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Abstract The purpose of this paper is to prove strong convergences of a modified
implicit iteration process to a common fixed point for a finite family of generalized
asymptotically quasi-nonexpansive mappings. The results presented in this paper im-
prove and extend Shahzad and Zegeye’s corresponding results (Shahzad and Zegeye
in Appl. Math. Comput. 189:1058-1065, 2007)
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1 Introduction and preliminaries

Let E be a real Banach space, K be a nonempty closed convex subset of E. Let T
be a self-mapping of K. We use F(T') to denote the set of fixed points of T, that is,
F(T)={x e K :Tx =x}. T is said to be nonexpansive if [|Tx — Ty|| < ||x — y|| for
all x,y € K. T is said to be asymptotically nonexpansive if there exists a sequence
{u,} C [0, o0o) with lim,,_, o u;, = 0 such that

IT"x = T"yll <A +un)llx =yl Vn=1,
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54 J. Zhao et al.

forall x,y € K. T is said to be asymptotically quasi-nonexpansive if F(T) # ( and
there exists a sequence {u,} C [0, o0) with lim,_, o u,, = 0 such that Vx € K, the
following inequality holds:

IT"x —x*l < A +un)llx —x*|  Vx* e F(T), VYn=1

It is clear from this definition that every asymptotically nonexpansive mapping with a
fixed point is asymptotically quasi-nonexpansive. T is said to be generalized asymp-
totically quasi-nonexpansive if F(T) # @ and there exist sequences of real numbers
{uy}, {cy} C [0, 00) with lim,,_, 5o u, = lim,,_, 5 ¢, = 0 such that Vx € K, the follow-
ing inequality holds:

IT7"x —x*[ < llx = x| +unllx —x* +cn VX" € F(T), Vnz=1. (LD

If in definition (1.1), ¢, = 0 for all n > 1 then T becomes asymptotically quasi-
nonexpansive mapping and hence the class of generalized asymptotically quasi-
nonexpansive mappings includes the class of asymptotically quasi-nonexpansive
mappings. The following example shows that the inclusion is proper. Let K =
[—L, 1] and define (see [5]) Tx = %sin(1) if x # 0 and Tx = 0 if x = 0. Then
T"x — 0 uniformly but 7 is not Lipschitzian. Notice that F(T) = {0}. For each
fixed n, define f,,(x) = |[T"x|| — ||x]| for x € K. Set ¢, = sup,cg{fu(x),0}. Then
lim,, 00 ¢, = 0 and

IT"x1l < llx]l + cn.

This show that 7" is a generalized asymptotically quasi-nonexpansive but it is not
asymptotically quasi-nonexpansive and asymptotically nonexpansive because it is not
Lipschitzian. T is said to be uniformly L-Lipschitzian if there exists a constant L such
that Vx, y € K, the following inequality holds:

IT"x = T"yl <Llx -yl V¥n=1.

In 2001, Xu and Ori [8] introduced implicit iteration scheme and proved weak
convergence theorem for approximating common fixed points of a finite family of
nonexpansive mappings {7; }ZN= | in Hilbert spaces, which is defined as follows:

Xp =apXp—1+ (1 —ap)ThimodNXn, n>1.

In 2002, Zhou and Chang [9] introduced implicit iteration scheme and proved
weak and strong convergence theorems for approximating common fixed points of
a finite family of asymptotically nonexpansive mappings {Ti}f\': | in Banach spaces,
which is generated as follows:

Xp = apxp—1 + (1 —O!n)Tnanden, n>1
In [6], Sun defined an implicit iteration process for a finite family of asymptotically

quasi-nonexpansive mappings {7; :i € I} (here I = {1,2,..., N}), with {¢,} a real
sequence in (0, 1) and an initial point xg € K, as follows:
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Strong convergence theorems for generalized asymptotically 55

x1 =oa1xo+ (I —oap)Tixy,

xy =ayxy—1+ U —ay)Tnxy,

2
ANl =ans1xy + (1 — oy )T XN 11,

2
Xon = aanxon—1 + (1 —aon) Tyxon,

3
xon+1 =anp1X2n + (1 —aon )T Xon 41,

which can be written in the following compact form:
Xp =Xy 1+ (1 —a)Tfx,, Yn>1, (1.2)

where n = (k — 1)N +i, T, = Tymodn) = Ti, i € 1. Sun proved the strong conver-
gence of this process to a common fixed point for a finite family of asymptotically
quasi-nonexpansive mappings in Banach space.

More recently, Shahzad and Zegeye [5] proved the strong convergence of the im-
plicit iteration process (1.2) to a common fixed point for the finite family of general-
ized asymptotically quasi-nonexpansive mappings in Banach space.

In this paper, we introduce a new implicit iteration process

Xp = QpXp—1 + ﬂnT,'kxn—l + VnT,'kxnv vn>1,

(1.3)
{an}, {Bn} {va} C [0, 1],

where n = (k — 1)N + i, T, = Tymoan) = T; and i € I, for common fixed points

of a finite family of generalized asymptotically quasi-nonexpansive mapping {7; :

i € I} and prove strong convergence theorems. Our results improve and extend the

corresponding ones of Shahzad and Zegeye [5].

Throughout the paper, we shall assume that (I — T, exists for all ¢ €
0,1),i =1,2,..., N and all p > 1. Then for an initial point xg € K, the implicit it-
eration scheme (1.3) can be employed for the approximation of common fixed points
of a finite family of generalized asymptotically quasi-nonexpansive mappings.

Now, we give some definitions and lemmas for our main results.

Let d(x, F) denote the distance of x toaset F C K, i.e. d(x, F) =inf{d(x, y) :
yeF}.

A mapping T : K — K is said to be semi-compact if, for any bounded sequence
{x,} C K with lim,_, l|x, — Tx,|| = 0, there exists a subsequence {x,,} C {x,}
such that {x,, } converges strongly to x* € K.

A family {T; : i € I} of N self-mappings of K with F = ﬂlNzl F(T;) # @ is said
to satisfy

p),l
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(1) condition (B) on K [2] if there is a nondecreasing function f : [0, co) — [0, 00)
with f(0) =0and f(r) > 0 forall r € (0, 00) and all x € K such that
max {llx — Tjx||} = f(d(x, F));
1<I<N

(2) condition (C) on K [2] if there is a nondecreasing function f : [0, co) — [0, 00)
with f(0) =0 and f(r) > 0 forall r € (0, 00) and all x € K such that

1 N
5 2 = Tixll = fd(x, F);
=1

(3) condition (6) on K [1] if there is a nondecreasing function f : [0, co) — [0, 00)
with £(0) =0 and f(r) > 0 forall r € (0, 00) and all x € K such that

lx —Tix|l = f(d(x, F))

for at least one 7y, [ =1, ..., N. Note that conditions (B) and (C) are equivalent
(see [1]).

Lemma 1.1 [3] Let {a,}, {b,} and {8,} be sequences of nonnegative real num-
bers satisfying the inequality a,+1 < (1 + §y)a, + by, n > 1. Ifzzozl 8, < oo and
Z;il b, < 0o, then the limit lim,_ ~ a, exists. Moreover, if there exists a subse-
quence {an;} of {an} such that a,; — 0 as j — oo, then a, — 0 as n — oo.

Lemma 1.2 [4] Let E be a uniformly convex Banach space and a, b be two constants
with 0 < a < b < 1. Suppose that {t,} C [a, b] is a real sequence and {x,},{y,} are
two sequences in E. Then the conditions

lim |tyx, + (1 — ) ynll =d, limsup [x, || <d, limsup [y, |l <d,
n—oo n—00 n—00

imply that lim,,_, || X, — yull = 0, where d > 0 is a constant.

Lemma 1.3 [7] Let p > 1 and R > 1 be two fixed numbers and E be a Banach space.
Then E is uniformly convex if and only if there exists a continuous, strictly increasing
and convex function g : [0, 00) — [0, 00) with g(0) = 0 such that |Ax+ (1 —A1)y||P <
MxlI? 4+ (L =MIyI? = Wyp)glx — yl) forall x, y € Br(0) = {x € E : ||x]| < R}
and \ € [0, 1], where Wy(X) = A(1 — )P +AP(1 = A).

2 Main results

Theorem 2.1 Let E be a real Banach space and K be a nonempty closed convex
subset of E. Let {T; : i € I} be N generalized asymptotically quasi-nonexpansive self-
mappings of K with {uin}, {cin} C [0, 00) such that Y n | uin < 00 and Yy oo Cin <
oo foralli € I.Suppose F = ﬂfv:l F(T;) #Wisclosed. Let {a, + Bn}n>1 C [6, 1 —4]
forsome § € (0, 1) and ay, + By +yn = 1 forall n > 1. Starting from arbitrary xo € K,
define the sequence {x,} by (1.3). Then {x,} converges strongly to a common fixed
point of the mappings {T; : i € I} if and only if liminf,_, o d(x,, F) =0.
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Proof We only prove the sufficiency. Let x* € F. Then from (1.3) we obtain that

1xXn = x* | = lotnXn—1 + Bu T} xn1 + v T 20 — x|
< dpllxnmt — x|+ Bull Trxumt — ¥ + yull T 20 — x|
< @pllxn—1 = x¥| + Bal(X + ui) lxp—1 — ™[ 4 cix]
+ Yl + ui) llxn — x*| + cix]
< apllxp—1 — x*| + (Bu + uit) 1 Xn—1 — x*|| + Bucik
+ W+ ui) X0 — X*|| + vacik
= (otn + B + uit) 1 Xn—1 — X*|| + Yullxn — x*||
+ uikllxn — x*|| + Bucix + YnCik-

From the above inequality we get
(I =y llxn = x*| < (an + B + wi) 1 Xn—1 — X* || + ik lxn — x*[| + By + va)cik-

It follows from the condition § <o, + B, <1 —46that§ <1 —19y, <1 —5. So we
have

Uik Uik l -«
lx, —x*| < <1 +— )Hxn—l — x|+ ——lx, — x| + ~Cik
11—y, 1—y, 2
Uik Uik 1
< (1 n 64) T
Thus,
(1 —(%)nxn—x*n < (1 +5#)||xn_1 =X+ Scik. @D

Since Z,fil u;r < oo forall i € I, we have that limy_, o #;x = 0 and hence there ex-
ists a natural number #n{ such that u;; < % for k > % + 1 orn > nj. Thus, from (2.1),
for n > n1 we obtain that

8+ uik
lXn — x| < ———lxp—1 —x* |+ Cik
S — Uik S — Uik
Uik Cik
=1+ —— I ="+ ——. 22
8 — uik 3 — uik
Let vy = 827“;’; and w;; = 53’;% . Then for n > ny, we see that v;; < g—‘u,-k and w;; <
4 1

%cik from u;; < % Now from (2.2), for n > ny, we get that
xn = x*| < (L4 vip) -1 — x™|| + wik. (2.3)

Since Y 2 uixr < 00 and Y _po cik < 00, it follows that > 72 vix < oo and
Y ey wik < oo for all i € I. Thus, by Lemma 1.1 we have that lim,,_, oo [|x, — x*||
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exists and hence {x,} is a bounded sequence. Since, for n > n1,
d(xn, F) < (1 +vi)d(xp—1, F) + wik

and by assumption liminf,, . o d(x,, F) = 0 we conclude that lim,,_, o, d(x,,, F) = 0.
Next we show that {x,} is a Cauchy sequence. Notice that from (2.3) for any x* € F
we have

e N oo ' . N oo ' N oo ‘
P — %1 < expd DY i pllxg —x 1 +expd DY vt Y > wik

i=1 k=1 i=1 k=1 i=1 k=n
N o
< M(Mxn —x 4> wik) 24)
i=1 k=n

for all natural numbers m,n, where M = exp{ZlN=1 Y ie i vik} + 1 < co. Since
lim,, s oo d(x,, F) =0 and Z,fi] wir < oo forall i € I, given any € > 0, there exists
a natural number no > n such that d(x,, F) < g3 and ZlNzl Y e, Wik < 1y for
all n > ng. So we can find y* € F such that ||x,, — y*|| < 55;. Hence, for all n > ng
and m > 1, we have that

xn+m — Xnll < [ Xn+m — y*ll + llxn — y*”

N oo N oo
< M(nxno =Y I+ wik) + M(nxno =Y+ > wik>
i=1 k=nyg i=1 k=ng
Iy € n € n € n €
< —t—+—+— | =e.
4M  4AM  4AM  4AM
This shows that {x,} is a Cauchy sequence. Let lim,_, o x, = z*. Since K is closed
we have z* € K. It remains to show that z* € F. Notice that
2 = x*| < llz" = x| + %0 — X7
for all x* € F,n > 1. So we obtain that
0<d(Z*, F)<|z" —xpll +d(x,, F)

for all n > 1. Since lim, o x, = z* and lim,_ o d(x,, F) = 0, we have that
d(z*, F) = 0. From assumption that F is closed we have that z* € F. This completes
the proof. |

The following corollary follows from Theorem 2.1
Corollary 2.2 Let E be a real Banach space and K be a nonempty closed convex
subset of E. Let {T; : i € I} be N generalized asymptotically quasi-nonexpansive self-

mappings of K with {u;in}, {cin} C [0, 00) such that Yy | uin < 00 and Y ey Cin <
oo foralli € I.Suppose F = mlN=1 F(T;) #Wisclosed. Let {a, + Bn}n>1 C [6, 1 —0]
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Strong convergence theorems for generalized asymptotically 59

forsome § € (0, 1) and oy, + B+ vy = 1 foralln > 1. Starting from arbitrary xg € K,
define the sequence {x,} by (1.3). Then {x,} converges strongly to a common fixed
point of the mappings {T; : i € I} if and only if there exists some subsequence {xp;}
of {xn} which converges to x* € F.

Corollary 2.3 Let E be a real Banach space and K be a nonempty closed con-
vex subset of E. Let {T; : i € I} be N asymptotically quasi-nonexpansive self-
mappings of K with {u;n} C [0, 00) such that Y oo uin < 00 for all i € I. Sup-
pose F = ﬂlNzl F(T;) # 0. Let {oy + Buln>1 C [8,1 — 8] for some § € (0, 1) and
an + Bn + vu = 1 for all n > 1. Starting from arbitrary xo € K, define the sequence
{xn} by (1.3). Then {x,,} converges strongly to a common fixed point of the mappings
{T; :i € 1} if and only if liminf,, . o d(x,, F) = 0.

Proof The corollary follows from Theorem 2.1 with ¢;,, =0 for all n > 1. O

Corollary 2.4 Let E be a real Banach space and K be a nonempty closed con-
vex subset of E. Let {T; :i € I} be N asymptotically nonexpansive self-mappings
of K with {u;,} C [0,00) such that ZT:] Uiy, < oo for all i € I. Suppose F =
ﬂlNzl F(T;) #9. Let {an + Bu}n>1 C [8, 1 — 8] for some § € (0, 1) and o+ Bn+ v =
1 for all n > 1. Starting from arbitrary xo € K, define the sequence {x,} by (1.3).
Then {x,} converges strongly to a common fixed point of the mapping {T; :i € I} if
and only if liminf,,_, o d(x,, F) =0.

Proof The corollary follows from Theorem 2.1 with ¢;;, =0 for all n > 1. O

Corollary 2.5 (Shahzad and Zegeye [5, Theorem 3.3]) Let E be a real Banach space
and K be a nonempty closed convex subset of E. Let {T; :i € I} be N generalized as-
ymptotically quasi-nonexpansive self-mappings of K with {ui,}, {cin} C [0, 00) such
that Y02 | uin < 0o and Y oo | cin <00 foralli € I. Suppose F = ﬂlNzl F(T;) £ 0
is closed. Let {a,,},>1 C [6, 1 — 6] for some § € (0, 1). Starting from arbitrary xo € K,
define the sequence {x,} by (1.2). Then {x,} converges strongly to a common fixed
point of the mapping {T; :i € 1} if and only if liminf,,_, oo d(x,, F) =0.

Proof Put B, =0 for n > 1 in (1.3). Then by Theorem 2.1 the corollary follows. [

Lemma 2.6 Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let {T; :i € I} be N uniformly L-Lipschitzian, gen-
eralized asymptotically quasi-nonexpansive self-mappings of K with {u;,}, {cin} C
[0, 00) such that Y, uin < 00 and Y n- | cin < 00 for all i € I. Suppose F =
ML) F(T7) # 0. Let {an}az1 C [81,1 — 811 for some 81 € (0, 1), {an + Butuz1 C
[6,1 — 8] for some & € (0, 1) and o, + By + vy = 1 for all n > 1. Starting from ar-
bitrary x1 € K, define the sequence {x,} by (1.3). Then lim,_, || X, — Tjx, || =0 for
alll e 1.

Proof Notice that {x,} is bounded (see proof of Theorem 2.1). So, there exist R > 0
such that x,, € Bg(0) forall n > 1. For given x* € F, we have lim,,_, o ||x, —x*|| = d
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(see proof of Theorem 2.1). Then we obtain that

lim [lx, — x*|
n—o00

. o ¥
= lim ||[(1 — )| ——xp—1 + Pn Tl-kxn,1 —x* |+ yn(Tikxn — x| =d.
n—00 1 —yn L= ¥n
Again,
lim sup n Xp—1+ Pn Tikxn_l —x*
n—ooo || 1— Yn 1 -y
. [o47] * ,Bn k %
<limsup lXp—1 — X" + 17 xp—1 — X7l
n—soo \1— ¥ L=y
. o * :3” *
< limsup xp—1 —x*| + [+ ui) | xn—1 — x*|| + cix]
n—oo 1— n 1- n
. Op * ﬂn *
< limsup lXn—1 —x*[| + A4+ wuidlxn—1 —x" | +cin g <d
n—o00 1- n 1- n
and
lim sup ||Tikxn — x| < limsup[(1 + uix) || xp — x| + cix] <d.
n—o0 n—oo
By Lemma 1.2 and the condition 0 <§ <1 —y, <1 —§ < 1, we get that
. p :8n k * k EN |-
lim Xn—1+ T xp1—x" )| = (T x, — x7)|| =0.
n=oo| \ 1=y 1=y
So limy,— o lanxn—1 + Bn Tikx,,_l —(1- yn)Tikxn || = 0. Because
k k
letnxn—1 4+ BuT; xp—1 — (1 — Vn)Tl Xl
=0 = va T 0 — (A= y) Toxall = I — Trxull, Vn> 1,
we know that
lim [x, — TFx, ]| = 0. (2.5)
n—0o0

From (1.3) and Lemma 1.3 we have that

k k
X0 — 217 = latnxn—1 +,3nTi Xn—1+ YT} Xn —x*|IP

* Bn k ¥Yn k * P
= |lotp(xp—1 —x7) + (1 —ay) T,'xnfl"‘ Tixn_x
1—a, 11—,
p
< aylln s =217 + (1 — o) | 2T,y + 0 A
- — Qn
_Wp(an)g P Tikxn—l + Y Tikxn —x*—x,_1 +x* ).
1 —a, 1—a,
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)

So that using (2.3), we obtain

1 B 1
280" g(H L T.kxn_1+1 TR, — X

1—a, ' —ay
*1p Bn k * Vn k * ’
< anlxp—1 = x| + (1 —ap) (Tixnfl_x)‘Fl—(Tixn_x)
- Qn — Un
— llxn —x*|17
x| P 13” k k(P
<apllxp—1 = X717 + (1 — o) ” 17 xp—1 — X7
— Oy
Vi
+ (1= a) ——— 1T 5 — x*I7 = llxy — x*|17
1—a
< apllxp—1 _X*”p + Bul(X + uip) | xn—1 _x*” +cik]?
+ Yl wi) 1 — x* || 4 cird? — llxn — x*|1P
< anllxp—1 _X*”p + Bulllxn—1— X*H + Uikl xXn—1 — x*“ +cixl?

+ Yl (L + ui) (L + vi) |xn—1 — x| + (1 + wip) wik + cir]? — l|xn — x*||P

)

2 2 2
< apllxp—1 = x*N° + Bullxn—1 — 27 + yallxn—1 — 7|

which implies (for p = 2) that

B 1%
25?g<H 1 na T,‘kxn—l + ﬁTikxn — Xn—1
— Uy — 0y

+ ik + cik +vik +wir) V — ||lx, — x*||2

)

2 2
< lxn—1 —x*[17 = llxp — ™17 + (uik + cik + vik + wix) V.

for some constant V > 0. This gives that

1

28%g<H1 ﬂna T'kxn—l + 1 J/na T,'kxn — Xn—1
— 0y — Oy

Since Z,fil(uik + cix + vik + w;ix) < oo for all i € I and lim,,_, || X, — x™|| exists
(see proof of Theorem 2.1), we obtain that

Hence
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But g is strictly increasing, continuous and g(0) = 0. Therefore,

Bn k Yn
T _
Hl_an i ]+l_an

lim Tl-kxn —Xu—1]| =0.

n—oo

So
. . k k
lim [|x, —x,—1ll = lim [ox,—1 +,3nT, Xn—1+ VnTi Xn — Xn—1ll
n—00 n—o0

T,'kxn—l + ]LTikxn — Xn—1

— 0y — Uy

= lim (1 —ay,) =0.

n—oo

Also
Jm e, — x4l =0 (2.6)
forall/ € I.Clearly,i =nmodN = (n — N)mod N. So T,, = T,,_y and we have that
1T 30 = Txnll = 1T 30 — Tl
< Ty xn = Ty xnn |+ 1T Xy = TuXnn || + 1 Tnxn—n — Tua |
= 1Ty xn = Ty xn-n | + 1T,y xn—n = ToenXn-n Il + [ Tnxn— = Tuall.
Hence, forn > N,
X0 — Tooxnll
<l = Txa | + 1T %0 — Tooeal
< % = Tull + 1T %0 = T n L+ 1Ty Xn-n = TNl
F I Twxn—N — Tuxnll.
Since each T; is uniformly L-Lipschitzian, from (2.5) and (2.6), we conclude that
Jim{lx, — Ty || =0. 2.7)
Also foralll € 1
X0 = Ta1xn | < N1xXn — Xnt | + X041 — Dot Xn41 | + 1 TngiXnt1 — Togrxn -
Since each T; is uniformly L-Lipschitzian, from (2.6) and (2.7), we obtain that

lim ||x, — Thqyx, || =0
n—00

for all [ € I. Consequently, we have lim, o ||x;, — Tix,|| = 0 for all [ € I. This
completes the proof. g

Theorem 2.7 Let E be a real uniformly convex Banach space and K be a non-
empty closed convex subset of E. Let {T; : i € I} be N uniformly L-Lipschitzian, gen-
eralized asymptotically quasi-nonexpansive self-mappings of K with {u;,}, {cin} C
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[0, 00) such that Y oo uin < 00 and Y oo cin < 00 for all i € I. Suppose F =
ﬂlN:1 F(T;) # @ and there exists one member T in {T; : i € I} which either is semi-
compact or satisfies condition (C). Let {otn}n>1 C [61,1 — 81] for some 61 € (0, 1),
{ay 4+ Buln=1 C[8,1 — 8] for some § € (0,1) and oy + B + yn =1 for all n > 1.
Starting from arbitrary x| € K, define the sequence {x,} by (1.3). Then {x,} con-
verges strongly to a common fixed point of the mappings {T; : i € I}.

Proof Without loss of generality, we may assume that 7 either is semi-compact or
satisfies condition (C). By Lemma 2.6, we have lim,_, o [|X, — Tjx,| =0 for all
[ € 1.1f T is semi-compact, then there exists a subsequence {x,;} of {x,} such that
Xn; —x* € K as j— oo. Now Lemma 2.6 guarantees that lim;_, oo ||xnj — Tlxnj =0
for all I € I and so ||x* — T;x*|| = O for all [ € I. This implies that x* € F. So
liminf,_, o d(x,, F) = 0. From Theorem 2.1, we know that {x,} converges strongly
to some common fixed point in F. If 77 satisfies condition (C), then we have
liminf, oo d(x,, F) = 0. Now apply Theorem 2.1. This completes the proof. (I

Corollary 2.8 Let E be a real uniformly convex Banach space and K be a non-
empty closed convex subset of E. Let {T; :i € I} be N uniformly L-Lipschitzian,
asymptotically quasi-nonexpansive self-mappings of K with {u;,} C [0, 0o) such that
Zi’;l Ui, < oo forall i € 1. Suppose F = mlN:1 F(T;) # 0 and there exists one
member T in {T; : i € I} which either is semi-compact or satisfies condition (C).
Let {ay}n>1 C [81, 1 — 81] for some &1 € (0, 1), {otn + Bn}n>1 C [6, 1 — 8] for some
8 €(0,1) and oy + By + yn = 1 for all n > 1. Starting from arbitrary x| € K, define
the sequence {x,} by (1.3). Then {x,} converges strongly to a common fixed point of
the mappings {T; : i € I}.

Corollary 2.9 Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let {T; : i € 1} be N asymptotically nonexpansive self-
mappings of K with {u;,} C [0, c0) such that Z;’ozl uin < oo foralli e l. Suppose
F = ﬂfvzl F(T;) # 0 and there exists one member T in {T; : i € I} which either is
semi-compact or satisfies condition (6). Let {ap}n>1 C [61, 1 — 81] for some 81 €
0, 1), {ay + Buln=1 C[8,1 — 8] for some é € (0, 1) and oy, + B, + vy = 1 for all
n > 1. Starting from arbitrary x| € K, define the sequence {x,} by (1.3). Then {x,}
converges strongly to a common fixed point of the mappings {T; :i € 1}.

Corollary 2.10 (Shahzad and Zegeye [5, Theorem 3.8]) Let E be a real uni-
formly convex Banach space and K be a nonempty closed convex subset of E.
Let {T; :i € I} be N uniformly L-Lipschitzian, generalized asymptotically quasi-
nonexpansive self-mappings of K with {u;,}, {cin} C [0, 00) such that Zflozl Uip < 00
and Y 02 cin <00 forall i € I. Suppose F = ﬂlN:l F(T;) # @ and there exists one
member T in {T; : i € I} which either is semi-compact or satisfies condition (C). Let
{an}n=1 C 61,1 —81] for some 81 € (0, 1). Starting from arbitrary x| € K, define the
sequence {x,} by (1.2). Then {x,} converges strongly to a common fixed point of the
mappings {T; :i € I}.
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