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Abstract In this paper, we study the inhomogeneous Schrodinger equation
ipr=—0p —Ix"lpl" g, xeRY.

By using variational methods and a refined interpolation inequality, we establish

some simple but sharp conditions on the solutions which exist globally or blow up in

a finite time. An interesting result is that we obtain the existence of global solution
for arbitrarily large data.
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1 Introduction
Considered here is the following inhomogeneous Schrodinger equation
igp=—0p—1xI’l9lPlp, b>0,1>0, xeRY (1.1)

with initial condition

p(x,0) =gp(x), xeRV. (1.2)
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238 J. Chen

We are mainly concerned with the stability of standing waves of (1.1) and the exis-
tence of blow-up or global solutions of (1.1)—(1.2). The main results are contained in
Theorems 3.3, 3.4 and 5.3.

Nonlinear Schrodinger equations arise naturally from various physical contexts.
The homogeneous Schrodinger equation

7 L) (1.3)

has been derived in the description of nonlinear waves such as propagation of a laser
beam and plasma waves. Moreover, it was suggested that stable high power propa-
gation can be achieved in plasma by sending a preliminary laser beam that creates
a channel with a reduced electron density, and thus reduced nonlinearity inside the
channel [11, 12]. Under these conditions, beam propagation can be modeled by the
following inhomogeneous nonlinear Schrodinger equation

igr=—0p — K@)lplP o (1.4)

The solution ¢ denotes the electric field in laser and optics and K (x) is proportional
to the electric density. Further background on the nonlinear Schrodinger equations
can be found in Berge [2].

Equation (1.3) has been studied extensively, see [1, 3, 5, 16—18] and the refer-
ences therein. Observed the results in these references and their proofs, the following
standard Gagliardo-Nirenberg [4] inequality

N(p—1/4 Q2(p+1)—N(p—1))/4
fw“ scGN</|W|2) </|u|2> (15)

and the best constant Cgy played an essential role. For (1.4) in the case of K (x) is
bounded in R, one can also use the inequality (1.5) to study the existence of local
and global solutions of (1.4) as well as the stability of the standing-wave solutions,
see [9, 13, 14]. It is also noted that Fukuizumi and Ohta [10] use Hardy inequality
to obtain the instability of standing waves of (1.4) when the inhomogeneity K of
nonlinearity behaves like |x |0 at infinity with 0 < b < 2. But for (1.1) in the case of
b > 0, none of the above mentioned methods can be applied. To explain that (1.1) is
quite different from (1.4) with bounded K (x), we point out that (1.1) has at least two
conservation laws defined in the following

1 1
E(p)== | |Vo|?dx — —— blpiPtla 1.6
@) 2/|<p|xp+1/|x||<p| x (1.6)
and
1 2
V(u):i lpl“dx. (1.7)
In the case of b =0 (or |x|? is replaced by a bounded K (x)), one can use (1.5) to es-

timate the nonlinear term | |¢|PT! (or [ K (x)|¢|P*!) and use the conservation laws
(1.6) and (1.7) to get local and global solutions of Cauchy problem of (1.3) (or (1.4)).
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While (1.5) can not be used to estimate f |x|2|¢|Pt dx due to the unbounded co-
efficient |x|”. Thus the issue of whether or not particular of initial data generate a
blow-up solution of (1.1) is more subtle.

To overcome this difficulty, we have established an improved inequality of
Gagliardo-Nirenberg type interpolation [8] (see also Proposition 2.2 of the present
paper) and used this inequality to study the existence of local solutions of (1.1)—
(1.2). The main purpose of the present paper is to use the best constant C(N, p, b)
(see Proposition 2.4 of the present paper) to solve the following problems: Under
what (optimal) conditions, the solutions of (1.1)—(1.2) exist globally in time and un-
der what (optimal) conditions the solutions of (1.1)—(1.2) blow up in a finite time?

This paper is organized as follows. In Sect. 2, we recall some results on the im-
proved inequality of Gagliardo-Nirenberg type interpolation and give a slight refined
version of C (N, p, b). In Sect. 3, we use the best constant C(N, p, b) to study (1.1)-
(1.2) in the critical nonlinearity, i.e., p =1 + %. We present a simple but sharp
condition on the solutions of (1.1) which exist globally in time or blow up in a finite
time. The main results are contained in Theorems 3.3 and 3.4. In Sect. 4, we study
(1.1)-(1.2) in the supercritical nonlinearity case, i.e., p > 1 + #. By establishing
several invariant sets Si, we prove that for g9 € S (resp. ¢g € S—) the solution
of (1.1) exists globally in time (resp. blow up in a finite time), see Theorems 4.5
and 4.6. In Sect. 5, we prove that the solutions of (1.1)—(1.2) exist globally in time
for one class of initial data whose norm can be as large as you want. The main result
is contained in Theorem 5.3. In order to get these results, we use the ideas originated
in [1, 3, 17], but we emphasize that throughout this paper, the uses of the improved
Gagliardo-Nirenberg inequality and the relate best constant [7, 8] are essential.

Notations As above and henceforth, we denote the norm of the space LY(R") by
Il - llg; 1 < g < oo and denote the integral fRN dx simply by [ unless stated other-
wise. We also denote various positive constants by C or C;. For any ¢, the function
X — @(x,t) is simply denoted by ¢(#) if no confusion occurs.

2 Preliminaries

In this section, we give some results on the improved inequality of Gagliardo-
Nirenberg type interpolation [8]. Let H'(RY) be the standard Sobolev space with
the standard norm. H!(RV) := {u € H'(RN); u(x) = u(|x|)}. For b >0 and 0 <
p < +00, we set

Y= {u is measurable in RV ; /|x|h|u|/’+1 < +oo}

with the norm ||u||§Jrl = f Ix|2|u|P*!. We denote by Y, the space of radially sym-

metric functions in Y. By [7, 8], Hr1 (RNY < ¥, is continuous for 1 < p < p, where
N2 2b :
.| 2t TN 23
400, if N =2.
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240 J. Chen

Proposition 2.1 Let N >2,b>0and | + 22 < p < p. Then H'(RY) < Y, is
compact.

Remark 2.1 (i) When b = 0, this lemma is due to Strauss [16].

(i) When N > 3, this lemma has been proved by Sintzoff [15] based on Rother’s
inequality. It seems that the proof used in [15] can not be used to the case of N =2
since Rother’s inequality holds only in the case of N > 3.

Proof of Proposition 2.1 By the previous remark, it suffices to prove Proposition 2.1
in the case of N =2 and b > 0. Without loss of generality, assuming that {u,} C
H!(RN) satisfying u, — 0 weakly in H!(R"), then we have that [ |x|?|u,|P*! <
+o00 uniformly for n. For any ¢ > 0, we write

/|x|”|un|"“=</ +f +/ )|x|b|un|"“. @2.1)
Ixjze  Jesixi<l  Jix=1

We firstly consider the term f x| <e |x|2|u,|PTL. Since b > 0, we obtain from the stan-
dard Gagliardo-Nirenberg inequality that

p—1
2
b 1 b 1 b 2 2 b
/ Ix|”un| P! <& f |un P! < Ce (/IVunI> flunl <Ci&”,
[x|<e [x|<e

where use has been made of the fact that {u,} is bounded in H, L(RM). It follows that
fx|<5 |x|°|u,|P*! tends to O uniformly in n as & — 0. On the other hand, as {u,} is

bounded in Hr (R™) and N = 2, we deduce from Strauss’ inequality that

b 1 [y A e —1y,, 12
f II)CI || P 2/ X IP7 2 |x] 2 un P
lx|= |x|=

1 1
& €

n—1
= =
§C<fIVun|2> (/mﬁ) / el 2 e P
[x]> 2

N\~
< c1<—) . (2.2)
I

It follows from b — pr1 < 0 and {u,} being bounded in Hr1 (RV) that the above
integral tends to O uniformly inn ase— 0.
For the term [, e<ir|<] 1 |x[%u, |P*!, because {u,} is bounded in H!(RY) we have

first from the Rellich compact embedding theorem that

/ |u,,|2—>0 as n — +00.
1
e<|x|<

=z

Using Strauss’ inequality we get that

/ [P u |PH §C/ lun)> = 0 asn — +oo. (2.3)
e<lx|<l e<|x|<

m\'—
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On a class of nonlinear inhomogeneous Schrodinger equation 241

Since ¢ is arbitrary, we obtain from (2.1), (2.2) and (2.3) that | |x|2|un Pt — 0 as
n — +o00. The proof is complete. 0

Proposition 2.2 [6, Theorem 1] Let N >2,b>0and 1 + =7 < p < p. Then there
is a positive constant C(N, p, b) depending only on N, p and b such that for any
ue H'(RN),

N(p—1)—2b 2(p+1)—(N(p—1)—2b)

f|x|”|u|”+1sC(N,p,m(fWuF) ' <f|u|2) L 2w

Define
J(u) = / (%I%Iz + %W - ﬁ|x|”|¢|f’“>, ueH'RY)
and
do=inf(J ($); ¢ #0. —Ap+¢ = |x|"|p|" "' ¢}.

Proposition 2.3 [6] Let N > 2,b > 0and | + <225 < p < p. Then dy > 0 is achieved
by some Q € H,1 (RN) and Q is a ground state solution of

~0p+¢— x99 =0, ¢eH R (2.5)

Remark 2.2 Since b > 0, the uniqueness of the ground state solution of (2.5) is still
open. We emphasize that dy is independent of the choice of the ground state solution

Q(x).

Proposition 2.4 Let N >2,b>0and 1+ Nz—f] < p < p. Then the smallest positive
constant C(N, p, b) satisfying (2.4) is exactly as

N(p—1)—-2b—4
_ 2p+1D) 2p+ D) —(N(p—1) —2b)\ & o
C(N’p’b)_N(”‘”—Zb( N(p—1)—2b ) 1015
__2ptD (2(P+1)—(N(p—l)—2b)>N“’_'i"2b_4
- Np-D-2 N(p—1)—2b
(2(P+1)—(N(p—l)_2b) )”’
_1 5

where Q € H,1 (RN)Y is the ground state solution of (2.5).

Proof The first equality of C(N, p, b) has been proved in [7]. We only prove the
second equality of C (N, p, b). Note that for the ground state solution Q, we have

/IVQI +/|Q| —f|x| |Q1P*! and

(2.6)
do— /(IVQI +10P) =52 +1>/' 1ot >
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242 J. Chen

Moreover, for 0* (x) = A 5 Q(x), we have that

R 90
<87J(Q )> - <J (Q), —
On the other hand

oA
9 A
(51@),

It is deduced from (2.7) and (2.8) that

N(p-1)-2b ey
/IVQI L +1) f| 10| 29)

> —0. 2.7
r=1

N 2b
=/|VQ|2—(127@7+1)/| Lot @8
=1

Equations (2.6) and (2.9) implies that
2(p+1) / 2
b p+1l _
/'x' o = n—we-n-mJ 12"

2p+ D - WN(p— 1)—2b)
p—1

Thus

1ol3 = (2.10)
Substituting this to the first equality of C(N, p, b), we get the required result. O
Remark 2.3 We emphasize that C (N, p, b) is independent of the choice of the ground
state solution Q(x) as stated in the second equality of C(N, p, b).

3 Critical nonlinearity p =1+ (4 4+ 2b)/N

In this section, we study (1.1)—(1.2) in the critical nonlinearity p =1+ (4 4+ 2b)/N.
Recalling the local existence results from [8], we have

Proposition 3.1 Let N > 2, b>0and 1 +2b/(N — 1) < p < p. For any ¢o €
Hr1 (RN), there isa T = T(”(ﬂ()”Hrl(RN)) > 0 and a unique solution ¢ of (1.1) with

o e C(0,T), Hr1 (RM)) and ©(0) = @o. Moreover, we have the conserved particle
number

/Ifﬂ(t)|2=/|§00|2, (€[0,7) 3.1

and the conserved energy

1 1
E(cp(m:5/|ch|2—ﬁ/|x|”|¢|”“ =E(go), tel0,T), (32)

where either T = +o00 or T < 400 and lim,_, - ||<p||Hr1(RN) = +-00.
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On a class of nonlinear inhomogeneous Schrodinger equation 243

Proposition 3.2 Let N >2,b>0, 1 +2b/(N — 1) < p < p and ¢y € H! (RV).

o IfN>1+ %’ and 14+2b/(N —1) < p <1+ (4+2b)/N, then the existence time
T obtained in Proposition 3.1 must be infinite.

e If N>1+ % and p =1+ (4 4 2b)/N, then the existence time T = 400 for
||900||H,1 ®Ny small enough.

Note that the “small enough” appeared in the above is “vague”, the first result of
the present paper is to answer the question: “How small?” The answer is simple.

Theorem 3.3 Suppose b >0, N >1+b/2and p=1+ (4+2b)/N and Q is the
ground state solution of (2.5). If ¢o € H,l (RN) and

leoll2 < 1Q1l2, (3.3)
then (1.1)=(1.2) has a global solution ¢(x,t) € C(Ry, H'(RM)).
Remark 3.1 b=0, N=2and p =3, || Q||% = 11.70086, see e.g. [17].

Proof of Theorem 3.3 Let ¢(x,t) € C([0, T), H!(RM)) be a solution of (1.1)~(1.2)
in the case of p =14 (4 +2b)/N. Using Propositions 2.1 and 2.2, one has

2+b

_24b
/leblgolzw%m §N+TM</|Q|2> N /|Vgo|2</|<p|2> )

It follows from (3.4) and the conserved energy that

1 N 2(N+2+b)
E = — \V4 2—7 b N
(%0) 2/| @l 2(1\,+2+b)/|x| lpl

2+b

S
[0 =[P < [ 108

f |Vel|? is bounded uniformly for ¢ € [0, T'). It is deduced from Proposition 3.1 that
@ (x, t) exists globally in 7 € [0, +00). O

Remark 3.2 According to (2.10), condition (3.3) is independent of the choice of the
ground state solution Q. The condition (3.3) is sharp in the sense of the following
Theorem 3.4.

Theorem 3.4 Letb >0, N > 1+b/2and p=1+4+4+2b)/N.If oo = (14+¢)Q(x),
where Q(x) is the ground state solution of —Au +u = |x|?|u|”~'u, then the solution

o(x,1) of (1.1) blows up in a finite time.
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244 J. Chen

Proof For ¢y = (1 + ¢)Q(x) and € > 0, we have that ||<po||i2 =1+ s)2||Q||iz >
||Q||i2 since Q % 0. Moreover we have E(¢p) = —28||Q||i2 + 0(£?) < 0. Since

Q(x) decays rapidly at infinity, f |x12|Q(x)|? < 400. The result now follows from
the following Lemma 3.5. g

Lemma 3.5 Letb >0, N>1+4+b/2and p=1+ (4+2b)/N. If E(¢pp) <0 and
f Ix|?|@ol? < 400, then there exists 0 < T < 400 such that

lim |Vo|2 =4oc.
t—T~

Proof Noting that for h(t) = %f |x|2|¢(x, t)|2, we have from [6] that
h"(t) = 8E (o).

If E(pp) < 0, then there is Ty > 0 such that limtﬁTof h(t) =0. From

f|go|2sc(f|vm2>%(/|x|2|¢|2>%,

we know that there exists 0 < 7 < 400 such that

lim ||V = 400.
lim Vgl .

4 Supercritical nonlinearity 1+ (4+2b)/N <p<p

After developing the existence of global solutions and the blow-up solutions of
(1.1)-(1.2) in the critical nonlinearity p = 1 + (4 + 2b)/N, attentions are now fo-
cused on the existence of solutions of (1.1)—(1.2) in the supercritical nonlinearity
1+ (442b)/N < p < p. The idea is to construct two sets which are invariant under
the flow generated by Cauchy problem (1.1)—(1.2). We emphasize that the uses of
Propositions 2.1 and 2.2 are essential. Firstly, we define

R(u)=/<|W|2—N(§(;421_)2b|x|b|u|l’“>, ue H'®RY).

Proposition 2.2 implies that R is well defined and C! on H!(RV). Set
M={ueH@RY); u#0, Ru)=0} and dy= inf J(u).
ueM
We have that
Lemma4.1 0 <d; < +o0.
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On a class of nonlinear inhomogeneous Schrodinger equation 245

Proof For any u € M, we have that

1
J(u):(i N = 2b>/| ul + = /|u| > 0.

By (2.9), QO € M and we have that d| < co. Therefore 0 < d; < 4o00.
To see that d; > 0, we consider a minimizing sequence {u,} C M such that

di+o(1)=J(u,) fornlarge.

Using the fact that R(u,) = 0, we get that

1
dl+0(1>=(E o 2b>/| ul? + = /|u|

Therefore {u,} is bounded in H!(R™). Again using the fact that {u,} C M, we get
from Proposition 2.2 that

N( 2b
[ 1ot = i [t

N(p—1)—2b 2p+ D=V (p=)=20) Np=1)-2b
——~C(N,p,b)|u 2 Vu
2+ 1) (N, p,b)llunll, | Vunll,

N(p—1)—2b

< c(/WunF)

It follows from the assumption of p that f |Vu,|? is bounded away from zero. There-
fore di > 0. The proof is complete. 0

Lemmad4.2 Leth>0,N > 1+b/2and 1 +(4+2b)/N < p < p. Foru € H'R")

and ) > 0, let u*(x) = A%u(kx). Then there is unique u > 0 such that R(u"*) =0
and Ru”) > 0 for » € (0, ) and R(u™) < 0 for A € (i, +00). Furthermore,

JW") > Jw”), Vi>D0.

Proof By direct computations, we have that

N(p—1)—2b
R(ul):xz/wuﬁ (5( +)1) P /| blul?*!  and

1)72}7
sy =2 /|W| +1 /| 2 ——A /|x|”|u|f’+1.

The assumption of p implies that there is x> 0 such that R(#*) =0 and R(u*) > 0
for A € (0, ) and R(u*) < 0 for A € (i, +00). Since

a
ﬁl( My=1""R@w"

and R(u*) = 0, we have that J (u*) > J(u?) for all A > 0. O

@ Springer



246 J. Chen

Lemma 4.3 d; is achieved by some w(x) € M.

Proof Let {u,} C M be a minimizing sequence of d;. We know from the proof of
Lemma 4.1 that {u,} is bounded in Hr1 (RN) and f |Vu,|?* is bounded away from
zero. Going if necessary to a subsequence, still denoted by {u,}, we assume that
u, — ug weakly in Hr1 (RM). By Proposition 2.1 we have that u, — ug strongly in
Y. We claim that ug # O since if otherwise from R(u,) = 0, we get that

N( —2b N( — 2
f|wn|2 ’2’( o /| 12|t | P! ’2”( g /| 1Plug |+ =0,

which contradicts to the fact that [ |Vu,|? is bounded away from zero. So ug # 0
and Lemma 4.2 implies that there is a unique p > 0 such that R(ug ) = 0, where

ug(x) = M%uo(,ux). Moreover ul, — ug weakly in Hrl (RNY and u¥f — ug strongly

in Y,. It is now deduced from Lemma 4.2 that

/_[, . . l’L . M _ .
J(ug) < l}lrgloréff(un) < nll)rgo Jl)) _uler.l/{/l J(u).

On the other hand R(uy) = 0 and uyy # 0 imply that

J(uy) =dy = inf J (u).

ueM

Therefore taking w = uf; (x) € M, we have that J(uy) = dy. The proof is com-
plete. O

Next, define
S ={ueH®RY); Rw)>0, J()<d;) and
={ueH'®RY); R(u) <0, J(u) <d}.

‘We have that

Lemma 4.4 Both S; and S_ are invariant sets of (1.1) in the sense that if gy € S+
(resp. S—-), then the solution ¢(x,t) of (1.1)—(1.2) belongs to Sy (resp. S—) for all
tel[0,7).

Proof We only prove that S_ is an invariant set since the proof of the other is similar.
Let ¢(x,t) := ¢(t) be the solution of (1.1) with initial value ¢o € S—. In the first
place, from the conserved identities f lp()? = f lo|? and

1 1
E(p(1)) =/ <5|w|2 Py |x|b|<o|"+‘) = E(¢o),

we get immediately that J (@) = J(¢o). Thus J(¢) < d; since J(pp) < d.

In the second place, we show R(¢p(t)) < O for ¢ € [0, T'). If otherwise, from the
continuity, there would be a #; € (0, T') such that R(¢(t1)) = 0. Since ¢(#1) # 0 we
have that J(¢(#1)) > d, which contradicts to J(¢(t)) < d; for all ¢t € (0, T'). There-
fore R(p(t)) <Ofort €0, 7). O
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On a class of nonlinear inhomogeneous Schrodinger equation 247

Remark 4.1 From Lemma 4.3, we know that S # @ and S_ # (. Indeed, for w(x)
obtained in Lemma 4.3, we have that w # 0, R(w) =0 and

/|w|2 (— 2 )/|Vw|2
2 N(p-1)-2b

Denote w*(x) = AT w(x). We have from direct computations that R(w”) > 0 for

A > 0 but A is small. Moreover, J (w*) < J(w) = d; for A > 0 but A is small enough.

Therefore there is A € (0, 1) such that w*® € S. Similarly, there is A; > 1 such that
Al

w'eS_.

Theorem 4.5 Let N >2 and b > 0. [f max{1 4+ (4+2b)/N,1+2b/(N — 1)} < p <
P.wo€S_ and [ [x|%|@ol? < 400, then the solution ¢(x,t) of (1.1) blows up in a
finite time, i.e., there is 0 < T» < +00 such that

lim |Vo|2 =4o0.

I—)z

Proof Let ¢(x,t) be the solution of (1.1) with initial data ¢. For any fixed ¢, we
simply denote ¢(x, 1) by ¢(x). Using the notation (p)‘ x)= )\%(p()\x), we have that

N(p— 1)—2b N(p=h=2
R<¢*>=AZ/|V¢|2— P+ D /|x| lp/P*t! and

N(p—1)—2b
J(p") == /|V¢|2 /W——A 2 /|x|”|<p|f’“.

Note that R(¢*) — R(¢) <0as A — 1 and R(¢*) > 0 for A > 0 and A sufficiently
small. Since R(¢”) is continuous on A, we have a A € (0, 1) such that R(¢*0) =0,
i.e. 9™ € M. So J(¢*) > d;. On the other hand,

N(p—1)—2b
Vol? ——(1—AO z )/|x|b|<p|"+1
1 2 2 S by P+
= (1—Ao)/IV¢I “(1-2, /|x| ol?

1
= E(R(w — R(g™)).

J(@) — J(p™) =

It follows that
R(p) <2(J(p) —d1) :==380 <O0.
Noting that for i(¢) = %f Ix|?|¢(x, t)|%, we have that

(1) = 4R (@).
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248 J. Chen

So there is T > 0 such that limt_>T1— h(t) =0. From

/|<p|2sc(/|V<p|2>%(f|x|2|¢|2)é,

we know that there exists 0 < 7> < +00 such that

lim Vel 2 = +o0.

=T,

The proof is complete. O

Theorem4.6 Let N >2andb > 0. Ifmax{1+ (4+2b)/N,1+2b/(N-1D} <p < p
and ¢y € S+, then the solution ¢(x,t) of (1.1) exists globally in time.

Proof For ¢ € S4, we have from Lemma 4.4 that ¢(-,1) € S;. R(p) > 0 and
J(¢) < d; implies that

1 1
d _ V 2 2 _ / b p+l
1>2/(| el”+ el P+l 1x]” el

N(p—1)—2b—4 1
> /|V¢|2+ —/W.
N(p—1)—2b 2

It now follows from the assumption of p that f |V(t)|? is bounded with respect to
t € [0, T). Therefore ¢ is bounded in Hr1 (R and ¢(x, t) exists globally in time. [J

Remark 4.2 We remark that the set S; is bounded in H,1 (RM). Indeed for any
¢ € S4, we obtain from J(¢) < dj and R(¢) > O that

N(p—1)—2b—4 s l/ )
T v 2 /|V¢|+2 912,

Corollary4.3 Let N >2,b > 0 and max{1 4+ (4+2b)/N,14+2b/(N—-1)} < p < p.
If po € H,1 RMY and f(|V(po|2 + |<po|2) < 2dy, then the solution ¢(x,t) of (1.1) exists
globally in time.

Proof According to the expression of J, we have that J(¢g) < dj. In addition, we
claim that R(¢g) > 0. If otherwise, from the expression of R, there werea 0 < u <1
such that R(ugg) = 0. Thus the definition of d; implies that J(ugp) > di. On the
other hand,

f(|vwcpo>|2 + ol =M2/(|V¢o|2+ lpol?) < 2u’dy <2d;

implies that J(u¢o) < di, which is a contradiction. So R(gpp) > 0 holds. From the
above argument, we get ¢o € S4, hence Theorem 4.6 yields the result of Corol-
lary 4.3. O
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5 Global solutions for large data

From Theorems 3.3 and 3.4, we see that when p =14 (4 4+ 2b)/N, || Q]2 is the
critical mass for the solutions of (1.1)—(1.2) which exist globally in time. When
max{l + (4+2b)/N,1+2b/(N — 1)} < p < p, Theorem 4.6 and Remark 4.2 imply
the existence of global solutions for initial data contained in a suitable bounded subset
of Hr1 (R™). On the other hand, the prescribed initial data in Theorem 3.4 also seems
to imply that the existence of blow-up solutions of (1.1)—(1.2) not only depends on
the mass of the initial data but also on the profile of the initial data. So it is very
reasonable to conjecture that for some class of initial data @9 with [|@gll2 > || Qll2,
but solutions of (1.1)—(1.2) exist globally in time. The main purpose of this sec-
tion is to construct an unbounded subset (& of Hr1 (RM) such that for ¢g € @ and
max{l 4+ (4 4+ 2b)/N,1 +2b/(N — 1)} < p < p, the solutions of (1.1)—(1.2) exist
globally in time. Firstly, we need the following lemma from Bégout [3].

Lemma 5.1 Let I C R be an open interval, so € I,60 > 1,a > 0,b > 0 and ®(s) €

C(LR,). Set f(y) =a — y+ by’ forany y > 0. y. = (b0) "1 and b, = =Ly,
Assume that ®(sg) < yx, a < by and f o ® > 0. Then ®(s) < y, foranys e I.

Proof Since ®(sg) < y, and & is a continuous function, there exists a § > 0 such
that ®(s) < y, for any s € (so — 8,50 + ) C I. If ®(s) < y, were not true for any
s € I, by continuity, there would exist a s, € [ satisfying ®(s«) = y«. Then f o
DO (s4) = f(y«) =a — b, <0. However, this is impossible from f o & > 0. Therefore
®(s) < y4 for any s € I. The proof is complete. g

Next for A > 0, we define a real function V(1) as follows:
___Np=h—2b—4 2p-1)
VL) = ( N(p—1)-2b—-4 )2<2(p+1) N(p—D=2b)) | Q|| W
2p+ 1D —(N(p—1)—2b)

_ N(p—1)—-2b—4
X A 2Q(p+D—(N(p—1)-2b))

A—-2 Am

AZ_
Z(T) IIQIIQB A, A>0, (5.1

where A = ¥@=D=2 554 p = 20+D=N(G=D=20) g

={p € H'®RY); ¢l < VIVl

Lemma 5.2 If max{l + (4 +2b)/N,1+2b/(N — 1)} < p < p, then O is an un-
bounded subset of Hr1 (RM).

Proof For any M > 0, take ¢ € Hrl(RN) such that f|¢(x)|2dx > M. Denote
Pt (x) = M%p(m), then

f 16 () P = f $COPdx > M and / Vg () Pdx = 2 / V() Pdx.
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Therefore for u small enough, we have that

A

-2 A-2 A=2
7B A2 7B A—2\ 7B p=1
||¢“||2(||V¢”||%) =n'E ||¢||z(||V¢||%) < (T) 101l,°

Hence ¢/ € O and ||¢* |

HI®N) = /L2||V¢||% + ||¢||% > M. The proof is complete. [J

Now we are in a position to give a global existence result for initial data in @.

Theorem 5.3 Letb > 0, N > 2 and max{1 + (44+2b)/N,1+2b/(N — 1)} < p < p.
If oo € Hr1 (RN) and ¢g € O, then the solution ¢(x,t) of (1.1) exits globally in time.

Moreover we have
2N(p 1) —4b
Vo(t E
/| P = oy )

uniformly with respect to t € [0, +00).

Proof For any t € [0, T), applying Propositions 2.2 and 2.4 to ¢(¢) and using the
choice of A and B, we get that

/ 1x?1oPH < C(N, p. b) @l B 1Vel. (5.2)

Denote a = f |[Vo|? > 0. It is deduced from the energy identity and (5.1) that

2
f IVol? =2E(p) + o1 / x]° P!

2
= 2B+ / NPl

<a+—/|x| Mles
2C(N, p. b) 2
» P B 2
<q+ 20 P0 v . 53
< bt ||</)0||2(/| </)|) (5.3)
Let
_2C(N,p,b) B_2 B (p—1)
=Tt llwoll; = 3\ ||Q||2 ||<P0||2,
N(p—1)—2b
g Np-D=2b
4
and

(1) = f Vo).
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Obviously ®(0) = a. At the same time, we define f(y) =a —y + bye. Then (5.3)
implies that

O<a-—y +by9, where y = ®(2).

Denote

1 0—1
Ye=BO)TTT, b= —

Vs

then b, < y,. By direct computation and the exact value of C(N, p, b) we have that

2([1 l) ZB
—||Q||2 2 lgoll,
and
A—2 2p-1 _ 2B
by = TIIQIIZA’2 lioll, *~. 5.4

Moreover, using ||@gll2 < V(||Vgoo||%) = V(a), we know that

A2

A—2)\ 2B =l 7u
llgoll2 = 7 ||QI|2 L2

which implies that

2(p71 23

A-2
as= TIIQIIZ lpoll, = = ba < ya (5.5)

because of max{1 + (4 4+2b)/N,1+2b/(N — 1)} < p < p.
Now using (5.4), (5.5) and Lemma 5.1 (taking so = 0), we get that ®(¢) < y,
for any ¢ € [0, T). It follows from [ |p|> = [ |go|? that ||(p(t)|| HIRY) is bounded

from above. In other words, the solutions of (1.1)—(1.2) with ¢q satlsfymg leollz <
V(||V<p0||%) exist globally in ¢ € [0, 400).

Next, for the solutions obtained in the above, we give an explicit upper bound on
the [ |Ve(t)|*. Note that

1 1
E(po)=E(@)== | |Vg|> — —— blppt!
(%0) (®) 2/I ¢l +1/IXI o]

C(N,p,b
> 1 /WV| ( - CN. D)y 18w
A
C(N,p,b 2
/| P& +ﬂ)nn§(/WV¢F>
4
| o 2C(N.p.b) 2\ ?
§/|V§0| (1_T”¢”2 </|V</)| ) )
) AC(N. p.b) = N\
/ﬂv |< (———17——| n2> (/WV¢|) )
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Since ®(¢) < ys, there holds

2
AC(N, p,b) B)‘H(f 2>‘1
_ \Y > 1
( el (L1 € Vel

by using the exact value of C (N, p, b) obtained in Proposition 2.4. Therefore

ACN.p.b), B R / 2)‘1 -4
[( PES "‘p°”2> ( Vol <1

because of max{1 + (4 4+2b)/N,1+2b/(N — 1)} < p < p. It follows that

E( )>3/|V |2<1—3)
900_2 (4 1)

which yields that

OIN(p— 1) —4b

2
/|V¢<r)| S TR Ak

The proof is complete. O

Remark Note that the set O = {¢ € H!(R"); ||¢ll < V(|IV@|3)} is unbounded
in Hr1 (RM). So we get the existence of global solutions of (1.1) which allow the
initial data as large as you want. On the other hand, from the definition of V (1) and
Theorem 5.3, we know that V(L) — ||Q|l» as p — 14 (4+2b)/N. So we obtain the
sharp condition for global existence in the case of initial data ||¢g|2 < || Q]|2, which
coincides with Theorem 3.3. In the case of critical nonlinearity p =1+ (4 +2b)/N,
the condition (3.3) is sharp. However, we do not know whether or not the condition
@o € O is sharp in the case of super critical nonlinearity 1 + (4 + 2b)/N < p < p.
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