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Abstract The authors investigate the oscillatory behavior of all solutions of the
fourth order functional differential equations (a(t)(dx(’) Y 4+q@) f(x[g®)]) =0

and L @) (BD)*) = () fxlg0)]) + p(l)h(x[a(t)]) in the case where
[ a=Ve(s)ds < oo. The results are illustrated with examples.
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1 Introduction

In this paper, we are concerned with some criteria for the oscillation of all solutions
of the fourth order functional differential equations

d? d
dt3< <>< x()) >+q(t)f(x[g(t)])=0 (L.D)
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and

a3 dx()\“
o (a(t) <7) ) =q() f(xlg®]) + pO)h(x[o@®)]), (1.2)

where the following conditions are always assumed to hold:

(1) « is the ratio of two positive odd integers;
(i) a(r), p(t), and g (1) € C([19, 00), (0, 00)) and

/ a % (s)ds < oo; (1.3)

(iii) g(1), o(t) € C'([tg, 00),R), R = (—00, 00), g(t) < t,0(t) > t,& (t) >0, and
o'(t) = 0 for t > ty, and lim,_, o0 g(¢) = 00;

@iv) f,he C(R,R),xf(x) >0,xh(x) >0, f'(x) >0, and /' (x) > 0 for x # 0, and
f and h satisfy

—f(=xy) = fxy) > f(x) f(y) forxy>0 (L.4)
and
—h(—xy) > h(xy) > h(x)h(y) forxy > 0. (1.5)

By a solution of (1.1) (respectively, (1.2)) we mean a function x : [Ty, 00) - R,
Ty > 1o such that x(1), a(t)(x'(1)%, (a(®)(x'(1)*)" and (a(t)(x'(1))*)" are con-
tinuously differentiable and satisfy (1.1) (respectively, (1.2)) on [Ty, 00). Our at-
tention will be restricted to these solutions x(¢) of (1.1) and (1.2) which satisfy
sup{|x(¢)| : ¢t > T} > 0 for any T > T. Such a solution is said to be oscillatory if
it has a sequence of zeros tending to infinity, and nonoscillatory otherwise.

The problem of determining the oscillation and nonoscillation of solutions of func-
tional differential equations has been a very active area in the last three decades, and
many references and summaries of known results can be found in the monographs
by Agarwal et al. [1-3] and Gy®&ri and Ladas [4]. Much of the literature on the sub-
ject has been concerned with equations of the form (1.1) and (1.2) with ¢ = 1 and
a(t) = 1 and/or higher order functional differential equations. For typical results, we
refer to reader to [1-10] and the references cited therein. There is however much cur-
rent interest (see [5—8]) in the study of the oscillation properties of solutions of (1.1)
and (1.2) when o # 1 and

fooa*‘/“(s)dpoo. (1.6)

In the present paper, we proceed further in this direction to establish some new
criteria for the oscillation of (1.1) and (1.2) when the function a(t) satisfies condi-
tion (1.3). We note that some of the results of this paper do hold for (1.1) and (1.2)
even if condition (1.6) holds.
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Oscillation theorems for fourth order functional 77

2 Oscillation of equation (1.1)

In this section, we shall establish sufficient conditions for the oscillation of (1.1). For
t>1ty >0, welet

t 2 l/a 00
A[t,to]=/ (s—> ds and m(t):/ a1V (s)ds.
fo a(S) t

Our first result is the following.

Theorem 2.1 Let conditions (1)—@iv), (1.3), and (1.4) hold and assume that there
exists a nondecreasing function &(t) € C([ty, 00), R) such that g(t) < &(t) <t for
t > to. Consider the following three first order delay differential equations

Y (0) +cq@) f(Alg@), n]) f (' *[g®)]) =0 2.0

for any constant 0 < ¢ < 1;

_ 2\ l/a
0 +bgf (a7 (50)150)) f((M) )f (="1eo1) =0

2!
2.2)
for any constant 0 < b < 1; and

w' (1) +dq( fmigODf ("*®) £ (160 = g@1') f (w!*[£@)1) = 0

2.3)
for any constant 0 < d < 1 and with
o] 1 s pru o 1/a
/ <—/ / / q(r)f(m[g(r)])dtdvdu) ds = 0. 2.4)
a(s) o Y1y 0

If (2.1)—(2.3) are oscillatory, then (1.1) is oscillatory.

Proof Let x(t) be a nonoscillatory solution of (1.1), say, x(¢) > 0 and x[g(¢)] > 0
for t > tg > 0. Then there exists #; > #y such that one of the following four possible
cases holds:

M (ax'@)*)" >0 (a()(x'(1)%) and x'(t) >0 fort>1;
1) (a@)(' (1)) >0, (a®)(x'(1)%) and x'(t)>0 fort>t;
) =0. )
)

4 /

>0
"<0
am (a'@)*)” a®)(x'(1)%) <0 and x'(r) <0 fors>1;
(IV) (a()('(1)%)" <0, (ax'@)*) <0 and x'(t) <0 fort>1.

We also note that the following four cases:

(ax'@)*) >0 (a'@)*) >0 and x'(t) <0 fort>1;
(a' @) <0,  (a®'(®)¥) >0 and x'(r)>0 fors>1;
(aO&'@0)*)" <0,  (a®'®))*) >0 and x'(r) <0 fort>r; and
(aO &))" <0,  (aOE'®))%) <0 and x'(1)>0 fort>1
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can be disregarded. We will now consider the four cases in order.

Case (I). There exist ; >t and a constant k, 0 < k < 1 such that
y(1) = key'(t) forr =1,

where y(r) = (a(t)(x'(¢))*) for t > r,. Integrating both sides of the above inequality
from f, to ¢, we obtain

2

1/a
—) o' fort>1>n, 2.5)
a(t)

x'(t) zE(

where ¢ is a constant with 0 < ¢ < 1. Integrating (2.5) from #3 to ¢, we have

ty o§2 1/a
x(t)>c /(—) ds | (/)™ fort > 14> 13,
3 (Z(S)

where c is a constant, 0 < ¢ < 1. Now, there exists 75 > #4 such that
x[g0] = cAlg0). 131z ¥[8 ()] fort =15, (2.6)
where z(t) = y'(t) for t > t5. Using (2.6) and (1.4) in (1.1), we have
2+ f(©q() f(Alg0). 6D f(2/*[g0]) <O fort>15. (27

Integrating (2.7) from ¢ to u >t > t5 and letting u — oo, we obtain

z(1) 2/ f(©q(s) f(Alg(s), ) f (z1/*[g(5)])ds.
t

The function z(#) is obviously strictly decreasing on [ts, 00). Hence, by Theo-
rem 1 in [10], we conclude that there exists a positive solution y(¢) of (2.1) with
lim;_, o, ¥(¢) = 0, which is a contradiction.

Case (II). There exist t, > t; and a constant k, 0 < k < 1 such that
x(t) > kex' () = k(ta” () y' /() fort > 1,
where y(t) = a(t)(x'(t))* for t > 1p. Also, there exists t3 > 1, such that
g = k(ga~“[g])y'“[g0] fort =13. 2.8)
Substituting (2.8) into (1.1), we have
YO+ fRg@) f(gna” P g f(y/“e@]) <O forr=r.  (2.9)

Clearly, y(¢) > 0, y'(t) <0, and y”(¢) > 0 for r > t3. By Taylor’s theorem, there
exists 74 > t3 such that

[E(t) — g()]?

ylg(®)] z( o

) z[E(@)] fort =14, (2.10)
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Oscillation theorems for fourth order functional 79

where z(r) = y”(¢) for t > t4. Now using (2.10) and (1.4) in (2.9), we obtain

_ 2\ /o
() + f(k)q(r)f(gma—”“[g(t)])f((M) )f (z"/*1801) <0

for ¢t > t4. The remainder of the proof in this case is similar to that of Case (I) above.
Case (IIl). For s >t > t1, we can easily see that

—a(s)(x' ()% = —a(®)(x' (1),
and so

—x'(s) = a V() (yV (1)),

where y(t) = —a(r)(x'(¢))* for t > r;. Integrating the above inequality from ¢ to
u >t >t and letting u — oo, we obtain

x(t)=>m@)y/* @) fort>1. (2.11)
Now there exists ¢, > 1 such that
x[g®)] = mlg®]y'*[g(n)] fort =1, (2.12)

and substituting (2.12) into (1.1) yields

Y'(@) = (@) fmlg@OD £ (y'/*[g@)]) fort =1, (2.13)

Clearly, y(t) > 0,y'(t) > 0 and y”(¢t) < O for t > t. Thus, there exist a con-
stant k,0 < k < 1, and t3 > #; such that

ylg)) = kg(®)y'[gt)) fort>r. (2.14)
Using (2.14) and (1.4) in (2.13), we have
') = f(KY*)q@) famigOD f (g% ®)) £ (/¥ [g®)]) fort>15,  (2.15)

where z(¢t) = y'(¢) for t > r3. It is easy to see that z(¢) > 0 and z'(¢) < O for ¢ > 13.
For s >t > t3, we see that

2(8) = (t —$)(=2 ().
Replacing s and 7 by g(r) and £(¢) respectively, we have
g1 = E@) — g (=ZEM]) fort =14 =15, (2.16)
and so (2.15) yields
w' (1) + £ (k"*)q @) f gD £ (g"* ) £ (15@) — g1V*) f (w*[E®)]) <0

for t > 14, where w(t) = —z'(¢). The rest of the proof is similar to that of Case ()
above.
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80 S.R. Grace et al.

Case (IV). As in the proof of Case (III), we obtain (2.13) for ¢ > #,. Now, there exist

constants b > 0 and 3 > 1, such that
x[g(®)] = bm[g(t)] fort>t3. 2.17)
Using (2.17) and (1.4) in (1.1), we have
— (@' @) =qO) f(x[g®D) = fFB)g) fmlg®)]) fort =15, (2.18)

Integrating (2.18) three times from 73 to ¢, we obtain

t opu pu
—a()(x'(1)* = f(b)/ / / q(s) f(mlg(s)Ddsdvdu,
13 Ji13 J13

or

t pu pv 1/
—x'(t)>¢ (L / / / q(s)f(m[g(s)])dsdvdu) , (2.19)
a(t) 13 J13 13

where ¢ = f e p). Integrating (2.19) from #3 to ¢, yields

00 > x(t3) > x(t3) — x()

t T U pu 1/a
> E/ <L/ f / q(s)f(m[g(s)])dsdvdu) dt — 00 ast— o0,
13 a(T) 13 13 13

which is a contradiction and completes the proof of the theorem. |

Notice that in the proof of Theorem 2.1, condition (1.3) is only needed in order
for m(t) to be well defined. This is the case in parts (III) and (IV). Thus, we have the
following result.

Theorem 2.2 Let conditions (1)—(iv), (1.4), and (1.6) hold and assume that there
exists a nondecreasing function &(t) € C([ty, 00), R) such that g(t) < &(t) <t for
t > to. If both (2.1) and (2.2) are oscillatory, then (1.1) is oscillatory.

We can combine (2.1) and (2.2) into the single equation

Y @)+ 0@ f(y/E0]) =0, (2.20)
where

o) = min!cq(r)f(A[g(r), 1), ba(t) f(g()a~ " [g(1)])

_ 2\ /o
Xf<<[s(r> 50 ) )}

0 < b, ¢ < 1 are arbitrary constants, and ¢ > #; > #y. Thus, Theorem 2.2 takes the
following form.
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Oscillation theorems for fourth order functional 81

Theorem 2.3 Let the hypotheses of Theorem 2.2 hold and let (2.1) and (2.2) be
replaced by (2.20). Then the conclusion of Theorem 2.2 holds.

We may proceed further and replace the (2.1)-(2.3) by the equation
YO+ f(Em]) =0, (2.21)

where

0(1) =min{Q(1). dq (1) f (mlgODf (8" 1)) (€ 1) = g1)'/*)},

0 < d < 11is an arbitrary constant, and t > #; > f¢. In this case, we have the following
result.

Theorem 2.4 Let the hypotheses of Theorem 2.1 hold and let (2.1)—(2.3) be replaced
by (2.21). Then the conclusion of Theorem 2.1 holds.

Next, we shall state some sufficient conditions for the oscillation of (2.21) (see,
for example, [3, 4]).
(2.21) is oscillatory if one of the following conditions holds:

() L9 > 1 foru 0, and

t

lim sup Q(@s)ds > 1, (2.22)
1—>00 JE(1)
or
! 1
liminf QO(s)ds > —. (2.23)
11— 00 E(t> e

(I2) WﬁOasueO,and

t

lim sup Q(s)ds > 0. (2.24)

t—>00 E(1)

@) fi f(Z—i‘/a) < 00, and
/ Q(s) = oo. (2.25)

Remarks

1. We may replace (2.20) of Theorem 2.3 or (2.21) of Theorem 2.4 by any of the
above conditions and obtain new criteria for the oscillation of (1.1). The details
are left to the reader.

2. In (1.1), if we let f(x) = x#, where B is the ratio of two positive odd integers,
then condition (1.4) is automatically satisfied. Also, we see that the results of this
section remain valid if the argument g(¢) is of mixed type. The details are left to
the reader.
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82 S.R. Grace et al.

3. Clearly the condition “there exists a nondecreasing function &£(¢) € C([tg, 00), R)
such that g(r) < &(#) <t fort > #(” is not restrictive; it is easily satisfied by taking
§(1) = maxy<s<r g(5).

The following examples illustrate the above results.

Example 2.1 Consider the fourth order functional differential equation

& [ o (dx)’ 1 o5
ﬁ(t ( - ) +$x [Vi]1=0, ¢>5. (2.26)
Here oo =3, f(x) =x3,a(t) =1%,q(t) = 1//1 and g(r) = /1. We let £(1) =2/1

for t > 5. Clearly,
o0 o0 1
f a Y (s)ds :f s 2ds = — < 00
5 5 5

% 1
m(t)=/ a_l/“(s)ds=; fort > 5.
t

and

Now it is easy to calculate the function Q(¢) in (2.21) and find
o@) = ; for any constant ¢ > O and ¢ > 5.

By applying Theorem 2.4 together with condition (I1) above, we conclude that
(2.26) is oscillatory.

Example 2.2 Consider the fourth order functional differential equation

(0 @0)°)” + %ﬁ[«ﬁ ]=0, =5 (2.27)

Here, @ =5, f(x) = x>, a(t) =10, q(t) = 1/4/t and g(¢) = /7. As in Exam-
ple 2.1, we let £(t) = 24/t for t > 5. It is easy to check that all conditions of Theo-
rem 2.4 together with condition (I7) or (I3) are satisfied and conclude that (2.27) is
oscillatory.

From the above discussion, we see that the special case of (1.1), namely,

(@& @©)*)" +qxP[Vi]=0, 1=5, (2.28)

where a(t) satisfies condition (1.3) and B is the ratio of positive odd integers, is
oscillatory if condition (2.4) holds and for every constant 0 < ¢ < 1 and #; > 5, the
equation

Y (1) +eq®) Q*()yP/*[2/1] =0, t>5p<a,
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is oscillatory, where £ () = 24/t and for ¢ > 5,
cor—min (1 (2N 0 (Y
¢ (t)zmm{(/n (E) d) <a<f)>

3 Oscillation of equation (1.2)

QI‘O::

00 B 5
(/ a_l/“(s)ds> IE}.
Jt

In this section, we study the oscillatory character of (1.2) and present the following
result.

Theorem 3.1 Let conditions (1)—(iv) and (1.3)—(1.5) hold and assume that there exist
nondecreasing functions £(t), n(t) and p(t) € C([tg, 00), R) such that g(t) <&(t) <
n(t) <tando(t) > p(t) >t fort > ty. Consider the first order advanced differential

equation
. o(t) [u — p(t)]z 1/a Va
V) — p(t)h( /p ) (W) du | h(y " 1p(1)]) = 3.1

and the first order delay equations

_ _ 2\ l/a
<0 +a07 (St )/ ((M) )f o) =0, 62)

8@ /g \ Ve . )
w'() + cq(t)f< / (—) ds>f (€ —g@) ' 5@1) =
51 a(s)

(3.3)
and

V(1) +2q(0) f(mlgOD f (g2 D) f (v *[g(®)]) =0, (3.4)

where 0 < ¢, ¢ < 1 are constants. If (3.1)—(3.4) are oscillatory, then (1.2) is oscilla-
tory.

Proof As in Theorem 2.1, let x(¢) be a nonoscillatory solution of (1.2), say, x(¢) >
0,x[g()] > 0, and x[o (t)] > O for > 15 > 0. Then there exists #; > #y such that one
of the following four possibilities holds:

O (aOE @) >0,  (a@OE @)
1) (a()'@)*)"
I (ax'@)*)" <0
IV) (a@)'()%)"

/

) and x'(t) >0 fort>1;
(a@&'()*) >0 and x'(r) <0 forr>1;
(a(x' (1)) and x'(t)>0 fort>t;
)

(a()(x'(1)*) and x'(1) <0 forr>1.
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84 S.R. Grace et al.

We also note that the following four cases

(ax'@)*)" >0 (a('@)*) >0 and x'(t) <0 fort>1;
(@@ @)*) >0,  (a)'(©)*) <0 and x'()>0 forr>1;
(ax'@)*)" >0 (a()(x'()*) <0 and x'(t) <0 fort>r; and

(a@@)*) <0,  (a@'(©)%) <0 and x'(1)>0 forr>1

can be disregarded. Next, we consider each of the four cases.

Case (I). Set y(¢t) = a(t)(x'(¢))¥ for t > t;. Then, y(t) > 0, y'(¢) > 0, y"(¢) > 0, and
y"(t) > 0 for ¢t > t;. For t > s > 1], we have

(t_s)z "
y(t) = 2—!)’ (s), or
/ (t_s)z Ve " o
x'(@t) = ( ) ) o ().

It is easy to see that there exists #, > 1 such that

a(t) _ 2 /e
xlo (] = / (M) du) "DV fort=n. (3.5
p(t) 2'0(14)

Using (3.5) and (1.5) in (1.2), we obtain

o(t) _ 2\ /e
z’(t)zp(r)h/ (M) du |h(z"*[p(0)]) fort>1,
(1) 2'61(14)

where z(1) = y”(¢). By results in [3] or [9], we arrive at the desired contradiction.
Case (II). For t > s > t, we have
x(s) > (1 — $)(=x"(1)).

Replacing s and ¢ by g(¢) and &(¢) respectively, we obtain

*lg(t)] > %W“[mn fort > >1. (3.6)
where y(t) = —a(t)(x'(t))*. Using (3.6) and (1.4) in (1.2), we obtain
YO+ f (%) g f(ED) <0 forr=n. GBI

Clearly, we have y(¢) > 0, y'(¢) <0, and y”(t) > 0 for r > t,. As above, we see
that there exists a t3 > f, such that

[n(t) — &(1)1?

yED]= < o

) y'In®] fort>1;. (3.8)
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Using (3.8) and (1.4) in (3.7), we then have

B N 2\ l/a
z’(t)—i—q(t)f(é(t) g(t))f(<[n(t) s(m) )JC(ZI/Q[W(I)DSO,

al/ef&(0)] 2!

where z(t) = y”(t) for t > t3. The rest of the proof is similar to that of Case (I) in
Theorem 2.1.

Case (IIT). There exist 1, > ¢ and a constant k,0 < k < 1, such that y(¢) > kty'(¢)
for t > tp, where y(t) = a(t)(x'(¢))% for t > t,. Thus,

1/a
x’(t)z(ki> O'eN* fort > .
a(t)

Integrating from #, to ¢, we have

t 1/a
x(t)>¢ / (L) ds | /" fort > 1,
%) a(s)

where ¢ = k!/*. Now there exists t3 > t7, such that

HONEFENC .
x[gM]1=c f ( ) ds )| O'lgOD'* fort > 1, (3.9
[5)

a(s)

and using (3.9) and (1.4) in (1.2), we have

g Ve
z”(t)qu(t)f</ s) ds | FIg) forizn (3.10)
5]

a(s)

where z(t) = y'(r) and ¢ = f(c). Clearly, we see that z(z) > 0 and z'(z) < O for
t > t3. Thus, for t > s > 3, we have

2(s) = (t = $)(=Z'(1)).
Replacing s and 7 by g(¢) and & (¢) respectively, we have
g1 = (E@) — g)(=Z'EMD  fort >t >13. (3.11)

By (3.11) and (1.4), (3.10) yields

t 1/a
w'(t) + g (1) / (L) ds | F(IE@) — @1 £ (w'/*[£(1)]) <0
15} CZ(S)

for ¢t > t4, where w(t) = —z/(t). The remainder of the proof is similar to that of
Case (I) in Theorem 2.1.
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Case (IV). For s >t > t{, we have

—a(s)(x' ()% = —a() (' ()", or
—2'(5) = (a™V(s)) (—a@ (")) .
Integrating the above from ¢ to u >t > 1 and letting u — 0o, we have
x() =m@)y' (1) fort>n,
where y(t) = —a(t)(x'(t))* for t > t;. There exists a t; > #; such that
x[gM] = mlgn)]y'*[g0)] fort =1, (3.12)

so from (3.12) and (1.4), (1.2) becomes

Y@ +q@) fmlg@OD f(y/*[g0]) <0 fort =1, (3.13)

Clearly, y(t) > 0, y'(¢) > 0 and y”(¢) > 0 for ¢ > t5. so there exist 13 > t, and a
constant k, 0 < k < 1 such that

y'(t) > kty’(t) fort>1.

Integrating the above inequality from #3 to ¢, we have
k 2.7
YO z 517y () fort =13,

and so there exists ¢4 > f3 such that

k
ylg®)] = §g2(t)z[g(t)] fort > 14, (3.14)
where z(t) = y”(t) for t > t4. Substituting (3.14) into (3.13), we obtain

2 () + cq(0) f(mlgOD £ (g0 f (2" *[g(®)]) <0 fort > ta,

where ¢ = f((k/2)%). The rest of the proof is similar to that of Case (I) in Theo-
rem 2.1 This completes the proof of the theorem. U

We note that if condition (1.3) is replaced by condition (1.6), then from the proof
of Theorem 3.1, we see that the Cases (I)—(III) hold, while Case (IV) does not. In this
situation, we obtain the following result.

Theorem 3.2 Let conditions (1)—(iv) and (1.4)—(1.6) hold and suppose that there exist
nondecreasing functions £(t), n(t) and p(t) € C([tg, 00), R) such that g(¢t) <&(t) <
n(t) <tando(t) > p(t) >t fort > ty. If the (3.1)—(3.3) are oscillatory, then (1.2) is
oscillatory.
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Now for t > t; > 19, we let

O [ u—p®)? e
P(t) = _— du |,
0 =p® </,0(t) 2la(u) !

. . (1) — g(0) () — (01> \ "/
Q(”zmm{qw(alm[&(w]>f<< 2! > ’
g() s O\ Ve 1
cq(r)f( / (—) ds)f((é(t) — g,
t a(s)

cq(® fmlgODf (87(5(0) }

and

for any constants 0 < ¢, ¢ < 1. In Theorem 3.1, (3.1) takes the form

¥ () = PO (y1p®1) =0 (3.15)
and combining (3.2)—(3.4) into one equation yields

20+ 0w f (2 mwn) =o. (3.16)

In Sect. 2, we stated some known sufficient conditions for the oscillation of (3.16).
Now, we do the same for (3.15).
(3.15) is oscillatory if one of the following conditions holds:

() L9 > for u £ 0, and

p(t) 1
liminf/ P(s)ds > —. (3.17)
t—oo J, e

+
() [*% ;i < oo, and

foo O(s)ds = oco. (3.18)

We can apply these sufficient conditions for the oscillation of (3.15) and (3.16) to
obtain new criteria for the oscillation of (1.2). The details are left to the reader.

Remarks

1. The results of this section can be obtained for equations of the form

(@' @)*)" =q@) f(x[g®D),

where o, a(t), g () and f (x) are as in (i)—(iv) and g(¢) € C([fy, o), R), g’(¢) > 0,
lim;_, 5 g(t) = 00, and g(¢) is of mixed type, say, g(¢) =t — sintz.
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2.

Conditions (1.4) and (1.5) are automatic if we let f(x) = x? and h(x) = x7,
where 8 and y are the ratios of positive odd integers. As an illustrative example,
we consider the equation

(O @)3)" = tPIoxP[V1] + 17 Px¥[21] fort > 5. (3.19)

Here, a(t) =1°, p(t) = 1773, q(t) =P/, g(t) = \/t,0(t) =2t and & = 3, B and
y are the ratios of positive odd integers and 8 <« < y. Fort > 5, we let £(¢) =
34/1/2,n(t) = 24/t and p(t) = 3t/2. It is easy to check that all conditions of
Theorem 3.1 together with the conditions (I;)—(I3) and (II;)—(Il;) are satisfied
and hence we conclude that (3.19) is oscillatory.

The results of this paper can be extended to neutral equations of the form

3

3 (a(t) <%[X(t) + C(t)X[f(t)]]> ) +q@) f(x[gOD =0

and

3 d o
3 (a(t) (E[x(t) + C(t)X[f(t)]]> ) =q@®) f(x[g®D + p(Oh(x[o(@)]),
where the functions a(z), p(t),q(t), g(t),o(t), f(x) and h(x) and « are as
in (1.1) and (1.2), c(¢) and t(¢) € C([t9, 00), R) and lim;_, », T(t) = c0. We may
assume that 0 < ¢(¥) < 1, ¢(t) > 1, or c(¢t) < —1 for ¢t > ty. The details are left to
the reader.
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