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Abstract In the present paper, we construct the traveling wave solutions involv-
ing parameters for some nonlinear evolution equations in the mathematical physics
via the (2 + 1)-dimensional Painlevé integrable Burgers equations, the (2 4 1)-
dimensional Nizhnik-Novikov-Vesselov equations, the (2 4 1)-dimensional Boiti-
Leon-Pempinelli equations and the (2 4 1)-dimensional dispersive long wave equa-
tions by using a new approach, namely the (%)—expansion method, where G = G (§)
satisfies a second order linear ordinary differential equation. When the parameters
are taken special values, the solitary waves are derived from the traveling waves.
The traveling wave solutions are expressed by hyperbolic, trigonometric and rational
functions.
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1 Introduction

In recent years, the exact solutions of nonlinear PDEs have been investigated by many
authors (see for example [1-41]) who are interested in nonlinear physical phenom-
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ena. Many powerful methods have been presented such as the inverse scattering trans-
form [3], the Backlund transform [15, 17], the generalized Riccati equation [18, 25],
the Jacobi elliptic function expansion [7, 12, 26, 30, 33], the extended tanh-function
method [1, 8, 31, 32, 39], the F-expansion method [2, 19-21, 36], the exp-function
expansion method [5, 9, 28, 37, 38], the sub-ODE method [13, 22], the extended sinh-
cosh and sine-cosine methods [23], the complex hyperbolic function method [34], the
truncated Painlevé expansion [35] and others.

In the present paper, we shall use a new method which is called the (%)—expansion
method [4, 24, 40, 41]. This method is firstly proposed by which the traveling wave
solutions of the nonlinear evolution equations are obtained. The main idea of this
method is that the traveling wave solutions of the nonlinear evolution equations can
be expressed by polynomials in (%) where G = G (&) satisfies the second order lin-
ear ordinary differential equation G” (&) + AG'(§) + uG (&) = 0 while A, u, V are
constants and ' = 4. The degree of these polynomial can be determined by consid-
ering the homogeneous balance between the highest order derivatives and the non-
linear terms appearing in the given nonlinear equations. The coefficients of these
polynomials can be obtained by solving a set of algebraic equations resulted from
the process of using the proposed method. This new method will play an important
role in expressing the traveling wave solutions in terms of hyperbolic, trigonomet-
ric and rational functions for the nonlinear evolution equations in the mathemati-
cal physics via the (2 4+ 1)-dimensional Painlevé integrable Burgers equations, the
(2 + 1)-dimensional Nizhnik-Novikov-Vesselov equations, the (2 + 1)-dimensional
Boiti-Leon-Pempinelli equations and the (2 + 1)-dimensional dispersive long wave
equations.

2 Description of the (%)-expansion method

Suppose we have the following nonlinear partial differential equation:
P(u,us,uy, Uy, Utt, Uxt, Uxx, Uxy, Uyy, Uyt .. J)=0, (21)

where u = u(x, y, t) is an unknown function, P is a polynomial in u(x, y, t) and its

partial derivatives in which the highest order derivatives and the nonlinear terms are

involved. In the following we give the main steps of the (%)-expansion method:
Step 1. The traveling wave variable

u(x’y’t)=u(§)a S=X+Y_Vt, (22)
permits us reducing (2.1) to an ODE for u = u(£) in the form
Pu,—Viu',u', V2", —viu" u",..)=0, (2.3)

where V is a constant.
Step 2. Suppose the solution of (2.3) can be expressed by a polynomial in (%) as
follows:
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n G/ i
u(€) = Z""’(E) , 24)
i=0
where G = G (&) satisfies the following second order linear ordinary differential
equation:

G" 4+ AG + G =0, 2.5)

while «;, A and p are constants to be determined provided «;, # 0. The positive
integer “n” can be determined by considering the homogeneous balance between the
highest order derivatives and the nonlinear terms appearing in (2.3).

Step 3. Substituting (2.4) into (2.3) and using (2.5), collecting all terms with the
same power of (%) together and then equating each coefficient of the resulted poly-
nomial to zero, yield a set of algebraic equations for ¢;, V, A and .

Step 4. Since the general solution of (2.5) has been well known for us, then substi-
tuting «;, V and the general solution of (2.5) into (2.4) we have more traveling wave
solutions of the nonlinear partial differential equation (2.1).

3 Some applications

In this section, we apply the (%)-expansion method to construct the traveling
wave solutions for the Painlevé integrable Burgers equations, the Nizhnik-Novikov-
Vesselov equations, the Boiti-Leon-Pempinelli equations and the dispersive long
wave equations which are very important nonlinear evolution equations in the math-
ematical physics and have been paid attention by many researchers.

3.1 Example 1. The (2 4 1)-dimensional Painlevé integrable Burgers equations

We start with the (2 + 1)-dimensional Painlevé integrable Burgers equations [18] in
the forms

—uy +uny +avuy + Buyy +afuy, =0, 3.1
uy —vy =0, (3.2)

where « and § are non-zero constants. This system of equations was derived from
the generalized Painlevé integrability classification. Some explicitly exact solutions
of this system have been obtained via variable separation approach [10, 18].

Let us now solve the system (3.1) and (3.2) by the (%) expansion method. To this
end, we see that the following traveling wave variables:

u(x,y,t) =u(f), v(x, y, 1) =v(§), E=x+y-—Vit, (3.3)
permit us converting (3.1) and (3.2) into

—Vu' 4 uu' +avu’ + Bu” + afu” =0, (3.4)
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and
Ci+u—v=0, 3.5

where Cis an integration constant. Suppose the solutions of the ODE (3.4) can be
expressed by polynomials in (%) as follows:

n G/ i
u() = ZO”(E) , (3.6)
i=0

and

m G/ i
v(E) = Zﬁi(E) : (3.7)
i=0

where o; and B;(i =0, 1, 2, ..., n) are arbitrary constants provided «,,, 8, # 0, while
G (&) satisfies the second order linear ODE (2.5).

Considering the homogeneous balance between the highest order derivatives and
the nonlinear terms in (3.4), we get

= G 3.8
M(E)—m(E) + ap, (3.8)
and
G/
v(§) =ﬂ1<5> + Bo, (3.9)

where a1, B1 # 0. Substituting (3.8) and (3.9) into (3.4) and (3.5), collecting all terms
with the same powers of (%) and setting them to zero. Consequently, we have a
system of algebraic equations which can be solved. After some reduction, we get

a) = f1 =28,
V =ap+afy — pr(l +a), (3.10)
C1 = o — ao.

Substituting (3.10) into (3.8) and (3.9) yields

u(®) =2ﬂ(%> + a0, G
and
G/
v(§) =2/3<E> + Bo, (3.12)
where
E=x+4y—tlag+afy — Br(l +a)]. (3.13)
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Solving (2.5), we deduce after some reduction that

¢ 1 A hi 7V A2 —4 Bsinh 1 7V A2 —4 A
iz_\/ﬁ< cosh 3v (" — 48 + Bsinh 3y ( “é) . (3.14)
G 2 Asinh 3/(A2 —4p)& + Beosh 1 /(32 — 4p)E 2

where A and B are arbitrary constants.

Substituting (3.14) into (3.11) and (3.12), we deduce the following traveling wave
solutions:

Case 1. If A2 — 4 > 0, then we have

- 4M<Acosh IV (A2 —4p)¢ + Bsinh §,/(A2 — 4@5)
Asinh 3y/(A2 —4p)& + Beosh 1/ (02 — 4p)E

+ o — BA, (3.15)

u)=4p

and

A cosh %m& + Bsinh %M§>
Asinh 5/ —4p)& + B cosh 3/ (A2 — 4u)E

+ Bo — BA. (3.16)

v(§) = By/A? —4u<

Case 2. If 22 — 41 < 0, then we have

—Asin(§y/4p — 22E) + Bcos(5y/4p — ,\25)>
Acos(3y/4p — A2E) + Bsin(3y/4p — 128)

+ o — BA, (3.17)

u() = p 4u—)\2<

and

—Asin($y/4p — A28) + B cos(§y/4u — AZE))
Acos(5y/4p — 22E) + Bsin(3y/4p — 228)

+ fo — pA. (3.18)

v() =4 4M—?»2<

Case 3. If A2 — 4 = 0, then we have

u(§)=2ﬁ< >+ao—m, (3.19)

A+ BE

and

v($)=2ﬁ<A+Bé)+ﬁo—ﬂ?~. (3.20)

In particular, if A =0, B #0, A > 0, u =0, then we deduce from (3.15) and (3.16)
that

u(é):ﬂktanh(%é) +ap — BA, (3.21)
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and
v(é):ﬁktanh(%é) + Bo — BA, (3.22)

which represent the solitary wave solutions of the (2 4 1)-dimensional Painlevé inte-
grable Burgers equations (3.1) and (3.2).

3.2 Example 2. The (2 4 1)-dimensional Nizhnik-Novikov-Vesselov equations

In this subsection, we study the following (2 + 1)-dimensional Nizhnik-Novikov-
Vesselov equations [6, 11, 14, 27, 29]:
ur + Kty yx +ruyyy +sux +quy — 3k(uv)y — 3r(uw), =0,
uy —vy =0, (3.23)
uy —wy =0,
where k, r, s and ¢ are constants. Boiti et al. [6] solved this system of equations via
the inverse scattering transformation. It is well known [16] that the system (3.23) is
an isotropic Lax integrable extension of the well known (1 + 1)-dimensional KdV
equations and has physical significance.
Let us now solve the system (3.23) by the proposed new method. To this end, we
see that the traveling wave variables (3.3) permit us converting (3.23) into
Ci+G6+qg—Vu+ (k+rwu” —3kuv —3ruw =0,
Cr4+u—v=0, (3.24)
Ci+u—w=0,

where C; (i = 1,2,3) are constants of integration. Considering the homogeneous
balance between highest order derivatives and nonlinear terms in (3.24), we get

G/ 2 G/
M(E) =Ol2<E) + aq (E) + oo, (325)
B G/ 2 G/ 396
v(§) _’32<E) +ﬁ1<6> + Bo. (3.26)
and
G 2 G/
w(§) =7/2<E) +VI<E) + Y0, (3.27)

where a2, B2, y2 # 0. Substituting (3.25)—(3.27) into (3.24), collecting all terms with
the same powers of ( %) and setting them to zero. Consequently, we have a system
of algebraic equations which can be solved. After some reduction, we get

a=PHRh=n=2,
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a) = B =y1 =24,

Bo =0,

V=q+s—3ry+ (k+r)8u—r>—3ap), (3.28)
Cy = (k+r)@4p® +2p2% — 8uag + apr? + 303),

Cr = —ay,

C3 = yo — ao.

Substituting (3.28) into (3.25)—(3.27) yields

N\ 2 /
u(&'):Z(%) +2k<%)+ao, (3.29)
(>—2<G/>2 zx<G/> (3.30)
Us = E + E , .
and
G/ 2 G/
w($)=2<5> +2A<E>+yo, (3.31)
where

E=x4+y—1lg+s—3rp—+ k+r)8u—1r*=3a)lt.

On substituting (3.14) into (3.29)—(3.31), we deduce the following traveling wave
solutions:
Case 1. If A2 — 4,1 > 0, then we have

Acosh $y/(A2 — 4p)€ + Bsinh /(A2 — 4M)g>2
Asinh §/(A2 — 4p)& + Beosh 3/ (A2 — 4p)
)\‘2

M 3.32
+ag > (3.32)

—1)\2 4
u(é)—i( - u)(

Acosh 3/(A2 — 4p)€ + Bsinh /(A2 — 4#)5)2
Asinh §3/(A2 —4p)é + Beosh 1/ (02 — 4p)g
)\2

-z (3.33)

1
v(E) = Eaz —4u)<

and

Acosh /(A2 —4p)€ + Bsinh §/(A2 — 4,05)2
Asinh §1/(A2 —4p)é + Beosh 1/ (02 — 4p)E
)\2

- —. 3.34
+% 2 (3.34)

1
w(€) = 5@2 —4u)<
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Case 2 . If A2 — 4. < 0, then we have

—Asin(y/4p — A28) + B cos(y/4u — x25)>2
Acos(3v/A4pr — 22E) + Bsin(§v/4u — A2E)
)\‘2

T (3.35)

()—1(4 A%(
u(§ =3 "=

—Asin(§y/4p — 22E) + Bcos(5/4p — ,\25)>2

1
= —(4p — 22 (
V&) 2( H ) Acos(3y/4p — A2E) + Bsin(3y/4p — 128)

22

- —, 3.36
2 (3.36)

and

© 1 » A2)<—A sin(4v/4p — 22€) + B cos($+/4u — A2§)>2
wE)=-@ln—
2 Acos(3v/4u — A2E) + Bsin(§y/4p — 22£)
)»2
+y0— =—. (3.37)
2
Case 3. If A2 — 4,4 =0, then we have
2 52
=2 -, 3.
u(&) <A+B§> +ag 2 (3.38)
B \? A2

=2 - —, 3.39
v(§) (A+B$> > (3.39)

and

B\’ A2
=2 ——— - —. 3.40
w(§) (A—i—Bg) +% > (3.40)
In particular, if A =0, B #0, A > 0, u =0, then we deduce from (3.32)—(3.34) that
1, 2 f A
u(é):—zk sech EE + a, (3.41)
1 A

v(E) = —EAZ sechz(zé), (3.42)

and

1., s

w(&) = —EA sech Eé + 10, (3.43)

which represent the solitary wave solutions of the (2 4 1)-dimensional Nizhnik-
Novikov-Vesselov equations (3.23).
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3.3 Example 3. The (2 4 1)-dimensional Boiti-Leon-Pempinelli equations

In this subsection, we consider the (2 + 1)-dimensional Boiti-Leon-Pempinelli equa-
tions [6, 11, 14, 27] in the form:

try — (U = ty)xy — 205y =0, (3.44)
and
Ur — Uyy — 2uvy, =0. (3.45)

The integrability of the system (3.44) and (3.45) was established by Hong et al. [10].
Boiti et al. [6] presented the Backlund transformation of this system to find its solu-
tions.

Let us now solve this system by the proposed method. To this end, we see that the
traveling wave variables (3.3) permit us converting (3.44) and (3.45) into

—Vu" =2y +u” — 20" =0, (3.46)
and
Vv 4+ 0" 4+ 2uv’ =0. (3.47)

Considering the homogeneous balance between highest order derivatives and nonlin-
ear terms in (3.46) and (3.47), we deduce that the solutions u(£) and v(§) respectively
have the same forms (3.8) and (3.9) of example 1. Substituting (3.8) and (3.9) into
(3.46) and (3.47), collecting all terms with the same powers of (%) and setting them
to zero. Consequently, we have a system of algebraic equations which can be solved,
to get

o =pr=1, V =A— 2.

Now, we have

= ¢ 3.48
u(§) = <E> + ap, (3.48)
and
G/
v() = (E) + Bo, (3.49)
where

E=x+y—(—2)t.

On substituting (3.14) into (3.48) and (3.49), we deduce the following traveling wave
solutions:
Case 1. If A2 — 4 > 0, then we have

1/62 - ol /2 —

u(e) = 1M<AC?S‘112MS + Bsinh %ME>
2 Asinh jme + BCOShjm.f}

A

- -, 3.50
+ ap > ( )
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and

- inh 1/(2 —
v(€) = %M<AC.OShlzm€ + Bsmh?mé&>
AsthMg +Bcosh§\/m€

)
‘o2 (3.51)

Case 2. If 22 — 41 < 0, then we have

u(@) = lm<_f‘sm(%mé) + Bcos(%\/m@)
? Acos(d /4 — 228) + Bsin(d /4 — 228)
]y
Tty (3.52)
and
v(E) = lm<—f‘sin<%m® + Bcos(%\/mg)>
’ Acosh /A —7%) + Bsin(l/An —176)
Py
thoy (3.53)

Case 3. If A2 — 4 = 0, then we have

and

In particular, if A =0, B #0, A > 0, u =0, then we deduce from (3.50) and (3.51)
that:

u)= l)Ltanh(&$> + o9 — &, (3.56)
2 2 2
and
v() = 1)Ltanh<&§> ~+ Bo — & (3.57)
2 2 2

which represent the solitary wave solutions of the (2 + 1)-dimensional Boiti-Leon-
Pempinelli equations (3.44) and (3.45).

3.4 Example 4. The (2 4 1)-dimensional dispersive long wave equations

In this subsection, we consider the (2 4 1)-dimensional dispersive long wave equa-
tions [23, 27, 39] in the form
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1
Uy + Vxx + E(uz)xy =0, (3.58)
and
v+ (v +u+uyy) =0. (3.59)

This system of equations was first obtained by Boiti et al. [6] as compatibility con-
dition for a weak Lax pair. The solutions of the system (3.58) and (3.59) including
Jacobi elliptic function solutions, soliton-like solutions, periodic formal solutions and
rational function solutions are found in [23, 39].

In order to solve this system by the proposed method, we see that the traveling
wave variables (3.3) permit us converting (3.58) and (3.59) into

—Vu" + 0" +uu + W)? =0, (3.60)
and

Ci—Vv+@v)+u+u"=0, (3.61)

where C7 is an integration constant. The homogeneous balance of the highest deriv-
atives and nonlinear terms in (3.58) and (3.59) yields the following solutions:

u(§) =a1<%) + ao, (3.62)
and
G’ 2 G/
v(§)=ﬂ2<5> +/31<E> + Bo, (3.63)

where a1 and $; are nonzero constants. Substituting (3.62) and (3.63) into (3.60) and
(3.61), collecting all terms with the same power of (%) together and setting them to
zero. Consequently, we have a system of algebraic equations which can be solved.
After some reduction, we get

a) ==%2, Br=-2,
B1=-2Ax, Bo=—Q2u+1), (3.64)
C1 ==x( F ap), V=arF2r.

From (3.62)—(3.64), we have

u(®) =i2(%) + a0, (3.65)
and

G/ 2 G/
v(§)=—2<6> —2x<5> —Qu+ 1), (3.66)
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where
E=x+y— (0o F M1

Substituting (3.14) into (3.65) and (3.66), we deduce the following traveling wave
solutions:
Case 1. If A2 — 41 > 0, then we have

IVer - inh1./02 =
u(g) = im<A098th§ + BsthMg)
AsthMS + BCOShQMS

+oaoFA,

and

Acosh /(A2 —4p)E + Bsinh /(A2 — 4u)§>2
Asinh §3/(A2 —4p)& + Beosh 1/ (W2 — 4p)E
2

+o = Cut ), (3.67)

1
v(E) =—7(* —4u)<

Case 2. If 22 — 41 < 0, then we have

—Asin(} — 22 1 2
u(®) =im( ASI“<12W5>+Bfos<lzms>)
Acos(Ly/A —228) + Bsin(L /4 — 22%)

+aoF A, (3.68)

and

—Asin(§y/4p — 22E) + Beos(3 /4 — 22£) )2
Acos(%w/4,u, —X2)+B sin(%\/4u — A28)
2

+%—(2u+1). (3.69)

! 2
vE)=—50@un—4A )(

Case3.If 22 — 41 =0, then we have

u(E)=i<A+BE>~I—ao:F)L, (3.70)
and
2 2
v(E)=-2 B + )L— —Qu+1. (3.7D)
A+ B¢ 2

In particular, if A =0, B #0, A > 0, u =0, then we deduce from (3.67) and (3.67)
that

u() =:i:ktanh<%§) +aoF A, (3.72)
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and
v(%‘) —_ se (_%‘) -1, ( .7 )

which represent the solitary wave solutions of the (2 + 1)-dimensional dispersive long
wave equations (3.58) and (3.59).

4 Conclusions

In this paper, we have seen that three types of traveling wave solutions in terms
of hyperbolic, trigonometric and rational functions for Painlevé integrable Burgers
equations, Nizhnik-Novikov-Vesselov equations, Boiti-Leon-Pempinelli equations

and dispersive long wave equations are successfully found out by using the (%)-
expansion method. These equations are very difficult to be solved by traditional meth-

ods. On comparing between these methods, we conclude that the (%)-expansion
method is more powerful, effective and convenient. The performance of this method
is reliable, simple and gives many new solutions. The (%)—expansion method has
more advantages: It is direct and concise. It is also a standard and computerizable
method which allows us to solve complicated nonlinear evolution equations in the
mathematical physics.

Note that the nonlinear evolution equations proposed in the present paper are dif-
ficult and more general than the nonlinear evolution equations discussed in [4, 24,
40, 41]. Therefore, the solutions of the proposed nonlinear evolution equations in this
paper have many potential applications in physics.
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