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Abstract In this paper, a numerical method for a weakly coupled system of two sin-
gularly perturbed convection-diffusion second order ordinary differential equations
with a small parameter multiplying the highest derivative is presented. Parameter-
uniform error bounds for the numerical solution and also to numerical derivative are
established. Numerical results are provided to illustrate the theoretical results.
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1 Introduction

A weakly coupled system of two singularly perturbed linear convection-diffusion
two-point boundary value problem for second order ordinary differential equations
with a small parameter multiplying the highest derivative is examined. Typically, in
the narrow layer region of the domain the solution of the equations has steep gradients
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370 R. Mythili Priyadharshini et al.

as the small parameter tends to zero. Robust parameter-uniform numerical methods
for a system of singularly perturbed ordinary differential equations have been exam-
ined by a few authors [1-4, 6-12, 14—19]. In [2], a parameter-uniform finite difference
method for a system of coupled singularly perturbed convection-diffusion equations
is presented. It is proved that the scheme converges almost first-order uniformly with
respect to the small parameter. In [10], a system of reaction-convection-diffusion
type problems are discussed. It summaries the stability and convergence results for
(upwind) finite difference discretizations. In [9], a system of coupled convection dif-
fusion equations having diffusion parameters of different magnitudes is discussed. A
robust convergence with respect to the perturbation parameters is obtained. In [17],
the author present a computational method for a weakly coupled system of singularly
perturbed reaction-diffusion equation with discontinuous source term.

While many finite difference methods have been proposed to approximate such
solutions, there has been much less research into the finite-difference approxima-
tion of their derivatives, even though such approximations are desirable in certain
applications (flux or drag). It should be noted that for convection-diffusion prob-
lems, the attainment of high accuracy in a computed solution does not automatically
lead to good approximation of derivatives of the true solution. In [5], for singularly
perturbed convection-diffusion problems with continuous convection coefficient and
source term for single differential equation estimates for numerical derivatives have
been derived. Here the scaled derivative is taken on whole domain where as Natalia
Kopteva and Martin Stynes [8] have obtained approximation of derivatives with scal-
ing in the boundary layer region and without scaling in the outer region. It may be
noted that the source term and convection coefficient are smooth for the problem con-
sidered in [8]. In [6], the authors have obtained bounds on the errors in approxima-
tions to the scaled derivative in the whole domain in the case of discontinuous source
term. R. Mythili Priyadharshini and N. Ramanujam [15], have determined estimate
for the scaled derivative in the boundary layer region and non-scaled derivative in the
outer region for the boundary value problems with Robin type boundary conditions
and discontinuous convection coefficient and source term. In [14], the authors have
estimated the scaled derivative for a singularly perturbed second -order ordinary dif-
ferential equation with discontinuous convection coefficient using hybrid difference
scheme.

The present paper extends the results available in [5, pp. 51, 66] for a single one-
dimensional singularly perturbed convection-diffusion equation to a weakly coupled
system of two singularly perturbed convection-diffusion equations. In this paper, we
obtain parameter-uniform approximations not only to the solution but also to its deriv-
atives. Thus in this paper, motivated by the works of [1] and [8], bounds on the errors
in approximating the first derivative of the solution with a weight in the fine mesh
and without a weight in the coarse mesh are obtained.

Note: Through out this paper, C denotes a generic constant (sometimes sub-
scripted) is independent of the singular perturbation parameter ¢ and the dimension of
the discrete problem N. Let y : D —> N. The appropriate norm for studying the con-
vergence of numerical solution to the exact solution of a singular perturbation prob-
lem is the maximum norm ||y || p = sup,.p, |y(x)|. In case of vectors y = (v, y2)7,
we define [§(x)| = (Iy1 (X)], [y2()D" and [| 3] p = max{lly1 ]| p, lly2/I p}.
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2 Continuous problem
2.1 Statement of the problem
Find uy, up € Y = C2(2) N C2(£2) such that

Lia(x) = —eu) (x) + a1 (x)u) (x) + b1 (0)uy (x) + bia()ua(x) = fi(x),

x €S2,
Lait(x) = —euy (x) + az(x)uy (x) + bay (X)u1 (x) + bap(x)ua(x) = fo(x), (1)
x € $2,
ui(0) = A4y, u2(0) = Az, ui(l) =By, uz(1) =By,
bia(x) <0, by1(x) <0, (2)
bi1(x) + bi2(x) = 0, by (x) + ba1(x) = 0, 3)

where the functions aj(x), aa(x), b11(x), b12(x), ba1(x), baa(x), fi(x)and f3(x)
are sufficiently smooth on £2, 2 =(0,1),0<¢e <1, a;(x) > a1 > 0 and a(x) >
oy > 0. Let « = min{aq, a2 }. The above system can be written in the vector form as

_ o (Liu(x)
b= (Lzﬁ(x)>
d? J
_ | fu 0 _ ay(x) L 0 ]
_< 0 —eﬁ)u(x)-i-( 0 aﬂx)%)u(x)
bii(x) bia(x)\ -, . =
- (bzl(x) bzz(x)) u(x)=fx), xe£,

i1(0)= (A1, A", @)= (B, B)",
where i (x) = (u1(x), u2(x)T, f(x) = (fi(x), fr(x)T.
2.2 Analytical results

In the following, the maximum principle for (1) is given. Then using this principle, a
stability result is stated.

Theorem 1 Suppose that a function u(x) = (u;(x), usGNT, uy (x), ua(x) €Y sat-
isfies u(0) > 0, u(1) > 0and Lu(x) > 0, forall x € 2. Then u(x) > 0, forall x € $2.

Proof Define 5(x) = (s1(x), s2(x))7 as
s1(x)=s2(x)=1+x.

Then s1, 52 € Y, 5(x) > 0, for all x € 2 and L5(x) > 0, x € £2. So, we further define

u= max{mal(<_—ul>(x), mal<<_—u2)(x)}.
X€ES N XENR 52
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Assume that the theorem is not true Then p > 0 and there exists a point xg € £2, such
that either ( )(xo) L or ( )(xo) = 1 or both. Also (i + us)(x) > 0,Vx € 2.

Case (i): ( )(xo) w. That is, (11 4+ us1)(xg) = 0. Therefore (u; + ws1) attains
its mlmmum at x = xq. Then,

0 <Li(u+ us)(xo)
=—¢e(u1 + ps1)" (xo) + a1 (xo) (u1 + us1)’ (xo)
+ b11(x0) (u1 + s1)(xo) + b12(xo) (u2 + s2)(xg) <0,

which is a contradiction
Case (ii): ( )(xo) = . Similar to Case (i), it leads to a contradiction.

Hence u(x) zo, Vx € £2. 0

In the rest of this ||.|| means ||.||.

Lemmal Ifui,uy €Y thenfor j=1,2

luj ()| < Clmax{|ug ()], lu2(0) [}, max{lug (D], lua (DI}, L1l @, IL2@ll @}, x € 2.

Proof Using appropriate barrier functions and applying Theorem 1, the present
lemma can be proved. 0

Lemma 2 Let it = (uy, u2)? be the solution of (1). Then, for j = 1,2
11 < Ce™ max{|| fjII. lal}.  fork=1,2
1SV < Ce™> max{|l £, IL£71, lall},
where C depends on ||axll, |1b111l, 1121, lajll, llaall, Ibarl, b2zl and llaj].

Proof Using the technique adopted in [5, pp. 44, 45] and [12, p. 4], the present theo-
rem can be proved. g

The sharper bounds on the derivatives of the solution are obtained by decompos-
ing the solution  into regular and singular components as, u = v + w, where
v = (vq, vz)T and w = (w1, wg)T. The regular component v can be written in the
form © = 9o + & v + &2z, where g = (vo1, v02) T, U1 = (vi1, v12) T, B2 = (v21, v22) T
are defined respectively to be the solutions of the problems

d
ajz; 0 - b11b12> -
+ = 0) = u(0),
< O a2%> L20) <b21 b22 f UO( ) M( )
d 4> -
<a1dx Od>l—,1 +<”11b12 i re 0. 5,(0)=0 and
0 ari- b2y b 0 dxz
dZ
Lin=(2 9 )3 0,(0) =0 (1) =0
2 2 | 12(0) =0, v2( .
0 2
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Thus the regular component v is the solution of

Lv=F, v(0) =u(0), (1) = to(1) + ev1(1) + %02 (1).
Then the singular component w is the solution of Lw = 0, w(0) =0, w(l) =

u(1) — v(1). The following lemma provides the bound on the derivatives of the reg-
ular and singular components of the solution .

Lemma 3 The solution u can be decomposed into the sum u = v + w, where, v and
w are regular and singular components respectively. Further, these components and
their derivatives satisfy the bounds

WO <ca ™), k=0,1,23,j=1.2 and

|w;k)(x)| < Cekem@U=0/e 1 —0,1,2,3, Vxe2, j=1,2.

Proof Using appropriate barrier functions, applying Theorem 1 and adopting the
method of proof used in [5, p. 46] and [12, p. 6], the present lemma can be proved. [

3 Discrete problem
3.1 Statement of the problem

The system (1) is now discretised using a fitted mesh method composed of a standard
finite difference operator on a fitted piecewise uniform mesh

2N = (xi|xi=2i(1—0)/N,0<i<N/2: x; =xi_1 +20/N,N/2 <i <N}

condensing at the boundary point xy =1, h =
parameter o is chosen to satisfy o = min{ %, i—s In N}. The resulting fitted mesh finite
difference method is to find U (x;) = (Uy(x;), Ua(x;))T fori =0,1,2,..., N such

that for x; € 2V,

2(1—0) _ 20 er
= and H = & The transition

LY U (xi) = — e8°U1 (x) + a1 (x) D~ Uy (xi)
+ b1 (x) Ui (xi) + b12(xi) Uz (xi) = fi1(xi),
LY U (xi) = — 82U (x;) + a2 (x;) D™ Ua(x;) )
+ b2 (x)U1(xi) + b2 (xi) Uz (xi) = fa(xi),
U1(0) = u1(0), U2(0) = u2(0), Ur(D) =u(1), Uz (1) = ua(1).
The finite difference operator 82 is the central difference operator defined as
82U, (x;) = LU por i1 2 where, DV (x;) = LU g

(Xi1—=xi—1)/2 Xit1—Xi
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374 R. Mythili Priyadharshini et al.

D U;(x;) = M The difference operator LY can be defined as
J Xi—Xi—1
i LNU (x;)
LNOGy=( ") "
L2 U(x,-)

_[—e8* 0 P C1COLY 0 G
(o 2" o weop )Y

bi1(x;) bra(x)\ - -
+ U(x;) = i)
<b2] (xi) bzz(xi)> (i) = )

3.2 Numerical solution estimates

Analogous to the continuous results stated in Theorem 1 and Lemma 1 one can prove
the following results.

Theprem 2 For any mesh function lf’(x,-) assume that W (xq) > 0, U(xy) > 0 and
LNlI/(xi) >0, foralli=1,...,N —1.Then ¥ (x;) >0, foralli =0,...,N.

Proof Define S(x;) = (S1(x;), S2(xi)T as S1(x;) = S2(x;) = 1 +x;. Then S(x;) > 0
forall x; € 2V So, we further define

S:max{ max <_—Wl)(x,-), max (_—%>(xi)}
x,'EﬁN Sl X,‘EEN Sz

Assume that the theorem is not true, then & > 0 and we have (¥ + £S)(x;) > 0,
for x; € EN. For some i = k, we may have either (¥; + £S1)(xx) =0 or (¥, +
£52)(xx) = 0 or both.

Case (i): (W1 +&S1)(x) = 0. Then
0 <LY (W +&8)(xp)
= —e82 (W) +ES)(xx) + a1 () D™ (¥ +ES1) (x0)
+b11 () (W1 +E81) (k) + bralxr) (W2 + E852) (xx) <0,

which is a contradiction.
Case (i1): (¥ 4+ £852)(xx) = 0. Similar to Case (i) it leads to a contradiction.

Hence ¥ (x;) > 0, Vx; € 2. )

Lemma 4 Consider the scheme (4). If Z(x;) = (Z1(x;), Z>(x;))T is any mesh func-
tion then, for all x; € §N,

1Zj(xi)| < CmaX{ max{|Z1(xo)l, |Z1(xn) [}, max{| Z2(x0)|, [Z2(xn)I},

max |LYZ(x;)l,
i<N-—1 1

I<i<

NZc.. s
Srl_r;%JLzzaln], j=12.
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Proof Let
Ci= CmaX{ max(|Z1(0)[, [Z1(D]), max(|Z2(0)[, |Z2(D)]), | max_ LY Z ()],

max |L§’Z(x,~)|}.
1<i<N-1

Define the mesh functions

=t (Ci(1+x;) =
e = (61 1) & 2o

Then we have W*(xg) >0, W*(xy) > 0 and Lév W*(x;) > 0. By Theorem 2 we get
the required result. O

The disgrete solution U (x;) can be decomposed into the sum Uxi)=Vx)+ W)
where V (x;) and W (x;) are regular and singular components respectively defined as

LYV =f(xi), i=1,...,N—1, V(0) = 9(0), V(1)=9(1) and
LYWx) =0, i=1,....,N—1, W(0) =0, W () = w(l).

T[le error in the_ numerical solution can be written in the form (U — &1)(x;) =
V=0)(x)+ W —w)(x;).

. —N .
Lemma S At each mesh point x; € §2°, the error of the regular component satisfies
the estimate

1.
KV—ﬁXMNS(CN %>.

CN_lx,'

Proof Using the barrier functions ¥+ (x;) = (g%:if) +(V — 9)(x;) and adopting

the method of proof used in [5, Lemma 3.4], the present lemma can be proved. [

Lemma 6 At each mesh point x; € 2V, the error of the singular component satisfies
the estimate

-1
KW—MWNsCW mN)

CN—'lnN

Proof We consider first the case o = % andsoe!'<CInN and h=N"". By classical
argument and using Lemma 3, we obtain |LiV(W —W)(x;))| < Ce 2N le—a—x)/e,
We introduce the mesh functions

Cetrhie
y(a—y)
Ceth/s
y(a—y)

_ e INY (x) _
TE) = + (W —0)(x),

8_1N_1Y2(x,')
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376 R. Mythili Priyadharshini et al.

where y is any constant satisfying 0 < y < « and

1 h
Y[(Xi)zm, Where)\,_l—i-y?

It is easy to see that (—882 +yD)Y1(x;))=0,fori=1,....,.N—1, D7 Y(x;) >
Yemv(—xi)/e for 1 <i < N and so Y|(x;) increases monotonically with 0 <
Yi(x;) < 1. Further let Y5(x;) = Y(x;). It is easy to show that ¥*(xp) = 0,
UE(xy) > 0and LNU*(x;) > 0, for 1 <i < N — 1. Hence by Theorem 2, we get
UE(x) > 0, which leads to the required result.

Now consider the case o = Za—s In N. Suppose that x; € [0, 1 — o]. Using the tri-
angle inequality we have |(W — w)(x;)| < |W(x;)| + |w(x;)|. Using Lemma 3, we
have |w(x;)| < (g%:;) To obtain a similar bound for |W (x;)|, consider the mesh
functions Y7 (x;), which is the solution of the constant coefficient problem

—£8°Y1(xj)) +aD Y (x;)=0, i=1,...,N—1,
Yitxo)=e ", Yi(ay) =1.

Further let Y,(x;) = Yi(x;). Let B = max{|W(1)|, |W>(1)|} and introduce the

mesh functions ¥*(x;) = (ggg’)) +W(x;). It is easy to show that UE(xg) >
0, ¥*(xy)>0and LNU*(x;) >0, forl <i <N —1. Using the procedure adopted

in [13, Chap. 7, Lemmas 1-3] and hence by Theorem 2, we get

_ . -2
[W(xi)| < (gggg) < <S%2) forx; €[0,1 —o]. 3)

Now for x; € (1 — o, 1], the proof follows the same lines as for the case o = 1/2,
except that we use the discrete maximum principle on [1 — o, 1] and the already

established bound |W (xy,2)| < ( For all i, N/2 <i < N, we introduce the
mesh functions

CN~— 2)

] Co o NI+ CINTT)
e = e , | W =),
V‘fa_y)as’ N ' Yo(x;)) +C1N™
where y is defined as before and for all i, N/2 <i < N, Yi(x;) = %211 where,

r=1+ VH ,D7Y1(x;) > Lem172)/¢ and 0 < Y1 (x;) < 1. Let Ya(x;) = Y1 (x;). It is
easy to show that lI/i(xN/z) >0, ¥+ (xy) >0 andLNlI/i(xl) >0forN/2—1<i<
N — 1. Then by Theorem 2 we get ¥+ (x;) > 0. Thus we get the required result. [J

Theorem 3 Ler u(x) = (u1(x), ug(x)_)T, for x € 2 be the solution of (1) and let
U(xi) = (Up(xp), Up(xi )T, for x; € 2N be the numerical solution of problem (4).
Then we have

sup Uy —uillov <CN“'InN and  sup ||Up —uz]lgv <CN~'InN.

0<e<l O<e<l
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Proof Proof follows immediately, if one applies the above Lemmas 5 and 6 to
U-—u=V—-v+W-—-w. O

4 Analysis on derivative approximation

In this section, we give the e-uniform error estimate between the scaled derivative
of the continuous solution and the corresponding numerical solution in the fine mesh
region. Further, in the coarse mesh, an estimate is obtained without scaling the deriv-
ative.

We note that the errors

ex (x;) = U (x;) — ui(x;),
satisfy the equations for k = 1,2
[—&8% + ap (x;) D™ lex (x;) = —[br1 (x;)e1 (x;) + bra(x;)ea(x;)] + truncation error,

where, by Theorem 3, [bg1 (x;)e1 (x;) + bra(xi)ex(x;)] = O(N~11InN). In the proofs
of the following lemmas and theorems, we use the above equations, they are neces-
sary single equation. Hence the analysis carried out in [5, §3.5] for single equation
can applied immediately with a slight modifications where ever necessary. Therefore,
proofs for some lemmas are omitted; for some of the theorems short proves are given.

4.1 Numerical derivative estimates

Lemma 7 At each mesh point x; € 2N U{1Yand all x € 2; =[xi_1, xi1, we have
|Duj(xi) —u;(x)| <CN~', forx;<1—o0, j=1.2 and

le(D™uj(x;) —u/j(x))| <CN 'Inn, forxi>1—o0o, j=1,2,
where (u1(x), us(x))T is the solution of (1).

Lemma 8 Let v and V be the exact and discrete regular components of the solutions
of 1 and 4 respectively. Then for all x; € 2V U {1}, we have

D™ (V; —v)(xj))| <CN~!, i=1,2 and
0<I}17<a§/2| Vi —vj))l < for j an

D™ (V; —v)(xj)| <CN~, =12
N/r2n<aiX5N|8 ( j U‘/)(xl)| = for j

Proof We denote the error and the local truncation error, respectively at each
mesh point by e;(x;) = V;(x;) —vj(x;)and 7 (x;) = L?/ej(xi), for j =1, 2. Since
ej(xy) =0, we have

elej(xn) —ej(xn-1))
XN —XN—1

leDej(xn)| = <CeN7L (6)
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Now we write 7;(x;) = L;.Vej (x;) in the form,

_ _ 1 _
eD"ej(xy) —eD ej(xk+1)+§(xk+l —xp—1)a;(xp)D™ej(xi)

(N
1
= 5 Ok = X1 (1) () = [bj1(xr)er(xk) + bja(xi)ex(xi)]).
Summing and rearranging for each i, N/2 <i < N, we get
1 N-1
leD7ej(xi))| < leD " ej(xn)| + 3 Z(Xk+1 — xp—1) (7 ()| + [[Bj1 (xp)er (xx)

k=i

=

+Dbj2(xp)ea(xp)]l) + ‘5 Z(Xk+1 — xXk—1)aj(xp) D™ ej(xg)|.
k=i

Using the telescoping effect for the last term, |e; (x;)| < CN ~land IIa} | <C, we get
foralli, N/J2<i <N,

leDej(x;)] <CN™L.
Fori < N/2, we rewrite (7) in the form
(I+p)D"ej(xr) = D™ ej(xp+1)

aj/()ka) (rj (xx) — bj1(xp)er () + bj2(xk)€2(xk)), (8)

where p; = w Summing the equations in (8) from k = 1tok =i =
N /2, we have

. N
(A+p) 7270

+CN'<cNT,
L+ pi

[D"ej(xi)| =|D"ej(x1)]
which completes the proof. O

Lemma9 For o =1/2, we have for all x; € §N,

le(W; —w)(x)| <CN“'x;InN, forj=1,2.

- Co=2n-1,. _
Proof Use the barrier functions ¥+ (x;) = ( Ez—zx—lj) +(W — w)(x;) to establish
the required bound. ‘ |

Lemma 10 Let w and W be the exact and discrete singular components of the solu-
tions of (1) and (4) respectively. Then for all x; € Ny {1}, we have

max |D™(W; —w;)(x;))| <CN~', forj=1,2 and
0<i<N/2 k :
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Approximation of derivative in a system of singularly perturbed 379

_ —1 .
N/IznjlifolsD W —wj)(x;))| <CN""InN, forj=1,2.

Proof Consider the case x; < 1 — 0. Using the procedure given in [1, Lemma 8], we
have for j = 1,2, |W;(x;)| < CN~2 and |w; (x;)| < CN~2, forall x; < | —o. Hence
forj=1,2

ID~(W; —w;)(x))| <CN~', x;€[0,1—0a].

For x; =1 — o, we write LQVW(I — 0) =0 in the form

h+H

eD"Wi(xn/241) =¢D” Wi(l —0) + ai(l—o)D"Wi(l —o)

+ %bll(l —o)h+ HYWi(1 — o)

+ %blz(l —o)h+ H)W>(1 —0).

Using the estimate obtained at the point (1 — o) and from the proof of Lemma 6, we
obtain |eD™ Wi (xn/241)] < CN~!. Now consider x; € (1 — o, 1]. For convenience
we introduce the notation é;(x;) = (Wj —Wj)(x;) and T;(x;) = Ljyé(x,-), j=12.
We have already established that

6;(x)] <CN"'InN and |£;(x;)| < Cog 2N~ le@I=/e i —12. (9)

We write the equation 7 (x;) = L;V é(x;) in the form

1
eD™(ej(xk) —ej(xkt1)) + 54 () (X1 — Xk—1) D™ e (xx)

1
= E(xk+1 — xk—1) T () — [bj1(xp)er (xx) + bjo(xx)ea(xi)].

Summing for k = % to i — 1 and rearranging we get

i—1 i—1
eD™ej(xi) =eD"e;(xnp) + Y aj() @) —&j(u-1)) — Y HEj(x)
k=N/2 k=N/2
i—1
+ Y [bj1 ()1 () + bjp(x)éa (k)] j=1,2.
k=N/2

Hence using the result at the point xy,2 and (9), we have |[eD7¢;(x;)| <
CN~'(InN + 2 —2#/¢ _y Hence leD~¢j(x;)| <CN~'InN, j = 1,2 as required.

£ |—e—h/e
When o = 1/2, using the above arguments and Lemma 9, we get

leD7é;(x)|<CN~'InN, j=1,2.

which is the required result. O
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Theorem 4 Let u be the solution of (1) and U be the numerical solution of (4). Then,
we have for j =1, 2,

sup [|D"U;(x;) —uillg, <CN~', for1<i<N/2 and
O<e<l !
sup [le(D”Uj(xi) —u)lg, <CN“'InN, for N/2+1<i <N.

0<e<l

Proof Following the method of proof adopted in [5, Theorem 3.17], using the Lem-
mas 8 and 10 we get the required result. g

Remark I Let ﬁ, Jj = 1,2, denote the piecewise linear interpolant of the finite dif-
ference solution {U (xi)}fvzo. As done in [5, p. 66], we get for j =1, 2

sup |DU; —uljllg, <CN™', i=1,...,N/2, and
0<e<l !
sup |e(D"U; —u))llg, <CN"'InN, i=N/2+1,....N,

O<e<l1

where DU (x) = D~U,;(x;), forx € (x;—1, %1, i=1,...,N.

5 Numerical results
In this section, we present an example to illustrate the results obtained in the paper.

Example 1 Consider the singularly perturbed boundary value problem

—eu{(x) + Tu}(x) + 9+ x)ui(x) — Buz(x) =2+ e %,
— euy(x) + Tuh(x) — 4uy (x) + G+ X)ua(x) = 1 + e,
ur(0)=1, ui(l) =0, ur(0) =1, ur (1) =0.

Let UY be a numerical approximation for the exact solution u ;j on the mesh N
and N is the number of mesh points. The exact solution to the test problem is not
available, so for all integers N,2N € Ry =[32, 64, 128,256, 512] and for a finite
set of values ¢ € R, = [272,272], we compute the maximum point-wise two-mesh
difference for j =1, 2,

DN —

ej

max [(D~UY — 5—U]?N)(x,~)|, for1 <i <N/2,
maxls(D_UjN — 5_U12N)(x,~)|, for N/24+1<i<N.

From these values the e-uniform maximum pointwise two-mesh difference D;V =

maXgeRr, DY ., for j = 1,2 are formed for each available value of N satisfying N,

&’
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Fig. 1 Surface plot of the
maximum pointwise errors as a

function of N and ¢ for the 0.04
solution Uy §
)
£ 0.02
3
£
3 o0
=

512

Fig. 2 Surface plot of the
maximum pointwise errors as a
function of N and ¢ for the
solution Up

Maximum error

Table 1 Values of D{V s p{v
and Dév , pév for the scaled
derivative components 8u’1 and

, . .
€ty respf?ctlvely in the fine
mesh region

& Number of mesh points N
32 64 128 256 512

D{V 4.5385e—1 4.1819e—1 3.2969e—1 2.2917e—1 1.4563e—1
p{v 1.1806e—1 3.4305e—1 5.2469e¢—1 6.5411e—1 -
Dév 4.2683e—1 3.9350e—1 3.1035e—1 2.1579e—1 1.3716e—1
pév 1.1730e—1 3.4247e—1 5.2427e—1 6.5377e—1 -

2N € Ry. Approximations to the e-uniform order of local convergence are defined,
for all N, 4N € Ry, by

Surface plots of the maximum error for the solution of the above test problem are pre-
sented. In Figs. 1 and 2, respectively we observe that as ¢ — 0, the maximum error
for the numerical approximation Uy and U, to the exact solution u| and u; respec-
tively decreases and stabilize at a constant value. Tables 1 and 2 present e-uniform
maximum pointwise two-mesh difference and e-uniform order of local convergence
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Table 2 Values of D{V , p{v
and Dév R pév for the derivative
components u} and i’
respectively in the coarse mesh
region

& Number of mesh points N
32 64 128 256 512

D{V 1.7708e—3 9.0431e—4 4.5664e—4 2.294le—4 1.1497e—4
p{v 9.6951e—1 9.8576e—1 9.9313e—1 9.9667e—1 —
Dév 4.5907e—4 2.5116e—4 1.3119e—4 6.7024e—5 3.3871e—5
pév 8.7011e—1 9.3695e—1 9.6891e—1 9.8463e—1 -

to the scaled derivatives in the fine mesh region and the non scaled derivative in the
coarse mesh region.
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