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Abstract In the present paper, we construct the traveling wave solutions involv-
ing parameters for some nonlinear evolution equations in the mathematical physics
via the (2 + 1)-dimensional Painlevé integrable Burgers equations, the (2 + 1)-
dimensional Nizhnik-Novikov-Vesselov equations, the (2 + 1)-dimensional Boiti-
Leon-Pempinelli equations and the (2 + 1)-dimensional dispersive long wave equa-
tions by using a new approach, namely the (G′

G
)-expansion method, where G = G(ξ)

satisfies a second order linear ordinary differential equation. When the parameters
are taken special values, the solitary waves are derived from the traveling waves.
The traveling wave solutions are expressed by hyperbolic, trigonometric and rational
functions.
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1 Introduction

In recent years, the exact solutions of nonlinear PDEs have been investigated by many
authors (see for example [1–41]) who are interested in nonlinear physical phenom-
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ena. Many powerful methods have been presented such as the inverse scattering trans-
form [3], the Backlund transform [15, 17], the generalized Riccati equation [18, 25],
the Jacobi elliptic function expansion [7, 12, 26, 30, 33], the extended tanh-function
method [1, 8, 31, 32, 39], the F-expansion method [2, 19–21, 36], the exp-function
expansion method [5, 9, 28, 37, 38], the sub-ODE method [13, 22], the extended sinh-
cosh and sine-cosine methods [23], the complex hyperbolic function method [34], the
truncated Painlevé expansion [35] and others.

In the present paper, we shall use a new method which is called the ( G′
G

)-expansion
method [4, 24, 40, 41]. This method is firstly proposed by which the traveling wave
solutions of the nonlinear evolution equations are obtained. The main idea of this
method is that the traveling wave solutions of the nonlinear evolution equations can
be expressed by polynomials in ( G′

G
) where G = G(ξ) satisfies the second order lin-

ear ordinary differential equation G′′(ξ) + λG′(ξ) + μG(ξ) = 0 while λ,μ,V are
constants and ′ = d

dξ
. The degree of these polynomial can be determined by consid-

ering the homogeneous balance between the highest order derivatives and the non-
linear terms appearing in the given nonlinear equations. The coefficients of these
polynomials can be obtained by solving a set of algebraic equations resulted from
the process of using the proposed method. This new method will play an important
role in expressing the traveling wave solutions in terms of hyperbolic, trigonomet-
ric and rational functions for the nonlinear evolution equations in the mathemati-
cal physics via the (2 + 1)-dimensional Painlevé integrable Burgers equations, the
(2 + 1)-dimensional Nizhnik-Novikov-Vesselov equations, the (2 + 1)-dimensional
Boiti-Leon-Pempinelli equations and the (2 + 1)-dimensional dispersive long wave
equations.

2 Description of the ( G′
G )-expansion method

Suppose we have the following nonlinear partial differential equation:

P(u,ut , ux, uy,utt , uxt , uxx, uxy, uyy, uyt . . .) = 0, (2.1)

where u = u(x, y, t) is an unknown function, P is a polynomial in u(x, y, t) and its
partial derivatives in which the highest order derivatives and the nonlinear terms are
involved. In the following we give the main steps of the ( G′

G
)-expansion method:

Step 1. The traveling wave variable

u(x, y, t) = u(ξ), ξ = x + y − V t, (2.2)

permits us reducing (2.1) to an ODE for u = u(ξ) in the form

P(u,−V u′, u′,V 2u′′,−V u′′, u′′, . . .) = 0, (2.3)

where V is a constant.
Step 2. Suppose the solution of (2.3) can be expressed by a polynomial in ( G′

G
) as

follows:
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u(ξ) =
n∑

i=0

αi

(
G′

G

)i

, (2.4)

where G = G(ξ) satisfies the following second order linear ordinary differential
equation:

G′′ + λG′ + μG = 0, (2.5)

while αi , λ and μ are constants to be determined provided αn �= 0. The positive
integer “n” can be determined by considering the homogeneous balance between the
highest order derivatives and the nonlinear terms appearing in (2.3).

Step 3. Substituting (2.4) into (2.3) and using (2.5), collecting all terms with the
same power of ( G′

G
) together and then equating each coefficient of the resulted poly-

nomial to zero, yield a set of algebraic equations for αi , V , λ and μ.
Step 4. Since the general solution of (2.5) has been well known for us, then substi-

tuting αi,V and the general solution of (2.5) into (2.4) we have more traveling wave
solutions of the nonlinear partial differential equation (2.1).

3 Some applications

In this section, we apply the ( G′
G

)-expansion method to construct the traveling
wave solutions for the Painlevé integrable Burgers equations, the Nizhnik-Novikov-
Vesselov equations, the Boiti-Leon-Pempinelli equations and the dispersive long
wave equations which are very important nonlinear evolution equations in the math-
ematical physics and have been paid attention by many researchers.

3.1 Example 1. The (2 + 1)-dimensional Painlevé integrable Burgers equations

We start with the (2 + 1)-dimensional Painlevé integrable Burgers equations [18] in
the forms

−ut + uuy + αvux + βuyy + αβuxx = 0, (3.1)

ux − vy = 0, (3.2)

where α and β are non-zero constants. This system of equations was derived from
the generalized Painlevé integrability classification. Some explicitly exact solutions
of this system have been obtained via variable separation approach [10, 18].

Let us now solve the system (3.1) and (3.2) by the ( G′
G

) expansion method. To this
end, we see that the following traveling wave variables:

u(x, y, t) = u(ξ), v(x, y, t) = v(ξ), ξ = x + y − V t, (3.3)

permit us converting (3.1) and (3.2) into

−V u′ + uu′ + αvu′ + βu′′ + αβu′′ = 0, (3.4)
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and

C1 + u − v = 0, (3.5)

where C1is an integration constant. Suppose the solutions of the ODE (3.4) can be
expressed by polynomials in ( G′

G
) as follows:

u(ξ) =
n∑

i=0

αi

(
G′

G

)i

, (3.6)

and

v(ξ) =
m∑

i=0

βi

(
G′

G

)i

, (3.7)

where αi and βi(i = 0,1,2, . . . , n) are arbitrary constants provided αn, βn �= 0, while
G(ξ) satisfies the second order linear ODE (2.5).

Considering the homogeneous balance between the highest order derivatives and
the nonlinear terms in (3.4), we get

u(ξ) = α1

(
G′

G

)
+ α0, (3.8)

and

v(ξ) = β1

(
G′

G

)
+ β0, (3.9)

where α1, β1 �= 0. Substituting (3.8) and (3.9) into (3.4) and (3.5), collecting all terms
with the same powers of (G′

G
) and setting them to zero. Consequently, we have a

system of algebraic equations which can be solved. After some reduction, we get

α1 = β1 = 2β,

V = α0 + αβ0 − βλ(1 + α),

C1 = β0 − α0.

(3.10)

Substituting (3.10) into (3.8) and (3.9) yields

u(ξ) = 2β

(
G′

G

)
+ α0, (3.11)

and

v(ξ) = 2β

(
G′

G

)
+ β0, (3.12)

where

ξ = x + y − t[α0 + αβ0 − βλ(1 + α)]. (3.13)
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Solving (2.5), we deduce after some reduction that

G′

G
= 1

2

√
λ2 − 4μ

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)
− λ

2
, (3.14)

where A and B are arbitrary constants.
Substituting (3.14) into (3.11) and (3.12), we deduce the following traveling wave

solutions:
Case 1. If λ2 − 4μ > 0, then we have

u(ξ) = β

√
λ2 − 4μ

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)

+ α0 − βλ, (3.15)

and

v(ξ) = β

√
λ2 − 4μ

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)

+ β0 − βλ. (3.16)

Case 2. If λ2 − 4μ < 0, then we have

u(ξ) = β

√
4μ − λ2

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)

+ α0 − βλ, (3.17)

and

v(ξ) = β

√
4μ − λ2

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)

+ β0 − βλ. (3.18)

Case 3. If λ2 − 4μ = 0, then we have

u(ξ) = 2β

(
B

A + Bξ

)
+ α0 − βλ, (3.19)

and

v(ξ) = 2β

(
B

A + Bξ

)
+ β0 − βλ. (3.20)

In particular, if A = 0, B �= 0, λ > 0,μ = 0, then we deduce from (3.15) and (3.16)
that

u(ξ) = βλ tanh

(
λ

2
ξ

)
+ α0 − βλ, (3.21)
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and

v(ξ) = βλ tanh

(
λ

2
ξ

)
+ β0 − βλ, (3.22)

which represent the solitary wave solutions of the (2 + 1)-dimensional Painlevé inte-
grable Burgers equations (3.1) and (3.2).

3.2 Example 2. The (2 + 1)-dimensional Nizhnik-Novikov-Vesselov equations

In this subsection, we study the following (2 + 1)-dimensional Nizhnik-Novikov-
Vesselov equations [6, 11, 14, 27, 29]:

ut + kuxxx + ruyyy + sux + quy − 3k(uv)x − 3r(uw)y = 0,

ux − vy = 0,

uy − wx = 0,

(3.23)

where k, r , s and q are constants. Boiti et al. [6] solved this system of equations via
the inverse scattering transformation. It is well known [16] that the system (3.23) is
an isotropic Lax integrable extension of the well known (1 + 1)-dimensional KdV
equations and has physical significance.

Let us now solve the system (3.23) by the proposed new method. To this end, we
see that the traveling wave variables (3.3) permit us converting (3.23) into

C1 + (s + q − V )u + (k + r)u′′ − 3kuv − 3ruw = 0,

C2 + u − v = 0,

C3 + u − w = 0,

(3.24)

where Ci (i = 1,2,3) are constants of integration. Considering the homogeneous
balance between highest order derivatives and nonlinear terms in (3.24), we get

u(ξ) = α2

(
G′

G

)2

+ α1

(
G′

G

)
+ α0, (3.25)

v(ξ) = β2

(
G′

G

)2

+ β1

(
G′

G

)
+ β0, (3.26)

and

w(ξ) = γ2

(
G′

G

)2

+ γ1

(
G′

G

)
+ γ0, (3.27)

where α2, β2, γ2 �= 0. Substituting (3.25)–(3.27) into (3.24), collecting all terms with
the same powers of (G′

G
) and setting them to zero. Consequently, we have a system

of algebraic equations which can be solved. After some reduction, we get

α2 = β2 = γ2 = 2,
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α1 = β1 = γ1 = 2λ,

β0 = 0,

V = q + s − 3rγ0 + (k + r)(8μ − λ2 − 3α0), (3.28)

C1 = (k + r)(4μ2 + 2μλ2 − 8μα0 + α0λ
2 + 3α2

0),

C2 = −α0,

C3 = γ0 − α0.

Substituting (3.28) into (3.25)–(3.27) yields

u(ξ) = 2

(
G′

G

)2

+ 2λ

(
G′

G

)
+ α0, (3.29)

v(ξ) = 2

(
G′

G

)2

+ 2λ

(
G′

G

)
, (3.30)

and

w(ξ) = 2

(
G′

G

)2

+ 2λ

(
G′

G

)
+ γ0, (3.31)

where

ξ = x + y − [q + s − 3rγ0 + (k + r)(8μ − λ2 − 3α0)]t.
On substituting (3.14) into (3.29)–(3.31), we deduce the following traveling wave
solutions:

Case 1. If λ2 − 4μ > 0, then we have

u(ξ) = 1

2
(λ2 − 4μ)

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)2

+ α0 − λ2

2
, (3.32)

v(ξ) = 1

2
(λ2 − 4μ)

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)2

− λ2

2
, (3.33)

and

w(ξ) = 1

2
(λ2 − 4μ)

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)2

+ γ0 − λ2

2
. (3.34)
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Case 2 . If λ2 − 4μ < 0, then we have

u(ξ) = 1

2
(4μ − λ2)

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)2

+ α0 − λ2

2
, (3.35)

v(ξ) = 1

2
(4μ − λ2)

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)2

− λ2

2
, (3.36)

and

w(ξ) = 1

2
(4μ − λ2)

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)2

+ γ0 − λ2

2
. (3.37)

Case 3. If λ2 − 4μ = 0, then we have

u(ξ) = 2

(
B

A + Bξ

)2

+ α0 − λ2

2
, (3.38)

v(ξ) = 2

(
B

A + Bξ

)2

− λ2

2
, (3.39)

and

w(ξ) = 2

(
B

A + Bξ

)2

+ γ0 − λ2

2
. (3.40)

In particular, if A = 0, B �= 0, λ > 0, μ = 0, then we deduce from (3.32)–(3.34) that

u(ξ) = −1

2
λ2 sech2

(
λ

2
ξ

)
+ α0, (3.41)

v(ξ) = −1

2
λ2 sech2

(
λ

2
ξ

)
, (3.42)

and

w(ξ) = −1

2
λ2 sech2

(
λ

2
ξ

)
+ γ0, (3.43)

which represent the solitary wave solutions of the (2 + 1)-dimensional Nizhnik-
Novikov-Vesselov equations (3.23).
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3.3 Example 3. The (2 + 1)-dimensional Boiti-Leon-Pempinelli equations

In this subsection, we consider the (2 + 1)-dimensional Boiti-Leon-Pempinelli equa-
tions [6, 11, 14, 27] in the form:

uty − (u2 − ux)xy − 2vxxx = 0, (3.44)

and

vt − vxx − 2uvx = 0. (3.45)

The integrability of the system (3.44) and (3.45) was established by Hong et al. [10].
Boiti et al. [6] presented the Backlund transformation of this system to find its solu-
tions.

Let us now solve this system by the proposed method. To this end, we see that the
traveling wave variables (3.3) permit us converting (3.44) and (3.45) into

−V u′′ − 2(uu′)′ + u′′′ − 2v′′′ = 0, (3.46)

and

V v′ + v′′ + 2uv′ = 0. (3.47)

Considering the homogeneous balance between highest order derivatives and nonlin-
ear terms in (3.46) and (3.47), we deduce that the solutions u(ξ) and v(ξ) respectively
have the same forms (3.8) and (3.9) of example 1. Substituting (3.8) and (3.9) into
(3.46) and (3.47), collecting all terms with the same powers of (G′

G
) and setting them

to zero. Consequently, we have a system of algebraic equations which can be solved,
to get

α1 = β1 = 1, V = λ − 2α0.

Now, we have

u(ξ) =
(

G′

G

)
+ α0, (3.48)

and

v(ξ) =
(

G′

G

)
+ β0, (3.49)

where

ξ = x + y − (λ − 2α0)t.

On substituting (3.14) into (3.48) and (3.49), we deduce the following traveling wave
solutions:

Case 1. If λ2 − 4μ > 0, then we have

u(ξ) = 1

2

√
(λ2 − 4μ)

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)

+ α0 − λ

2
, (3.50)
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and

v(ξ) = 1

2

√
(λ2 − 4μ)

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)

+ β0 − λ

2
. (3.51)

Case 2. If λ2 − 4μ < 0, then we have

u(ξ) = 1

2

√
(4μ − λ2)

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)

+ α0 − λ

2
, (3.52)

and

v(ξ) = 1

2

√
(4μ − λ2)

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)

+ β0 − λ

2
. (3.53)

Case 3. If λ2 − 4μ = 0, then we have

u(ξ) =
(

B

A + Bξ

)
+ α0 − λ

2
, (3.54)

and

v(ξ) =
(

B

A + Bξ

)
+ β0 − λ

2
. (3.55)

In particular, if A = 0, B �= 0, λ > 0, μ = 0, then we deduce from (3.50) and (3.51)
that:

u(ξ) = 1

2
λ tanh

(
λ

2
ξ

)
+ α0 − λ

2
, (3.56)

and

v(ξ) = 1

2
λ tanh

(
λ

2
ξ

)
+ β0 − λ

2
, (3.57)

which represent the solitary wave solutions of the (2 + 1)-dimensional Boiti-Leon-
Pempinelli equations (3.44) and (3.45).

3.4 Example 4. The (2 + 1)-dimensional dispersive long wave equations

In this subsection, we consider the (2 + 1)-dimensional dispersive long wave equa-
tions [23, 27, 39] in the form
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uty + vxx + 1

2
(u2)xy = 0, (3.58)

and

vt + (uv + u + uxy)x = 0. (3.59)

This system of equations was first obtained by Boiti et al. [6] as compatibility con-
dition for a weak Lax pair. The solutions of the system (3.58) and (3.59) including
Jacobi elliptic function solutions, soliton-like solutions, periodic formal solutions and
rational function solutions are found in [23, 39].

In order to solve this system by the proposed method, we see that the traveling
wave variables (3.3) permit us converting (3.58) and (3.59) into

−V u′′ + v′′ + uu′′ + (u′)2 = 0, (3.60)

and

C1 − V v + (uv) + u + u′′ = 0, (3.61)

where C1 is an integration constant. The homogeneous balance of the highest deriv-
atives and nonlinear terms in (3.58) and (3.59) yields the following solutions:

u(ξ) = α1

(
G′

G

)
+ α0, (3.62)

and

v(ξ) = β2

(
G′

G

)2

+ β1

(
G′

G

)
+ β0, (3.63)

where α1 and β2 are nonzero constants. Substituting (3.62) and (3.63) into (3.60) and
(3.61), collecting all terms with the same power of (G′

G
) together and setting them to

zero. Consequently, we have a system of algebraic equations which can be solved.
After some reduction, we get

α1 = ±2, β2 = −2,

β1 = −2λ, β0 = −(2μ + 1),

C1 = ±(λ ∓ α0), V = α0 ∓ λ.

(3.64)

From (3.62)–(3.64), we have

u(ξ) = ±2

(
G′

G

)
+ α0, (3.65)

and

v(ξ) = −2

(
G′

G

)2

− 2λ

(
G′

G

)
− (2μ + 1), (3.66)
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where

ξ = x + y − (α0 ∓ λ)t.

Substituting (3.14) into (3.65) and (3.66), we deduce the following traveling wave
solutions:

Case 1. If λ2 − 4μ > 0, then we have

u(ξ) = ±
√

(λ2 − 4μ)

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)

+ α0 ∓ λ,

and

v(ξ) = −1

2
(λ2 − 4μ)

(
A cosh 1

2

√
(λ2 − 4μ)ξ + B sinh 1

2

√
(λ2 − 4μ)ξ

A sinh 1
2

√
(λ2 − 4μ)ξ + B cosh 1

2

√
(λ2 − 4μ)ξ

)2

+ λ2

2
− (2μ + 1). (3.67)

Case 2. If λ2 − 4μ < 0, then we have

u(ξ) = ±
√

(4μ − λ2)

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)

+ α0 ∓ λ, (3.68)

and

v(ξ) = −1

2
(4μ − λ2)

(−A sin( 1
2

√
4μ − λ2ξ) + B cos( 1

2

√
4μ − λ2ξ)

A cos( 1
2

√
4μ − λ2ξ) + B sin( 1

2

√
4μ − λ2ξ)

)2

+ λ2

2
− (2μ + 1). (3.69)

Case 3. If λ2 − 4μ = 0, then we have

u(ξ) = ±
(

2B

A + Bξ

)
+ α0 ∓ λ, (3.70)

and

v(ξ) = −2

(
B

A + Bξ

)2

+ λ2

2
− (2μ + 1). (3.71)

In particular, if A = 0, B �= 0, λ > 0, μ = 0, then we deduce from (3.67) and (3.67)
that

u(ξ) = ±λ tanh

(
λ

2
ξ

)
+ α0 ∓ λ, (3.72)



The ( G′
G

)-expansion method and its applications to some equations 101

and

v(ξ) = 1

2
λ2 sech2

(
λ

2
ξ

)
− 1, (3.73)

which represent the solitary wave solutions of the (2+1)-dimensional dispersive long
wave equations (3.58) and (3.59).

4 Conclusions

In this paper, we have seen that three types of traveling wave solutions in terms
of hyperbolic, trigonometric and rational functions for Painlevé integrable Burgers
equations, Nizhnik-Novikov-Vesselov equations, Boiti-Leon-Pempinelli equations
and dispersive long wave equations are successfully found out by using the ( G′

G
)-

expansion method. These equations are very difficult to be solved by traditional meth-
ods. On comparing between these methods, we conclude that the ( G′

G
)-expansion

method is more powerful, effective and convenient. The performance of this method
is reliable, simple and gives many new solutions. The ( G′

G
)-expansion method has

more advantages: It is direct and concise. It is also a standard and computerizable
method which allows us to solve complicated nonlinear evolution equations in the
mathematical physics.

Note that the nonlinear evolution equations proposed in the present paper are dif-
ficult and more general than the nonlinear evolution equations discussed in [4, 24,
40, 41]. Therefore, the solutions of the proposed nonlinear evolution equations in this
paper have many potential applications in physics.

Acknowledgement The author wishes to thank the referees for their interesting suggestions and com-
ments.

References

1. Abdou, M.A.: The extended tanh-method and its applications for solving nonlinear physical models.
Appl. Math. Comput. 190, 988–996 (2007)

2. Abdou, M.A.: The extended F-expansion method and its applications for a class of nonlinear evolution
equation. Chaos Solitons Fractals 31, 95–104 (2007)

3. Ablowitz, M.J., Clarkson, P.A.: Solitons, Nonlinear Evolution Equations and Inverse Scattering Trans-
form. Cambridge University Press, Cambridge (1991)

4. Bekir, A.: Application of the ( G′
G

)-expansion method for nonlinear evolution equations. Phys. Lett. A
372, 3400–3406 (2008)

5. Bekir, A., Boz, A.: Exact solutions for nonlinear evolution equations using Exp-function method.
Phys. Lett. A 372, 1619–1625 (2008)

6. Boiti, M., Leon, J., Pempinelli, P.: Spectral transform for a two spatial dimension extension of the
dispersive long wave equation. Inverse Probl. 3, 371–387 (1987)

7. Chen, Y., Wang, Q.: Extended Jacobi elliptic function rational expansion method and abundant fami-
lies of Jacobi elliptic functions solutions to (1+1)-dimensional dispersive long wave equation. Chaos
Solitons Fractals 24, 745–757 (2005)

8. Fan, E.G.: Extended tanh-function method and its applications to nonlinear equations. Phys. Lett. A
277, 212–218 (2000)

9. He, J.H., Wu, X.H.: Exp-function method for nonlinear wave equations. Chaos Solitons Fractals 30,
700–708 (2006)



102 E.M.E. Zayed

10. Hong, K.Z., Wu, B., Chen, X.F.: Painlevé analysis and some solutions of (2 + 1)-dimensional gener-
alized Burgers equations. Commun. Theor. Phys. 39, 393–394 (2003)

11. Huang, D.J., Zhang, H.Q.: Exact traveling wave solutions for the Boiti-Leon-Pempinelli equation.
Chaos Solitons Fractals 22, 243–247 (2004)

12. Liu, S., Fu, Z., Liu, S.D., Zhao, Q.: Jacobi elliptic function expansion method and periodic wave
solutions of nonlinear wave equations. Phys. Lett. A 289, 69–74 (2001)

13. Li, X.Z., Wang, M.L.: A sub-ODE method for finding exact solutions of a generalized KdV-mKdV
equation with higher order nonlinear terms. Phys. Lett. A 361, 115–118 (2007)

14. Lü, Z., Zhang, H.: Soliton-like and multi-soliton like solutions of the Boiti-Leon-Pempinelli equation.
Chaos Solitons Fractals 19, 527–531 (2004)

15. Miura, M.R.: Backlund Transformation. Springer, Berlin (1978)
16. Ren, Y., Zhang, H.: New generalized hyperbolic functions and auto-Backlund transformation to find

new exact solutions of the (2 + 1)-dimensional NNY equation. Phys. Lett. A 357, 438–448 (2006)
17. Rogers, C., Shadwick, W.F.: Backlund Transformations. Academic Press, New York (1982)
18. Wang, Z., Zhang, H.Q.: A new generalized Riccati equation rational expansion method to a class of

nonlinear evolution equation with nonlinear terms of any order. Appl. Math. Comput. 186, 693–704
(2007)

19. Wang, M., Zhou, Y.: The periodic wave equations for the Klein-Gordon-Schrodinger equations. Phys.
Lett. A 318, 84–92 (2003)

20. Wang, M., Li, X.: Extended F-expansion and periodic wave solutions for the generalized Zakharov
equations. Phys. Lett. A 343, 48–54 (2005)

21. Wang, M., Li, X.: Applications of F-expansion to periodic wave solutions for a new Hamiltonian
amplitude equation. Chaos Solitons Fractals 24, 1257–1268 (2005)

22. Wang, M.L., Li, X.Z., Zhang, J.L.: Sub-ODE method and solitary wave solutions for higher order
nonlinear Schrodinger equation. Phys. Lett. A 363, 96–101 (2007)

23. Wang, D.S., Ren, Y.J., Zhang, H.Q.: Further extended sinh-cosh and sin-cos methods and new non
traveling wave solutions of the (2 + 1)-dimensional dispersive long wave equations. Appl. Math. E
Notes 5, 157–163 (2005)

24. Wang, M., Li, X., Zhang, J.: The ( G′
G

)-expansion method and traveling wave solutions of nonlinear
evolution equations in mathematical physics. Phys. Lett. A 372, 417–423 (2008)

25. Yan, Z., Zhang, H.: New explicit solitary wave solutions and periodic wave solutions for Whitham-
Broer-Kaup equation in shallow water. Phys. Lett. A 285, 355–362 (2001)

26. Yan, Z.: Abundant families of Jacobi elliptic functions of the (2 + 1)-dimensional integrable Davey-
Stawartson-type equation via a new method. Chaos Solitons Fractals 18, 299–309 (2003)

27. Yomba, E.: Construction of new soliton-like solutions of the (2+1)-dimensional dispersive long wave
equation. Chaos Solitons Fractals 20, 1135–1139 (2008)

28. Yusufoglu, E.: New solitary solutions for the MBBM equations using Exp-function method. Phys.
Lett. A 372, 442–446 (2008)

29. Yusufoglu, E., Bekir, A.: Exact solution of coupled nonlinear evolution equations. Chaos Solitons
Fractals 37, 842–848 (2008)

30. Zayed, E.M.E., Zedan, H.A., Gepreel, K.A.: On the solitary wave solutions for nonlinear Hirota-
Satsuma coupled KdV equations. Chaos Solitons Fractals 22, 285–303 (2004)

31. Zayed, E.M.E., Zedan, H.A., Gepreel, K.A.: On the solitary wave solutions for nonlinear Euler equa-
tions. Appl. Anal. 83, 1101–1132 (2004)

32. Zayed, E.M.E., Zedan, H.A., Gepreel, K.A.: Group analysis and modified tanh-function to find the
invariant solutions and soliton solution for nonlinear Euler equations. Int. J. Nonlinear Sci. Numer.
Simul. 5, 221–234 (2004)

33. Zayed, E.M.E., Abourabia, A.M., Gepreel, K.A., Horbaty, M.M.: Traveling solitary wave solutions
for the nonlinear coupled KdV system. Chaos Solitons Fractals 34, 292–306 (2007)

34. Zayed, E.M.E., Gepreel, K.A., Horbaty, M.M.: Exact solutions for some nonlinear differential equa-
tions using complex hyperbolic function. Appl. Anal. 87, 509–522 (2008)

35. Zhang, S.L., Wu, B., Lou, S.Y.: Painlevé analysis and special solutions of generalized Broer-Kaup
equations. Phys. Lett. A 300, 40–48 (2002)

36. Zhang, S., Xia, T.C.: A generalized F-expansion method and new exact solutions of Konopelchenko-
Dubrovsky equations. Appl. Math. Comput. 183, 1190–1200 (2006)

37. Zhang, S.: Application of Exp-function method to higher dimensional nonlinear evolution equation.
Chaos Solitons Fractals 38, 270–276 (2008)

38. Zhang, S.: Application of Exp-function method to Riccati equation and new exact solutions with three
arbitrary functions of Broer-Kaup-Kupershmidt equations. Phys. Lett. A 372, 1873–1880 (2008)



The ( G′
G

)-expansion method and its applications to some equations 103

39. Zhang, S., Xia, T.C.: A further improved tanh-function method exactly solving the (2 + 1)-
dimensional dispersive long wave equations. Appl. Math. E Notes 8, 58–66 (2008)

40. Zhang, S., Tong, J., Wang, W.: A generalized ( G′
G

)-expansion method for the mKdV equation with
variable coefficients. Phys. Lett. A 372, 2254–2257 (2008)

41. Zhang, J., Wei, X., Lu, Y.: A generalized ( G′
G

)-expansion method and its applications. Phys. Lett. A
372, 3653–3658 (2008)


	The (G'G)-expansion method and its applications to some nonlinear evolution equations in the mathematical physics
	Abstract
	Introduction
	Description of the (G'G)-expansion method
	Some applications
	Example 1. The (2+1)-dimensional Painlevé integrable Burgers equations
	Example 2. The (2+1)-dimensional Nizhnik-Novikov-Vesselov equations
	Example 3. The (2+1)-dimensional Boiti-Leon-Pempinelli equations
	Example 4. The (2+1)-dimensional dispersive long wave equations

	Conclusions
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


