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Abstract The purpose of this paper is to prove strong convergences of a modified
implicit iteration process to a common fixed point for a finite family of generalized
asymptotically quasi-nonexpansive mappings. The results presented in this paper im-
prove and extend Shahzad and Zegeye’s corresponding results (Shahzad and Zegeye
in Appl. Math. Comput. 189:1058–1065, 2007)
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1 Introduction and preliminaries

Let E be a real Banach space, K be a nonempty closed convex subset of E. Let T

be a self-mapping of K . We use F(T ) to denote the set of fixed points of T , that is,
F(T ) = {x ∈ K : T x = x}. T is said to be nonexpansive if ‖T x − Ty‖ ≤ ‖x − y‖ for
all x, y ∈ K . T is said to be asymptotically nonexpansive if there exists a sequence
{un} ⊂ [0,∞) with limn→∞ un = 0 such that

‖T nx − T ny‖ ≤ (1 + un)‖x − y‖ ∀n ≥ 1,
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for all x, y ∈ K . T is said to be asymptotically quasi-nonexpansive if F(T ) 
= ∅ and
there exists a sequence {un} ⊂ [0,∞) with limn→∞ un = 0 such that ∀x ∈ K , the
following inequality holds:

‖T nx − x∗‖ ≤ (1 + un)‖x − x∗‖ ∀x∗ ∈ F(T ), ∀n ≥ 1.

It is clear from this definition that every asymptotically nonexpansive mapping with a
fixed point is asymptotically quasi-nonexpansive. T is said to be generalized asymp-
totically quasi-nonexpansive if F(T ) 
= ∅ and there exist sequences of real numbers
{un}, {cn} ⊂ [0,∞) with limn→∞ un = limn→∞ cn = 0 such that ∀x ∈ K , the follow-
ing inequality holds:

‖T nx − x∗‖ ≤ ‖x − x∗‖ + un‖x − x∗‖ + cn ∀x∗ ∈ F(T ), ∀n ≥ 1. (1.1)

If in definition (1.1), cn = 0 for all n ≥ 1 then T becomes asymptotically quasi-
nonexpansive mapping and hence the class of generalized asymptotically quasi-
nonexpansive mappings includes the class of asymptotically quasi-nonexpansive
mappings. The following example shows that the inclusion is proper. Let K =
[− 1

π
, 1

π
] and define (see [5]) T x = x

2 sin( 1
x
) if x 
= 0 and T x = 0 if x = 0. Then

T nx → 0 uniformly but T is not Lipschitzian. Notice that F(T ) = {0}. For each
fixed n, define fn(x) = ‖T nx‖ − ‖x‖ for x ∈ K . Set cn = supx∈K {fn(x),0}. Then
limn→∞ cn = 0 and

‖T nx‖ ≤ ‖x‖ + cn.

This show that T is a generalized asymptotically quasi-nonexpansive but it is not
asymptotically quasi-nonexpansive and asymptotically nonexpansive because it is not
Lipschitzian. T is said to be uniformly L-Lipschitzian if there exists a constant L such
that ∀x, y ∈ K , the following inequality holds:

‖T nx − T ny‖ ≤ L‖x − y‖ ∀n ≥ 1.

In 2001, Xu and Ori [8] introduced implicit iteration scheme and proved weak
convergence theorem for approximating common fixed points of a finite family of
nonexpansive mappings {Ti}Ni=1 in Hilbert spaces, which is defined as follows:

xn = αnxn−1 + (1 − αn)TnmodNxn, n ≥ 1.

In 2002, Zhou and Chang [9] introduced implicit iteration scheme and proved
weak and strong convergence theorems for approximating common fixed points of
a finite family of asymptotically nonexpansive mappings {Ti}Ni=1 in Banach spaces,
which is generated as follows:

xn = αnxn−1 + (1 − αn)T
n
nmodNxn, n ≥ 1.

In [6], Sun defined an implicit iteration process for a finite family of asymptotically
quasi-nonexpansive mappings {Ti : i ∈ I } (here I = {1,2, . . . ,N}), with {αn} a real
sequence in (0,1) and an initial point x0 ∈ K , as follows:
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x1 = α1x0 + (1 − α1)T1x1,

...

xN = αNxN−1 + (1 − αN)TNxN,

xN+1 = αN+1xN + (1 − αN+1)T
2
1 xN+1,

...

x2N = α2Nx2N−1 + (1 − α2N)T 2
Nx2N,

x2N+1 = α2N+1x2N + (1 − α2N+1)T
3
1 x2N+1,

...

which can be written in the following compact form:

xn = αnxn−1 + (1 − αn)T
k
i xn, ∀n ≥ 1, (1.2)

where n = (k − 1)N + i, Tn = Tn(modN) = Ti, i ∈ I . Sun proved the strong conver-
gence of this process to a common fixed point for a finite family of asymptotically
quasi-nonexpansive mappings in Banach space.

More recently, Shahzad and Zegeye [5] proved the strong convergence of the im-
plicit iteration process (1.2) to a common fixed point for the finite family of general-
ized asymptotically quasi-nonexpansive mappings in Banach space.

In this paper, we introduce a new implicit iteration process

{
xn = αnxn−1 + βnT

k
i xn−1 + γnT

k
i xn, ∀n ≥ 1,

{αn}, {βn}, {γn} ⊂ [0,1], (1.3)

where n = (k − 1)N + i, Tn = Tn(modN) = Ti and i ∈ I , for common fixed points
of a finite family of generalized asymptotically quasi-nonexpansive mapping {Ti :
i ∈ I } and prove strong convergence theorems. Our results improve and extend the
corresponding ones of Shahzad and Zegeye [5].

Throughout the paper, we shall assume that (I − tT
p
i )−1 exists for all t ∈

(0,1), i = 1,2, . . . ,N and all p ≥ 1. Then for an initial point x0 ∈ K , the implicit it-
eration scheme (1.3) can be employed for the approximation of common fixed points
of a finite family of generalized asymptotically quasi-nonexpansive mappings.

Now, we give some definitions and lemmas for our main results.
Let d(x,F ) denote the distance of x to a set F ⊂ K , i.e. d(x,F ) = inf{d(x, y) :

y ∈ F }.
A mapping T : K → K is said to be semi-compact if, for any bounded sequence

{xn} ⊂ K with limn→∞ ‖xn − T xn‖ = 0, there exists a subsequence {xnk
} ⊂ {xn}

such that {xnk
} converges strongly to x∗ ∈ K .

A family {Ti : i ∈ I } of N self-mappings of K with F = ⋂N
i=1 F(Ti) 
= ∅ is said

to satisfy
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(1) condition (B) on K [2] if there is a nondecreasing function f : [0,∞) → [0,∞)

with f (0) = 0 and f (r) > 0 for all r ∈ (0,∞) and all x ∈ K such that

max
1≤l≤N

{‖x − Tlx‖} ≥ f (d(x,F ));

(2) condition (C) on K [2] if there is a nondecreasing function f : [0,∞) → [0,∞)

with f (0) = 0 and f (r) > 0 for all r ∈ (0,∞) and all x ∈ K such that

1

N

N∑
l=1

‖x − Tlx‖ ≥ f (d(x,F ));

(3) condition (C) on K [1] if there is a nondecreasing function f : [0,∞) → [0,∞)

with f (0) = 0 and f (r) > 0 for all r ∈ (0,∞) and all x ∈ K such that

‖x − Tlx‖ ≥ f (d(x,F ))

for at least one Tl, l = 1, . . . ,N . Note that conditions (B) and (C) are equivalent
(see [1]).

Lemma 1.1 [3] Let {an}, {bn} and {δn} be sequences of nonnegative real num-
bers satisfying the inequality an+1 ≤ (1 + δn)an + bn,n ≥ 1. If

∑∞
n=1 δn < ∞ and∑∞

n=1 bn < ∞, then the limit limn→∞ an exists. Moreover, if there exists a subse-
quence {anj

} of {an} such that anj
→ 0 as j → ∞, then an → 0 as n → ∞.

Lemma 1.2 [4] Let E be a uniformly convex Banach space and a, b be two constants
with 0 < a < b < 1. Suppose that {tn} ⊂ [a, b] is a real sequence and {xn}, {yn} are
two sequences in E. Then the conditions

lim
n→∞‖tnxn + (1 − tn)yn‖ = d, lim sup

n→∞
‖xn‖ ≤ d, lim sup

n→∞
‖yn‖ ≤ d,

imply that limn→∞ ‖xn − yn‖ = 0, where d ≥ 0 is a constant.

Lemma 1.3 [7] Let p > 1 and R > 1 be two fixed numbers and E be a Banach space.
Then E is uniformly convex if and only if there exists a continuous, strictly increasing
and convex function g : [0,∞) → [0,∞) with g(0) = 0 such that ‖λx+(1−λ)y‖p ≤
λ‖x‖p + (1 − λ)‖y‖p − Wp(λ)g(‖x − y‖) for all x, y ∈ BR(0) = {x ∈ E : ‖x‖ ≤ R}
and λ ∈ [0,1], where Wp(λ) = λ(1 − λ)p + λp(1 − λ).

2 Main results

Theorem 2.1 Let E be a real Banach space and K be a nonempty closed convex
subset of E. Let {Ti : i ∈ I } be N generalized asymptotically quasi-nonexpansive self-
mappings of K with {uin}, {cin} ⊂ [0,∞) such that

∑∞
n=1 uin < ∞ and

∑∞
n=1 cin <

∞ for all i ∈ I . Suppose F = ⋂N
i=1 F(Ti) 
= ∅ is closed. Let {αn +βn}n≥1 ⊂ [δ,1−δ]

for some δ ∈ (0,1) and αn+βn+γn = 1 for all n ≥ 1. Starting from arbitrary x0 ∈ K ,
define the sequence {xn} by (1.3). Then {xn} converges strongly to a common fixed
point of the mappings {Ti : i ∈ I } if and only if lim infn→∞ d(xn,F ) = 0.
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Proof We only prove the sufficiency. Let x∗ ∈ F . Then from (1.3) we obtain that

‖xn − x∗‖ = ‖αnxn−1 + βnT
k
i xn−1 + γnT

k
i xn − x∗‖

≤ αn‖xn−1 − x∗‖ + βn‖T k
i xn−1 − x∗‖ + γn‖T k

i xn − x∗‖
≤ αn‖xn−1 − x∗‖ + βn[(1 + uik)‖xn−1 − x∗‖ + cik]

+ γn[(1 + uik)‖xn − x∗‖ + cik]
≤ αn‖xn−1 − x∗‖ + (βn + uik)‖xn−1 − x∗‖ + βncik

+ (γn + uik)‖xn − x∗‖ + γncik

= (αn + βn + uik)‖xn−1 − x∗‖ + γn‖xn − x∗‖
+ uik‖xn − x∗‖ + βncik + γncik.

From the above inequality we get

(1 − γn)‖xn − x∗‖ ≤ (αn + βn + uik)‖xn−1 − x∗‖ + uik‖xn − x∗‖ + (βn + γn)cik.

It follows from the condition δ ≤ αn + βn ≤ 1 − δ that δ ≤ 1 − γn ≤ 1 − δ. So we
have

‖xn − x∗‖ ≤
(

1 + uik

1 − γn

)
‖xn−1 − x∗‖ + uik

1 − γn

‖xn − x∗‖ + 1 − αn

1 − γn

cik

≤
(

1 + uik

δ

)
‖xn−1 − x∗‖ + uik

δ
‖xn − x∗‖ + 1

δ
cik.

Thus, (
1 − uik

δ

)
‖xn − x∗‖ ≤

(
1 + uik

δ

)
‖xn−1 − x∗‖ + 1

δ
cik. (2.1)

Since
∑∞

k=1 uik < ∞ for all i ∈ I , we have that limk→∞ uik = 0 and hence there ex-
ists a natural number n1 such that uik < δ

2 for k ≥ n1
N

+ 1 or n > n1. Thus, from (2.1),
for n > n1 we obtain that

‖xn − x∗‖ ≤ δ + uik

δ − uik

‖xn−1 − x∗‖ + 1

δ − uik

cik

=
(

1 + 2uik

δ − uik

)
‖xn−1 − x∗‖ + cik

δ − uik

. (2.2)

Let vik = 2uik

δ−uik
and wik = cik

δ−uik
. Then for n > n1, we see that vik < 4

δ
uik and wik <

2
δ
cik from uik < δ

2 . Now from (2.2), for n > n1, we get that

‖xn − x∗‖ ≤ (1 + vik)‖xn−1 − x∗‖ + wik. (2.3)

Since
∑∞

k=1 uik < ∞ and
∑∞

k=1 cik < ∞, it follows that
∑∞

k=1 vik < ∞ and∑∞
k=1 wik < ∞ for all i ∈ I . Thus, by Lemma 1.1 we have that limn→∞ ‖xn − x∗‖
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exists and hence {xn} is a bounded sequence. Since, for n > n1,

d(xn,F ) ≤ (1 + vik)d(xn−1,F ) + wik

and by assumption lim infn→∞ d(xn,F ) = 0 we conclude that limn→∞ d(xn,F ) = 0.
Next we show that {xn} is a Cauchy sequence. Notice that from (2.3) for any x∗ ∈ F

we have

‖xn+m − x∗‖ ≤ exp

{
N∑

i=1

∞∑
k=1

vik

}
‖xn − x∗‖ + exp

{
N∑

i=1

∞∑
k=1

vik

}
N∑

i=1

∞∑
k=n

wik

< M

(
‖xn − x∗‖ +

N∑
i=1

∞∑
k=n

wik

)
(2.4)

for all natural numbers m,n, where M = exp{∑N
i=1

∑∞
k=1 vik} + 1 < ∞. Since

limn→∞ d(xn,F ) = 0 and
∑∞

k=1 wik < ∞ for all i ∈ I , given any ε > 0, there exists
a natural number n0 > n1 such that d(xn,F ) < ε

4M
and

∑N
i=1

∑∞
k=n wik < ε

4M
for

all n ≥ n0. So we can find y∗ ∈ F such that ‖xn0 − y∗‖ ≤ ε
4M

. Hence, for all n ≥ n0
and m ≥ 1, we have that

‖xn+m − xn‖ ≤ ‖xn+m − y∗‖ + ‖xn − y∗‖

< M

(
‖xn0 − y∗‖ +

N∑
i=1

∞∑
k=n0

wik

)
+ M

(
‖xn0 − y∗‖ +

N∑
i=1

∞∑
k=n0

wik

)

< M

(
ε

4M
+ ε

4M
+ ε

4M
+ ε

4M

)
= ε.

This shows that {xn} is a Cauchy sequence. Let limn→∞ xn = z∗. Since K is closed
we have z∗ ∈ K . It remains to show that z∗ ∈ F . Notice that

‖z∗ − x∗‖ ≤ ‖z∗ − xn‖ + ‖xn − x∗‖
for all x∗ ∈ F,n ≥ 1. So we obtain that

0 ≤ d(z∗,F ) ≤ ‖z∗ − xn‖ + d(xn,F )

for all n ≥ 1. Since limn→∞ xn = z∗ and limn→∞ d(xn,F ) = 0, we have that
d(z∗,F ) = 0. From assumption that F is closed we have that z∗ ∈ F . This completes
the proof. �

The following corollary follows from Theorem 2.1

Corollary 2.2 Let E be a real Banach space and K be a nonempty closed convex
subset of E. Let {Ti : i ∈ I } be N generalized asymptotically quasi-nonexpansive self-
mappings of K with {uin}, {cin} ⊂ [0,∞) such that

∑∞
n=1 uin < ∞ and

∑∞
n=1 cin <

∞ for all i ∈ I . Suppose F = ⋂N
i=1 F(Ti) 
= ∅ is closed. Let {αn +βn}n≥1 ⊂ [δ,1−δ]
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for some δ ∈ (0,1) and αn+βn+γn = 1 for all n ≥ 1. Starting from arbitrary x0 ∈ K ,
define the sequence {xn} by (1.3). Then {xn} converges strongly to a common fixed
point of the mappings {Ti : i ∈ I } if and only if there exists some subsequence {xnj

}
of {xn} which converges to x∗ ∈ F .

Corollary 2.3 Let E be a real Banach space and K be a nonempty closed con-
vex subset of E. Let {Ti : i ∈ I } be N asymptotically quasi-nonexpansive self-
mappings of K with {uin} ⊂ [0,∞) such that

∑∞
n=1 uin < ∞ for all i ∈ I . Sup-

pose F = ⋂N
i=1 F(Ti) 
= ∅. Let {αn + βn}n≥1 ⊂ [δ,1 − δ] for some δ ∈ (0,1) and

αn + βn + γn = 1 for all n ≥ 1. Starting from arbitrary x0 ∈ K , define the sequence
{xn} by (1.3). Then {xn} converges strongly to a common fixed point of the mappings
{Ti : i ∈ I } if and only if lim infn→∞ d(xn,F ) = 0.

Proof The corollary follows from Theorem 2.1 with cin = 0 for all n ≥ 1. �

Corollary 2.4 Let E be a real Banach space and K be a nonempty closed con-
vex subset of E. Let {Ti : i ∈ I } be N asymptotically nonexpansive self-mappings
of K with {uin} ⊂ [0,∞) such that

∑∞
n=1 uin < ∞ for all i ∈ I . Suppose F =⋂N

i=1 F(Ti) 
= ∅. Let {αn+βn}n≥1 ⊂ [δ,1−δ] for some δ ∈ (0,1) and αn+βn+γn =
1 for all n ≥ 1. Starting from arbitrary x0 ∈ K , define the sequence {xn} by (1.3).
Then {xn} converges strongly to a common fixed point of the mapping {Ti : i ∈ I } if
and only if lim infn→∞ d(xn,F ) = 0.

Proof The corollary follows from Theorem 2.1 with cin = 0 for all n ≥ 1. �

Corollary 2.5 (Shahzad and Zegeye [5, Theorem 3.3]) Let E be a real Banach space
and K be a nonempty closed convex subset of E. Let {Ti : i ∈ I } be N generalized as-
ymptotically quasi-nonexpansive self-mappings of K with {uin}, {cin} ⊂ [0,∞) such
that

∑∞
n=1 uin < ∞ and

∑∞
n=1 cin < ∞ for all i ∈ I . Suppose F = ⋂N

i=1 F(Ti) 
= ∅
is closed. Let {αn}n≥1 ⊂ [δ,1−δ] for some δ ∈ (0,1). Starting from arbitrary x0 ∈ K ,
define the sequence {xn} by (1.2). Then {xn} converges strongly to a common fixed
point of the mapping {Ti : i ∈ I } if and only if lim infn→∞ d(xn,F ) = 0.

Proof Put βn = 0 for n ≥ 1 in (1.3). Then by Theorem 2.1 the corollary follows. �

Lemma 2.6 Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let {Ti : i ∈ I } be N uniformly L-Lipschitzian, gen-
eralized asymptotically quasi-nonexpansive self-mappings of K with {uin}, {cin} ⊂
[0,∞) such that

∑∞
n=1 uin < ∞ and

∑∞
n=1 cin < ∞ for all i ∈ I . Suppose F =⋂N

i=1 F(Ti) 
= ∅. Let {αn}n≥1 ⊂ [δ1,1 − δ1] for some δ1 ∈ (0,1), {αn + βn}n≥1 ⊂
[δ,1 − δ] for some δ ∈ (0,1) and αn + βn + γn = 1 for all n ≥ 1. Starting from ar-
bitrary x1 ∈ K , define the sequence {xn} by (1.3). Then limn→∞ ‖xn − Tlxn‖ = 0 for
all l ∈ I .

Proof Notice that {xn} is bounded (see proof of Theorem 2.1). So, there exist R > 0
such that xn ∈ BR(0) for all n ≥ 1. For given x∗ ∈ F , we have limn→∞ ‖xn −x∗‖ = d
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(see proof of Theorem 2.1). Then we obtain that

lim
n→∞‖xn − x∗‖

= lim
n→∞

∥∥∥∥(1 − γn)

[
αn

1 − γn

xn−1 + βn

1 − γn

T k
i xn−1 − x∗

]
+ γn(T

k
i xn − x∗)

∥∥∥∥ = d.

Again,

lim sup
n→∞

∥∥∥∥ αn

1 − γn

xn−1 + βn

1 − γn

T k
i xn−1 − x∗

∥∥∥∥
≤ lim sup

n→∞

(
αn

1 − γn

‖xn−1 − x∗‖ + βn

1 − γn

‖T k
i xn−1 − x∗‖

)

≤ lim sup
n→∞

{
αn

1 − γn

‖xn−1 − x∗‖ + βn

1 − γn

[(1 + uik)‖xn−1 − x∗‖ + cik]
}

≤ lim sup
n→∞

{
αn

1 − γn

‖xn−1 − x∗‖ + βn

1 − γn

(1 + uik)‖xn−1 − x∗‖ + cik

}
≤ d

and

lim sup
n→∞

‖T k
i xn − x∗‖ ≤ lim sup

n→∞
[(1 + uik)‖xn − x∗‖ + cik] ≤ d.

By Lemma 1.2 and the condition 0 < δ < 1 − γn < 1 − δ < 1, we get that

lim
n→∞

∥∥∥∥
(

αn

1 − γn

xn−1 + βn

1 − γn

T k
i xn−1 − x∗

)
− (T k

i xn − x∗)
∥∥∥∥ = 0.

So limn→∞ ‖αnxn−1 + βnT
k
i xn−1 − (1 − γn)T

k
i xn‖ = 0. Because

‖αnxn−1 + βnT
k
i xn−1 − (1 − γn)T

k
i xn‖

= ‖xn − γnT
k
i xn − (1 − γn)T

k
i xn‖ = ‖xn − T k

i xn‖, ∀n ≥ 1,

we know that

lim
n→∞‖xn − T k

i xn‖ = 0. (2.5)

From (1.3) and Lemma 1.3 we have that

‖xn − x∗‖p = ‖αnxn−1 + βnT
k
i xn−1 + γnT

k
i xn − x∗‖p

=
∥∥∥∥αn(xn−1 − x∗) + (1 − αn)

[
βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − x∗

]∥∥∥∥
p

≤ αn‖xn−1 − x∗‖p + (1 − αn)

∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − x∗

∥∥∥∥
p

−Wp(αn)g

(∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − x∗ − xn−1 + x∗

∥∥∥∥
)

.
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So that using (2.3), we obtain

2δ
p+1
1 g

(∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − xn−1

∥∥∥∥
)

≤ αn‖xn−1 − x∗‖p + (1 − αn)

∥∥∥∥ βn

1 − αn

(T k
i xn−1 − x∗) + γn

1 − αn

(T k
i xn − x∗)

∥∥∥∥
p

− ‖xn − x∗‖p

≤ αn‖xn−1 − x∗‖p + (1 − αn)
βn

1 − αn

‖T k
i xn−1 − x∗‖p

+ (1 − αn)
γn

1 − αn

‖T k
i xn − x∗‖p − ‖xn − x∗‖p

≤ αn‖xn−1 − x∗‖p + βn[(1 + uik)‖xn−1 − x∗‖ + cik]p

+ γn[(1 + uik)‖xn − x∗‖ + cik]p − ‖xn − x∗‖p

≤ αn‖xn−1 − x∗‖p + βn[‖xn−1 − x∗‖ + uik‖xn−1 − x∗‖ + cik]p

+ γn[(1 + uik)(1 + vik)‖xn−1 − x∗‖ + (1 + uik)wik + cik]p − ‖xn − x∗‖p

which implies (for p = 2) that

2δ3
1g

(∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − xn−1

∥∥∥∥
)

≤ αn‖xn−1 − x∗‖2 + βn‖xn−1 − x∗‖2 + γn‖xn−1 − x∗‖2

+ (uik + cik + vik + wik)V − ‖xn − x∗‖2

for some constant V > 0. This gives that

2δ3
1g

(∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − xn−1

∥∥∥∥
)

≤ ‖xn−1 − x∗‖2 − ‖xn − x∗‖2 + (uik + cik + vik + wik)V .

Since
∑∞

k=1(uik + cik + vik + wik) < ∞ for all i ∈ I and limn→∞ ‖xn − x∗‖ exists
(see proof of Theorem 2.1), we obtain that

∞∑
n=1

g

(∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − xn−1

∥∥∥∥
)

< ∞.

Hence

lim
n→∞g

(∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − xn−1

∥∥∥∥
)

= 0.
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But g is strictly increasing, continuous and g(0) = 0. Therefore,

lim
n→∞

∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − xn−1

∥∥∥∥ = 0.

So

lim
n→∞‖xn − xn−1‖ = lim

n→∞‖αnxn−1 + βnT
k
i xn−1 + γnT

k
i xn − xn−1‖

= lim
n→∞(1 − αn)

∥∥∥∥ βn

1 − αn

T k
i xn−1 + γn

1 − αn

T k
i xn − xn−1

∥∥∥∥ = 0.

Also

lim
n→∞‖xn − xn+l‖ = 0 (2.6)

for all l ∈ I . Clearly, i = nmodN = (n−N)modN . So Tn = Tn−N and we have that

‖T k
i xn − Tnxn‖ = ‖T k

n xn − Tnxn‖
≤ ‖T k

n xn − T k
n xn−N‖ + ‖T k

n xn−N − Tnxn−N‖ + ‖Tnxn−N − Tnxn‖
= ‖T k

n xn − T k
n xn−N‖ + ‖T k

n−Nxn−N − Tn−Nxn−N‖ + ‖Tnxn−N − Tnxn‖.
Hence, for n > N ,

‖xn − Tnxn‖
≤ ‖xn − T k

i xn‖ + ‖T k
i xn − Tnxn‖

≤ ‖xn − T k
i xn‖ + ‖T k

n xn − T k
n xn−N‖ + ‖T k

n−Nxn−N − Tn−Nxn−N‖
+ ‖Tnxn−N − Tnxn‖.

Since each Ti is uniformly L-Lipschitzian, from (2.5) and (2.6), we conclude that

lim
n→∞‖xn − Tnxn‖ = 0. (2.7)

Also for all l ∈ I

‖xn − Tn+lxn‖ ≤ ‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖ + ‖Tn+lxn+l − Tn+lxn‖.
Since each Ti is uniformly L-Lipschitzian, from (2.6) and (2.7), we obtain that

lim
n→∞‖xn − Tn+lxn‖ = 0

for all l ∈ I . Consequently, we have limn→∞ ‖xn − Tlxn‖ = 0 for all l ∈ I . This
completes the proof. �

Theorem 2.7 Let E be a real uniformly convex Banach space and K be a non-
empty closed convex subset of E. Let {Ti : i ∈ I } be N uniformly L-Lipschitzian, gen-
eralized asymptotically quasi-nonexpansive self-mappings of K with {uin}, {cin} ⊂
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[0,∞) such that
∑∞

n=1 uin < ∞ and
∑∞

n=1 cin < ∞ for all i ∈ I . Suppose F =⋂N
i=1 F(Ti) 
= ∅ and there exists one member T in {Ti : i ∈ I } which either is semi-

compact or satisfies condition (C). Let {αn}n≥1 ⊂ [δ1,1 − δ1] for some δ1 ∈ (0,1),
{αn + βn}n≥1 ⊂ [δ,1 − δ] for some δ ∈ (0,1) and αn + βn + γn = 1 for all n ≥ 1.
Starting from arbitrary x1 ∈ K , define the sequence {xn} by (1.3). Then {xn} con-
verges strongly to a common fixed point of the mappings {Ti : i ∈ I }.

Proof Without loss of generality, we may assume that T1 either is semi-compact or
satisfies condition (C). By Lemma 2.6, we have limn→∞ ‖xn − Tlxn‖ = 0 for all
l ∈ I . If T1 is semi-compact, then there exists a subsequence {xnj

} of {xn} such that
xnj

→x∗ ∈ K as j →∞. Now Lemma 2.6 guarantees that limj→∞ ‖xnj
− Tlxnj

‖ = 0
for all l ∈ I and so ‖x∗ − Tlx

∗‖ = 0 for all l ∈ I . This implies that x∗ ∈ F . So
lim infn→∞ d(xn,F ) = 0. From Theorem 2.1, we know that {xn} converges strongly
to some common fixed point in F . If T1 satisfies condition (C), then we have
lim infn→∞ d(xn,F ) = 0. Now apply Theorem 2.1. This completes the proof. �

Corollary 2.8 Let E be a real uniformly convex Banach space and K be a non-
empty closed convex subset of E. Let {Ti : i ∈ I } be N uniformly L-Lipschitzian,
asymptotically quasi-nonexpansive self-mappings of K with {uin} ⊂ [0,∞) such that∑∞

n=1 uin < ∞ for all i ∈ I . Suppose F = ⋂N
i=1 F(Ti) 
= ∅ and there exists one

member T in {Ti : i ∈ I } which either is semi-compact or satisfies condition (C).
Let {αn}n≥1 ⊂ [δ1,1 − δ1] for some δ1 ∈ (0,1), {αn + βn}n≥1 ⊂ [δ,1 − δ] for some
δ ∈ (0,1) and αn + βn + γn = 1 for all n ≥ 1. Starting from arbitrary x1 ∈ K , define
the sequence {xn} by (1.3). Then {xn} converges strongly to a common fixed point of
the mappings {Ti : i ∈ I }.

Corollary 2.9 Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let {Ti : i ∈ I } be N asymptotically nonexpansive self-
mappings of K with {uin} ⊂ [0,∞) such that

∑∞
n=1 uin < ∞ for all i ∈ I . Suppose

F = ⋂N
i=1 F(Ti) 
= ∅ and there exists one member T in {Ti : i ∈ I } which either is

semi-compact or satisfies condition (C). Let {αn}n≥1 ⊂ [δ1,1 − δ1] for some δ1 ∈
(0,1), {αn + βn}n≥1 ⊂ [δ,1 − δ] for some δ ∈ (0,1) and αn + βn + γn = 1 for all
n ≥ 1. Starting from arbitrary x1 ∈ K , define the sequence {xn} by (1.3). Then {xn}
converges strongly to a common fixed point of the mappings {Ti : i ∈ I }.

Corollary 2.10 (Shahzad and Zegeye [5, Theorem 3.8]) Let E be a real uni-
formly convex Banach space and K be a nonempty closed convex subset of E.
Let {Ti : i ∈ I } be N uniformly L-Lipschitzian, generalized asymptotically quasi-
nonexpansive self-mappings of K with {uin}, {cin} ⊂ [0,∞) such that

∑∞
n=1 uin < ∞

and
∑∞

n=1 cin < ∞ for all i ∈ I . Suppose F = ⋂N
i=1 F(Ti) 
= ∅ and there exists one

member T in {Ti : i ∈ I } which either is semi-compact or satisfies condition (C). Let
{αn}n≥1 ⊂ [δ1,1− δ1] for some δ1 ∈ (0,1). Starting from arbitrary x1 ∈ K , define the
sequence {xn} by (1.2). Then {xn} converges strongly to a common fixed point of the
mappings {Ti : i ∈ I }.
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