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Abstract In this paper, we mainly study the numerical solution of linear fifth order
boundary value problems by using cubic B-splines. Our algorithm develops not only
the cubic spline approximation solution but also the approximation derivatives of first
order to fourth order of the analytic solution at the same time. This new method has
lower computational cost than many other methods and is second order convergent.
Numerical examples are given to demonstrate the effectiveness of our method.
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1 Introduction

In this paper, we study the numerical solutions of the following special linear fifth
order boundary value problems (5SBVP)

YO @) + f)y(x) =gkx), xela,bl,
y(a) = a, y'(a)=ay, y'(a) =ao, )
y(b) = by, y'(b) = by,

where ag, ai, az, and by, by are given real constants, f(x) and g(x) are continuous on
[a, b]. These problems generally arise in the mathematical modeling of viscoelastic
flows [10, 15], and the conditions for existence and uniqueness of solutions of such
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boundary value problems have been given in [1]. Currently, many numerical methods
have been developed for these boundary value problems, for example, the decompo-
sition method [24, 31], the homotopy perturbation method [20], the local polynomial
regression method [8], and the variational iteration method [21-23, 32].

In the following, we mainly pay attention to the spline numerical solutions of
such boundary value problems. Sextic spline approximate solution was first studied
in [7], but it is only first order convergent. Later, Siddiqi et al. analyzed a method
of second order convergent based on the consistency relations of sextic spline in
[29], and Lamnii et al. discussed a different approach with second order convergence
based on sextic spline interpolation and quasi-interpolation in [19]. Besides, Islam et
al. also applied polynomial sextic spline to solve these special fifth order boundary
value problems in [13]. At the same time, non-polynomial spline technique [26] and
quartic spline technique [30] were also attempted by several scholars. However, we
find the splines used in the above mentioned papers are all with higher degrees, which
effect the computational efficiency in practical application. This motivates us to use
cubic B-spline (a widely-used spline with lower degree) to solve these problems.

It is well known that cubic spline has been widely applied for the approximation
solutions of boundary value problems. The use of cubic splines for the solution of
linear second order boundary value problems was first suggested in [6], and was
continued in [2—4, 9, 12, 14]. Besides, cubic spline was also used to solve linear third
order boundary value problems [5], fourth order boundary value problems [25] and
singular boundary value problems, see [17] and the references therein. Throughout
this paper, we will use cubic spline to solve SBVP (1). Our method is based on cubic
spline interpolation. Comparisons with the other methods shows our results are well
accepted. It is second order convergent and with lower computational cost. Moreover,
as the byproducts of our methods, we also can get the approximate derivative values
of y'(x), y"(x), y(3) (x) and y(4) (x) at the knots. This is another advantage of our
method, because some methods can not obtain these values.

The remainder of this paper is organized as follows. In Sect. 2, we present some
preliminary results of cubic B-splines for the sake of integrity; in Sect. 3, we mainly
give the cubic B-spline solutions of the special linear fifth order boundary value prob-
lems based on the results in Sect. 2; Sect. 4 is devoted to the convergence analysis and
the supporting examples are performed in Sect. 5; in Sect. 6, we extend our research
and discuss the applicability of cubic spline to the general linear and nonlinear fifth
order boundary value problems, two numerical examples are also given to show the
efficiency of our method; finally, we conclude our paper in the last section.

2 Basics of cubic B-splines
2.1 Explicit representations of cubic B-splines
For an interval I = [a, b], we divide it into n subintervals I; = [x;, xj+1] (I =

0,1,...,n—1) by the equidistant knots x; =a+ih (i =0, 1,...,n), where h = hn;"
The cubic spline space is defined as follows [11, 27, 28]:

S3(I) = {s(x) € C*(I) | s(x);;; €P3, i =0,1,...,n— 1},
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where s(x)|;; denotes the restriction of s(x) over I;, and P3 denotes the set of uni-
variate cubic polynomials. The dimension of S3(/) is n + 3, and the cubic B-splines

are defined as

3
Bfl(.x)z (()xl _-x) s

1
6h3 else

R34 3h%(x) — x) +3h(x] — x)% = 3(x; — x)3,

Bo(¥) = =3 (()X2 —x)3,
13+ 3h%(x — x0) + 3h(x — x0)% — 3(x — x0)3,
h3 4 3h%(x3 — x) + 3h(x2 — x)% = 3(x2 — x)3,
Bi(x) = 3 3
6h ()C3 —X) s
Oa
(X _xn—3)37
h3 4 3h%(x — xp_2) + 3h(x — x,_2)>
_ 1 _3(x _-xn—2)31
Ba1 =551 4 3h2(x, — x) + 3h(x, — x)2
—3(xy — x)°,
Oa
(x — xp-2)%,
B, (x) = 1R 307 (x — xp1) 4 3h(x — xp—1)?
" 6h3 | —3(x —x,-1)3,
0,
_ 1 (x — xn—l)?’,
Byi1(x) = m {0’ else,
andfori =2,3,...,n—2,
(x —x;i—2)%,
B3 +3h%(x — xi—1) + 3h(x — x;_1)?
—3(x —xi-1)3,
Bi(x) == B3+ 3h2(xi41 — x) + 3h(xi41 — X)?
—3(xi41 — X)3,
(Xis2 — x)3,
0,

We have B;(x) = Bjy+1(x + h) (translation), and Z”H

i=—1

if x € [xg, x1]

if x € [xo, x1],
if x € [x1, x2],
else,

ifx e [xo,xl],
if x € [x1, x2],
if x € [x2, x3],
else,

if x € [x,-3, X421,

if x € [xp—2, xp—1],
if x € [x,—1, Xnl,

else,

if x € [xp—2, X511,

if x € [xp—1, X0,
else,

if x € [xp-1, X1,

if x € [xj—2, xi—1],
if x € [xi—1, xi],
if x € [x;, xi41],

if x € [xi41, xi42],
else.

Bi(x) =1 (partition of

unity). The values of B;(x), B/(x) and B;’(x) at the knots are listed in Table 1.
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Table 1 The values of B;(x), B} (x) and B/ (x) at the knots

Xi—2 Xi—1 Xj Xit] Xit+2 Else
Bi@) 0 5 % ! 0 0
B[(x) 0 > 0 — 0 0
B'(x) 0 - -2 = 0 0

2.2 Cubic B-splines interpolation

For a given function y(x) (assuming to be sufficiently smooth), there exists a unique

cubic spline s(x) = Zl";’il ci Bi (x) € S3(1) satisfying the interpolation conditions:

s(xj)=y(x;) (=0,1,...,n) and s'(@) =y'(a), s'(b) = y/(b).

For j=0,1,...,n,letm; =5"(x;) and M; =s"(x;), we have [12, 18]:

1
mj=s'(x;)=y (x;) — rwhwm(xj) + 0(h®):; 2

1 1
Mj=s"(c))=y"0cp) = Sy ep+ 3 hyQap+on; Q)

M can be applied to construct numerical difference formulae for y3®(x i) y® (x i)
(j=1,2,...,n—1)and y(5)(xj) (j =2,3,...,n—2) as follows, where the errors
are obtained by the Taylor series expansion.

Migi =M 5O +5P00)

2h 2

1
y@ )+ Ehzy@(xj) +0om*; 4

Mjg —2Mj+M; s (x;) —sD(x;0)

h? h
1
vy — — Oy OO 5
YO = 5ty ) + 0n); Q)
Mjys = 2Mjg1 +2Mj_y — M;_, 22t oMoy M de
2h3 a h2
=yOx) +om?). (©6)

Since s(x) = Zf’;rl 1 ¢i Bi(x), by Table 1 and these equations, we get two tables.
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Table 2 The approximate values of y(x;), y'(x;), y”(x;) and y® (xj)

y(xj) Y (xj) y'(xj) Yy )
Approximate value  s(x;) s'ap=my s"(xj) =M; sy = %
Representation in ¢; =1 +42/’ A o R il gj-1 —2;2./ T+ C./+2—2L‘j+12 :320_/'—1 —Cj-2
Error order ot o oh?) on?)

3 Cubic B-spline solutions of SBVP

Let s(x) = Zf:i 1 ¢i Bi(x) be the approximate solution of SBVP (1) and s/(\x/) =
Zf:il ¢i B; (x) be the approximate spline of s(x). Discretize SBVP (1) at the knots

weget(i=2,3,...,n—2):
YO i) + f )y () = g(x:). (7
By Table 2 and Table 3, we turn (7) into:

Cit3 —4cita + 50i+]2;556'i71 +4dci2—ci-3 +f ci—1 +4c;i +citi — i+ 0?),

6

3

where f; = f(x;) and g; = g(x;) be the values of f(x) and g(x) at the knots x;
(i=0,1,...,n) for short. Change (8) equivalently, we yield:

3(ci3 — 4cita + Scit1 — Scimt +4ci—a — cim3) + fih® (ci—1 +4ci + cit1)
=6h>gi + O(h). 9)
Dropping the term O (k) from (9), we get a linear system with n — 3 linear equations

(i=2,3,....,n—2)inn+ 3 unknowns ¢; (i =—1,0,1,...,n + 1), so six more
equations are needed. By the three boundary conditions at x = a, we get:

y(a) = agp c_1+4co+c1 =6ag
Y@=a = —c_1+c1=2a1h
y//(a):a2 c_1—2co+c =a2h2

c_1=ap—arh+ %azhz,
= co=ap— %aghz, (10
cir=ag+ah+ %azhz.

Similarly,

{y(b)zbo = {Cn—l +4cy + cpt = 6by, (11)

y'(b) =b —Cp—1 + Cup1 = 2b1h.

By (3), we can construct an approximate formula for y(5) (a) = go — foao as follows
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Table 3 The approximate values of y<4) (x;) and y(s)(x i)

y(4) ;) y(5)(xj)
M; 1 —2M;+M;_ M r—2M; 2Mi 1 —M;_
Approximate value s@ (xj)= = 4h2/+ L S(S)OCj) == ]+12;,r3 =
L Cipo—4cjp1+6¢cj—dci_1+ci_o cjy3—4cjo+5¢ci1=5¢c;_1+4cj_r—cj_3
Representation in ¢;; ! L h4j L L 1 1 1 s 5 . .
Error order ot 0(h?)
—S5Moy+ 18M; —24M> + 14M3 — 3My4
5 2
=P @ +om?, (12)

2h3

where the coefficients are determined by maximizing the error order. By Table 2, we
turn (12) into:

18¢ — 60c1 + 80c> — 55¢3 4 20c4 — 3¢5 = 2h°yS (@) + 5Moh> + O(h7), (13)

where My = y”(a) = ay. Take (13), (9) and (11) together, we get n linear equations

withe; 1 =2,3,...,n+1)as unknogvns since c_1, cp and c¢1 have been yielded from

(10). Let C = [c2,¢3, ..., cuq1lT, C=162,33, ..., Ga1l?, D =[dy,da, ..., dy]"

and E =[e, e, ..., e,,]T, the linear system can be written in matrix notations
(A+W’FB)C=D+E, (14)

dropping the error vector E from (14), we get
(A+hFB)C =D, (15)
where

80 -55 20 -3

0 15 —12 3

~15 0 15 —12 3

2 —-15 0 15 —12 3
Azl -3 12 -15 0o 15 -12 3 (16)

E)

-3 12 —-15 0 15 —12

f2
f3

fn—2
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0
4 1
1 1
B= , (17)
1 4 1
0O 0 O
0 0 O

and
dy =217y (a) + 5Moh® — 18¢y + 60cy,
dy =6h’gr +3c_1 — 12¢co + 15¢1 — I’ frc,
dy = 6h°g3 + 3¢y — 12¢1,
dy = 6h°g4 + 3¢y,
di =6hg;, i=5,...,n-2,
dn—1 = 6bo,
dy, =2hby,
e = 0(h7), i=1,2,....n—2; e,_1=¢,=0.

After solving the linear system (15), ¢; (i =2,3,...,n + 1) together with g =
c—1, ¢0 = ¢ and ¢] = ¢ will be used to get the approximate spline solution s(x) =
>l G Bix).

4 Convergence analysis
By (14) and (15), we have
(A+hFB)(C —C)=E. (18)
A is invertible, and if we assume that
P A ool Fllooll Blloo < 1, (19)
then (I 4+ h> A~ FB) is also nonsingular. Hence, we get
C—C=U+rA"'FB)'A7'E. (20)
Generally, for n > 7, we have
A" oo <7.24 x 107707 ~ O (1°). (21)

If f(x) satisfies

10°
[Flloo < sup [f(x)] =<

=< , (22)
xela,b] RSIA sl Blloe ~ 7.24 x 6 % (b —a)’
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then (19) holds without fail (|| Bl = 6). By (19) and (20), and note || E||co < Kh,
we get

~ A" ool E lloo
IC - Clleo <
T = A ool Fllooll Bllso
7.24(b — a)’K
< b—a) n ~ 0h?).
105 — 6 x 7.24(b — a)3|| F |l oo
Hence,
_ n+1
[s(x) =s(X)| = IC - Cllwo Z Bi(x) =|C — Clloc =~ O(h?). (23)

i=—1
Generally, we have

V() = s < [y(x) = s@)| + [s(x) —s()| < Oh*) + O(h?) = O(h?). (24)

5 Numerical tests

In this section, we give two examples to show the effectiveness of our method. First,
consider the following fifth order boundary value problem.

Example 1

yO (x) + xy(x) =5(x — )sinx +5(x — x> —5)cosx, x€[0,1],
y(0) =S5, y'(0) = -5, y"(0) = -5,
y(1) =0, y'(1) = —=5cos(1),

where the analytic solution is y(x) = 5(1 — x) cosx. See Table 4 for the maximum
absolute errors MAE[y"™ (x;)] = max; |y (x;) — s (x;)|, where u =0, 1,2, 3,4
andi =1,2,...,n— 1.Itis easy to observe that the errors decrease like O(hz) when
the original interval is refined, without considering the computer round-off errors.
It shows that our method is second order convergent. We know that the numerical
difference formulae are very sensitive to the computer round-off errors, so we suggest
not using bigger n when computing the approximate value of y® (x;) and y™® (x;).
For example, see #® in Table 4 and Table 6.

Next, we compare our method with the other spline methods. Consider the next
fifth order boundary value problem.

Example 2

yO (x) — y(x) = —(15+ 10x)e*, x €0, 1],
y(0) =0, y'(0) =1, y"(0)=0,
y(1) =0, y'(1) =—e,
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Table 4 The maximum absolute errors of y W (x;) for Example 1

n MAE[y(x;)] MAETY' (x)] MAE[Y"(x)]  MAEy® ()] MAE[y™ (x)]
10 1.156 x 1074 3.836 x 1074 1.724 x 1072 4217 x 1072 7.001 x 1072
20 2.897 x 1075 9.340 x 107 4326 x 1073 1.132 x 1072 1.782 x 1072
40 7.256 x 107° 2321 x 1073 1.082 x 1073 2.933x 1073 4501 x 1073
80 1.816 x 107° 5.793 x 107° 2.707 x 10~4 7.465 x 1074 2.062 x 1073

160 4.557 x 1077 1.452 x 107° 6.774 x 1075 4.605 x 1074 2767 x 107! &

Table 5 The maximum absolute errors of y(x;) for Example 2

n=10 n=20 n=40
Cubic B-spline method (this paper) 1.84x 1074 454 %1073 1.14 x 1073
Sixth-degree B-spline method [7] 0.1570 0.0747 0.0208
Sextic spline method [13] 2.76 x 1073 245 x 1074 2.01 x 1073
Sextic spline method [19] \ 1.94 x 1076 4.84 x 1077
Sextic spline method [29] 2.26 x 1074 133 x 1079 5.28 x 1077
Nonpolynomial sextic spline method [26] 1.71 x 10710 1.86 x 10713 1.61 x 10713
Quartic spline method [30] 3.60 x 1073 5.55x 1074 7.66 x 1073
Finite difference method [16] 4.02x 1073 3.91 x 1073 1.15x 1072

where y(x) = x(1 —x)e* is the analytic solution. Example 2 has been solved by sixth
degree B-spline method [7], sextic spline method [13, 19, 29], non-polynomial sextic
spline technique [26] (associated with 1, x, x2, x3, x4, and sinx, cosx, or sinhx,
coshx), quartic spline method [30] and finite difference method [16]. The respective
maximum absolute errors of y(x;) are given in Table 5.

At first glance, our method seems to be inferior to the methods in [19, 26, 29].
However, considering our method is based on cubic B-spline (lower degree) while the
methods in [19, 29] are based on sextic spline (higher degree) and the non-polynomial
spline technique [26] is based on the bases 1, x, x2, X3, x4, sinx and cosx or sinhx,
coshx, we remark that our method has lower computational complexity. At the same
time, from Table 4 and Table 5, we find the approximation errors of our method can
be well accepted in fact. From this point of view, our method has its superiorities over
them. In addition, we point out that the result of our method is an approximate cubic
spline function of the analytic solution on the global interval [a, b], while the results
of [7, 13, 26, 29, 30] are only the approximate values at the knots of the analytic
solution. Furthermore, our method is also applicable to the general linear fifth order
boundary value problems (see next section), while some of the others methods are
only limited to the special cases (1). In a word, our new method is able to compete
with the other methods in practical applications.
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6 Further discussion
6.1 General linear fifth order boundary value problems

In this subsection, we aim to solve the linear fifth order boundary value problems in
the form of

YO @) + p)y® (x) + g(x)yP (x) +ux)y” (x) + v(x)y'(x)

+f)yx)=gKx), xela,bl, 25)
y(a) = ay, y'(a)=ay, y'(a) = ay, y(b) = by,
y'(b) = by,

where p(x), g(x), u(x), v(x), f(x) and g(x) are continuous on [a, b], ag, ai, a2,
and by, b are given real constants. Let s(x) = Zl”;rll ¢i Bi (x) be the approximate

solution of (25), discretize (25) at the inter knots (i =2, 3,...,n — 2), we get
YO @) + piy® ) +aiyP )+ uiy" @) + vy’ @) + fiy(a) =g, (26)

where p; = p(xi), ¢i = q(xi), ui = u(x;), vi =v(x;), fi = f(x;) and g; = g(x;) for
short. By using the formulae in Table 2 and Table 3, and dropping O (h?) directly, we
have

Ci+3 —4ciy2+5¢i+1 —5¢i—1 +4ci—2 —¢i-3

2h3
ciyr —4ciy1 +6¢i —dcio1+ i
+pl h4
Ciao —2¢ii1 +2ci_1 —ci— ci_1—2¢; +¢
+q:’ i+2 l+12h3 i—1 i 2+Mi i—1 hzt i+1
-|-U1‘Ci+1 —Ci—1 +fl_cz>1+40i+ci+1 g

2h 6

Change it equivalently, we yield

3(ci43 —4ciya +5¢iv1 —Sci—1 +4ci—2 — ¢i-3)
+6hp;(cit2 —4cip1 +6¢; —4ci—1 +ci2)
+3h2gi (Ciya — 2Ci41 +2¢i—1 — Ci—2)
+6lui(cim1 — 2¢; + cit1) + 3h*vi(cipr — cio1)

+ 1 fi(ci_1 4+ 4¢; +ciy1) = 6gih°. (27)
This is a linear system with n — 3 linear equations (i =2,3,...,n —2) inn+3
unknowns ¢; (i = —1,0,1,...,n+ 1), where c_1, cg and c¢] can be obtained by (10).

Another two equations are determined by the boundary conditions at x = b, i.e. (11).
We still need one more equation. We drive it as follows. Similarly to (12), by (3), we
also have

Mo —5My +4My — M3

3 + 0,

2
yP(a) =
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—3Mo+4M| — M,
2h

Yo =

+ o).

Substitute (12) and (28) into the following equation

yO(@) + poy® (@) + g0y (@) + uoy” (@) + voy' (@) + foy(a) = go,

we get (O(h?) is dropped)

—SMoy+ 18M1 —24M> 4+ 14M3 — 3My4 n

2My — SMy +4M) — M3

203 po K2
—3My+4M| — M,
+q0 o = go — foao — voa1 — uoaz,

as a result, we have

(18¢co — 60c| + 80cy — 55¢3 + 20¢4 — 3cs)
+ 2hpo(—5Sco + 14c1 — 14¢r + 6¢3 — ca)
+ h*qo(4co — 9c1 + 6¢2 — c3)

=21 (g0 — foao — voa1 — upaz) + az(5h* — 4h3 po + 3h*qp).

Take (30), (27) and (11) together, we obtain the following linear system
(A+6hPB) +3h*QB> +6h°UBs +3h*VBs+ W FB)C =W,

where A, F and B have been given in (16) and (17), and

14 1
-3 2 -3
6 -4 1
4 6 —4 1
1 -4 6 -4 1
B = ) ,
1 -4 6 -4 1
0 00
0 0 0
2 =3
0 -2 1
2 0 -2 1
-1 2 0 -2 1
B =

(28)

(29)

(30)

€19
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0
-2 1
1 -2 1
B3 = ;
1 -2 1
0 0
0 0 O
0
0 1
-1 0 1
B4: s
-1 0 1
0 0 O
0 0 O

and

P =diag(po, p2, p3, .-, pn—2,0,0),

Q = diag(q0, 92,93, - - - 4n-2,0,0),

U = diag(0, us, u3,...,uy—2,0,0),

V =diag(0, vz, v3, ..., v,-2,0,0),

C=lez,c3,. 0 cnml’,

W =[wi, wa, ..., wul’,

wy = 2h%(g0 — foao — voar — uoaz) + ax(Sh* — 4h* po + 3h*qo)
— co(18 — 10hpo + 4h*qo) — c1(—60 + 28hpo — Ih*qo),

wy = 6h°gy + (3c_1 — 12¢0 + 15¢1)
— ¢o(6hpy — 3h%qn) — c1(—24hpy + 6h%qs + 6k Uy — 3h* vy + o ),

w3 = 6h°g3 + (Bco — 12¢1) — c1(6hp3 — 3h%g3),

w4 = 6h5g4 + 3¢y,

wi =6h%gi, i=5,....n—2,

wy,—1 = 6by,
wy, =2hb;.
By (10) and (31), we get the unknowns ¢; (i = —1,0,1,...,n + 1), so, the approxi-

mate spline s(x) = Z:’:ll ¢; Bi (x) can be yielded.
In the following, we use this method to solve the following example.
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Table 6 The maximum absolute errors of y ) (x;) for Example 3

n MAE[y(x;)] MAELy' (x;)] MAE[Y"(x)]  MAEY® (xp)]  MAE[Y™ (x))]
10 1.388 x 1075 5.011 x 1075 1.596 x 10~2 1.884 x 1072 3.037 x 1072
20 3.540 x 1070 1.360 x 107 4.028 x 1073 4.650 x 1073 8.882 x 1073
40 8.879 x 107 3.572 x 107 1.009 x 1073 1.159 x 1073 2.361 x 1073
80 2222 x 1077 9.039 x 10~/ 2.525 x 10~4 2.903 x 10~4 7.345 x 10~*
160 5.525 x 1078 2.267 x 10~/ 6.317 x 1075 1.209 x 10~% 5359 x 1072 &
Example 3

YO @) + (x = 2)yP () +2yP (x) — (¢ +2x — Dy (x)
+ (2x% 4 4x)y'(x) — 2x%y(x)
=de*cosx — 2x* +4x3 +6x2 —4x +2, xe€ [0, 1],
y0) =0, y(©0=2  y'0)=6,
y(1)=1+42esinl, y' (1) =2e(sinl +cos 1) + 2,

where the analytic solution is y(x) = 2¢* sinx + x2. The maximum absolute errors
MAE[y®™ (x))] (n =0,1,2,3,4,i=1,2,...,n — 1) are summarized in Table 6. It
is easy to observe that the errors decrease by i when the original interval is refined

by %

6.2 General nonlinear fifth order boundary value problems

For the sake of integrity, in this subsection, we briefly discuss the nonlinear fifth order
boundary value problems in the following form

{y@(x) = f 00 y(0), ¥ (), " (1), yP ), yP (), x €la,bl,

y(a) = ao, y'(a) =a, y'(a) = ay, y(b) = bo, y'(b) = by,
(32)

where ag, a1, ap, and by, by are given real constants, and f(x, y(x), y'(x), y"(x),

y® (x), y® (x)) is continuous on [a, b]. Similarly, let s(x) = Y "*' ¢; Bi(x) be the

approximate solution of (32), discretize it at the inter knots (i =2, 3,...,n —2), we

get

YO (i) = flri, vy, ¥ @), ¥ ), Y ), vy ).
By Table 2 and Table 3, we yield

Ci+3 —4ciya+5¢i41 —Sci—1 +4ci—2 —ci-3

2h5
ci—1+4ci+ciy1 cipt1—cic1 cim1—2¢i +Ciq
= fx, , , 3 ,
6 2h h
Citva —2¢it1+2¢i-1—¢Ci—2 Cita —4cit1+6¢; —4dci1+cia
2h3 ’ h4 ’
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Table 7 The absolute errors of y(x) at knots for Example 4

X Our errors Errors of [22] Errors of [23] Errors of [32] Errors of [7]
0.0 0.0 0.0 0.0 0.0 0.0

0.1 13x 1077 1.0x 1079 23 %1077 0.0 7.0x 1074
0.2 42 %1077 20x 1079 1.6 x 1076 1.0 x 1073 72%x 1074
0.3 7.2 %1077 1.0 x 1078 4.6 x 1070 1.0 x 1073 4.1 %1074
0.4 9.4 %1077 2.0x 1078 8.9 x 1070 1.0x 1074 46x1074
0.5 1.0 x 1076 3.1x10°8 13x 1073 3.2x 1074 47 %1074
0.6 93 x 1077 3.7x 1078 1.6 x 1073 3.6x 1074 4.8 %1074
0.7 7.1 % 1077 4.1 %1078 1.6 x 1073 1.4x 1074 3.9%x 1074
0.8 4.1 %1077 3.1x 1078 12 %1073 3.1x 1074 3.1x 1074
0.9 13x 1077 1.4 %1078 5.1x 1070 58x 1074 1.6 x 1074
1.0 0.0 0.0 0.0 9.9x 1073 0.0

Note these nonlinear equations (i =2,3,...,n —2) as

ci+3 —4ciy2+5¢i+1 —Sci—1 +4ci—2 —ci-3
2h5

= ®(ci—2, Ci—1,Cis Cit1, Ci42)-
(33)
Besides, we also have five linear equations obtained by the five boundary conditions
at x =a and x = b, see (10) and (11). Furthermore, by (12), (28) and y® (a) =
f(a,ap,ay,a, y(3) (a), y(4) (a)), we have another nonlinear equation as follows

—5ash? + 18co — 60c| + 80cs — 55¢3 + 20¢4 — 3cs

2h3
¥ —3a2h2 +4co—9c1 + 6¢2 — 3
= fla,ap,ay,ar, ,
0,41, a2 T
2612]12 — 5S¢0 + 14624— 14¢p + 6¢c3 — C4>. (34)

Take (10), (34), (33) and (11) together, we get a nonlinear system with ¢; (i =
—1,0,1,...,n+4 1) as unknowns. After solving this nonlinear system, we get s(x) =
Zf:i 1 ¢i Bi (x). For the sake of comparison, we give a same example studied by
many authors.

Example 4

YO ) =e Y2 (x), xel0,1],
y(0)=y'(0)=y"(0) =1,
y(H)=y1)=e,
where the analytic solution is y(x) = e*.
We list the respective absolute errors of y(x) at different knots in Table 7. Our

errors are obtained by Matlab with n = 50, and the else errors are cited directly from
the corresponding papers, where the errors of [22] are obtained by a polynomial of
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Table 8 The absolute errors of y’(x) and y” (x) at knots for Example 4

X Our errors of y'(x) Errors of y/(x) by [22] Our errors of y” (x) Errors of y” (x) by [22]

0.0 0.00 0.00 0.00 0.00

0.1 238x107° 1.37 x 1078 2.18 x 1073 2.50 x 1077
02 3.15x107° 4.40 x 1078 3.97 x 1073 3.09 x 1077
03 272x107° 5.06 x 1078 5.39 x 1075 4.67 x 1077
04 1.52x107° 1.90 x 1077 6.43 x 1073 5.73 x 1076
05 593x10°8 1.65 x 1076 7.12 x 1075 2.82 x 1079
06 1.61x107° 7.47 x 106 7.48 x 1075 1.01 x 1074
0.7 274x107° 2.59 x 1075 7.52 x 1075 297 x 1074
08 3.09x 107 7.56 x 1073 7.25 x 1073 7.57 x 1074
09 2.29x107° 1.94 x 1074 6.71 x 1075 1.73 x 1073
1.0 0.00 452 x 1074 5.91 x 1075 3.62x 1073

degree 13 (see (5.9), (5.11) and (5.12) of [22] for details). Obviously, our errors are
also well accepted. Hence, our method is also effective in solving nonlinear fifth order
boundary value problems.

Besides, we also compare our method with [22] for the absolute errors of y’(x)
and y”(x), see Table 8, where the errors of y’(x) and y”(x) by [22] are obtained by
differentiating the polynomial of degree 13 in [22]. From this table, we find that the
errors of y’(x) and y”(x) by [22] are better than ours when x € [0.0, 0.5]; while our
errors are better than [22] when x € [0.5, 1.0]. Moreover, we also observe that our
errors are well-balanced; while the errors by [22] are increasing.

7 Conclusions

In this paper, we develop a cubic B-spline method for solving fifth order boundary
value problems. Our method is very encouraging with second order convergence. The
given numerical results show cubic spline is effective in approximating the analytic
solution and its derivatives. We believe that cubic spline can also be applied to study
other higher order boundary value problems.

Acknowledgement We would like to express our sincere thanks to the reviewers and the editors for
their valuable suggestions.
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