > v and t € [0, 1]

fu)— fE,v)<i-ln(u—v+1).
Proof Consider the cone
K ={ueC[0,1]:u(t) > 0}.

As K is aclosed set of C[0, 1], K is a complete metric space with the distance given

by d(u, v) = sup;¢o 17 lu(?) — v(D)].
Now, we consider the operator 7' defined by

1
Tu(t) =/ G(t,s)f(s,u(s))ds
0

+ 1" : Zz 1 Pi
(@—D(1 = 3757 Bit
by Lemma 3.2 and condition (i), we have that 7 (K) C K.

We now show that all the conditions of Theorems 2.1 and 2.2 are satisfied.
Firstly, by condition (i), for #, v € K and u > v, we have

o2 / H (&, ) f (s, u(s))ds,

1
Tu(t) :/ G(t,s)f(s,u(s))ds
0

e S B
+ m—2 a2
(@ = D(1 =275 Big;

/'H@“nf@uo»w

1
2/ G(t,s)f(s,v(s))ds
0

B
+ m—2 a -2
(@ —D(1 =" Bigf
=Tv(t).

/'H@“nfuv@»m

This proves that T is a nondecreasing operator.
On the other hand, for u > v and by condition (ii) we have

d(Tu,Tv) = sup [(Tu)(t) = (Tv)(O)] = sup ((Tu)(t) — (Tv)(1))

0<r<l1 0<r<l

1
< sup /0 G(t,s)(f(s,u(s)) — f(s,v(s)))ds

0<t<1
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n Z;"=_12 Bi
(= D(1= Y0 gl )

1
X/o H(&,s)(f(s,u(s)) — f(s,v(s)))ds

1
< sup / G(t,s)A-In(u(s) —v(s) + ds
0

0<t<l
+ Zf"=_12 Bi
(o= D(1= Y02 pigd ™)

1
X / H (&, )\ -In(u(s) —v(s) + 1ds.
0

Since the function 2(x) = In(x 4 1) is nondecreasing, by Lemma 3.3 and condition
(i1), then we have

d(Tu, Tv)

1
<Ailn(lu —v||+ 1| sup f G(t,s)ds
0<r<1J0

Yl B / )
+ H (&, s)ds
(= D(1= Y02 pig? )

=aln(lu—v|+1)-L

< llu —vll = (flu = v|| = In(lu — v]| + 1)).

Let ¥ (x) = x —In(x + 1). Obviously ¥ : [0, +00) — [0, +00) is continuous, nonde-
creasing, positive in (0, +00), ¥ (0) = 0 and limy_, 4 o, ¥ (x) = 4-00. Thus, for u > v,
we have

d(Tu,Tv) <du,v) —¥(d(u,v)).

As G(t,s)>0and f >0,

1
(TO)(2) =/ G(t,5)f(s,0)ds
0

a—1 m—2
+ t Z m— 2
(o — 1)(1 - Z =1 ,31

and by Theorem 2.1 we know that problem (1.1)—(1.2) has at least one nonnegative
solution. As (K, <) satisfies condition (2.2), thus, Theorem 2.2 implies that unique-
ness of the solution.

Finally, we will prove that this solution u(#) is strictly increasing function. As

u(0) = fol G(0,s)f(s,u(s))ds and G(0,s) =0 we have u(0) =0

o2 / H(&,s)f(s,0)ds >0
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Existence and uniqueness of positive solutions to m-point boundary 235

Moreover, if we take t1, 1, € [0, 1] with #; < t», we can consider the following
cases.
Case 1: t; = 0. In this case, u(t1) = 0 and, as u(t) > 0, suppose that u(#;) = 0. Then

1
0=u(t2)=/ G(t2,s) f(s,u(s))ds
0

PR W Vi
@—D(1 =Y 2 pigr?

/ H(&;,s) f(s,u)ds.

This implies that
G(t,s)- f(s,u(s))=0, ae. (s)

and as G(t2, s) # 0 a.e. (s) we get f(s,u(s)) =0 a.e. (s).
On the other hand, f is nondecreasing respect to the second variable, then we have

f(s,0) < f(s,u(s))=0, ae. (5)
which contradicts the condition (i) f(z,0) £ 0 for t € Z C [0, 1](u(Z) # 0). Thus

u(ty) =0<u(t).
Case 2: 0 < 1. In this case, let us take t, 1 € [0, 1] with #; < 1, then

u(ty) —u(n) = (Tu)(t2) — (Tu)(tr)
1
=/0 (G(r2,5) — G(11,5)) f (s, u(s))ds

@ =T Y2 B
(a—l)(l—Zi” g2

Taking into account Lemma 3.4 and the fact that f > 0, we get u(tp) — u(#;) > 0.
Suppose that u(#2) = u(t1) then

/ H (&, ) f (s, u(s))ds.

/01 (G(12,8) — G(11,5)) f (s, u(s))ds =0
and this implies
(G(tz,8) = G(11,9) f(s,u(s)) =0 ae. (s).
Again, Lemma 3.4 gives us

fG,u(s))=0 ae. (s5)
and using the same reasoning as above we have that this contradicts condition

1) f(,0#£0fort e Z C[0,1] (u(Z) #0). Thus u(t;) =0 < u(tz). The proof
is complete. U
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236 S. Liang, J. Zhang

5 Single positive solution of the boundary value problems (1.1)-(1.2)

In this section, we establish the existence of single positive solution for boundary
value problem (1.1) and (1.2) by lower and upper solution method. We assume that
f:10, 1] x [0, +00) — [0, +00) is continuous in this section.

Lemma 5.1 If u(t) € C[0, 1] and is a positive solution of (1.1) and (1.2), then
mp(t) <u(t) < Mp(t), where
o1 m—2 g 1
DS — | He.sas.
(o = D(1 =257 B ) Jo

1
p(t) =/ G(t,s)ds +
0

and m, M are two constants.

Proof Since u(t) € C[0, 1], there exists M’ > 0 so that |u(z)| < M’ for t € [0, 1].
Taking

mi= min [, u()), M = max f@,u®).
(t.1)€[0,11x [0, M'] (t.1)€[0,1]x[0,M’]

By view of Lemma 3.1, we have
mp(1) <u(t) < Mp(t).
Thus we finished the proof of Lemma 5.1. g

Now we introduce the following two definitions about the upper and lower solu-
tions of fractional boundary value problem (1.1) and (1.2).

Definition 5.1 A function 8(¢) is called a lower solution of fractional boundary value
problem (1.1) and (1.2) if 6(¢) € C[O0, 1] and 6(¢) satisfies
—Dg, 0(t) < f(t,0(t)), O0<t<l1,2<as<3,

m—2

6(0) <0, 0'(0) <0, 0'(1) <> Bt/ &).

i=1

Definition 5.2 A function y(¢) is called an upper solution of fractional boundary
value problem (1.1) and (1.2) if y(¢) € C[0, 1] and y (¢) satisfies

Dy y®) = ft,y@1), O0<r<l, 2<a<3,

m—2
y©=0. Y020, YD)z By E).
i=1

The main result of this paper is the following.
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Existence and uniqueness of positive solutions to m-point boundary 237

Theorem 5.1 The fractional boundary value problem (1.1) and (1.2) has a positive
solution u(t) if the following conditions are satisfied:

(Hy) f(t,u) € C([0,1] x [0, +00), R™) is nondecreasing relative to u, f(t, p(t)) #
0 fort € (0, 1) and there exists a positive constant i < 1 such that

K" f(t,u) < f(t,ku), VO<k<l.

Proof Atfirst, we will prove that the functions 0(t) = k1g(¢), y (¢t) = k2 g(t) are lower

and upper solutions of (1.1) and (1.2), respectively, where 0 < kj < mln{ , (a1) =n IR

ko > maX{a, (a2) ™= “} and

t€[0,1]

alzmin{l, i[r(l)fl]f(t,p(t))} >0, azzmax{l, sup f(t,p(t))}
telo,
and

1
g(t) = /0 G(t, ) f (s, p(s))ds
N D fﬂ,
(@—D(1 =" 2B

By view of Lemma 3.1, we know that g(¢) is a positive solution of the following
equations

g2 / H(&i,9) f (s, p(s))ds.

D8‘+u(t)=f(t,p(t)), O<t<l,2<a<3,

o (5.1)
u(0) =u'(0) =0, u'(l) = Zﬁiu (i)-
i=1
From the conclusion of Lemma 5.1, we know that
ajp) <gt) <ap(t), Viel0,1]. (5.2)

Thus, by virtue of the assumption of the Theorem 5.1, shows that

O(t 1 1
kia; S(—;Sklazil, — & <1,

kaay — y(t) T koay T
(kiap* > ki, (kaaz)* < k.

Therefore, we have

£ e(t))—f(rﬁ ()) <@>Hf(t )
= ) p(1) P

> (krap" f(t, p(1) = ki f(t, p(1)),
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238 S. Liang, J. Zhang

m
kaf (1, p(t) = ko f (t pl0) ()) (M) £ty )
v V()

> ka(koao) ™" f(t, (1) = f(t, ¥ (@)).
It implies that
—D§ 00 =kif@t,p() = f(,0(0), O0<t<l 2<a=3, 5.3)
=Dy vy =k f(t,p) = ft,y(®), 0<t<l, 2<a=3.

Obviously, 6(t) = k1 g(2), y(t) = kog(¢) satisfies the boundary conditions (1.2). So,
a(t) =k1g(t), B(t) = kog(t) are lower and upper solutions of (1.1) and (1.2) respec-
tively.

Next, we will prove fractional boundary value problem

Dy u(t)=g(t,u(), O0<t<l, 2<a<3,
w0 =u'0)=0,  w'(1)=Y"T77Bud &)

has a solution, where

5.4)

f@,0@), ifu()=<60(),
g, u(®) =4 f@,u@), if0@)=<u@)=<y@),
f,y@), ity <u@).

Thus, we consider the operator A : C[0, 1] — C[O0, 1] define as follows

1
Au(t):/ G(t,s)g(s,u(s))ds
0
a—1\m—=2
+ t Z:lml ZIBI oz 2
(a—D(1= Y707 Bigf

where G (t, s) and H (¢, s) are defined in Lemma 3.1. It is clear that A is continuous
in C[0, 1]. Since the function f (¢, ) in nondecreasing in u, this shows that, for any
uecClo,1],

/ H(&, $)g(s. u(s))ds,

f@,0@) <gt,u®)=<f@,y@) fortel0,1].

The operator A : C[0, 1] — CJO0, 1] is continuous in view of continuity of G(¢,s)
and g(z, u(t)). By means of Arzela-Ascoli theorem, A is a compact operator. There-
fore, from Leray-Schauder fixed point theorem, the operator A has a fixed point, i.e.,
fractional boundary value problem (5.4) has a solution.

Finally, we will prove that fractional boundary value problem (1.1) and (1.2) has
a positive solution.

Suppose u*(t) is a solution of fractional boundary value problem (5.4). Since the
function f (¢, u) is nondecreasing in u, we know that

F,0) <gt,u™ (1)) < f@t,y(@) fortel0,1].
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Thus
—Dg, z(t) = f(t,y (1) — g(t,u*(1)) = 0,

m=2 (5.5)
20)=70)=0, M=) i),
i=1
where z(¢) = y () — u*(¢). By virtue of Remark 3.1, z(¢) > 0, i.e., u*(t) < y(¢) for
t € [0, 1]. Similarly, 6 (¢) < u*(¢) for ¢ € [0, 1]. Therefore, u*(¢) is a positive solution
of fractional boundary value problem (1.1) and (1.2). We have finished the proof of
Theorem 3.1. O

6 Example

Example 6.1 The fractional boundary value problem

D§+u(t) + @2+ DInR+u@)=0, 0<t<lI,
6.1)

w0 =u' =0,  u'(1)=73u'(y)
has a unique and strictly increasing solution.

Proof Inthiscase, f(t,u) = (t2+ 1) In(2+4u) for (¢, u) € [0, 1] x [0, 00). Note that f
is a continuous function and f (¢, u) # 0 for ¢ € [0, 1]. Moreover, f is nondecreasing
respect to the second variable since % = #202 + 1) > 0. On the other hand, for
u>vandt € [0,1], we have

f@w) = f@v) =@+ D@ +w) =@+ DIn@+0) = (7 + mn(ﬁZ)

24+v+4u—v u—v
2 2
=¢t‘+DH)In| ———— ) =¢"+DIn( 1 + ——
( )n( 2+4+v ) ( )n( 2+v)

<@+ DIn(l+ @@—v) <2In(1 +u—v).

In this case, A =2, & = i, B1= %, o= % because

1 pr(E* 2 —gxh B

1 1
L= - =,
al@=DI(@  T@@-DA-p&> 2 &

Thus Theorem 4.1 implies that boundary value problem (1.1)—(1.2) has a unique and
strictly increasing solution. O
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Example 6.2 As an example we mention the following fractional boundary value
problem

D§+u(t)+f(t,u(t))=0, O0<t<l1,

m—2 6.2)
u(0) =u'(0) =0, u'(l) = Zﬂiu/(&‘)

i=1

where Dy is the standard Riemann-Liouville fractional derivative and
f,uw)=t+u", O<u<l.
Proof Since k' <1 for0 < pu < 1and 0 <k < 1. Itis easy to check that
KR f(t,u) =k + k<t + (k) = f(¢, ku).

Thus, by Theorem 5.1 we know that the boundary value problem (6.2) has a positive
solution u(t). O
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