J Appl Math Comput (2011) 37:13-35
DOI 10.1007/s12190-010-0418-3 JAMC

Positive solutions for a system of generalized Lidstone
problems

Jiafa Xu - Zhilin Yang

Received: 23 December 2009 / Published online: 22 June 2010
© Korean Society for Computational and Applied Mathematics 2010

Abstract In this paper, we study the existence and multiplicity of positive solutions
for the system of the generalized Lidstone problems

(_1)mx(2m) — f(t, X, _x//, o (_l)mflx(meZ)’ y, _y//’ s (_l)nfly(2n72))’
(1)@ =g, x, —x", ., (D" G2y (=1 @),
ax(0) = bx* TV (0) = ex® (1) + dxF V(1) =0 (=0,1,...,m—1),
ay®)0) — by 0) = cy@) (1) +dy@ V(1) =0 (j=0,1,....,n—1).

We use fixed point index theory to establish our main results based on a priori esti-
mates achieved by utilizing some properties of concave functions, so that the nonlin-
earities f and g are allowed to grow in distinct manners, with one of them growing
superlinearly and the other growing sublinearly.
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14 J. Xu, Z. Yang

1 Introduction

In this paper we study the existence and multiplicity of positive solutions for the
system of the generalized Lidstone problems

(=D"mx@m = f @, x, —x", . (=D @m=D y (=@,
(D" =gt x, =2 ()G (= Ty 3,
ax®(0) — bx@*TD(0) = ex®) (1) +dx@@TD(1)=0 (=0,1,....,m—1),
ay@)(0) — by 0) = cy@ (1) +dy@ V(1) =0 (j=0,1,...,n—1),
(1.1)

wherem > 1,n>1, f,g € C([0,1] x RT‘", Ry) (Ry :=[0,4+00)),a,b,c,d e Ry
with ac + ad + bc > 0. Here, by a positive solution (1.1) we mean a pair of
nonnegative functions (u, v) € Cz’”[O, 1] x CZ"[O, 1] that solve (1.1) and satisfy
(u,v) # (0, 0).

The so-called Lidstone problem

{ (_1)nx(2n) — f(t, X, _x//7 o, (_1)n71x(2n72)), (12)

x®@0)=x®1)=0 (=0,1,....,n—1),

arises in many different areas of applied mathematics and physics, and has been ex-
tensively studied in recent years; for more details, we refer the reader to [3-6, 8, 19,
23, 26] and references cited therein. In [26], Yang studied the existence and unique-
ness of positive solutions for the generalized Lidstone problem

(_l)nu(Zn) :f(t’u’_u//’“"(_l)nflu(Zn—Z))’
au® ) — bu@tVy=0 (=0,1,...,n—1), (1.3)
cal® ) +du® V=0 (=0,1,....,n—1),

where a, b,c,d areasin (1.1)and f € C([0, 1] xR , R ). The main results obtained
in [26] are formulated in terms of spectral radii of some associated linear integral
operators and thus can be viewed as extensions of corresponding sharp results for the
case n = 1 due to Liu et al. [17].

The existence of positive solutions for systems of nonlinear differential equations
have been studied by many authors; see, for instance, [1, 2, 7, 10-12, 15-18, 20-22,
24, 27], to cite a few. In [16], Li et al. discussed, using Krasnoselskii’s fixed point
theorem, the existence and multiplicity of positive solutions for the system of third-
order three-point boundary value problems

—u"” =a(t) f(t,v),

_U///:b(t)h(t,u), (14)
u(©0)=u'(0)=0, u'(1)=oau'(n),
v(0)=v'(0)=0, v(1)=av'(y).

In recent years, the existence question of positive radial solutions to boundary value
problems for nonlinear elliptic partial differential equations or nonlinear elliptic sys-
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Positive solutions for a system of generalized Lidstone problems 15

tems have also attracted considerable attention. In [7], D.R. Dunninger et al. consid-
ered the existence of positive radial solutions for the elliptic system

Au+ ki (Jx) f(u,v) =0, Ry <|x| <Ry,

(1.5)
Av+ Ak (|x)g(u,v) =0, Ry <|x| < Ra,
with the boundary conditions
ou dv
alu+ﬁl_=a2v+ﬂ2_207 |.X|=R1,
on on
(1.6)
ou v
viu+d—=pv+hH—=0, |[|x|=Ry.
on on

Based on the strong maximum principle, the authors obtained, under some suitable
conditions, that there exists a positive number A* such that (1.5) and (1.6) admits two
positive radial solutions for 0 < A < A*, one positive radial solution for A = A*, and
no positive radial solution for A > 1*.

Note that the orders 2m and 2 in (1.1) may be different. Such problems can be
encountered in applied sciences (see, for example, [15]). In [18], Lii et al. considered
the existence of multiple positive solutions for coupled singular differential ordinary
equations

u=fav), —"=guw). 101 (1.7
subject to the following boundary value conditions:
u(0) =u(l) =u"(0)=u"(1) =v(0) = v(1) =0,

where f, g € C((0,1) x Ry, Ry). Su et al. considered a system of multi-point sin-
gular boundary value problems with possibly different orders, see [21]. Wei et al.
discussed the existence of positive solutions of coupled boundary value problems for
nonlinear ordinary differential equations, with one being of fourth order and the other
being of second order, see [24].

However, the existence problem of positive solutions for systems of generalized
Lidstone problems has not been extensively studied yet. To the best of our knowl-
edge, only [13] is devoted to this direction. Our main difficulty here comes from the
presence of derivatives of all even orders in the nonlinearities f and g in (1.1). To
overcome this difficulty, as in [26], we first use the method of order reduction to
transform (1.1) into an equivalent system of integro-integral equations, then prove
the existence and multiplicity of positive solutions for the resulting system under ap-
propriate conditions, thereby establishing our main results for (1.1). It is of interest
to note that our nonlinearities f and g may grow both superlinearly and both sublin-
early, and, more importantly, f and g are also allowed to grow in distinct manners,
that is, one of them grows superlinearly and the other grows sublinearly. The main
tool used in the proofs is fixed point index theory, combined with the a priori esti-
mates of positive solutions. Our main results are formulated in terms of spectral radii
of some related linear integral operators, and our a priori estimates for positive so-
lutions are derived by developing some properties of positive concave functions and
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16 J. Xu, Z. Yang

using Jensen’s inequality. This, together with the fact that our nonlinearities may be
of distinct growth, means that our methodology and main results here are entirely
different from those in [18, 21, 24].

This paper is organized as follows. Section contains some preliminary results, in-
cluding some basic facts recalled from [26]. The main results, namely Theorems 3.1—
3.3, are stated and proved in Sect. 3. Finally, in Sect. 4, some examples are offered to
illustrate our main results.

2 Preliminaries

Let

E:=C(0,1,R), |lull:= I%lﬁ]lu(t)l, P:={uek: u()=0,Vvre[0,1]}.
te[0,

Clearly, (E, || - ||) is a real Banach space and P is a solid cone (see [14, p. 193]) on E.
Let p :=ac +ad + bc > 0. It is easy to see that forany f € E, u € C2[O, 1] solves
the boundary value problem

—u" = f(@,
au(0) — bu'(0) =
cu(l) +du’(1) =0,

if and only if u € E can be represented by

1
u(r) =/ ky(t,s) f(s)ds,
0

where
b+ +d—ct), 0<s<t<l,
ki (t,5) = {( as)(c cth O<s=<t< @.1)
(b+at)(c+d—cs), 0<r<s<l.
Define the completely continuous linear operators L : E — E by
1
(Lu)(t) ::/ ki(t,s)u(s)ds, uekE. 2.2)
0
Then L is also a positive operator, i.e. L(P) C P. Let
1
ki(t,s) :=/ ki, 0ki—1(z,s)dt (i=2,...). (2.3)
0

It is easy to see that
‘ 1
(L'u)(®) :=/ ki(t,Hu(s)ds, uekE
0
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Positive solutions for a system of generalized Lidstone problems 17

fqr i=1,2,...,n. Moreover, L has the spectral radius (L) > 0, whence r(Li) =
r'(L) > 0 for each positive integer i. Let A1 > O be the first eigenvalue and ¢ €
C2[0, 11N P the associated eigenfunction of

—u" = Au,
au(0) — bu’'(0) =0,
cu(l) +du'(1) =0,

with /01 @(t)dt = 1, which can be written in the form

1
<P(t)=/\1/0 ki(t, $)p(s)ds =11 (Lp) (). 2.4

Therefore A1 = 1/r(L). Moreover, the symmetry of k (¢, s) implies that

1
@(s) =)»’1/ ki(t,s)p(t)dt =1 (L'¢)(s) (2.5)
0
fori=1,2,....
Lemma 2.1 (See [25, Lemma 2]) Let k| be defined by (2.1) and
.
h(t) := Mmln{a—kbt,c—i—d—ct}, (2.6)
where M := max{a + b, c + d}. Then
ki(t,s) > h()ki(t,s), Vt,s,7€]0,1]. 2.7

Let h be given by (2.6) and ¢ by (2.4). Put w := fol h(t)p()dt >0 and

1
Py = {u e P: f oMut)dt > a)||u||} . 2.8)
0

Clearly, Py is also a cone on E.
Lemma 2.2 (See [27]). L(P) C Py.

Lemma 2.3 (See [9]) Suppose Q2 C E is a bounded open set, A QNP> Pisa
completely continuous operator. If there exists ug € P \ {0} such that u — Au # lug
forallu e dQN P and A > 0, then i(A, 2N P, P) =0 where i indicates the fixed
point index on P.

Lemma 2.4 (See [9]) Let 2 € E be a bounded open set with 0 € Q. Suppose A QN

P — P is a completely continuous operator. If u # AAu for all u € 9Q N P and
O0<A<l,theni(A,QNP,P)=1.
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18 J. Xu, Z. Yang

Lemma 2.5 If p:Ry — Ry is concave, then p is nondecreasing. In addition, if there
exist 0 < x| < xp such that p(x1) = p(x2), then

p(x)=plx) =px2), Vx=xp. (2.9)
Moreover, the following inequality holds:
pla+b)<p(a)+ pb), Va,beR,. (2.10)
Proof For any x, > x1 > 0, the concavity of p implies

px) < plx) + %(x ) 2.11)

for all x > xp and thus p(x1) < p(x2) by nonnegativity of p. In addition, if p(x1) =
p(x2), then (2.9) holds, as is seen from (2.11). The proof of (2.10) can be found in
[27, Lemma 5]. This completes the proof. O

3 Existence and multiplicity of positive solutions

Let u(t) = (=)™ 1'x@=2 y(r) = (=1)""1y@7=2 1t is easy to see that (1.1) is
equivalent to the system of integro-ordinary differential equations

() = f(t,fol k1 (£, )u(s)ds, ..., [L i (2, )uls)ds, u(),
I kn1 (2, )v(s)ds, ..., [ ki(2, 5)v(s)ds, v(t)),

—v(t) = g( t, fol km—1(t,)u(s)ds, ..., fol ki(t, s u(s)ds, u(t),
I kot s)0(s) ds, . ) kl(t,s)v(s)ds,v(t)),

3.1

subject to the boundary conditions
au(0) — bu’(0) = cu(1) +du’(1) =0, av(0) —bv'(0) = cv(1) +dv'(1) =0.
Furthermore, the above system can be written in the form
u® = fo ka9 f (5. fy ko . U@ AT, L f K, () d us),
fol kn—1(s, Dv(r)d, ..., fol ki(s, Dv(t)dr, v(s)) ds,
v(t) = fol ki(t, s)g( s, fol km_1(s, Du(r)dr, ..., fol ki(s, Du(r) dz, u(s),
Jy ka1 . U@, o fy s, DO AT, 008) ) ds.
(3.2)

Define the operators A; (i =1,2): P — Pand A:P x P - P x P by
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Positive solutions for a system of generalized Lidstone problems 19

Ay (u, v)(1)

1 1 1
=/ kl(t,s)f<s,/ kmfl(s,r)u(r)dr,...,/ ki(s, Du(r)dr, u(s),
0 0 0

1 1
/ kn—1(s, tv(t)dr, ..., / ki(s, t)v(t)dr, v(s)) ds,
0 0
Az (u, v)(t)

1 1 1
=f kl(t,s)g<s,/ km_l(s,r)umdr,...,/ ki (s, Du(r) d. uls),
0 0 0

1 1
/.kn,l(s,T)v(r)dr,...,/ kﬂs,r)v(t)dt,v(s))ds,
0 0
A(u, v)(t) = (A1 (u, v)(1), Aa(u, v)(1)).

Now f € C([0, 1] x R Ry) and g € C([0, 1] x R} ™ R, ) imply that A; and A
are completely continuous operators, and the existence of positive solutions for (3.2)
is equivalent to that of positive fixed points of A. Let

1 1
Fi(u,v)(s) = f(s,/ kmfl(s,t)u(r)dr,...,/ ki(s,Du(r)dr,u(s),
0 0

1 1
/ k,,_l(s,r)v(t)dr,...,/ kl(s,t)v(r)dt,v(s)),
0 0

1

1
Fa(u, v)(s) = g(s,f km_1<s,r)u<r>dr,...,/ ki (s, Du(r) dr, u(s),
0 0
1 1
/ k,,_l(s,t)v(t)dt,...,/ kl(s,t)v(r)dr,v(s)).
0 0

Then F;: P — P (i =1, 2) are continuous and bounded. Since

1
Ai(u,v)(t)=/ ki(t, s)(Fi(u,v))(s)ds = (LFi(u,v)(1), i=1,2,
0

it follows, by Lemma 2.2, that A; (P) C Py. Let N :=max{k(¢,s): 0<t, s <1} >0
and K := max{Ni: i=0,1,...,n — 1} > 0. Clearly, k;(¢,s) < Nt for any 0 <1,
s<landi=1,2,...,n.

For the reason of notational brevity, we denote by x := (x1, x2,...,X,) € R’f_ and
y:= 1,2, ..., yn) € RL. We now list our hypotheses.

(H1) There exist p; € C(R4,Ry) and g1 € C(R4+, R4) such that

(1) p1 is concave on R,

(2) there exist ay; > 0, B1;=20G=1,2,....m,j=1,2,...,n) and C > O such
that

m n
+n—i—j+2
Zzaliﬁlj?»'ln TS,

i=1 j=1
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20 J. Xu, Z. Yang

ft,x,y) > Pl(Zﬂljyj) —C, Y(t,x,y) €l0,1] x R},

j=1

m
gt x,y) = qi (me) —C, ¥(,x,y)€l0,1] x Ry,

i=1
and
n ) n )
p1 <Zﬂ1jN"_’+1611(Z)) > BNtz —C, VzeR,.
j=1 j=1

(H2) There exist &; > 0, n1; >0, y; 20, 8, 20 (i =1,2,....,m, j =
1,2,...,n)and r; > 0 such that

m n
Fxy) <Y Euxi+ Y myyj. YV x,y) €[0,11x [0,71] x -+ x [0,71],
i=1 j=1

n—+m

m n
g(t,x,y) <Y yuxi+ Yy 817y, V(t,x,y) €[0,11x [0,r1]x --- x [0, r],
i=1 j=l1

n+m
and
k1 >0, k4>0, Kk:=k1k4—K2k3>0,

where

m n
. m—i+1 . n—j+1
kp:=1- E E1il] , Ky = E nijr; ,
i=1 j=1

m n

—i+1 n—j+1

K3 1= E )/1,')\'1'1 i+ , kg :=1— E 811)‘1 T
i=1 j=1

(H3) There exist p» € C(R4+,Ry) and g2 € C(R, R4) such that

(1) p2 is concave on R,

(2) there exist ap; >0, B2; =0( =1,2,...,m, j=1,2,...,n) and r, > 0 such
that

m

n
Hn—i—j+2
Zzaziﬁzjk'ln TS,

i=1 j=1

f(tv-xvy) > p2<Zﬁ2jy]>’ V(f»st)e[O» 1] X [Oer] X X [0,}’2],

Jj=1 n

m

g, x,y) = qz(Zazix,), V(t,x,y) €[0,1]1 x [0, r2] x - - x [0, 2],
i=1

m
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Positive solutions for a system of generalized Lidstone problems 21

and
n n
Pz(Zﬂsz"_J“qz(z)) > BNtz Vzel0,rl.
j=1 j=1
(H4) There exist &; >0, n2; >0, 2, 20, &2, 20 (i =1,2,....,m, j =
1,2,...,n)and C > 0 such that

m n
Fxy) Y Eixi+ Y myyi+C. V(t.x,y) €0, 1] x R,
i=1 j=1

m n
g(t,x,y) <Y yuxi+ Y jyi+C, V(t,x,y) €[0,1] x RY*™,
i=1 j=1
and
K1>0, k4>0, Kk:=Kkikq4—Kkyk3>0,

where

m n
- m—itl _ n—j+1
Ki:=1-— E &2l , Ky = E A ,
i=1 j=1

m n
~ —i+1 ~ n—j+1
K3 = E yzl')\rln i+ Kk4:=1— E 32]')»1 I
Jj=1

i=1

(H5) f(t,x,y) and g(¢, x, y) are nondecreasing in x; (i =1,2,...,m) and y;
(j=1,2,...,n), and there exists A > 0 such that

A A
Ft AN, ..., A<=,  gt,AA,...,A)<—, Vtelo,1],
I I

where 1 1= max;e[o,1] fol ki(t,s)ds > 0.
As noted in Sect. 2, A1 = 1/r(L). We adopt the convention in the sequel that
C1, Ca, ... stand for different positive constants.

Theorem 3.1 If (H1) and (H2) hold, then (1.1) has at least one positive solution
(u,v) € (C?"[0,1] x C?"[0, 1) N (P x P) \ {0}.

Proof 1Tt suffices to prove that (3.2) has at least one positive solution. Indeed, by (H1)
we have for any (u,v) € P x P and ¢ € [0, 1]

n—1

1 1
Al(’lsv)(f)i/o kl(t,S)Pl(Zﬂlj/O kn—j(s»f)v(f)df“F,Blnv(s))ds_cl
=1
(3.3)
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22 J. Xu, Z. Yang

and

1 m—1 1
Az(u,v)(t)zf kl(t,S)cn(Zan/ kmi(s,f)u(f)dt+a1mu(S))ds—C1-
0 i=1 0

(3.4)
‘We claim that the set
M = {(u, V)€ P x P: (u,v) = A, v) + A(@, @), A > 0}

is bounded in P x P, where ¢ is determined by (2.4). Indeed, (u, v) € M implies
u(t) > A1(u,v)(t) and v(t) > Az(u, v)(¢). By (3.3) and (3.4), we have

1 n—l 1
u(t) Z/O kl(l,s)m(Zﬁlj/O kn—j(s, Dv(r)dr +,31nv(S)) ds —Cy (3.5)
j=1
and
1 m—1 1
v(t) > / ki(t, s)q1 < Z ali/ km—i (s, Du(t)drt +a1mu(s)> ds — Cy1.(3.6)
0 i 0

Note that p1 : Ry — Ry is concave and } 7 _; B1jkn—j+1(s, 1)/ (Xi, p1; NI+
€ [0, 1] holds for every (s, 7) € [0, 1] x [0, 1]. As a result, we have
Z;Ll Bijkn—j+1(s,7) - Zﬁzl Bijkn—j+1(s,7)
p1 — > —
Z?:l ﬁlen j+1 Z?:l ﬁle" j+1

for all z € Ry and s, T [0, 1]. Now (3.5), (3.6) and (3.7), together with Jensen’s in-
equality, imply

p1(2) (3.7

n—1 1
D1 (2,31;/0 kn—j(s, T)(w(r) + C1)dt + Bia(v(s) + C1)>
Jj=1

n—1 1 1
zm(ZﬁU/O kG5, r)[/o k()
Jj=1

m—1

1
qu(zali/(; km—i(s, Du()dt +a1mu(§)>d§:|df
i=1

1 m—1 1
+ Bin /0 k1<s,r>q1<2au /0 km_l-u,g)u(g)dg+a1mu<r>)dr>
i=1

n 1
ZPI(Z,BU/O kn—j11(s,7)
=1
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Positive solutions for a system of generalized Lidstone problems 23

m—1 1
X q1 < > omfo km—i(t, )u(s)dg +a1mu(r)) dr)
i=1

_Z 1/31,N" /+1Zﬂ1;/ n—j+1(8, T)p1
Jj=

n m—1 1
(Zﬂle"_’qu ( Z oy /(; km—i(t, s)u(s)dg
j=1 i=1

+a1mu(r)))dr (3.8)

for every (u, v) € M. So Lemma 2.5 implies

n—1 1
p1<2ﬁ1,-/0 kn_j(s,r>v(r>dr+ﬂ1nv<s>)

j=1

1
> Pl (Zﬂlj/o kn—j(s, D)(w(r) + C1)dt + Bia(v(s) + C1)>
j=1

n—1 1
_pl(clzﬁlj/ kn—j(S,T)dT+C1ﬂ1n)
=1 70

1 n 1 n )
> » /31‘/ k —'+1(S,T)P1( BiyN" It
Z?:l lglen—]+1 ]2:; J 0 n—j ; J

m 1
xzn(Zom /0 km_i(r,g)u(g)dg+a1mu<r>))dr—cz (3.9)
i=1

for every (u, v) € Mj. In view of (3.5), we have for every (u, v) € My

1 1 n l n .
. . n—Jj+l
u(t) > /0 kl(t’s)[Z’}-zl P j}:ljﬁl, /0 kn_,+1<s,r>p1<§ BuN

J=1

m—1 1
X q1 ( > i /O km—i(z, S)u(s)ds + a1mu(t)>> dt — Cz] ds —C
i=1

1 n 1 n »
= S 2P /0 kn—j+2(t,t)p1(2ﬁ1jN”
J= j=1

j=1

m— 1
X q1 < >y /O km—i(z, Su(s)ds +a1mu(r)>> dt - Cs. (3.10)
i=1
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24 J. Xu, Z. Yang

Now (H1) implies

| n 1 n B
u(t) > Z;, BN ﬂlj/o kn—j+2(t,f)(Zﬁle" i+l
= =1

J j=1

1
X (Zau/ km—i(, g)u(g)d§+a1mu(t)> - C) dt —C3
: 0

m n 1
= S Y by [ bnsai-pialt.u(s)ds = Ca (3.11)

i=1 j=1I

Multiply by ¢(¢) on both sides of the above and integrate over [0, 1] and use (2.5) to
obtain

1 m n o 1
/go(t)u(r)dtzzzaliﬂlj,\T+”"‘f+2/ p(Ou()dr — Cq.  (3.12)
0 i=1 j=1 0

Consequently,

Cy

m+n—i—j+2
it Z?:laliﬂlj)‘l -1

1
/ p(u(r)dt < (3.13)
0

for every (u,v) € M;. Note that, by Lemma 2.1, (u,v) € M| implies u € Py and
v € Py. We then have for every (u, v) € M;

Cy
Fn—i—j+2
Y Y jwanipry T T T —w

Without loss of generality, we may assume v # 0 for each (u,v) € M;. Note
) 9(6)dr =1. By (3.5) and (2.5), we obtain

llull <

(3.14)

1
lull = /0 o(u(r)di

1 1
z/ <p(r)</ k(2. 5)
0 0

n—1 1
x pl(Zﬂlij kn_,-<s,r>v<r>dr+ﬂ1nv(s)> ds —cl>dr
j=1

1
= [ Lo
0
1 n—1 1
X (/ kl(t,S)Pl(Zﬂlj/ kn—j(svf)v(f)df“Fﬂlnv(s))dS)dt_Cl
0 ot 0
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Positive solutions for a system of generalized Lidstone problems 25

pi(_y BN vl /1 ( /1
- ki (t,
=T Nl Jo OV, Y

n—1 1
x (Zﬁlj/ kn—; (s, T)v(T) dt +,61,,v(s)> ds) dt — Cy
j=1 70

(o BN vl & weist [
= : Brir| ! / pv@)dt — Cy
Z?:] BiN"=/|v] ; o 0

- P BN vl &

~ X BN Yeppi - (313
j=171 j=1

Therefore,

n(pnn) < X1 BN lul + €
Jj =

n n—j+1
j=1 Zj:l wP1jry

for all (u,v) € M;. By (H1) we have lim,_, y o, p(z) = +00, and thus there exists
Cs > 0 such that

vl < Cs. (3.16)

We find from (3.14) and (3.16) that M is bounded. Taking R > sup{||(«, v)||: (u, v)
€ M1}, we have

(u,v) # A, v) + rp, ), Y, v)e€edQrN(P x P), A>0.
Now Lemma 2.3 yields
i(A,QrN(P x P),P x P)=0. (3.17)
Let p1 :=r1/K and

M = {(u,v) = 2AGv): (u,v) €3Qy, N (P x P), 0< 1< 1}.

We claim M> = {0}. Indeed, by (H2), we have for all (u, v) € 5,,1 N (P x P) and
t€[0,1]

1 m—1 1
A, o)1) < fo k1<r,s>[2ai /0 i (5, DU(D) T + Eruus(5)
i=1
1
0

n—1
+ Zm;/ kn—j(s, Dv(r)dt + mnv(s)} ds
=1

m 1
< Yo6u [ it ds
i=1
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26 J. Xu, Z. Yang

n 1
#0m [ ke ds, (3.18)
=t 70
and

1 m—1 1
As(u, v)(1) < /0 k1<r,s>[2yu fo ki (5, Du()dT + yimu(s)
i=1

n—1

1
+Zalj/ knj(s,r)v(‘r)dr~|—81nv(s):| ds
j=t 70
m 1
<o [ G ds
i=1
n 1
+Zalj/ Kn—j+1(1,5)v(s) ds. (3.19)
j=t 70
If (4, v) € My, then (3.18) and (3.19) imply
1 m—1 1
u < | k1<r,s>[25u/ (s, (D) d + E1n(s)
0 i=1 0

n—1

1
+Z’7u/ knj(s,r)v(r)dr+mnv(s)}ds
j=t 70

m 1
=306 [ ket ds
i=1 70
n 1
#0m [ s ds (320
. 0
j=1
and

1 m—1 1
v(t)S/ k1(t,S)[ZV1i/ km—i (s, Du(r) dt + yimu(s)
0 P 0
1
0

n—1
+ Zélj / kn—j(s, T)v(r)dt +81nv(s)] ds
j=1

m 1
52)/1,-/0 km—it1(t, s)u(s)ds
i=1
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Positive solutions for a system of generalized Lidstone problems 27

n 1

+ E 61]~/ kn_jy1(t, )v(s)ds. (3.21)
. 0
j=1

Multiply by ¢(¢) on both sides of the preceding inequalities and integrate over [0, 1]
and use (2.5) to obtain

1 m 1
/ pu(tyde <y Eay ! / @(yu(t)dt
0 0

i=1

n . 1
+ Zmﬂ'f—’“/o p(Hv(t)dt (3.22)
j=1

and

1 m 1
f pv()dr <Y yay ! f o(u(t) di

0 i=1 0
n . 1
+ s f e (1) dr, (3.23)
P 0
j=1

which can be written in the form

[ k1 _,Q] Jy pu)dr _ [0}
—K3 K4 f()l (p(t)v(t) dt (0|
Now (H2) implies

[f& (p(t)u(t)dt:| 1 [m Kz] [o] _ m
Jao@v@yde |~ x Lks k[0 0]
so that fol oOu(t)dt = fol @(t)v(t)dt =0 and therefore u = 0, v = 0. This proves
Mo = {0}, as claimed. As a result, we have
. v) # 1A, v),  (U,v) €92y, N(P x P), 0<i<l

and by Lemma 2.4

i(A, 09, N(Px P),PxP)=1. (3.24)
Combining (3.17) and (3.24) gives

(A, (QR\Qp) N (P x P),Px P)=0—1=—1.

Hence the operator A has at least one fixed point on (£2 R\ﬁm) N (P x P)and (1.1)
has at least one positive solution. This completes the proof. O
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28 J. Xu, Z. Yang

Theorem 3.2 If (H3) and (H4) hold, then (1.1) has at least one positive solution
(u, v) € (C?'[0, 1] x C?"[0,1]) N (P x P)\ {0}.

Proof 1Tt suffices to prove that (3.2) has at least one positive solution. Indeed, (H3)
implies
1

A1 0)(0) = / kit )
0

n—1 1
sz<Zﬂzj/O kn_,-(s,r)v(wdr+ﬂ2nv<s))ds (3.25)
j=1

and

m—1

1 1
Az(u,v)(t)Z/ kl(t,S)cn(Zazi/ km—i (s, Du(r)dr +azmu(S))ds
0 im1 0

(3.26)
for any (u,v) € P x P andt € [0, 1]. Let

Mz = {(u,v) = A, v) +A(@, @), (U,v) €0y, N(P x P), 0<Ar <1},
(3.27)

where p» = ry/K. We claim that M3 C {0}. Indeed, if (u, v) € M3, then (3.25) and
(3.26) imply

1 n—1 1
u = [ kl(f,S)P2<Zﬂ2j / knj<s,r)v<r>dr+ﬂznv(s)) ds (3.28)
j=1
and

1 m—1 1
v(t) > f ki(t, s)q2< Zagi f km—i(s, Du(r)dr +(x2mu(s)> ds. (3.29)
0 i=1 0

Now the same argument as used in deriving (3.11) can be used to show

1 n—l 1 1
u(r)z/o k1<r,s>pz(2ﬁz,-/0 knj<s,r>[/0 ki@ 6)
j=1

m—1 1
qu(zazi/o km—i(s, Ou(g)dg +azmu(§)> dg} dt
i=1

m—1

1 1
+:32n|:/(; k1(s,r)qz<2azj/0 km_i(r,g)u(g)dg+oezmu(r))deds
i=1

@ Springer



Positive solutions for a system of generalized Lidstone problems 29

1 n 1
- | k1<t,s)pz<2ﬁz,~fo koo 4105, 7)
=1

m—1 1
x qz( 3 ay fo ki (T, )u(s) ds + aZmu(r)>> dv
i=l

1 n 1 n i
> S o | b (3 pa
Jj=1F2, j=1

j=1

m—1 1
X q2<2 i /0 km—i (s, Du(t)dr + (xzmu(s))> ds
i=1

n 1

= Yoy [ i o) ds (330)
i=1 j=1

for every (u, v) € M3. Multiply by ¢(¢) on both sides of the above and integrate over
[0, 1] and use (2.5) to obtain

1 mon o 1
/ga(t)u(t)dtEZZaZiﬂzjkT+n_l_j+2/ ou@)dt,  (331)
0 0

i=1j=1
so that fol o (u(t)dt =0, whence u(t) = 0. By (3.28), we have

n—1

1 1
[ (t,S)Pz(Zﬁzj/O ke (s, DV(T) dT +,32nv(S)> ds <0,
j=1

and hence Pz(Z'};iﬂzj fol kn—j(s, t)v(r)dt + P2,v(s)) =0 and v(t) = 0 by
Lemma 2.5. This proves that M3 C {0}, as claimed. As a result, we have

(w,v) #Aw,v) + A1, 9), @,v)€dL,N(PxP), 0<i<1
and by Lemma 2.3

i(A,39,, N (P x P),Px P)=0. (3.32)

On the other hand, by (H4), we have for all (#,v) € P x P

1 m—1 1
A, o)) = fo k1<r,s>[2sz,- /0 (5, DU(D) T + Exut(5)
i=1

n—1 1
+> m; /0 kn—j(s, Dv(r)dt + nznv(s)} ds +Cs
j=1
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m 1
<Yoe [ ki) ds
i=1
n

1
+ 7)2]'/ kn—jr1(t,8)v(s)ds + Ce (3.33)
, 0
Jj=1

and

1 m—1 1
Aa(u, v)(1) < /0 k1<t,s)[2yz,~ /0 em—i (s, () dT + Y21 (s)
i=1

n—1

1
+) 8 / kn—j (s, T)v(v) dT + 52nv(s)] ds + Ce
0

1
+ 252.,/0 kn—j41(t, $)v(s) ds + Cé. (3.34)

Let
My = {(u,v) €P X P: (u,v) = hA(u,v), 0<i< 1}.

We claim that M4 is bounded. Indeed, if (u, v) € M4, then (3.33) and (3.34) imply

1 m—1 1
M(I)S/ kl(tvs)l:ZEZi/ kp—i (s, Du(r)dt + &u(s)
0 P 0
1
/ kn—j(s, )v(r)dt + 172nv(s)i| ds + Cq
0
1

n—1
+Z772j
j=1
m 1
<Y & /O i1 (6, $)us) ds
i=1
n
+Zn2,-/0 kn—j+1(t, $)v(s)ds + Cé (3.35)
j=1

and

m—1 1

1
v < [ kla,s)[Zni | it oy 4yt
0 ="
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n—1 1
+ 252,- f kn— j (s, T)v(T) d7 +82nv(s)] ds + Cg
0

/ ki1 (1, $)u(s) ds

1
0
1
62]-/ kn—j+1(t, s)v(s)ds + Ce. (3.36)
0

j=1
m
= Z V2i
i=1
n
+2
j=1

Multiply by ¢(¢) on both sides of the preceding inequalities and integrate over [0, 1]
and use (2.5) to obtain

1 m 1
/ pu(t)dt <Y &a) ! f (1 (t)dt
0 0

i=1

n ) 1
+ Z'mk'f*”]/ (t)v(t)dt + Ce (3.37)
; 0
j=1
and

1 m 1
/ () dr <Y yid ! f o(u(t) dt
0 0

i=1

n ) 1

+252,-A’}*f“/ @(tv(t)dt + Ce, (3.38)
; 0
j=1

which can be written in the form

[;a —/zz] Jo o@u()de <|:C6:|
& kL ffemvwdr [T LG

Jo p@u)dt <1[/z4 Ez}[%}
folw(t)v(t)dt ~ k| ks k1]]|Ce

Now (H4) implies

and thus

1 - 1 -
/¢<t>w>dz§wc6, /go(t)v(t)drs'“f“ca, Y, v) € My
0 K 0 K

Note that, by Lemma 2.1, (1, v) € My implies u € Py and v € Py. Therefore

K2 + K4 K1+k3
ull < Cé, vl < ———Cs
wK
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32 J. Xu, Z. Yang

for every (u, v) € M4. This proves the boundedness of My. Taking R > sup{|| (u, v)|| :
(u,v) € M4} and R > po, we have

(u,v) #AA(u, v), (u,v) €IQRN(P x P), 0<Ar<l
and by Lemma 2.4
i(A,0QrN(P x P),P x P)=1. (3.39)
We find from (3.32) and (3.39),
i(A, (QR\Qp) N(P x P),PxP)=1-0=1.

Hence the operator A has at least one fixed point on (€2 R\ﬁpz) N (P x P)and (1.1)
has at least one positive solution. This completes the proof. 0

Theorem 3.3 If (H1), (H3) and (H5) hold, then (1.1) has at least two positive so-
lutions (u1,v1) € (C**[0, 1] x C?*[0,1]) N (P x P)\ {0}, (u2, v2) € (C*"[0, 1] x
C?[0,1) N (P x P)\ {0}.

Proof By (HS), the following inequalities

A A
f(ty-X:’y)Ef(thsA""’A)<_7 g(t7x9y)§g(t’A7A""’A)<_7
1 1

hold for a.e. t € [0, 1] and all (x, y) € [0, A] x --- x [0, A]. Consequently,
LA

A(u,v)(@) < f —ki(t,s)ds <A, V(t,u,v) €[0,1] X 324,
0o M

and

1
A
Az(u,v)(t)</ —ki(t,s)ds <A, V(t,u,v)e€0,1] x Q4.
0o M

The preceding inequalities lead to
A, v)|| < |[(u,v)|l, V((u,v) €dQrN(P x P), (3.40)
and thus
(u,v) #rA,v), VYu,v)edQaN(PxP), 0<Ai<I.
Now Lemma 2.4 implies

i(A,QpaN(PxXP),PxP)=1. (3.41)
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Positive solutions for a system of generalized Lidstone problems 33

On the other hand, in view of (H1) and (H3), we may take a sufficiently large R > A
and a sufficiently small , € (0, A) so that (3.17) and (3.32) hold (see the proofs of
Theorems 3.1 and 3.2). The combination of (3.17), (3.32) and (3.41) then gives

i(A, (QR\QA)N(P X P),PxP)=0—1=—1,
and

i(A, (QA\ﬁrz) N(PxP),PxP)y=1—-0=1.
Hence A has at least two fixed points, one on £2 R\ﬁA N (P x P) and the other on

Qp \§r2 N (P x P). Therefore (1.1) has at least two positive solutions. This completes
the proof. g

4 Examples

In this section we offer three examples to illustrate our main results. In what follows
we assume that o; >0, 8; >0, & >0, n; >0 and Z?zl Bi>0,37",&>0.

Example 1 Let

m n o m n B
[, x,y) = (Zaixi + Zﬁm) . gl x,y) = (Z Exit Yy njyj) ;
i=1 j=1 i=1 j=1
where o > 1, B > 1. Obviously, both f and g grow superlinearly.
Claim (H1) and (H2) hold with p1(v) := v and q1(u) :=uP+TD/2,

Proof First, take k > 0'so that k2(Y7; ;A7 = F)(X_ B2 /) > 1, and ay; =
ka,',ﬂlj Zkﬂj (i= 1,...,m,j=1,...,n).Then

m
2 _i 1
>SS (L) (Z B ) =
i=1 j=1 i=1

This says the first inequality in (2) of (H1) holds. Next, notice

liminf fit,x, y) minf M =+00

Yo Brjyj—>+oo PI(Z] 1/311)71) P 1kﬁ;}1ﬁ+00 Z] 1k/3/y1
uniformly for ¢ € [0, 1] and (xy, ..., x,) € R%,

liminf M = liminf 80, %, y)
Sy anixi—+oo @1 (0L @1iXi) Y keixi—+oo (DL kajx;) BT/

=400

@ Springer



34 J. Xu, Z. Yang

uniformly for 7 € [0, 1] and (y1, ..., y,) € R%, and

n n
pl(Z'Blen—chh(z)) =Zk,3an_j+1Z(ﬂ+1)/2_) too

j=1 j=1

as z — +o00. The last three limits combined imply that there is a constant C > 0 such
that the remaining three inequalities in (2) of (H1) hold. Consequently (H1) holds
with p;(v) =v and g1 (u) = uB+D/2 a5 claimed. It is easy to verify that (H2) holds.
This completes the proof. g

With some necessary changes, Examples 2 and 3 below can be similarly verified
to satisfy their respective conditions claimed for them.

Example 2 Let

m n o m n B
ft.x,y):= (Zam +Zﬁjyj> s 8tx,y) = (Zéz‘xz' +Z'7jyj'> :
j=1 i=1 j=1

i=1

where 0 < @ < 1, 0 < B < 1. Obviously, both f and g grow sublinearly. Now (H3)
and (H4) hold with p;(v) := v and g (1) := uF+D/2,

Example 3 Let

m o n B
ft,x,y):= ln<<2aix,~) + (Zﬂjyj) + 1),
j=1

i=1

m 20 n 2B
gt,x,y) = exx)((Zéixi) + (Z n,;yj) ) -1,
i=1 j=1

where « > 1, 8 > 1. Obviously, f grows sublinearly at +o00, whereas g grows su-
perlinearly at +o00. Now (H1) and (H2) hold with p;(v) = In(1 4 v) and q; (1) =
exp(uz) — 1.
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