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Abstract In this paper, we introduce and analyze a new general iterative scheme
by the viscosity approximation method for finding the common element of the set
of equilibrium problems, the set of fixed points of an infinite family of nonexpansive
mappings and the set solutions of the variational inequality problems for an & -inverse-
strongly monotone mapping in Hilbert spaces. We show that the sequence converge
strongly to a common element of the above three sets under some parameters con-
trolling conditions. The result extends and improves a recent result of Chang et al.
(Nonlinear Anal. 70:3307-3319, 2009) and many others.
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1 Introduction

Equilibrium problem theory provides a novel and unified treatment of a wide class
of problems which arise in economics, finance, image reconstruction, ecology, trans-
portation, network, elasticity and optimization which has been extended and gener-
alized in many directions using novel and innovative technique, see [1, 2]. Related
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to the equilibrium problems, we also have the problem of finding the fixed points
of the nonexpansive mappings. It is natural to construct a unified approach for these
problems. In this direction, several authors have introduced some iterative schemes
for finding a common element of a set of the solutions of the equilibrium problems
and a set of the fixed points of finitely many nonexpansive mappings, see [4, 22, 28]
and the references therein. In this paper, we suggest and analyze a new general iter-
ative scheme by the viscosity approximation method for finding a common element
of a set of the solutions of equilibrium problems, the set of fixed points of an infinite
family of nonexpansive mappings and the set of solutions of the variational inequality
problems for an &-inverse-strongly monotone mappings in Hilbert spaces.

Let H be areal Hilbert space and let E be a nonempty closed convex subset of H.
Let S : E — E be a mapping. In the sequel, we will use F(S) to denote the set of
fixed points of S; that is, F(S) ={x € E : Sx = x}. It is well known that if £ C H
is nonempty, bounded, closed and convex and S is a nonexpansive self-mapping on
E then F(S) is nonempty; see, e.g., [20]. In addition, let a mapping S: E — E is
called nonexpansive, if ||Sx — Sy|| < |lx — y||, forall x, y € E. Recall also that a self-
mapping f : H — H is a contraction if there exists a constant « € (0, 1) such that
lfx)— fOI <allx —yl|l,VYx,y € H. In addition, let B : E — H be a nonlinear
mapping. The classical variational inequality which is denoted by VI(E, B), is to find
x € E such that

(Bx,y—x)>0, VyekE. (1.1)

The variational inequality problem has been extensively studied in literatures, see,
e.g. [5, 27] and reference therein. Let F be a bifunction of E x E into R, where R is
the set of real numbers and let F : E x E —> R be an equilibrium function, that is,

F(x,x)=0, VxeE.
The equilibrium problem is defined as follows:
Find xe€ E suchthat F(x,y)>0, VyeE. (1.2)

A solution of (1.2) is said to be an equilibrium point and the set of the equilibrium
points is denoted by EP(F), i.e.,

EP(F)={x€E:F(x,y) >0,y € E}. (1.3)

Given a mapping T : E — H, let F(x,y) = (Tx,y — x) for all x,y € E. Then,
z€ EP(F)ifandonlyif (Tz, y—z) > Oforall y € E. Numerous problems in physics,
saddle point problems, fixed point problems, variational inequality problems, opti-
mization, and economics are reduce to find a solution of (1.2). Some methods have
been proposed to solve the equilibrium problem; see, for instance [4, 10, 15]. Re-
cently, Combettes and Hirstoaga [4] introduced an iterative scheme of finding the
best approximation to the initial data when EP(F’) is nonempty and proved a strong
convergence theorem.
We now recall some well-known concepts and results as follows.

Recall that the (nearest point) projection P from H onto E assigns to each x € H
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the unique point in Prpx € E satisfying the property

X — Pex|| =min |lx — y].
yeE
The following characterizes the projection Pg.

Lemma 1.1 For a given x € H, z € E satisfies the inequality
(z—x,y—2)20, VyeE,

if and only if z = Pgx. It is well known that Pg is a firmly nonexpansive mapping of
H onto E and satisfies

| Pex — Pey|> < (Pex — Pey,x —y), Vx,ye€H. (1.4)

Moreover, Ppx is characterized by the following properties: Ppx € E and for all
xeH,yekE,

(x — Pgx,y — Pgx) <0. (1.5)

Using Lemma 1.1, one can see that the variational inequality (1.1) is equivalent to
a fixed point problem

Lemma 1.2 The element u € E is a solution of the variational inequality (1.1) if and
only if u € E satisfies the relation u = Pg(u — ABu), where A > 0 is a constant.

It is clear from Lemma 1.2 that variational inequality and fixed point problem are
equivalent. This alternative equivalent formulation has played a significant role in the
studies of the variational inequalities and related optimization problems.

Definition 1.3 Let B : E — H be a mapping. Then B is called
(1) monotone if
(Bx —By,x —y)>0, Vx,yeFE.
(2) &-strongly monotone (see [3, 11]) if there exists a constant & > 0 such that
(Bx —By,x —y)z&lx—yl’, Vx,yeE.
(3) k-Lipschitz continuous if there exists a positive real number k such that
[Bx — Byl <kllx—yl, Vx,yekE.

(4) &-inverse-strongly monotone (see [3, 11]) if there exists a constant £ > 0 such
that

(Bx — By, x —y) Z§||Bx—By||2, Vx,yeE.

Remark 1.4 It is obvious that any &-inverse-strongly monotone mapping B is
monotone and %—Lipschitz continuous.
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(5) A set-valued mapping T : H —> 2% is called monotone if for all x, y € H, f €
Txand geTyimply (x —y, f —g)>0.

(6) A monotone mapping T : H —> 2% is maximal if the graph of G(T') of T is not
properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping 7 is maximal if and only if for (x, f) € H x H,
(x —y,f —g) =0 for every (y,g) € G(T) implies f € Tx. Let B be a
monotone map of E into H and let Ngv be the normal cone to E at v € E,
ie, Nev={we H:(u—v,w)>0,Vu € E} and define

To— Bv+ Ngv, veE,
19, v E.

Then T is the maximal monotone and O € Tv if and only if v € VI(E, B) (see,
for example, [16]).

For finding a common element of the set of fixed points of a nonexpansive map-
ping and the set of solutions of variational inequalities for an &-inverse-strongly
monotone, Takahashi and Toyoda [21] introduced the following iterative scheme:

{xo € E chosen arbitrary, (1.6)

Xpg1 =pXxp + (1 — ) SPE(xy — Ay Bxy), VYn=>0,

where B is an &-inverse-strongly monotone, {«,} is a sequence in (0, 1), and {A,} is
a sequence in (0, 2£). They showed that if F(S) N VI(E, B) is nonempty, then the
sequence {x,} generated by (1.6) converges weakly to some z € F(S) N VI(E, B).
Recently, liduka and Takahashi [9] proposed a new iterative scheme as following

{xo = x € E chosen arbitrary, a7

Xpp1 =0px + (1 —ay)SPe(xy, — Ay Bxy), VYn>0,

where B is an &-inverse-strongly monotone, {o;,} is a sequence in (0, 1), and {A,} is
a sequence in (0, 2&). They showed that if F(S) N VI(E, B) is nonempty, then the
sequence {x,} generated by (1.7) converges strongly to some z € F(S) N VI(E, B).
Very recently, Su et al. [17] proposed the following new iterative scheme:

x1 = x € C chosen arbitrary,

Zn = ¥YnXn + (L = ¥) SPE(Xy — Tu Bxn),

Yn = Bnxn + (1 — Bn)SPE(zn — u Bzn),

Xnt1 =0pX + (1 =) SPE(Yn — 1 Byn), Vn=1,

(1.8)

for finding a common element of the set of fixed points of a nonexpansive mapping
and the set of solutions of a variational inequality for an &-inverse-strongly monotone
mapping in a real Hilbert space, and a strong convergence theorem is established.

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see e.g., [8, 23, 24, 26] and the references therein.
Convex minimization problems have a great impact and influence in the development
of almost all branches of pure and applied sciences.
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A typical problem is to minimize a quadratic function over the set of the fixed
points a nonexpansive mapping on a real Hilbert space H:

!
Ecrg;}i(Ax’x>_<x’b>? (19)

where F is the fixed point set of a nonexpansive mapping 7 on H and b is a given
point in H. Assume that A is strongly positive on H if there is a constant y > 0 with

property
(Ax,x) > 7|x|?, VxeH. (1.10)

Moreover, it is shown in [12] that the sequence {x,} defined by the scheme
Xpp1 =€V f(xn) + (1 —€,A)8x,, (L.11)

converges strongly to z = Pr(s)(I — A + yf)(z). Recently, Plubtieng and Punpaeng
[13] proposed the following iterative algorithm:
F(“m}’)"‘%()’_unsun_xn)z(), Vy€eH,

(1.12)
Xpp1 =€V f(xn) + U —€,A)Su,,.

They prove that if the sequence {e,} and {r,,} of parameters satisfy appropriate con-
dition, then the sequences {x,} and {u,} both converge to the unique solution z of the
variational inequality

(A—yfz,x—z)>0, z€F(S)NEP(F), (1.13)

which is the optimality condition for the minimization problem

1
min —(Ax,x) — h(x), (1.14)
x€F(S)NEP(F) 2

where £ is a potential function for y f (i.e., k' (x) = y f (x) for x € H).
Furthermore, for finding approximate common fixed points of an infinite countable
family of nonexpansive mappings {7},} under very mild conditions on the parameters.
Let Ty, T>, T3, . . . be an infinite family of nonexpansive mappings of E into itself
and let u1, ua, U3, ... be real numbers such that 0 < u; <1 for every i € N. For any
n € N. Shimoji and Takahashi [19], define a mapping W,, of E into E as follows:

Un,n+1 = I!
Un,n = unTy Un,n+1 + (1 =),
Un,n—l = l’Ln—lTn—lUn,n + (1 - /’Ln—l)l’

Unk = miTi Uy g1 + (1 — up) 1, (1.15)
Unik—1 = pk—1Tx—1Up i + (A — pp—1)1,
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Unp=pu2NU,3+ (1 —u2)l,
Wy=Un1=pu1T1Up2+ (1 —p)l.

Such a mappings W,, is nonexpansive from E to E and it is called the W-mapping
generated by 71, T, ..., T, and py, 2, ..., Uy

On the other hand, Colao et al. [7] introduced and considered an iterative scheme
for finding a common element of the set of solutions of the equilibrium problem (1.2)
and the set of common fixed points of a finite family of nonexpansive mappings on E.
Starting with an arbitrary initial xo € E, define a sequence {x,} recursively by

{F(un,y)+$<y—un,un—xn>20, VyeH, (1.16)

Xpp1 =€V f(xn) + Bxp + ((1 — B — €, A)Wyuy,

where {€,} be a sequences in (0, 1). It is proved [7] that under certain appropriate
conditions imposed on {¢, } and {r, }, the sequence {x, } generated by (1.16) converges
strongly to z € ﬂZO:] F(T,)NEP(F), where z is an equilibrium point for F and is the
unique solution of the variational inequality (1.13), i.e., z = Py | p(7,)nepr) (I —
(A —yf))z. Very recently, Chang et al. [6] introduced an iterative scheme for finding
a common element of the set of solutions of the equilibrium problem (1.2) and the
set of fixed points of an infinite family of nonexpansive mappings in a Hilbert space.
Starting with an arbitrary initial xg € E, define a sequence {x,},{k,},{y,} and {u,}
recursively by

Fun, y) + -y = ttn, n —%,) 20, Vy€E,
Y = PE(un — ko Buty),
kn = PE(Yn — 2 Byn),
Xn+1=0n [ (Xn) + Bnxn + vaWykn,  Vn>1,

(1.17)

where {W,} is the sequence generated by (1.15), {&,}, {8,} and {y,} are sequences
in (0, 1), {X,} in a sequence in [a, b] C (0, 2£). They proved that under certain ap-
propriate conditions imposed on {«, }, {8}, {¥x} and {r,}, the sequence {x,} and {u,}
generated by (1.17) converge strongly to z € ﬂf,o:l F(T,)NVI(E, B)NEP(F), where
2= P, parynvie. Bynepr) f (2)-

In this paper, motivated by iterative schemes considered in (1.8), (1.16) and (1.17)
we will introduce a new iterative process (3.1) below for finding a common element
of the set of fixed points of an infinite family of nonexpansive mappings, the set of
solutions of an equilibrium problem, and the set of solutions of variational inequality
(3.2) for an &-inverse-strongly monotone mapping in Hilbert spaces. Then, we prove
a strong convergence theorem which is connected with Chang, Lee and Chan [6],
Colao, Marino and Xu [7] and Su, Shang and Qin [17] and many others.
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2 Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let E be
a nonempty closed convex subset of H. We denote weak convergence and strong
convergence by notations — and —, respectively.

For each n, k € N, let the mapping U, ; be defined by (1.15). Then we can have
the following crucial conclusions concerning W,,. You can find them in [19]. Now we
only need the following similar version in Hilbert spaces.

Lemma 2.1 [19] Let E be a nonempty closed convex subset of a real Hilbert
space H. Let Ty, T,,... be nonexpansive mappings of E into itself such that
ﬂ;’lozl F(T,) is nonempty, let 1, L2, ... be real numbers such that 0 < u, <b <1
for every n > 1. Then, for every x € E and k € N, the limit lim,_, o Uy i x exists.

Using Lemma 2.1, one can define a mapping W of E into itself as follows:

Wx= lim W,x= lim U, x, 2.1

n—oo n—oo

for every x € E. Such a W is called the W-mapping generated by 71, 73, ... and
U1, 12, . ... Throughout this paper, we will assume that 0 < u,, < b < 1 for every
n > 1. Then, we have the following results.

Lemma 2.2 [19] Let E be a nonempty closed convex subset of a real Hilbert
space H. Let Ty, T,,... be nonexpansive mappings of E into itself such that
ﬂ;’lozl F(T,) is nonempty, let 1, 2, ... be real numbers such that 0 < u, <b <1
foreveryn > 1. Then, F(W) = (oo, F(Tp).

Lemma 2.3 [28] If {x,} is a bounded sequence in E, then lim, ., |Wx, —
Wax, |l =0.

Lemma 2.4 [14] Each Hilbert space H satisfies Opial’s condition, i.e., for any se-
quence {x,} C H with x, — x, the inequality

liminf||x,, — x| < liminf|x, — y||
n—-oo n—-o0
hold for each ' y € H with y # x.
Lemma 2.5 [12] Let E be a nonempty closed convex subset of H and let f be a con-

traction of H into itself with o € (0, 1), and A be a strongly positive linear bounded
self-adjoint on H with coefficient y > 0. Then , for 0 <y < %,

X =y, (A—y)x—(A—yHHy)=F —ya)lx —yl?, x,yeH.

That is, A — y f is a strongly monotone with coefficient y — y«.

Lemma 2.6 [12] Assume A be a strongly positive linear bounded self-adjoint on H
with coefficient 7 > 0 and 0 < p < |A||~". Then |I — pA|| <1 — py.
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Lemma 2.7 [18] Let {x,} and {z,,} be bounded sequences in a Banach space X and
let {B,} be a sequence in [0, 1] with 0 < liminf, o B, < limsup,_, B < 1.
Suppose xp11 = (1 — B)zn + Buxn for all integers n > 0 and limsup,__, (| zp41 —
Zull = Ixn+1 — xull) < 0. Then, lim;— o0 [120 — X, || = 0.

Lemma 2.8 [25] Assume {a,} is a sequence of nonnegative real numbers such that
ant1 < (1 —=lyay +0o,, n>0,

where {l,} is a sequence in (0, 1) and {0y} is a sequence in R such that

(1) Y02yl =00,
(2) limsup, o 7> <00r 337 on| < 0.

Then lim,,__, 5o a, =0.

Lemma 2.9 Ler H be a real Hilbert space, the following inequality hods

(D) llx + I < x> + 20y, x + y),
@) llx + ylI2 = lIx1* +2(y, x),

forallx,y e H.
For solving the equilibrium problem for a bifunction F : E x E — R, let us
assume that F satisfies the following conditions:

(Al) F(x,x)=0,Vx € E;

(A2) F is monotone, i.e., F(x,y)+ F(y,x) <0,Vx,y € E;

(A3) lim; o F(tz4+ (1 —1)x,y) < F(x,y),Vx,y,z€ E;

(A4) foreachx € E, y — F(x,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [2].
Lemma 2.10 [2] Let E be a nonempty closed convex subset of H and let F be a

bifunction of E x E into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there
exists z € E such that

1
F(Z,y)-i-;(y—z,z—x) >0, VyekE.
The following lemma was also given in [4].

Lemma 2.11 [4] Assume that F : E x E —> R satisfies (A1)—(A4). For r > 0 and
x € H, define a mapping T, : H — E as follows:

1
Tr(x)={zeE:F(z,y)+;<y—z,z—X)zO,VyGE}

forall z € H. Then, the following hold:
(1) T; is single-valued,
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(2) T, is firmly nonexpansive, i.e.,
|T-x — Try||2 <{(T,x —T,y,x —y), VYx,yeH,

(3) F(T,) =EP(F); and
(4) EP(F) is closed and convex.

3 Main results

In this section, we prove the strong convergence theorem for an infinite family of non-
expansive mappings in Hilbert spaces by using the viscosity approximation method.

Theorem 3.1 Let E be a nonempty closed convex subset of a real Hilbert space H,
let F be a bifunction from E x E to R satisfying (A1)-(A4) and let {T,} be an
infinite family of nonexpansive of E into itself. Let f be a contraction of H into itself
with a € (0,1), B be an &-inverse-strongly monotone mapping of E into H such
that Q = ﬂf’il F(T,) NEP(F)NVI(E, B) # . Let A be a strongly positive linear
bounded self-adjoint on H with coefficient y > 0and 0 <y < % Let {x,},{yn}.{kn}
and {u,} be sequences generated by

x1 =x € E chosen arbitrary,

Fun,y) + 3y —tn, 4y —X,) 20, Vye€E,
Yn = @nitn + (1 — @) PE(un — 8y Buy),

kn = apxy + (1 —0) PE(yn — AnByn),

Xnt1 = €nV [ (xXn) + Bnxn + ((1 =Bl — enA)WnPE(kn —twBky), Vn>1,
3.1

where {W,} is the sequence generated by (1.15) and {€,}, {o,}, {¢n} and {B,} are
sequences in (0, 1) and {r,} is a real sequence in (0, 00) satisfy the following condi-
tions:

(i) limy 00 €, =0, Z?,i] €p = 00,
(i) lim, ooy =lim, o0 ¢, =0,
(iii) 0 <liminf, o0 By <limsup,_, ., Br <1,
@iv) liminf, 7, > 0 and lim,_—, |41 — ry| =0,
V) limy—s o0 [Ang1 — An| =1imy 00 [8p41 — 8| =0 and limy, o0 |Th1 — Tl =
0,
i) {tn}, {An}, {60} C la, b] for some a, b € (0, 28).

Then, {x,} and {u,} converge strongly to a point 7 € Q2 which is the unique solution
of the variational inequality

(A-=yflz,x—2)=0, VxeQ. (3.2)

Equivalently, we have z = Po(I — A+ yf)(2).
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Proof Since €, —> 0 by the condition (i), we may assume, without loss of generality,
that €, < (1 — B,)||A||"! for all n € N. From Lemma 2.6, we know that if 0 < p <
|A| =Y, then ||[I — pA| <1 — p7. We will assume that ||/ — A|| <1 — 7. Since A is
a strongly positive bounded linear operator on H, we have

|All = sup{|{Ax, x)| : x € H, [|x]| = 1}.
Observe that
(1= )] — € A)x,x) = 1 — By — € (Ax, x)
>1—=By—elAl=0
this show that (1 — B,)I — €, A is positive. It follows that
(1= B — €, All = sup{[{((1 = Bu) ] — €nA)x,x)|:x € H, ||x]|| =1}

=sup{l — B, — e (Ax,x) :x € H, | x| =1}
<1—-8,—ey.

Let Q = Pg, where Q := ﬂff:l F(T,) N EP(F)NVI(E, B). Note that f be a con-
traction of H into itself with o € (0, 1). Then, we have

10U —A+yHx)— QU —A+yHWI
=|Po(I —A+yf)(x) = Po(l —A+y /W
SId=-A+yHx) =T -A+yHWI
< =Alllx =yl +vIf&) = fFWI
= =p)lx =yl +ralx—yl
=l -y +yo)lx—yl
=1 - —ay)lx—yl, Vx,yeH.

Since 0 < 1 — (y —ay) < 1, it follows that Q(I — A + yf) is a contraction of H
into itself. Therefore by the Banach Contraction Mapping Principle, which implies
that there exists a unique element z € H suchthat z=Q(I — A+ yf)(z) = Po(I —
A+ yf)(2). First, we show that I/ — t, B is nonexpansive. Actually, for any x,y € E,
from the &-inverse-strongly monotone mapping definition on B and condition (vi),
we have

I(I =t B)x — (I — 7, B)y|
=|l(x — y) — % (Bx — By)|I?

= |lx — ylI* = 2ty {x — y, Bx — By) + t7|| Bx — By||*
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< lIx = yI* = 26§ Bx — Byl + 7,/ | Bx — By’
= e = ¥1* + 7 (z — 28)||Bx — Byl)?
<llx—yI% 3.3)
This implies that / — t, B is nonexpansive, and so are / — A, B and I — §,B.
We divide the proof of Theorem 3.1 into five steps.
Step 1. We claim that {x,} is bounded.

Indeed, let p € 2 and let 7,, be a sequence of mappings defined as in Lemma 2.11.
Then p =T, p. We note that u, = T, x,. If follows that

lun = Pl =T, 20 = T, Pll < llxn — pII.
Since I — A, B and I — 8, B are be nonexpansive and p = Pg(p — A, Bp) = Pe(p —
dnBp), we have
yn = Pl = 1@a(un — p) + (1 = ) (PE(un — 84 Buy) — p)|
= l@n(un — p) + (A — ) (PE(up — 8n Buy) — PE(p — 8, Bp))||
< @nllun — pl+ A — @)l — 8pBun) — (p — 8, Bp) |l
= @nllun — pll+ A = @)1 = 8u B)up — (I — 8, B) p)|
< @nllun — pll+ (1 = @) llun — p)ll
= llun — pll = llxn — Pl

It follows that

lkn — pll = llan(xn — p) + (1 — @) (PE(yn — An Byn) — p)|
= llotn (xn — p) + (1 — on) (PE(Yn — AnByn) — PE(p — A Bp)) ||
< dnllxn — pll+ (1 =) (yn = AnByn) — (p — 2n Bp)l
=apllxn — pll+ A —a)l(I —AnB)y, — (I — 2y B)pl|
< dpllxn — pll+ (I —an)llyn — pli
< dnllxy — pll + (I = ap)llxn — pll = llxn — pll,

which yields that

I Xn+1 — Pl = llen (v f (xn) — Ap) + Bu(xn — p)
+((1 = B — €4 A)(W,, Pg (kn — Ty Bkn) — p)I
< = Bn — V)| PE(kn — T Bky) — pll
+ Bullxn — pll + €xlly f (xn) — Apll
= =By —aVIIPEU —tuB)ky — pli
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+ Bullxn — pll + €nlly f (xn) — Apll
= =B —ep)lkn = pll + Ballxn — pll + €ally f (xn) — Apll
= =B —€P)lxn = pll + Bullxn — pll + €nlly f (xn) — Apll
= =eaplxn = pll+eyllf(n) = F(PI+ellyf(p) — Apll
= (I =eP)lxn = pll +enyalixn — pll +enllyf(p) — Apll

_ _ lf(p)—Apll
== —ay)e)lxn —pll+y —ay)eg————

y —ay

lvf(p)—Apll
< maX{len -pll, —————1¢.
By mathematical induction, we obtain
lyf(p)— Apl
lx, — pll < maX{Hx] -rl, fay , nelN.

Therefore, {x,} is bounded, so are {u,}, {ku}, {yn}, {f (xn)}, {Bu,}, {Bk,} and {By,}.
Step 2. We claim that lim,, o || X541 — X, || =0.
On the other hand, from u,, = T, x,, and u,41 =T}, Xn+1, We have

1
F(unay)+r_(y_un»un_xn>zoa VyeE 34

n

and

Funy1,y) + (y —ttny1,uns1 —Xp11) 20, VyekE. (3.5

n+1

Putting y =u,+1 in (3.4) and y = u,, in (3.5), we have

1
Fuy, upi1) + r—(un+1 —Up, Uy — Xp) >0
n

and

F(“n—i—la up) + (Un — Up+1, Un+1 _xn+1) >0.

n+1

So, from the monotonicity of F, we get

Uy — X, u — X,
n n o n+1 n+l>20

<”n+l — Unp,
'n 'n+1

and hence

T'n

<un+l —Up,Up —Up41 + Upt] — Xp — (Upy1 — xn+1)> >0.

n+1
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A general iterative method for infinite family of nonexpansive 419

Without loss of generality, let us assume that there exists a real number ¢ such that
rp > ¢ > 0 for all n € N. Then, we have

2 T'n
ltpy1 — unll” < <un+1 — Up, Xp+1 — Xp + <1 - ; )(”n—H _xn+l)>
n+1

'n

< llunt1 —unll{llxn+1 —xnll + '1 = (lltn —xn+1ll}

n+1

and hence

g1 — unll < llxpa1 — xnll + ; [Fu+1 — rallltn+1 — Xn41 |l

n+1

M,
< xpr1 — xull + T|rn+l — ral, (3.6)

where My = sup{|lu, — x,|| : n € N}. Put 6, = Pg(k, — ©,Bky), ¢, = PE(yp, —
A Byn) and ¥, = Peg(u, — 6,Buy). Since I — t,B, I — A, B and I — §, B are be
nonexpansive, then we have the following some estimates:
IVn+1 — ¥ull = | PE(nt1 — Snp1 Buny1) — PE(up — 8p Buy) ||
< I nt1 = Snp1Bupy1) — (un — 8p Buy) ||
= [|(Un+1 — Snt1Bunt1) — (Un — Spp1Bun) + (8p — Sp41) Buy ||
< I nt1 = Sp+1Buny1) — (un — Snp1 Bup) | 4 (8p — Sn1) | Bun ||
=1 = Snt1B)unt1 — (I = Spp1 Bunll + (85 — Sn1) | Bun |l
< llung1 — unll + (8p — Sp+ 1) 1 Bunll, (3.7
@n+1 = @nll = 1 PE(Ynt1 — Ant1 BYyns1) — PEQYn — An Byn) |l
< 1On+1 = Ant1BYnt1) = (Yn — An Byn) |l
= 1nt1 = 21 Bynt1) — (0 — Ang1 Byn) + (Ap — Ang 1) Byl
< NOnt1 = Ant1BYnt1) = Vn = Ang 1 Byl + (A = Apg ) | Byn |l
=1 = Apt1B)ynt1 — (I = Ang1 B yull + p — Ang- ) | Byn |
= yns1 = yull + (n = g DI Byl (3.8)

and

16n+1 = Onll = | PE (knt1 — Ta1 Bhnt1) — Pe(kn — Ty Bky) ||
< I (knt1 — Tat1Bkn41) — (kn — T Bkn) ||
= [[(kn+1 — Tut1Bknt1) — (kn — Tut1Bky) + (tn — Tut1) Bky ||
< 1 knt1 — Ta1 Bknt1) — (kn — Tat1 Bkn) | + (tn — Tut-1) [ Bkl
= = tat1B)knt1 — (I — tag1 B)knll + (ta — Tt | Bk ||
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< llkn+1 — knll + (T — T+ D | Bkall- (3.9)
Observing that
Yn = @uity + (1 — @)Yy
Yn+1 = @n+1tp+1 + (1 — @ur1)¥n+1,
we obtain
Y = Ynt1 = @n(p — tupi1) + (1 — @) (W — Yng1) + Wna1 — Uns1) (@1 — @n)s
which yields that
lyn — Ynstll
S onllun —upprl + (= @)1 Y0 — Y1l + 1¥n+1 — un+1lll@n+1 — @nl. (3.10)

Substitution of (3.7) into (3.10) yields that

13 = 1l = @nllitn = s |+ (1 = @) {1 = sl + 6 = 8ol Bual}

+ 1¥n+1 — nt1ll@n1 — ¢nl
= llun — uns1ll + (1 = 92)(6p — Sp+1) | Bun |l
+ 1Vn+1 — unt1lll@n1 — ¢nl
< llun = upt1ll + Ma(18n — Sp+1| + 1@n+1 — @ul), (3.11)

where M> is a appropriate constant such that M; = max{sup,. || Buall,

SUp,>1 1 — unll}.
Observing that

kn =opxy + (1 —oty) @y
knt1 = o1 x4 + (1 — apy 1) Pny1,

we obtain
kn = kn1 = otn(xn — Xng1) + (1 — ) (@0 — Ppt1) + (Ppy1 — Xng 1) (@1 — ),
which yields that
lkn — kn1l
< opllxn = Xpg1ll + (A =) |on — Gnt1ll + 1 Pns1 — Xnttlllongr — el (3.12)

Substitution of (3.8) into (3.12) yields that

i = Kot | = ta 1 = X+ (1= ) {131 = Yall + Gon = 2n )| Byl

+ 1 Pnr1 — tps1lllans — anl
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A general iterative method for infinite family of nonexpansive 421

= oy llxp — Xp1ll + A = @) | Ynsr1 — yall
+ (I — o) A = At DI BYnll + 1 dn+1 — Xps1 o1 — anl
< apllxy — Xpgp1ll + 1 — o) |yng1 — yall

+ M3(1An = Any1l + ltnt1 — anl), (3.13)

where M3 is a appropriate constant such that M3 = max{sup,-q | Byl

sup,~1 llgn — xall}-
Substitution of (3.6) and (3.11) into (3.13), we obtain

lkn — knt1ll < anllxn — Xpp1ll + (1 = o) [[ynt1 — yall
+ M3(|Ay — Apg1l| + o1 — agl)

< o = sl + (1 = ) fllen = e |+ Ma(18s = 1|

a1 = al) |+ MU = | + a1 = )
=anllxn — Xpp1ll + (1 — o) luy — upg1ll + (1 — an) M2 (187 — Snt1]
+1@nt1 — ©ul) + M3(|Ay — Apg1] + |ap1 — anl)
M,
< opllxy — Xp1 l + A =)y 1xn1 — x0ll + T|rn+l — 7y

+ (I — o) M2(18p — Snp1| + |@nr1 — @ul) + M3(|Ay — Ayt
+ o1 — o)
M

=ayllxy — xp1ll + A — ) lxpr1 — 20 + A = an)T|rn+l — 7yl

+ (A =) M2(18n — Snv1l + 1@n+1 — @nl) + M3(|Ay — Apt1]

+ o1 — anl)

M,

< lxn — xpr1ll + T|Vn+1 — 1y

+ M2(18n — Snv1l + 1@ns1 — @nl) + M3(|Ay — Apg1] + |atpg1 — aul)
< llxn — Xp41l

+ Ma(Irut1 — rul + 180 — Spt1| + 1@nt1 — @nl + 12w — Ant1l

+ lont1 — anl)s (3.14)

where My is a appropriate constant such that My = max{%, M>, M3}. Substituting
(3.14) into (3.9), we obtain

18n+1 = Onll < lknt1 — knll + (Tw — Tur )| Bk ||
< lxn = Xnt1ll + Ma(ras1 — Ful + 180 — Snt1l + |@nt1 — @nl
+ A, — )Ln+1| + |an+l —ay|) + (T — Tn+1)”Bkn||
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< |xn = xpt1ll + Ms(rnt1 — ral + 180 — Snt1] + @n+1 — @nl
+ 1A = At |+ |1 — aul + |10 — Tag1 1), (3.15)

where Ms is a appropriate constant such that Ms = max{sup,>; || Bk, |, Ma}.
Let x,41 =1 — Bu)zn + Bnxn, n > 1. Where

_ Xn+1 — BnXn _ &y f () + (=B — e, A)W,0,

1— B 1 — B

Then, we have

Ent1Vf (nt1) + (1 = Bur 1) — €p41A) Wy 16041
1 - /3n+1
_ v f () + (=B — e, A)W,0,
I— ﬂn

L () —

- 1 _ﬁn ﬁn

€n+1
— AW, 0, — —
1_,3}1 wn 1_,3n+1

€n+1

= ——— S ng1) — AWpi16p41) t1 (AWp0, — v f(xn))
1— ,3n+l - ﬂn

+ Wn+19n+l - Wn+10n + Wn+16n — W,6,. (3.16)

in+1 —Zn =

vf(xn) + Wyp16n1 — Wby

AWy 16n41

It follows from (3.15) and (3.16) that

lzn+1 — znll = xn+1 — Xaull
€n+1
=< W(”Vf(xwrl)“ + 1AWt 16n+11)
l’l
1 ﬂ (||AWn'9 ” + ”Vf(xn)") + ||Wn+19n+l Wn+10n”
— Pn
+ ||Wn+19n - Wnen” - ||xn+l - xn”
€n+1
= ?(”Vf(xn-i-l)” + 1 AWn 1160111
n+
+ 1 ﬂ (IAWRE L+ N1y f ) D) + 18n41 — Onl
— Pn
F+ I Wht16n — Wb || — llxp41 — xnll
€n+1
< " (lyf G DI+ IAWos 161 1)
1- ﬂn+1

Onll + Y f ) + Ms([rp1 — rul + 18p — Spa1]

F1@n+1 — @nl + Ay — Apt1| + latn+1 — @nl + [T0 — Tat1l)
+ [[Wht10n — WyOn|l. (3.17)
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A general iterative method for infinite family of nonexpansive 423

Since T; and U, ; are nonexpansive, we have

Wit16n — Wbl = lt1T1Up41,260 — 1 T1 Uy 26, ||
< 11l Un+1,20n — Un 26,
= pillp2ToUn+1,300 — 2 TaUp 36, ||
< m1p2llUn41,300 — Up 36, |l

S UIM2 Mg ||Un+l,n+19n - Un,n+19n I
n
< M [ [mi, (3.18)
i=1

where Mg > 0 is a constant such that [|Uy+1 4160 — Un.n+16s || < Mg for all n > 0.
Combining (3.17) and (3.18), we deduce

lzn+1 — znll = 1xn+1 — Xaull
€n+1
< ———— Y/ G Dl + 1 AWn116n111)
1= Bn+1
€
+ 1 nﬂ (”AWnerl” + ”Vf(xn)”) +M5(|rn+1 - rn| + |8n - 5n+l|
— Pn
+1@nt1 — Oul + 1An — App1| + 1 — o | + 1T — Tu1l)
n
+ Ms HM;‘-

i=1
From the conditions (i), (iii), (iv), (v) and 0 < u; <b < 1,Vi > 1, we have

limsup(l|zn4+1 — znll = IXn41 — xulD) 0.
n—s»00

It follows form Lemma 2.7 that

lim ||z, — x| =0.
n—-0oo
It follows that
lim_|lxp4+1 —xull= lim (1 — By)llzn — xull =0. (3.19)
n—-0o0 n—-oo

Applying (iv), (v) and (3.19) to (3.6), (3.14) and (3.15), we obtain that
lim |upt1 —upll= lim_ |kny1 —knll= lim_|[[6p4+1 — 6ull = 0. (3.20)
n—-o0 n—-:o9o n—-o0
Since x,+1 =€, Vf (xn) + Buxp + (1 — Bp)I — €, A)W,,6,, we have

lxn — Wibpll < llxn — X1l + 1 Xng1 — Wiyl
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= llxn = Xng1 | + ll€ny f (xn) + Buxn + (1 = Bu) 1 — €, A) Wy,
— Wibnll

= lxn = Xng1 | + llen (v f (xn) — AWn0n) + B (xn — Wil

< llxn = Xn 1l + €n(lyf ) Il + IAWLOL 1) + B llXn — Wiball,

from which it follow that

€
10 = Xng1 Il + —== Uy f Ce) || + AW,

1— By 1 — B

By conditions (i), (iii) and (3.19), we obtain

”xn - Wn9n|| =

lim || W6, — xull = 0. (3.21)
n—-oo

Step 3. We claim that the following statements hold:

(s1) lim;—s o0 llun — 6,1l =0;
(s2) limy—s o0 [IXp — unll =0;
(s3) limy— oo [Wytty — upll = 0.

Since B is an &-inverse-strongly monotone, by the assumptions imposed on {t,} for
any p € 2, we have

162 — plI* = | Pe (kn — T Bkn) — Pe(p — T Bp)|I?
< |(kn — Ta Bkn) — (p — 1 Bp)|I*
= l(kn — p) — Tu(Bky — Bp)|I*
< llkn — pII* = 22, kn — p, Bky — Bp) + t2||Bky — Bp|*
< lxu — plI* = 2tulkn — p. Bkn — Bp) + 7| Bk, — Bp||*
< llxn = pII* + 7a(ta — 26)|| Bk, — Bp|*
< llxa — plI* + a(b — 28)|| Bk, — Bp|*. (3.22)

Similarly, we have that

lpn — PI* < %0 — pI* 4 2nOn — 26) | Byn — Bpl|® (3.23)
and
1Y — pI* < %0 — pII* + 84 (80 — 26) || Bu,, — Bpl*. (3.24)
Observe that
IxXn1 — pII?

=1((1 = BT — €4 A)(Wyby — p) + Bu(xn — p) + €x(r.f (x2) — AP)II?
=1((1 = BT — €4 A)(Wyby — p) + Bu(xn — PI* + €211y f (xn) — Apl?
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+2Bu€n{xn — p, vf(xp) — Ap)
+ 26, (((1 = B) I — €g AWy, — p), v f (xn) — Ap)
< ((1 = By — €)Wy — pll + Bullxn — pID> + €21y f (xn) — AplI*
+ 2Bn€n{xy — P, Vf(xn) - AP)
+ 26, (((1 = B) I — €g AY(Wyby, — p)., v f (xn) — Ap)
2
< (= Bo = P16 = pll+ Bulln = pIl) +ca
< (1= By — ) 160 — pI* + B2lx0 — pI?
+2(1 = By — €7 BullOn — pllxn — plll +cn
< (1= By — ) 16n — pI* + B2lxn — pI?
+ (1= B = &a?)Ba {160 = PIP + 5w = pIP} + o
= (= &?)? =201 = e ?)fu + B2 |16, = pI? + BElla — pI?
+ (1 = €?)Bn — BHUO — PI* + Ixn — pI*) +cn
= [ =P = A =PI |60 = I+ (1 = a?)Bullxn = pI* + e,
=1 =)A= By — PNy — plII* + (1 — €7 Bullxn — pI* +cn,  (3.25)
where
Cn = €r2,||)/f(xn) - AP”2 +2Bnen(xn — p, vf (xn) — Ap)
+26,(((1 = BT — €g AY(Wyby, — p), v f (x) — Ap).
It follows from condition (i) that

lim ¢, =0. (3.26)

n—-o0o
Substituting (3.22) into (3.25), and using condition (vi), we have
11 — PI* < (1 — €7)(L = By — €a)16n — pII?

+ (1= € 7)Bnllxn — plI* +cn

= (=& = fu = &) lxa = pI? +alb = 26) | Bky — Bp |}
+ (1= € 7)Bnllxn — plI* +cn

=(1— &) lxa — pl*
+ (1 — 7)1 — By — €xP)ab — 26)|| Bk, — Bpl|* + ¢,

< |lxp — plI* +a(b — 26| Bk, — Bp|I* + cp.
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It follows that
a(2€ — b)||Bky — Bp|* < llxp — plI* = [ xnt1 — pII* + cn
= (lxn = Pl = 1Xns1 = PDUxn = pll + Ixns1 — pID + cn
<l = Xng1 1 xn = pll+ Ixag1 — pID + ca-
Since ¢, —> 0, a, b € (0, 2&) and from (3.19), we obtain
lim_||Bk, — Bp|| =0. (3.27)
Note that
lkn = P1I* = llotm (xn — p) + (1 — ) (@0 — P)II?
< aplxn —pI* + A —an)lgn — plI
< anlen = P12+ (=) Ixn = pIP + 2 (hn = 2611 By, — BpI}
= [lxn — pI* + (1 — atp)hn (A — 26)1| By — Bp|?
< llxn — plI* + (1 — aw)a(b — 26)|| By, — Bp||? (3.28)

and

lvn — I = lln@n — p) + (1 — @) W — p)I*
< gulln — pII* + (1 — @) 1Y — plII?

= gulla = P12+ (= @) {5 = pIP + 82 (80 = 26) | Bun — BpI)

= lxn — pII* + (1 = 02)8, (8, — 26)|| Buy, — Bp||*
< |lxy — pI* + (1 — @u)a(b — 2)|| Bu, — Bp||*.

Using (3.25) again, we have

IxXn41 = PI* < (A —€a?)(L = Bu — €a?) 160 — pI* + (1 — €2 7)Bullxn — pII* + cn
= (1 —u?)(I = Bn — &) Pe(kn — T Bkn) — Pg(p — T Bp)|*
+ (1= €7)Bullxn — pI* + cn
< (=€) = Bu — )|k — TaBkn) — (p — u Bp)|I?
+ (1= €7)Bullxn — pI* + ca
= —eP)(1 = By — eI — Bk — (I — 1, B)p|?
+ (1= €7)Bullxn — pI* + cn
<=1 =By —eP)lkn — pl?
+ (= €n)Bullxn — pI* +cn. (3.29)
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Substituting (3.28) into (3.29), and using condition (vi), we have
bnsr = pIP = (1= 7)1 = By = )| 0 = I
+ (1 —analb—26)By, - Bpl*}

+ (1= €a7)Bullxn — pI* + c
== e7)*|lxa — pl?

+ (1= e ?)(1 = By — €a?) (1 — an)a(b — 28) || By, — Bpl|* + cn
< llxn = pl* + (1 — aw)a(d — 28)|| By, — Bp|* + ca.

It follows that
(1 — ap)a(2£ — b)|| By, — Bpl*
< llxn = pI* = X1 — PI* + cn

= (Ixn = Pl = 41 = PIDUxn = Pl 4 X011 = PID) +¢a

< xn = Xnt1llClxXn = Il 4 X041 = PID =+ ca.
From ¢, —> 0, a, b € (0, 2§) and from (3.19), we arrive that
lim ||By, — Bp|| =0. (3.30)
n—>00
In a similar way, we can prove

|Bu, — Bp| = 0. (3.31)

lim |
n—-0o0

On the other hand, we have
16, — plI* = | P (kn — Tw Bky) — Pe(p — . Bp)|?

=PI — t,B)k, — Pp(I — 1, B) p||®
<{(UI —=1uB)kn —(I —1,B)p,6, — p)

1
= {1t =B — (1 =7, BYpI + 16 = pI?

— U = TuBYks = (I =2 B)p = 6, — P

IA

{Ilen = pIP + 16 = pI2 = ke = 6) = T (Bhs — Bp) 2]

IA

N = N =

e,
=
3

— pI> + 160 — pI> = Nk — 6112

— 1By = BpI> + 2t (ks — 60, Bky — Bp)]
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which yields that
16, — pII* < llxn — pI? = llkn — Oull* + 2Ty llky — Oull Bky — Bpll.  (3.32)
Similarly, we can prove
Ign — pII* < l1x0 — PI* = llyn — Gull® + 220 llyn — Sl Bya — Bpll  (3.33)
and
10 — plI* < %0 — I — llun — Yull* + 28, llun — Yullll Bun, — Bpl.
Substituting (3.32) into (3.25), we have
%01 — PI? < (1 — €7)(1 = By — €aIbn — I + (1 — €7)Bullxn — plI* +cn
= (=& = fu = &) Ix — I
— kn = OulI* + 2 ks — O |11l Bk, — Bpu}
+ (1 =€) Bullxn — plI* +ca
= (1 — €70 — plI* — (1 — 7)1 — By — €7k — 6,I>
+2(1 — En];)(l - ,Bn - 6n)7)":n ”kn — Gn“”Bkn - BP|| +cp
< llxp — pII* = (1 — €7)(1 — By — a7k — 6, I
+2(1 — 7)1 = By — €7 Tullkn — Onllll Bk — Bp|l + cn,
which yields that
(1 — €u7)(1 = Bu — €a )k — 60>
< llxn = pI* = X041 — pII?
+2(1 — &)1 = By — €7 Tullkn — Ol Bk — Bp|| + cn

< X0 = Xn1lClxn = Pl + X041 = PID

+2(1 — 7)1 — By — €u7)Tullkn — O, [l Bkn — Bpl| + c.
Applying (3.19), (3.27) and ¢, — 0 as n — oo to the last inequality, we have
lim 1k, — 6,1 =0. (3.34)
Using (3.29) again, we have
IXns1 = pII* < (1= 7)1 = B — ) llkn — plI> + (1 — &) Bullxn — pII* +cn
= (1= 7)1 = B = P lan (60 = p)+ (1 = ) (0 = P2}

+ (1 =€) Bullxn — pI* +ca
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= (=& = o — P aunllxn = pI? + (1 —an)gn — pI}

+ (1= €a7)Bullxn — PI* + c

= (1 — &)1 = By — enPtnllxn — plI*
+ (1 =)A= By — &) —an)lipn — pl*
+ (1= ) Bullxn — PI* + cn

< (1 =& 7)1 — Bu — enP)tnllxn — plI*

+ (=)0 =B = )1 =) {ln = pI* = 1y = dull®
+ 2allyn = Gl Byn = Bpl} + (1 = &07)Balln = pII* +ca

= (1 — 7)1 = o — €nV)ullxn — pII*
+ (1 —ep)d = By — a7 —a)lxn — pl?
— (1 —€a?)(1 = B — €a?) (1 — ) lyn — bu >
+ (1 — e ?)(1 = By — €a?)(1 — 0n)22nl|yn — bullll Byn — Bp|
+ (1= €a7)Bullxn — pI* + c
=l — 7)1 = o — &P)llxn — pII
— (I —€a?)(1 = By — €a?) (1 — ) llyn — bul*
+ (1 — e ?)(1 = By — €a?)(1 — 0n)22nllyn — bullll Byn — Bp|
+ (1= €a7)Bullxn — pI* + ca
= (1 — &) llxn — plI* — (1 — & P)(1 — By — €a7)(1 — t)
X lyn = dull> + (1 — 7)1 = By — €0 7)(1 — aty)
% 2kl yn = Gullll Byn — Bpll + c
<l = pIP = A=) = Bu — €a7) (A — ) lyn — $n?
+ A=) =By — ) (1 — )
% 2hnllyn — Gullll Byn — Bpll + cn.

It follows that

(1 —eP)(1 = Bu — ) (1 — ) llyn — bull®
< 2 = pI* = xns1 — PI? +2(1 — €,7) (1 — By — €2 7)(1 — atp)
X dnllyn = @l Byn — Bp|l + cn
< xn = Xnt1 120 — Il + 1Xag1 — pID

+2(1 —€,7)(1 = Bn — €a¥ )L —a)Anllyn — Gullll Byn — Bpll + cn.
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From (3.19) and (3.30), we obtain
lim ||y, — ¢nll =0. (3.35)
n—ao0o
By using the same argument, we can prove that
lim |lu, — ¥,| =0. (3.36)
n—-o0

Notice that

kn — ¢n =y (xp — dn)

and

Yn = Yn = @u(n — Yn)-

Since «;, —> 0 and ¢, —> 0 as n —> oo respectively, we also have
lim [k, — @nll= lim |y, — [ =0. (3.37)
n—-o0 n—-oQ
On the other hand, we observe

ln = Oull < Nun — Yl + 10 — yull + 110 — Gull + 10 — knll + ik — Onll.
Applying (3.34), (3.35), (3.36) and (3.37), we have
lim |ju, —6,] =0. (3.38)
n—-oo
For any p € 2, note that 7, is firmly nonexpansive (Lemma 2.11); then we have
e = pI? = 1T, 20 = T, PIP < AT 00 = T, X = p)
= (up — p, Xn — p)

1
= 5 (ltn = PIP + 5 = I = It = ]?)

and hence
lun = pI* < X0 — PI* = lxw — unll®.
Which together with (3.25) gives
Ixns1 — PI* < (1 — €7)* = Bu(l — €716 — pII*
+ (=& ?)Bullxn — pI* +cn
= ((1 =€) = Bu(L — a1 B — ) + (un — p)II*
+ (1= & ?)Bullxn — pII* +cn

= (= &P) (1= fu = D160 = wall® + 1 = I
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2000 = ttn, ttn = )| + (= €07 Balla — I+

< (=&)L= By — )| — unl*
+ (1 —e?)(I — €t — Bu)lun — plI?
+2(1 — &)1 = By — €a?) 100 — tn Iy — |
+ (1= €a7)Bullxn — PI* + c
< (=)0 = By — )6y — un*
+ (= &)1 = o = P 15 = PIP = 120 = a1}
+2(1 — )1 = By — €100 — tnllln — |
+ (1= €7)Bullxn — PI* +
= —€P)(I = Bn — P16 — unll?
+ (1 — &)1 = By — ea?)llxa — pII
— (1= eu?)(1 = By — en?)llxn — un*
+2(1 — &)1 = B — €n?) 100 — tn Iy — |
+ (1= €a7)Bullxn — PI* + c
= — &) llxn — plI* = (1 —&?)(1 = By — € llxn — un®
+ (1 =)A= By — €0 — unl
+2(1 — 7)1 = By — €100 — unllllun — pll + ca
= (1 =27 + (7)) llxn — pI?
— (1= €)1 = By — €n?)llxn — un?
+ (=&)L= By — € ?)|0n — unll®
+2(1 — 7)1 = By — € 10n — unllllun — pll + ca
< llxn = pI* + (€7 Ixa — pII?
+ (=&)L= By — € ?)|6n — unll®
— (=&)L = By — &) 1xn — unl®
+2(1 — )1 = By — €aP)|6n — ttn |l ln — pll + cn,

from which if follows that
(1 =€) = By — € P) 1% — nl?
< xn = pII* = X1 — pI* + (€7 Ixn — pII?
+ (1 — 7)1 — By — € 7) 100 — >
+2(1 — 7)1 = By — €aP) 100 — tnlllltn — pll + s
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< 1w = X1 I = pll + X1 = plD) + (€710 = plI?
+ (L= e P) (1 = By — €a?)|6n — un*
+2(1 =€) = B — )00 — unllllun — pll + cn.

Using €, —> 0, ¢, —> 0, (3.19) and (3.38), we obtain
lim |[x, —u,| =0. (3.39)
n—-o0
Since liminf,__, - r,, > 0, we obtain

. Xp — Up
lim
n—-oo

1
= lim —|x, —u,| =0. (3.40)

In n—>00 ry

Furthermore, by the triangular inequality we also have
X0 = Onll < llxp — unll + llun — Onll,
thus form (3.38) and (3.39), we have
JHm = 6, =0. (3.41)
Observe that

W6 — Onll < IWnby — xull + llxn — Onll-

Applying (3.21) and (3.41), we obtain

lim [|Wy6, — 6,] = 0. (3.42)
n—soo

Let W be the mapping defined by (2.1). Since {6, } is bounded, applying Lemma 2.3
and (3.42), we have

W6, — 0|l <IW6, — Wy,0,ll + IW,0, — 6,]| — 0 as n —> o0. (3.43)

Step 4. We claim that limsup,,__, . ((A—yf)z,z—x,) <0, where z is the unique
solution of the variational inequality ((A — yf)z,x —z) > 0,Vx € Q.

We know that z = Po(I — A + yf)(z) is a unique solution of the variational
inequality (3.2). To show this inequality, we choose a subsequence {6, } of {#,,} such
that

lim ((A —yf)z, 2 —0y;) =limsup((A — yf)z,z — 6,).

1—>00 n—o00
Since {6,,} is bounded, there exists a subsequence {Qni/} of {6,,} which converges
weakly to w € E. Without loss of generality, we can assume that 6,, — w. From
W6, — 0,] — 0, we obtain W6,, — w. Next, We show that w € 2, where Q :=
Mney F(T,) NEP(F)NVI(E, B).
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First, we prove w € EP(F). Since u,, = T}, x,, we have

1
F(u,,,y)~|—r—(y—un,u,,—xn)20, VyeE.

n

If follows from (A2) that,

%(y —Un,Up — Xn) = —F(up, y) = F(y, un),
and hence
<y—mmZﬂ:lﬂ>ZF@JmJ
T'n;
Since 2™ 5 () and Uy, — w, it follows by (A4) that F(y, w) <Oforall y € E.

Fortwith10<t§ landye E,lety,=ty+ (1 —t)w. Since y e E and w € E, we
have y; € E and hence F(y;, w) <0. So, from (A1) and (A4) we have

0=FQ:,y) StF(y, y) + (1 =) F(yr, w) <tF(y, y)

and hence F(y;, y) > 0. From (A3), we have F(w, y) > 0 for all y € E and hence
w € EP(F).

Next, we show that w € ﬂ;’lozl F(T,). By Lemma 2.2, we have F(W) =
ﬂ;’,ozl F(T,). Assume w ¢ F(W). Since 6,, — w and w # Ww, it follows by the
Opial’s condition (Lemma 2.4) that

liminf [|6,, — w|| < liminf||6,, — Ww||
1—> 00 1 —> 00
= liminf(||6,, — W6,, + W6,, — Wwl||)
1 —> 00
< liminf(|6,, — W6y, || + W6y, — Wuw])
1—> 00
= liminf | W6,, — Ww||
1 —> 00
< liminf|6,, — w].
1 —> 00
This is a contradiction. Thus, we obtain w € F(W) = ﬂzozl F(T,).

Finally, Now we prove that w € VI(E, B).
Let

{Aw1 + Ngw;, wi€E,
Twy =

@, wy ¢ E.

Then, T is maximal monotone. Let (w1, wy) € G(T). Since wp — Aw; € Ngwj and
0, € E, we have (w; — 6,,, wp — Bw;) > 0. On the other hand, from 6,, = Pg(k,, —
1, Bk,), we have

(wl — On, O — (ky — Tann)) >0,
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and hence
Qn - kn

<wl — On, +Bkn>20'

Tn

Therefore, we have

(w1 — Op,, w) = (w1 — O, Bwy)

—k

0,. )
(w1 — O, Bwy) — <w1 — O, r— + Bkn,->
n

v

O, — kn,
=<w1 — 6y, Bwy — Ak, — %>
n;

= (wl _en;,BU - Be}’l,) + <w1 _Qn;aBen,‘ _Bkn,->

0, —ky,.
—<w1—9ni,%>
n

0n, — ki,
> (wi — O, BOy, — Bky;) — <w1 — O, —> (3.44)
Ty,
Noting that ||6,; — ky; || —> 0 as n —> oo and B is Lipschitz continuous, hence from
(3.44), we obtain
(w; —w, wy) 0.

Since T is maximal monotone, we have w € 710 and hence w € VI (E, B).
That is w € , where Q := ﬂ;’lozl F(T,)NEP(F)NVI(E, B).
Since z = Po(I — A+ yf)(2), it follows that

limsup((A — y )z, z — x,) = limsup((A — yf)z,z — 6,)

= lim ((A—yf)z.z2—0y)
={(A—yfz,z—w) <0, (3.45)

It follows from the last inequality, (3.21) and (3.41) that

limsup(y £ (z) — Az, Wy6, — z) <O0. (3.46)

n—-o0

Step 5. Finally, we show that {x,} and {u,} converge strongly to z = Po(I — A+
Y (@).

Indeed, from (3.1) , we have

Ixn41 = 2I* = len v f Gn) + Buxn + (1 = B) ] — €a A) Wby — 2|
= (1 = B — n A)(Wuby — 2) + Bu(Xn — 2) + € (v f (xa) — AD)|I*
=1((1 = B — €n A) (W — 2) + Bu(xn — DII* + €211y f (xn) — Az?
+2Bnen(xn — 2, v f (xn) — Az)
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=<

=

=<

=

=<

+ 2€n (1 = Bu) I — €4 A)(Wybp — 2), v f (%) — AZ)

((1 — Bn — V)W — zll + Bullxn — zll)2 +erllyf ) — Azl
+ 2Bneny (xn — 2, [ (xn) — f(2)) + 2Bnénfxn — 2, ¥ f(2) — Az)
+2(1 = Bn)y€n(Wnby — z, f(xn) — f(2))

+2(1 = B)en (Wb — 2, v f (2) — Az)

— 2e2(A(Waby — 2), v (2) — A2),

(1= Ba = a?) I Wb = 2l + Bullxn —z||)2 + ey f ) — Az|?
+2Bneny 130 — 21 f ) — F(N +2Buenn — 2. v (2) — Az)
+2(1 = By enll Waby — zllll f () — £

+2(1 = B)en{Waby — 2, .f (2) — Az)

— 262 (A(Wyby — 2), v.f(2) — Az),

(1= Bu = a?) 6, — 2l + Bullx —zn)2 + 2y f () — Az)?
+2Bp€ny llxn — zlll f(xn) — FN +2Bnen(xn — 2, ¥ f(2) — Az)
+2(1 = By enllbn — 2l f Cen) — f (@)

+2(1 = B)en(Wnbn — 2, v f(2) — Az)

—2€2(A(Wby — 2), £ (2) — A2),

(1= Ba = ea?)lln = 2l + Balla - z||)2 +e2llyf () — Azl
+ 2Bnenyallxy — zl* + 2Buenlxn — 2. ¥ (2) — A2)

+2(1 = B)yenellxn — 21> +2(1 — Bu)en(Waby — 2. 7 £ (2) — Az)
—262(A(Wyby — 2), 7f(2) — A2)

(1= e + 2Bueayec+ 201 = Byene |15, — I

+ €2y f () — Azl + 2Bnen(xn — 2. 7 (2) — A2)

+2(1 = B)en({Waby — 2, .f (2) — Az2)

— 2€2(A(Wyby — 2), £ (2) — A2)

[1 =207 = av)en In = 2l + 722l — 22

+ €21y f () — Azl + 2Bnen(xn — 2. v (2) — Az)

+2(1 = Bp)en (Wb — 2, v f(2) — Az)

+2€2 | A(Wa6, — DIy £ (2) — Azl
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= [1-2(7 —ay)en |l — 2112
+ en{en (7215 = 20 + 1y f () — Az
+ 20 AWaby = D7 ) = Azl + 260 (%0 — 2. 7 () — AZ)
201 = B (Wabs — 2,7 (@) - Az>}. (3.47)

Since {x,}, { f (x»)} and {W,0,} are bounded, we can take a constant M > O such that
7212 = 21+ v f ) = Azl + 21 A(Waby — DIy f (2) — Azl < M,
for all n > 0. It then follows that
Ixns1 = 212 < (1= L) lxn — 201> + €n0n, (3.48)
where

ln = 2(7; - Olj/)én
on = €M +2Bp(xn — 2, ¥ f(2) — Az) + 2(1 = ) (Wibn — 2, v f(2) — Az).
Using condition (i), (3.45) and (3.46), we get [, — 0, > o2 1, = oo and

limsup, __, o, ‘;7" < 0. Applying Lemma 2.8 to (3.48), we conclude that x, — z

in norm. Finally, noticing
lun =zl = 175, X0 — T2l < llxn — 2l
We also conclude that #,, —> z in norm. This completes the proof. 0

Corollary 3.2 Let E be a nonempty closed convex subset of a real Hilbert space H,
let {T,} be an infinite family of nonexpansive mappings of E into itself and let B be
an &-inverse-strongly monotone mapping of E into H such that Q := (1,2, F(T,) N
VI(E, B) # . Let f be a contraction of H into itself with « € (0, 1) and let A be
a strongly positive linear bounded self-adjoint on H with coefficient y > 0 and 0 <
y < % Let {x,},{yn} and {k,} be sequences generated by

x1 =x € E chosen arbitrary,

Yn = @uXy + (1 — @) PE(xy — 8, Bxy),

kn = opxy + (1 —0y) PE(Yp — An Byn),

Xn4+1 = 6nyf(xn) + Bnxn + (1 = B — €, A)W, Pg(k, — 1, Bk,), VYn=>1,
where {W,} is the sequence generated by (1.15) and {€,}, {a,}, {¢n} and {B,} are

sequences in (0, 1) satisfy the following conditions:

(i) lim,— o€, =0and Y, | €, =00,
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(i) limy o0 0ty = limy 00 9 =0,

(iii) 0 <liminf, o0 By <limsup,_, ., Br <1,

(iv) limy oo [Apy1 — Apl =1imy, o0 18p 41 — 8l =0 and lim,, s o6 |Tyy1 — Tl =
0’

™) {m}, (M}, {60} C la, b] for some a, b € (0, 28).

Then, {x,} converges strongly to a point z € Q2 which is the unique solution of the
variational inequality

(A=yflz,x —z) =20, VxeQ.
Equivalently, we have 7 = Po(I — A+ v f)(2).

Proof Put F(x,y) =0 for all x,y € E and r, = 1 for all n € N in Theorem 3.1.
Then, we have u, = Pcx, = x,. So, by Theorem 3.1, we can conclude the desired
conclusion easily. 0

fA=I,y=1and y, =1 — ¢, — B, in Corollary 3.2, then we can obtain the
following result immediately.

Corollary 3.3 Let E be a nonempty closed convex subset of a real Hilbert space H,
let {T,} be an infinite family of nonexpansive of E into itself and let B be an & -inverse-
strongly monotone mapping of E into H such that Q := ﬂ;’;l F(T,)NVI(E,B) #40.
Let f be a contraction of H into itself with o € (0, 1). Let {x,}, {yn} and {k,} be
sequences generated by

x1 =x € E chosen arbitrary,

Yn = ¢nxn + (1 — n) PE(Xy — 8p Bxp),

kn = anxn + (1 — an) PE(Yn — A Byn),

Xnt1 = €n [ (xn) + BnXn + Yo W PE(kn — Ta Bkn), Vn =1,

where {W,} is the sequence generated by (1.15) and {€,}, {an}, {¢n}, {Bn} and {y,}
are sequences in (0, 1) satisfy the following conditions:

(1) 6n+ﬂn+7/n: I,
(i) lim,— o€ =0and Y ;2| €, = 00,
(i) limy—s 00 0y = limy— 00 9 =0,
(iv) 0 <liminf, o B, <limsup,_, .. B, <1,
(V) Iimy o0 [Apg1 — Al =1imy 50 18541 — 84| =0 and limy, o0 [Ty 1 — Tu| =
0,
i) {tn}, {An}, {60} C [a, b] for some a, b € (0, 28).

Then, {x,} converges strongly to a point z € Q2 which is the unique solution of the
variational inequality

(z— f@@),x—2)>0, VxeQ.

Equivalently, we have z = Pq f ().
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fA=Ly=1L{pg}={a}=0 {&}={A}={m}and yp =1—-¢€, — f in
Theorem 3.1, then we can obtain the following result immediately.

Corollary 3.4 ([6, Theorem 3.1]) Let E be nonempty closed convex subset of a real
Hilbert space H, let F be a bifunction from E X E to R satisfying (A1)—(A4), let {T,}
be an infinite family of nonexpansive of E into itself and let B be an & -inverse-strongly
monotone mapping of E into H such that Q := ﬂzozl F(T,) NEP(F)NVI(E, B) #
#. Let f be a contraction of H into itself with o € (0, 1). Let {x,,}, {yn}, {kn} and {u,}
be sequences generated by

x1 = x € E chosen arbitrary,

Fun, y) + 7y = ttn, i —%,) 20, Vy€E,
Yn = Pg(uy — Ay Buy),

kn = PE(Yn — AnByn),

Xn1 = €n [ (Xn) + BuXn + Vu W P (kn — Ay Bky),

where {W,} is the sequence generated by (1.15) and {€,}, {B,} and {y,} are se-
quences in (0, 1) and {r,} is a real sequence in (0, 00) satisfy the following condi-
tions:

@) entBnt+rvn=1,
(i) 1imy — o0 €4 =0, 302 € = 00,
(iii) 0 <liminf, o By <limsup,_, ., Bn <1,
(iv) liminf, o1, > 0 and lim,__, o |ry4+1 — ry| =0,
(V) limy, 00 [Apt1 — An| =0,
(vi) {An} Cla, b] for some a, b € (0, 2§).

Then, {x,} and {u,} converge strongly to a point 7 € Q which is the unique solution
of the variational inequality

(z— f(@),x —2)>0,Vx € Q.
Equivalently, we have 7 = Pq f ().
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