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Abstract In this paper, we study the existence and multiplicity of positive solutions
for the system of the generalized Lidstone problems
⎧
⎪⎪⎨

⎪⎪⎩

(−1)mx(2m) = f (t, x,−x′′, . . . , (−1)m−1x(2m−2), y,−y′′, . . . , (−1)n−1y(2n−2)),

(−1)ny(2n) = g(t, x,−x′′, . . . , (−1)m−1x(2m−2), y,−y′′, . . . , (−1)n−1y(2n−2)),

ax(2i)(0) − bx(2i+1)(0) = cx(2i)(1) + dx(2i+1)(1) = 0 (i = 0,1, . . . ,m − 1),

ay(2j)(0) − by(2j+1)(0) = cy(2j)(1) + dy(2j+1)(1) = 0 (j = 0,1, . . . , n − 1).

We use fixed point index theory to establish our main results based on a priori esti-
mates achieved by utilizing some properties of concave functions, so that the nonlin-
earities f and g are allowed to grow in distinct manners, with one of them growing
superlinearly and the other growing sublinearly.
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1 Introduction

In this paper we study the existence and multiplicity of positive solutions for the
system of the generalized Lidstone problems

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(−1)mx(2m) = f (t, x,−x′′, . . . , (−1)m−1x(2m−2), y,−y′′, . . . , (−1)n−1y(2n−2)),

(−1)ny(2n) = g(t, x,−x′′, . . . , (−1)m−1x(2m−2), y,−y′′, . . . , (−1)n−1y(2n−2)),

ax(2i)(0) − bx(2i+1)(0) = cx(2i)(1) + dx(2i+1)(1) = 0 (i = 0,1, . . . ,m − 1),

ay(2j)(0) − by(2j+1)(0) = cy(2j)(1) + dy(2j+1)(1) = 0 (j = 0,1, . . . , n − 1),

(1.1)

where m ≥ 1, n ≥ 1, f,g ∈ C([0,1] × R
m+n+ ,R+) (R+ := [0,+∞)), a, b, c, d ∈ R+

with ac + ad + bc > 0. Here, by a positive solution (1.1) we mean a pair of
nonnegative functions (u, v) ∈ C2m[0,1] × C2n[0,1] that solve (1.1) and satisfy
(u, v) �≡ (0,0).

The so-called Lidstone problem

{
(−1)nx(2n) = f (t, x,−x′′, . . . , (−1)n−1x(2n−2)),

x(2i)(0) = x(2i)(1) = 0 (i = 0,1, . . . , n − 1),
(1.2)

arises in many different areas of applied mathematics and physics, and has been ex-
tensively studied in recent years; for more details, we refer the reader to [3–6, 8, 19,
23, 26] and references cited therein. In [26], Yang studied the existence and unique-
ness of positive solutions for the generalized Lidstone problem

⎧
⎪⎨

⎪⎩

(−1)nu(2n) = f (t, u,−u′′, . . . , (−1)n−1u(2n−2)),

au(2i)(0) − bu(2i+1)(0) = 0 (i = 0,1, . . . , n − 1),

cu(2i)(1) + du(2i+1)(1) = 0 (i = 0,1, . . . , n − 1),

(1.3)

where a, b, c, d are as in (1.1) and f ∈ C([0,1]×R
n+,R+). The main results obtained

in [26] are formulated in terms of spectral radii of some associated linear integral
operators and thus can be viewed as extensions of corresponding sharp results for the
case n = 1 due to Liu et al. [17].

The existence of positive solutions for systems of nonlinear differential equations
have been studied by many authors; see, for instance, [1, 2, 7, 10–12, 15–18, 20–22,
24, 27], to cite a few. In [16], Li et al. discussed, using Krasnoselskii’s fixed point
theorem, the existence and multiplicity of positive solutions for the system of third-
order three-point boundary value problems

⎧
⎪⎪⎨

⎪⎪⎩

−u′′′ = a(t)f (t, v),

−v′′′ = b(t)h(t, u),

u(0) = u′(0) = 0, u′(1) = αu′(η),

v(0) = v′(0) = 0, v′(1) = αv′(η).

(1.4)

In recent years, the existence question of positive radial solutions to boundary value
problems for nonlinear elliptic partial differential equations or nonlinear elliptic sys-
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tems have also attracted considerable attention. In [7], D.R. Dunninger et al. consid-
ered the existence of positive radial solutions for the elliptic system

�u + λk1(|x|)f (u, v) = 0, R1 < |x| < R2,

�v + λk2(|x|)g(u, v) = 0, R1 < |x| < R2,
(1.5)

with the boundary conditions

α1u + β1
∂u

∂n
= α2v + β2

∂v

∂n
= 0, |x| = R1,

γ1u + δ1
∂u

∂n
= γ2v + δ2

∂v

∂n
= 0, |x| = R2.

(1.6)

Based on the strong maximum principle, the authors obtained, under some suitable
conditions, that there exists a positive number λ∗ such that (1.5) and (1.6) admits two
positive radial solutions for 0 < λ < λ∗, one positive radial solution for λ = λ∗, and
no positive radial solution for λ > λ∗.

Note that the orders 2m and 2n in (1.1) may be different. Such problems can be
encountered in applied sciences (see, for example, [15]). In [18], Lü et al. considered
the existence of multiple positive solutions for coupled singular differential ordinary
equations

u(4) = f (t, v), −v′′ = g(t, u), t ∈ (0,1) (1.7)

subject to the following boundary value conditions:

u(0) = u(1) = u′′(0) = u′′(1) = v(0) = v(1) = 0,

where f,g ∈ C((0,1) × R+,R+). Su et al. considered a system of multi-point sin-
gular boundary value problems with possibly different orders, see [21]. Wei et al.
discussed the existence of positive solutions of coupled boundary value problems for
nonlinear ordinary differential equations, with one being of fourth order and the other
being of second order, see [24].

However, the existence problem of positive solutions for systems of generalized
Lidstone problems has not been extensively studied yet. To the best of our knowl-
edge, only [13] is devoted to this direction. Our main difficulty here comes from the
presence of derivatives of all even orders in the nonlinearities f and g in (1.1). To
overcome this difficulty, as in [26], we first use the method of order reduction to
transform (1.1) into an equivalent system of integro-integral equations, then prove
the existence and multiplicity of positive solutions for the resulting system under ap-
propriate conditions, thereby establishing our main results for (1.1). It is of interest
to note that our nonlinearities f and g may grow both superlinearly and both sublin-
early, and, more importantly, f and g are also allowed to grow in distinct manners,
that is, one of them grows superlinearly and the other grows sublinearly. The main
tool used in the proofs is fixed point index theory, combined with the a priori esti-
mates of positive solutions. Our main results are formulated in terms of spectral radii
of some related linear integral operators, and our a priori estimates for positive so-
lutions are derived by developing some properties of positive concave functions and
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using Jensen’s inequality. This, together with the fact that our nonlinearities may be
of distinct growth, means that our methodology and main results here are entirely
different from those in [18, 21, 24].

This paper is organized as follows. Section contains some preliminary results, in-
cluding some basic facts recalled from [26]. The main results, namely Theorems 3.1–
3.3, are stated and proved in Sect. 3. Finally, in Sect. 4, some examples are offered to
illustrate our main results.

2 Preliminaries

Let

E := C([0,1],R), ‖u‖ := max
t∈[0,1]

|u(t)|, P := {u ∈ E: u(t) ≥ 0, ∀t ∈ [0,1]}.

Clearly, (E,‖ · ‖) is a real Banach space and P is a solid cone (see [14, p. 193]) on E.
Let ρ := ac + ad + bc > 0. It is easy to see that for any f ∈ E, u ∈ C2[0,1] solves
the boundary value problem

⎧
⎨

⎩

−u′′ = f (t),

au(0) − bu′(0) = 0,

cu(1) + du′(1) = 0,

if and only if u ∈ E can be represented by

u(t) =
∫ 1

0
k1(t, s)f (s) ds,

where

k1(t, s) := 1

ρ

{
(b + as)(c + d − ct), 0 ≤ s ≤ t ≤ 1,

(b + at)(c + d − cs), 0 ≤ t ≤ s ≤ 1.
(2.1)

Define the completely continuous linear operators L :E → E by

(Lu)(t) :=
∫ 1

0
k1(t, s)u(s) ds, u ∈ E. (2.2)

Then L is also a positive operator, i.e. L(P ) ⊂ P . Let

ki(t, s) :=
∫ 1

0
k1(t, τ )ki−1(τ, s) dτ (i = 2, . . .). (2.3)

It is easy to see that

(Liu)(t) :=
∫ 1

0
ki(t, s)u(s) ds, u ∈ E



Positive solutions for a system of generalized Lidstone problems 17

for i = 1,2, . . . , n. Moreover, L has the spectral radius r(L) > 0, whence r(Li) =
ri(L) > 0 for each positive integer i. Let λ1 > 0 be the first eigenvalue and ϕ ∈
C2[0,1] ∩ P the associated eigenfunction of

⎧
⎨

⎩

−u′′ = λu,

au(0) − bu′(0) = 0,

cu(1) + du′(1) = 0,

with
∫ 1

0 ϕ(t) dt = 1, which can be written in the form

ϕ(t) = λ1

∫ 1

0
k1(t, s)ϕ(s) ds = λ1(Lϕ)(t). (2.4)

Therefore λ1 = 1/r(L). Moreover, the symmetry of k1(t, s) implies that

ϕ(s) = λi
1

∫ 1

0
ki(t, s)ϕ(t) dt = λi

1(L
iϕ)(s) (2.5)

for i = 1,2, . . . .

Lemma 2.1 (See [25, Lemma 2]) Let k1 be defined by (2.1) and

h(t) := 1

M
min{a + bt, c + d − ct}, (2.6)

where M := max{a + b, c + d}. Then

k1(t, s) ≥ h(t)k1(τ, s), ∀t, s, τ ∈ [0,1]. (2.7)

Let h be given by (2.6) and ϕ by (2.4). Put ω := ∫ 1
0 h(t)ϕ(t) dt > 0 and

P0 :=
{

u ∈ P :
∫ 1

0
ϕ(t)u(t) dt ≥ ω‖u‖

}

. (2.8)

Clearly, P0 is also a cone on E.

Lemma 2.2 (See [27]). L(P ) ⊂ P0.

Lemma 2.3 (See [9]) Suppose � ⊂ E is a bounded open set, A :� ∩ P → P is a
completely continuous operator. If there exists u0 ∈ P \ {0} such that u − Au �= λu0

for all u ∈ ∂� ∩ P and λ ≥ 0, then i(A,� ∩ P,P ) = 0 where i indicates the fixed
point index on P .

Lemma 2.4 (See [9]) Let � ∈ E be a bounded open set with 0 ∈ �. Suppose A :� ∩
P → P is a completely continuous operator. If u �= λAu for all u ∈ ∂� ∩ P and
0 ≤ λ ≤ 1, then i(A,� ∩ P,P ) = 1.
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Lemma 2.5 If p : R+ → R+ is concave, then p is nondecreasing. In addition, if there
exist 0 ≤ x1 < x2 such that p(x1) = p(x2), then

p(x) ≡ p(x1) = p(x2), ∀x ≥ x1. (2.9)

Moreover, the following inequality holds:

p(a + b) ≤ p(a) + p(b), ∀a, b ∈ R+. (2.10)

Proof For any x2 > x1 ≥ 0, the concavity of p implies

p(x) ≤ p(x2) + p(x2) − p(x1)

x2 − x1
(x − x2) (2.11)

for all x > x2 and thus p(x1) ≤ p(x2) by nonnegativity of p. In addition, if p(x1) =
p(x2), then (2.9) holds, as is seen from (2.11). The proof of (2.10) can be found in
[27, Lemma 5]. This completes the proof. �

3 Existence and multiplicity of positive solutions

Let u(t) = (−1)m−1x(2m−2), v(t) = (−1)n−1y(2n−2). It is easy to see that (1.1) is
equivalent to the system of integro-ordinary differential equations

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−u′′(t) = f
(

t,
∫ 1

0 km−1(t, s)u(s) ds, . . . ,
∫ 1

0 k1(t, s)u(s) ds,u(t),
∫ 1

0 kn−1(t, s)v(s) ds, . . . ,
∫ 1

0 k1(t, s)v(s) ds, v(t)
)
,

−v′′(t) = g
(

t,
∫ 1

0 km−1(t, s)u(s) ds, . . . ,
∫ 1

0 k1(t, s)u(s) ds,u(t),
∫ 1

0 kn−1(t, s)v(s) ds, . . . ,
∫ 1

0 k1(t, s)v(s) ds, v(t)
)
,

(3.1)

subject to the boundary conditions

au(0) − bu′(0) = cu(1) + du′(1) = 0, av(0) − bv′(0) = cv(1) + dv′(1) = 0.

Furthermore, the above system can be written in the form

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u(t) = ∫ 1
0 k1(t, s)f

(
s,

∫ 1
0 km−1(s, τ )u(τ) dτ, . . . ,

∫ 1
0 k1(s, τ )u(τ) dτ,u(s),

∫ 1
0 kn−1(s, τ )v(τ ) dτ, . . . ,

∫ 1
0 k1(s, τ )v(τ ) dτ, v(s)

)
ds,

v(t) = ∫ 1
0 k1(t, s)g

(
s,

∫ 1
0 km−1(s, τ )u(τ) dτ, . . . ,

∫ 1
0 k1(s, τ )u(τ) dτ,u(s),

∫ 1
0 kn−1(s, τ )v(τ ) dτ, . . . ,

∫ 1
0 k1(s, τ )v(τ ) dτ, v(s)

)
ds.

(3.2)

Define the operators Ai (i = 1,2) :P → P and A :P × P → P × P by
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A1(u, v)(t)

=
∫ 1

0
k1(t, s)f

(

s,

∫ 1

0
km−1(s, τ )u(τ) dτ, . . . ,

∫ 1

0
k1(s, τ )u(τ) dτ,u(s),

∫ 1

0
kn−1(s, τ )v(τ ) dτ, . . . ,

∫ 1

0
k1(s, τ )v(τ ) dτ, v(s)

)

ds,

A2(u, v)(t)

=
∫ 1

0
k1(t, s)g

(

s,

∫ 1

0
km−1(s, τ )u(τ) dτ, . . . ,

∫ 1

0
k1(s, τ )u(τ) dτ,u(s),

∫ 1

0
kn−1(s, τ )v(τ ) dτ, . . . ,

∫ 1

0
k1(s, τ )v(τ ) dτ, v(s)

)

ds,

A(u, v)(t) = (A1(u, v)(t),A2(u, v)(t)).

Now f ∈ C([0,1] × R
m+n+ ,R+) and g ∈ C([0,1] × R

m+n+ ,R+) imply that Ai and A

are completely continuous operators, and the existence of positive solutions for (3.2)
is equivalent to that of positive fixed points of A. Let

F1(u, v)(s) = f

(

s,

∫ 1

0
km−1(s, τ )u(τ) dτ, . . . ,

∫ 1

0
k1(s, τ )u(τ) dτ,u(s),

∫ 1

0
kn−1(s, τ )v(τ ) dτ, . . . ,

∫ 1

0
k1(s, τ )v(τ ) dτ, v(s)

)

,

F2(u, v)(s) = g

(

s,

∫ 1

0
km−1(s, τ )u(τ) dτ, . . . ,

∫ 1

0
k1(s, τ )u(τ) dτ,u(s),

∫ 1

0
kn−1(s, τ )v(τ ) dτ, . . . ,

∫ 1

0
k1(s, τ )v(τ ) dτ, v(s)

)

.

Then Fi :P → P (i = 1,2) are continuous and bounded. Since

Ai(u, v)(t) =
∫ 1

0
k1(t, s)(Fi(u, v))(s) ds = (LFi(u, v))(t), i = 1,2,

it follows, by Lemma 2.2, that Ai(P ) ⊂ P0. Let N := max{k1(t, s): 0 ≤ t, s ≤ 1} > 0
and K := max{Ni : i = 0,1, . . . , n − 1} > 0. Clearly, ki(t, s) ≤ Ni for any 0 ≤ t ,
s ≤ 1 and i = 1,2, . . . , n.

For the reason of notational brevity, we denote by x := (x1, x2, . . . , xm) ∈ R
m+ and

y := (y1, y2, . . . , yn) ∈ R
n+. We now list our hypotheses.

(H1) There exist p1 ∈ C(R+,R+) and q1 ∈ C(R+,R+) such that
(1) p1 is concave on R+,
(2) there exist α1i ≥ 0, β1j ≥ 0 (i = 1,2, . . . ,m, j = 1,2, . . . , n) and C > 0 such

that

m∑

i=1

n∑

j=1

α1iβ1j λ
m+n−i−j+2
1 > 1,



20 J. Xu, Z. Yang

f (t, x, y) ≥ p1

( n∑

j=1

β1j yj

)

− C, ∀(t, x, y) ∈ [0,1] × R
m+n+ ,

g(t, x, y) ≥ q1

( m∑

i=1

α1ixi

)

− C, ∀(t, x, y) ∈ [0,1] × R
m+n+ ,

and

p1

( n∑

j=1

β1jN
n−j+1q1(z)

)

≥
n∑

j=1

β1jN
n−j+1z − C, ∀z ∈ R+.

(H2) There exist ξ1i ≥ 0, η1j ≥ 0, γ1i ≥ 0, δ1j ≥ 0 (i = 1,2, . . . ,m, j =
1,2, . . . , n) and r1 > 0 such that

f (t, x, y) ≤
m∑

i=1

ξ1ixi +
n∑

j=1

η1j yj , ∀(t, x, y) ∈ [0,1] × [0, r1] × · · · × [0, r1]︸ ︷︷ ︸
n+m

,

g(t, x, y) ≤
m∑

i=1

γ1ixi +
n∑

j=1

δ1j yj , ∀(t, x, y) ∈ [0,1] × [0, r1] × · · · × [0, r1]︸ ︷︷ ︸
n+m

,

and

κ1 > 0, κ4 > 0, κ := κ1κ4 − κ2κ3 > 0,

where

κ1 := 1 −
m∑

i=1

ξ1iλ
m−i+1
1 , κ2 :=

n∑

j=1

η1j λ
n−j+1
1 ,

κ3 :=
m∑

i=1

γ1iλ
m−i+1
1 , κ4 := 1 −

n∑

j=1

δ1j λ
n−j+1
1 .

(H3) There exist p2 ∈ C(R+,R+) and q2 ∈ C(R+,R+) such that
(1) p2 is concave on R+,
(2) there exist α2i ≥ 0, β2j ≥ 0 (i = 1,2, . . . ,m, j = 1,2, . . . , n) and r2 > 0 such

that
m∑

i=1

n∑

j=1

α2iβ2j λ
m+n−i−j+2
1 > 1,

f (t, x, y) ≥ p2

( n∑

j=1

β2j yj

)

, ∀(t, x, y) ∈ [0,1] × [0, r2] × · · · × [0, r2]︸ ︷︷ ︸
n

,

g(t, x, y) ≥ q2

( m∑

i=1

α2ixi

)

, ∀(t, x, y) ∈ [0,1] × [0, r2] × · · · × [0, r2]︸ ︷︷ ︸
m

,
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and

p2

( n∑

j=1

β2jN
n−j+1q2(z)

)

≥
n∑

j=1

β2jN
n−j+1z, ∀z ∈ [0, r2].

(H4) There exist ξ2i ≥ 0, η2j ≥ 0, γ2i ≥ 0, δ2j ≥ 0 (i = 1,2, . . . ,m, j =
1,2, . . . , n) and C > 0 such that

f (t, x, y) ≤
m∑

i=1

ξ2ixi +
n∑

j=1

η2j yj + C, ∀(t, x, y) ∈ [0,1] × R
m+n+ ,

g(t, x, y) ≤
m∑

i=1

γ2ixi +
n∑

j=1

δ2j yj + C, ∀(t, x, y) ∈ [0,1] × R
m+n+ ,

and

κ̃1 > 0, κ̃4 > 0, κ̃ := κ̃1κ̃4 − κ̃2κ̃3 > 0,

where

κ̃1 := 1 −
m∑

i=1

ξ2iλ
m−i+1
1 , κ̃2 :=

n∑

j=1

η2j λ
n−j+1
1 ,

κ̃3 :=
m∑

i=1

γ2iλ
m−i+1
1 , κ̃4 := 1 −

n∑

j=1

δ2j λ
n−j+1
1 .

(H5) f (t, x, y) and g(t, x, y) are nondecreasing in xi (i = 1,2, . . . ,m) and yj

(j = 1,2, . . . , n), and there exists � > 0 such that

f (t,�,�, . . . ,�) <
�

μ
, g(t,�,�, . . . ,�) <

�

μ
, ∀t ∈ [0,1],

where μ := maxt∈[0,1]
∫ 1

0 k1(t, s) ds > 0.
As noted in Sect. 2, λ1 = 1/r(L). We adopt the convention in the sequel that

C1,C2, . . . stand for different positive constants.

Theorem 3.1 If (H1) and (H2) hold, then (1.1) has at least one positive solution
(u, v) ∈ (C2n[0,1] × C2n[0,1]) ∩ (P × P) \ {0}.

Proof It suffices to prove that (3.2) has at least one positive solution. Indeed, by (H1)
we have for any (u, v) ∈ P × P and t ∈ [0,1]

A1(u, v)(t) ≥
∫ 1

0
k1(t, s)p1

( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β1nv(s)

)

ds − C1

(3.3)
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and

A2(u, v)(t) ≥
∫ 1

0
k1(t, s)q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (s, τ )u(τ ) dτ + α1mu(s)

)

ds − C1.

(3.4)

We claim that the set

M1 :=
{
(u, v) ∈ P × P : (u, v) = A(u,v) + λ(ϕ,ϕ),λ ≥ 0

}

is bounded in P × P , where ϕ is determined by (2.4). Indeed, (u, v) ∈ M1 implies
u(t) ≥ A1(u, v)(t) and v(t) ≥ A2(u, v)(t). By (3.3) and (3.4), we have

u(t) ≥
∫ 1

0
k1(t, s)p1

( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β1nv(s)

)

ds − C1 (3.5)

and

v(t) ≥
∫ 1

0
k1(t, s)q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (s, τ )u(τ ) dτ + α1mu(s)

)

ds − C1. (3.6)

Note that p1 : R+ → R+ is concave and
∑n

j=1 β1j kn−j+1(s, τ )/(
∑n

j=1 β1jN
n−j+1)

∈ [0,1] holds for every (s, τ ) ∈ [0,1] × [0,1]. As a result, we have

p1

(∑n
j=1 β1j kn−j+1(s, τ )
∑n

j=1 β1jNn−j+1
z

)

≥
∑n

j=1 β1j kn−j+1(s, τ )
∑n

j=1 β1jNn−j+1
p1(z) (3.7)

for all z ∈ R+ and s, τ [0,1]. Now (3.5), (3.6) and (3.7), together with Jensen’s in-
equality, imply

p1

( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )(v(τ ) + C1) dτ + β1n(v(s) + C1)

)

≥ p1

( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )

[∫ 1

0
k1(τ, ς)

× q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (ς, ζ )u(ζ ) dζ + α1mu(ς)

)

dς

]

dτ

+ β1n

∫ 1

0
k1(s, τ )q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (τ, ς)u(ς)dς + α1mu(τ)

)

dτ

)

≥ p1

( n∑

j=1

β1j

∫ 1

0
kn−j+1(s, τ )
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× q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (τ, ς)u(ς)dς + α1mu(τ)

)

dτ

)

≥ 1
∑n

j=1 β1jNn−j+1

n∑

j=1

β1j

∫ 1

0
kn−j+1(s, τ )p1

( n∑

j=1

β1jN
n−j+1q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (τ, ς)u(ς)dς

+ α1mu(τ)

))

dτ (3.8)

for every (u, v) ∈ M1. So Lemma 2.5 implies

p1

( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β1nv(s)

)

≥ p1

( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )(v(τ ) + C1) dτ + β1n(v(s) + C1)

)

− p1

(

C1

n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ ) dτ + C1β1n

)

≥ 1
∑n

j=1 β1jNn−j+1

n∑

j=1

β1j

∫ 1

0
kn−j+1(s, τ )p1

( n∑

j=1

β1jN
n−j+1

× q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (τ, ς)u(ς)dς + α1mu(τ)

))

dτ − C2 (3.9)

for every (u, v) ∈ M1. In view of (3.5), we have for every (u, v) ∈ M1

u(t) ≥
∫ 1

0
k1(t, s)

[
1

∑n
j=1 β1jNn−j+1

n∑

j=1

β1j

∫ 1

0
kn−j+1(s, τ )p1

( n∑

j=1

β1jN
n−j+1

× q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (τ, ς)u(ς)dς + α1mu(τ)

))

dτ − C2

]

ds − C1

≥ 1
∑n

j=1 β1jNn−j+1

n∑

j=1

β1j

∫ 1

0
kn−j+2(t, τ )p1

( n∑

j=1

β1jN
n−j+1

× q1

(m−1∑

i=1

α1i

∫ 1

0
km−i (τ, ς)u(ς)dς + α1mu(τ)

))

dτ − C3. (3.10)
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Now (H1) implies

u(t) ≥ 1
∑n

j=1 β1jNn−j+1

n∑

j=1

β1j

∫ 1

0
kn−j+2(t, τ )

( n∑

j=1

β1jN
n−j+1

×
(m−1∑

i=1

α1i

∫ 1

0
km−i (τ, ς)u(ς)dς + α1mu(τ)

)

− C

)

dτ − C3

≥
m∑

i=1

n∑

j=1

α1iβ1j

∫ 1

0
km+n−i−j+2(t, s)u(s) ds − C4. (3.11)

Multiply by ϕ(t) on both sides of the above and integrate over [0,1] and use (2.5) to
obtain

∫ 1

0
ϕ(t)u(t) dt ≥

m∑

i=1

n∑

j=1

α1iβ1j λ
m+n−i−j+2
1

∫ 1

0
ϕ(t)u(t) dt − C4. (3.12)

Consequently,

∫ 1

0
ϕ(t)u(t) dt ≤ C4

∑m
i=1

∑n
j=1 α1iβ1j λ

m+n−i−j+2
1 − 1

(3.13)

for every (u, v) ∈ M1. Note that, by Lemma 2.1, (u, v) ∈ M1 implies u ∈ P0 and
v ∈ P0. We then have for every (u, v) ∈ M1

‖u‖ ≤ C4
∑m

i=1
∑n

j=1 ωα1iβ1j λ
m+n−i−j+2
1 − ω

. (3.14)

Without loss of generality, we may assume v �≡ 0 for each (u, v) ∈ M1. Note
∫ 1

0 ϕ(t) dt = 1. By (3.5) and (2.5), we obtain

‖u‖ ≥
∫ 1

0
ϕ(t)u(t) dt

≥
∫ 1

0
ϕ(t)

(∫ 1

0
k1(t, s)

× p1

( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β1nv(s)

)

ds − C1

)

dt

≥
∫ 1

0
ϕ(t)

×
(∫ 1

0
k1(t, s)p1

(n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β1nv(s)

)

ds

)

dt − C1
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≥ p1(
∑n

j=1 β1jN
n−j‖v‖)

∑n
j=1 β1jNn−j‖v‖

∫ 1

0
ϕ(t)

(∫ 1

0
k1(t, s)

×
( n−1∑

j=1

β1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β1nv(s)

)

ds

)

dt − C1

= p1(
∑n

j=1 β1jN
n−j‖v‖)

∑n
j=1 β1jNn−j‖v‖

n∑

j=1

β1j λ
n−j+1
1

∫ 1

0
ϕ(t)v(t) dt − C1

≥ p1(
∑n

j=1 β1jN
n−j‖v‖)

∑n
j=1 β1jNn−j

n∑

j=1

ωβ1j λ
n−j+1
1 − C1. (3.15)

Therefore,

p1

( n∑

j=1

β1jN
n−j‖v‖

)

≤
∑n

j=1 β1jN
n−j (‖u‖ + C1)

∑n
j=1 ωβ1j λ

n−j+1
1

,

for all (u, v) ∈ M1. By (H1) we have limz→+∞ p(z) = +∞, and thus there exists
C5 > 0 such that

‖v‖ ≤ C5. (3.16)

We find from (3.14) and (3.16) that M1 is bounded. Taking R > sup{‖(u, v)‖: (u, v)

∈ M1}, we have

(u, v) �= A(u,v) + λ(ϕ,ϕ), ∀(u, v) ∈ ∂�R ∩ (P × P), λ ≥ 0.

Now Lemma 2.3 yields

i(A,�R ∩ (P × P),P × P) = 0. (3.17)

Let ρ1 := r1/K and

M2 :=
{
(u, v) = λA(u, v): (u, v) ∈ ∂�ρ1 ∩ (P × P), 0 ≤ λ ≤ 1

}
.

We claim M2 = {0}. Indeed, by (H2), we have for all (u, v) ∈ �ρ1 ∩ (P × P) and
t ∈ [0,1]

A1(u, v)(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

ξ1i

∫ 1

0
km−i (s, τ )u(τ ) dτ + ξ1mu(s)

+
n−1∑

j=1

η1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + η1nv(s)

]

ds

≤
m∑

i=1

ξ1i

∫ 1

0
km−i+1(t, s)u(s) ds
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+
n∑

j=1

η1j

∫ 1

0
kn−j+1(t, s)v(s) ds, (3.18)

and

A2(u, v)(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

γ1i

∫ 1

0
km−i (s, τ )u(τ ) dτ + γ1mu(s)

+
n−1∑

j=1

δ1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + δ1nv(s)

]

ds

≤
m∑

i=1

γ1i

∫ 1

0
km−i+1(t, s)u(s) ds

+
n∑

j=1

δ1j

∫ 1

0
kn−j+1(t, s)v(s) ds. (3.19)

If (u, v) ∈ M2, then (3.18) and (3.19) imply

u(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

ξ1i

∫ 1

0
km−i (s, τ )u(τ ) dτ + ξ1mu(s)

+
n−1∑

j=1

η1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + η1nv(s)

]

ds

≤
m∑

i=1

ξ1i

∫ 1

0
km−i+1(t, s)u(s) ds

+
n∑

j=1

η1j

∫ 1

0
kn−j+1(t, s)v(s) ds (3.20)

and

v(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

γ1i

∫ 1

0
km−i (s, τ )u(τ ) dτ + γ1mu(s)

+
n−1∑

j=1

δ1j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + δ1nv(s)

]

ds

≤
m∑

i=1

γ1i

∫ 1

0
km−i+1(t, s)u(s) ds
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+
n∑

j=1

δ1j

∫ 1

0
kn−j+1(t, s)v(s) ds. (3.21)

Multiply by ϕ(t) on both sides of the preceding inequalities and integrate over [0,1]
and use (2.5) to obtain

∫ 1

0
ϕ(t)u(t) dt ≤

m∑

i=1

ξ1iλ
m−i+1
1

∫ 1

0
ϕ(t)u(t) dt

+
n∑

j=1

η1j λ
n−j+1
1

∫ 1

0
ϕ(t)v(t) dt (3.22)

and

∫ 1

0
ϕ(t)v(t) dt ≤

m∑

i=1

γ1iλ
m−i+1
1

∫ 1

0
ϕ(t)u(t) dt

+
n∑

j=1

δ1j λ
n−j+1
1

∫ 1

0
ϕ(t)v(t) dt, (3.23)

which can be written in the form

[
κ1 −κ2

−κ3 κ4

][∫ 1
0 ϕ(t)u(t) dt

∫ 1
0 ϕ(t)v(t) dt

]

≤
[

0
0

]

.

Now (H2) implies

[∫ 1
0 ϕ(t)u(t) dt

∫ 1
0 ϕ(t)v(t) dt

]

≤ 1

κ

[
κ4 κ2
κ3 κ1

][
0
0

]

=
[

0
0

]

,

so that
∫ 1

0 ϕ(t)u(t) dt = ∫ 1
0 ϕ(t)v(t) dt = 0 and therefore u ≡ 0, v ≡ 0. This proves

M2 = {0}, as claimed. As a result, we have

(u, v) �= λA(u, v), (u, v) ∈ ∂�ρ1 ∩ (P × P), 0 ≤ λ ≤ 1

and by Lemma 2.4

i(A, ∂�ρ1 ∩ (P × P),P × P) = 1. (3.24)

Combining (3.17) and (3.24) gives

i(A, (�R\�ρ1) ∩ (P × P),P × P) = 0 − 1 = −1.

Hence the operator A has at least one fixed point on (�R\�ρ1) ∩ (P × P) and (1.1)
has at least one positive solution. This completes the proof. �
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Theorem 3.2 If (H3) and (H4) hold, then (1.1) has at least one positive solution
(u, v) ∈ (C2n[0,1] × C2n[0,1]) ∩ (P × P) \ {0}.

Proof It suffices to prove that (3.2) has at least one positive solution. Indeed, (H3)
implies

A1(u, v)(t) ≥
∫ 1

0
k1(t, s)

× p2

( n−1∑

j=1

β2j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β2nv(s)

)

ds (3.25)

and

A2(u, v)(t) ≥
∫ 1

0
k1(t, s)q2

(m−1∑

i=1

α2i

∫ 1

0
km−i (s, τ )u(τ ) dτ + α2mu(s)

)

ds

(3.26)

for any (u, v) ∈ P × P and t ∈ [0,1]. Let

M3 := {(u, v) = A(u,v) + λ(ϕ,ϕ), (u, v) ∈ ∂�ρ2 ∩ (P × P), 0 ≤ λ ≤ 1},
(3.27)

where ρ2 = r2/K . We claim that M3 ⊂ {0}. Indeed, if (u, v) ∈ M3, then (3.25) and
(3.26) imply

u(t) ≥
∫ 1

0
k1(t, s)p2

( n−1∑

j=1

β2j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β2nv(s)

)

ds (3.28)

and

v(t) ≥
∫ 1

0
k1(t, s)q2

(m−1∑

i=1

α2i

∫ 1

0
km−i (s, τ )u(τ ) dτ + α2mu(s)

)

ds. (3.29)

Now the same argument as used in deriving (3.11) can be used to show

u(t) ≥
∫ 1

0
k1(t, s)p2

( n−1∑

j=1

β2j

∫ 1

0
kn−j (s, τ )

[∫ 1

0
k1(τ, ς)

× q2

(m−1∑

i=1

α2i

∫ 1

0
km−i (ς, ζ )u(ζ ) dζ + α2mu(ς)

)

dς

]

dτ

+ β2n

[∫ 1

0
k1(s, τ )q2

(m−1∑

i=1

α2j

∫ 1

0
km−i (τ, ς)u(ς)dς + α2mu(τ)

)

dτ

])

ds
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≥
∫ 1

0
k1(t, s)p2

( n∑

j=1

β2j

∫ 1

0
kn−j+1(s, τ )

× q2

(m−1∑

i=1

α2j

∫ 1

0
km−i (τ, ς)u(ς)dς + α2mu(τ)

))

dτ

≥ 1
∑n

j=1 β2jNn−j+1

n∑

j=1

β2j

∫ 1

0
kn−j+2(t, s)p2

( n∑

j=1

β2jN
n−j+1

× q2

(m−1∑

i=1

α2i

∫ 1

0
km−i (s, τ )u(τ ) dτ + α2mu(s)

))

ds

≥
m∑

i=1

n∑

j=1

α2iβ2j

∫ 1

0
km+n−i−j+2(t, s)u(s) ds (3.30)

for every (u, v) ∈ M3. Multiply by ϕ(t) on both sides of the above and integrate over
[0,1] and use (2.5) to obtain

∫ 1

0
ϕ(t)u(t) dt ≥

m∑

i=1

n∑

j=1

α2iβ2j λ
m+n−i−j+2
1

∫ 1

0
ϕ(t)u(t) dt, (3.31)

so that
∫ 1

0 ϕ(t)u(t) dt = 0, whence u(t) ≡ 0. By (3.28), we have

∫ 1

0
k1(t, s)p2

( n−1∑

j=1

β2j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + β2nv(s)

)

ds ≤ 0,

and hence p2(
∑n−1

j=1 β2j

∫ 1
0 kn−j (s, τ )v(τ ) dτ + β2nv(s)) ≡ 0 and v(t) ≡ 0 by

Lemma 2.5. This proves that M3 ⊂ {0}, as claimed. As a result, we have

(u, v) �= A(u,v) + λ(ϕ,ϕ), (u, v) ∈ ∂�ρ2 ∩ (P × P), 0 ≤ λ ≤ 1

and by Lemma 2.3

i(A, ∂�ρ2 ∩ (P × P),P × P) = 0. (3.32)

On the other hand, by (H4), we have for all (u, v) ∈ P × P

A1(u, v)(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

ξ2i

∫ 1

0
km−i (s, τ )u(τ ) dτ + ξ2mu(s)

+
n−1∑

j=1

η2j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + η2nv(s)

]

ds + C6



30 J. Xu, Z. Yang

≤
m∑

i=1

ξ2i

∫ 1

0
km−i+1(t, s)u(s) ds

+
n∑

j=1

η2j

∫ 1

0
kn−j+1(t, s)v(s) ds + C6 (3.33)

and

A2(u, v)(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

γ2i

∫ 1

0
km−i (s, τ )u(τ ) dτ + γ2mu(s)

+
n−1∑

j=1

δ2j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + δ2nv(s)

]

ds + C6

≤
m∑

i=1

γ2i

∫ 1

0
km−i+1(t, s)u(s) ds

+
n∑

j=1

δ2j

∫ 1

0
kn−j+1(t, s)v(s) ds + C6. (3.34)

Let

M4 :=
{
(u, v) ∈ P × P : (u, v) = λA(u, v), 0 ≤ λ ≤ 1

}
.

We claim that M4 is bounded. Indeed, if (u, v) ∈ M4, then (3.33) and (3.34) imply

u(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

ξ2i

∫ 1

0
km−i (s, τ )u(τ ) dτ + ξ2mu(s)

+
n−1∑

j=1

η2j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + η2nv(s)

]

ds + C6

≤
m∑

i=1

ξ2i

∫ 1

0
km−i+1(t, s)u(s) ds

+
n∑

j=1

η2j

∫ 1

0
kn−j+1(t, s)v(s) ds + C6 (3.35)

and

v(t) ≤
∫ 1

0
k1(t, s)

[m−1∑

i=1

γ2i

∫ 1

0
km−i (s, τ )u(τ ) dτ + γ2mu(s)
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+
n−1∑

j=1

δ2j

∫ 1

0
kn−j (s, τ )v(τ ) dτ + δ2nv(s)

]

ds + C6

≤
m∑

i=1

γ2i

∫ 1

0
km−i+1(t, s)u(s) ds

+
n∑

j=1

δ2j

∫ 1

0
kn−j+1(t, s)v(s) ds + C6. (3.36)

Multiply by ϕ(t) on both sides of the preceding inequalities and integrate over [0,1]
and use (2.5) to obtain

∫ 1

0
ϕ(t)u(t) dt ≤

m∑

i=1

ξ2iλ
m−i+1
1

∫ 1

0
ϕ(t)u(t) dt

+
n∑

j=1

η2j λ
n−j+1
1

∫ 1

0
ϕ(t)v(t) dt + C6 (3.37)

and

∫ 1

0
ϕ(t)v(t) dt ≤

m∑

i=1

γ2iλ
m−i+1
1

∫ 1

0
ϕ(t)u(t) dt

+
n∑

j=1

δ2j λ
n−j+1
1

∫ 1

0
ϕ(t)v(t) dt + C6, (3.38)

which can be written in the form

[
κ̃1 −κ̃2

−κ̃3 κ̃4

][∫ 1
0 ϕ(t)u(t) dt

∫ 1
0 ϕ(t)v(t) dt

]

≤
[

C6
C6

]

.

Now (H4) implies

[∫ 1
0 ϕ(t)u(t) dt

∫ 1
0 ϕ(t)v(t) dt

]

≤ 1

κ̃

[
κ̃4 κ̃2
κ̃3 κ̃1

][
C6
C6

]

and thus

∫ 1

0
ϕ(t)u(t) dt ≤ κ̃2 + κ̃4

κ̃
C6,

∫ 1

0
ϕ(t)v(t) dt ≤ κ̃1 + κ̃3

κ̃
C6, ∀(u, v) ∈ M4.

Note that, by Lemma 2.1, (u, v) ∈ M4 implies u ∈ P0 and v ∈ P0. Therefore

‖u‖ ≤ κ̃2 + κ̃4

ωκ̃
C6, ‖v‖ ≤ κ̃1 + κ̃3

ωκ̃
C6
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for every (u, v) ∈ M4. This proves the boundedness of M4. Taking R > sup{‖(u, v)‖ :
(u, v) ∈ M4} and R > ρ2, we have

(u, v) �= λA(u, v), (u, v) ∈ ∂�R ∩ (P × P), 0 ≤ λ ≤ 1

and by Lemma 2.4

i(A, ∂�R ∩ (P × P),P × P) = 1. (3.39)

We find from (3.32) and (3.39),

i(A, (�R\�ρ2) ∩ (P × P),P × P) = 1 − 0 = 1.

Hence the operator A has at least one fixed point on (�R\�ρ2) ∩ (P × P) and (1.1)
has at least one positive solution. This completes the proof. �

Theorem 3.3 If (H1), (H3) and (H5) hold, then (1.1) has at least two positive so-
lutions (u1, v1) ∈ (C2n[0,1] × C2n[0,1]) ∩ (P × P) \ {0}, (u2, v2) ∈ (C2n[0,1] ×
C2n[0,1]) ∩ (P × P) \ {0}.

Proof By (H5), the following inequalities

f (t, x, y) ≤ f (t,�,�, . . . ,�) <
�

μ
, g(t, x, y) ≤ g(t,�,�, . . . ,�) <

�

μ
,

hold for a.e. t ∈ [0,1] and all (x, y) ∈ [0,�] × · · · × [0,�]. Consequently,

A1(u, v)(t) <

∫ 1

0

�

μ
k1(t, s) ds ≤ �, ∀(t, u, v) ∈ [0,1] × ∂��,

and

A2(u, v)(t) <

∫ 1

0

�

μ
k1(t, s) ds ≤ �, ∀(t, u, v) ∈ [0,1] × ∂��.

The preceding inequalities lead to

‖A(u,v)‖ < ‖(u, v)‖, ∀((u, v) ∈ ∂�� ∩ (P × P), (3.40)

and thus

(u, v) �= λA(u, v), ∀(u, v) ∈ ∂�� ∩ (P × P), 0 ≤ λ ≤ 1.

Now Lemma 2.4 implies

i(A,�� ∩ (P × P),P × P) = 1. (3.41)
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On the other hand, in view of (H1) and (H3), we may take a sufficiently large R > �

and a sufficiently small r2 ∈ (0,�) so that (3.17) and (3.32) hold (see the proofs of
Theorems 3.1 and 3.2). The combination of (3.17), (3.32) and (3.41) then gives

i(A, (�R\��) ∩ (P × P),P × P) = 0 − 1 = −1,

and

i(A, (��\�r2) ∩ (P × P),P × P) = 1 − 0 = 1.

Hence A has at least two fixed points, one on �R\�� ∩ (P × P) and the other on
��\�r2 ∩(P ×P). Therefore (1.1) has at least two positive solutions. This completes
the proof. �

4 Examples

In this section we offer three examples to illustrate our main results. In what follows
we assume that αi ≥ 0, βj ≥ 0, ξi ≥ 0, ηj ≥ 0 and

∑n
j=1 βj > 0,

∑m
i=1 ξi > 0.

Example 1 Let

f (t, x, y) :=
( m∑

i=1

αixi +
n∑

j=1

βjyj

)α

, g(t, x, y) :=
( m∑

i=1

ξixi +
n∑

j=1

ηjyj

)β

,

where α > 1, β > 1. Obviously, both f and g grow superlinearly.

Claim (H1) and (H2) hold with p1(v) := v and q1(u) := u(β+1)/2.

Proof First, take k > 0 so that k2(
∑m

i=1 αiλ
m−i+1
1 )(

∑n
j=1 βjλ

n−j+1
1 ) > 1, and α1i =

kαi , β1j = kβj (i = 1, . . . ,m, j = 1, . . . , n). Then

m∑

i=1

n∑

j=1

α1iβ1j λ
m+n−i−j+2
1 = k2

( m∑

i=1

αiλ
m−i+1
1

)( n∑

j=1

βjλ
n−j+1
1

)

> 1.

This says the first inequality in (2) of (H1) holds. Next, notice

lim inf∑n
j=1 β1j yj →+∞

f (t, x, y)

p1(
∑n

j=1 β1j yj )
= lim inf∑n

j=1 kβj yj →+∞
f (t, x, y)

∑n
j=1 kβjyj

= +∞

uniformly for t ∈ [0,1] and (x1, . . . , xm) ∈ R
m+,

lim inf∑n
i=1 α1i xi→+∞

g(t, x, y)

q1(
∑m

i=1 α1ixi)
= lim inf∑m

i=1 kαixi→+∞
g(t, x, y)

(
∑m

i=1 kαixi)(β+1)/2
= +∞
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uniformly for t ∈ [0,1] and (y1, . . . , yn) ∈ R
n+, and

p1

( n∑

j=1

β1jNn−j+1q1(z)

)

=
n∑

j=1

kβjNn−j+1z
(β+1)/2 → +∞

as z → +∞. The last three limits combined imply that there is a constant C > 0 such
that the remaining three inequalities in (2) of (H1) hold. Consequently (H1) holds
with p1(v) = v and q1(u) = u(β+1)/2, as claimed. It is easy to verify that (H2) holds.
This completes the proof. �

With some necessary changes, Examples 2 and 3 below can be similarly verified
to satisfy their respective conditions claimed for them.

Example 2 Let

f (t, x, y) :=
( m∑

i=1

αixi +
n∑

j=1

βjyj

)α

, g(t, x, y) :=
( m∑

i=1

ξixi +
n∑

j=1

ηjyj

)β

,

where 0 < α < 1, 0 < β < 1. Obviously, both f and g grow sublinearly. Now (H3)
and (H4) hold with p1(v) := v and q1(u) := u(β+1)/2.

Example 3 Let

f (t, x, y) := ln

(( m∑

i=1

αixi

)α

+
( n∑

j=1

βjyj

)β

+ 1

)

,

g(t, x, y) := exp

(( m∑

i=1

ξixi

)2α

+
( n∑

j=1

ηjyj

)2β)

− 1,

where α > 1, β > 1. Obviously, f grows sublinearly at +∞, whereas g grows su-
perlinearly at +∞. Now (H1) and (H2) hold with p1(v) = ln(1 + v) and q1(u) =
exp(u2) − 1.

References

1. Cao, Z., Jiang, D.: Periodic solutions of second order singular coupled systems. Nonlinear Anal. 71,
3661–3667 (2009)

2. Chu, J., O’Regan, D., Zhang, M.: Positive solutions and eigenvalue intervals for nonlinear systems.
Proc. Ind. Acad. Sci. Math. Sci. 117, 85–95 (2007)

3. Davis, J.M., Eloe, P.W., Henderson, J.: Triple positive solutions and dependence on higher order
derivatives. J. Math. Anal. Appl. 237, 710–720 (1999)

4. Davis, J.M., Henderson, J.: Uniqueness implies existence for fourth order Lidstone boundary value
problems. Panam. Math. J. 84, 23–35 (1998)

5. Davis, J.M., Henderson, J.: Triple positive symmetric solutions for a Lidstone boundary value prob-
lem. Differ. Equ. Dyn. Syst. 7, 321–330 (1999)

6. Davis, J.M., Henderson, J., Wong, P.J.Y.: General Lidstone problems: multiplicity and symmetry of
solutions. J. Math. Anal. Appl. 251, 527–548 (2000)



Positive solutions for a system of generalized Lidstone problems 35

7. Dunninger, D.R., Wang, H.: Multiplicity of positive radial solutions for an elliptic system on an an-
nulus. Nonlinear Anal. 42, 803–811 (2000)

8. Ehme, J., Henderson, J.: Existence and local uniqueness for nonlinear Lidstone boundary value prob-
lems. J. Inequal. Pure Appl. Math. 1(1), 8 (2000)

9. Guo, D., Lakshmikantham, V.: Nonlinear Problems in Abstract Cones. Academic Press, Boston
(1988)

10. Henderson, J., Ntouyas, S.K.: Positive solutions for systems of nonlinear boundary value problems.
Nonlinear Stud. 15, 51–60 (2008)

11. Henderson, J., Wang, H.: Nonlinear eigenvalue problems for quasilinear systems. Comput. Math.
Appl. 49, 1941–1949 (2005)

12. Henderson, J., Wang, H.: An eigenvalue problem for quasilinear systems. Rocky Mt. J. Math. 37,
215–228 (2007)

13. Kang, P., Xu, J., Wei, Z.: Positive solutions for 2p-order and 2q-order systems of singular boundary
value problems with integral boundary conditions. Nonlinear Anal. 72, 2767–2786 (2010)

14. Krasnoselskii, M.A., Zabreiko, B.P.: Geometrical Methods of Nonlinear Analysis. Springer, Berlin
(1984)

15. Lazer, A.C., Mckenna, P.J.: Large-amplitude periodic oscillations in suspension bridge: some new
connections with nonlinear analysis. SIAM Rev. 32, 537–578 (1990)

16. Li, Y., Guo, Y., Li, G.: Existence of positive solutions for systems of nonlinear third-order differential
equations. Commun. Nonlinear Sci. Numer. Simul. 14, 3792–3797 (2009)

17. Liu, Z., Li, F.: Multiple positive solutions of nonlinear two-point boundary value problems. J. Math.
Anal. Appl. 203, 610–625 (1996)

18. Lü, H., Yu, H., Liu, Y.: Positive solutions for singular boundary value problems of a coupled system
of differential equations. J. Math. Anal. Appl. 302, 14–29 (2005)

19. Ma, Y.: Existence of positive solutions of Lidstone boundary value problems. J. Math. Anal. Appl.
314, 97–108 (2006)

20. Precup, R.: The role of matrices that are convergent to zero in the study of semilinear operator systems.
Math. Comput. Model. 49, 703–708 (2009)

21. Su, H., Wei, Z., Zhang, X., Liu, J.: Positive solutions of n-order and m-order multi-point singular
boundary value system. Appl. Math. Comput. 188, 1234–1243 (2007)

22. Wang, H.: Positive radial solutions for quasilinear systems in an annulus. Nonlinear Anal. 63, e2495–
e2501 (2005)

23. Wang, Y.: On 2nth-order Lidstone boundary value problems. J. Math. Anal. Appl. 312, 383–400
(2005)

24. Wei, Z., Zhang, M.: Positive solutions of singular sub-linear boundary value problems for fourth-order
and second-order differential equation systems. Appl. Math. Comput. 197, 135–148 (2008)

25. Yang, Z.: Existence and nonexistence results for positive solutions of an integral boundary value
problem. Nonlinear Anal. 65, 1489–1511 (2006)

26. Yang, Z.: Existence and uniqueness of positive solutions for a higher order boundary value problem.
Comput. Math. Appl. 54, 220–228 (2007)

27. Yang, Z., O’Regan, D.: Positive solvability of systems of nonlinear Hammerstein integral equations.
J. Math. Anal. Appl. 311, 600–614 (2005)


	Positive solutions for a system of generalized Lidstone problems
	Abstract
	Introduction
	Preliminaries
	Existence and multiplicity of positive solutions
	Examples
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0033002e00310029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


