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Abstract This paper concerns with the investigation of laminar flow separation and
its consequences in a tube over a smooth expansion under the axi-symmetric approx-
imations. A co-ordinate stretching has been made to map the expanded tube into a
straight tube. The two-dimensional unsteady Navier-Stokes equations are solved ap-
proximately by using primitive variables in staggered grid. A thorough quantitative
analysis is performed through numerical simulations of the desired quantities such
as wall shear stress, axial velocity, pressure distribution etc. These quantities are pre-
sented graphically and their consequences in the flow field are analysed in details.
The dependence of the flow field on the physical parameter like expansion height d

and on the Reynolds number has been investigated in details. It is interesting to note
that the peak value of wall shear stress decreases with increasing height of expansion
and also with the increasing Reynolds number.

Keywords Axi-symmetric flow · Laminar flow · Smooth expansion · Finite
difference scheme

Mathematics Subject Classification (2000) 76XX · 76DXX · 92C10

1 Introduction

The analysis of steady as well as unsteady flow in close conduits is a topic rele-
vant to many different fields like engineering and biomechanics, in particular, human
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cardio-vascular system. Inspite of practical interest, such type of flow can lead to
complex phenomena, even in simple external conditions having intrinsic theoretical
importance.

Flows through sudden expansions are frequently encountered in many industries,
and therefore, are of strong interest from practical point of view. The study of laminar
flow over expansion has developed significantly in the last decade. The greater part
of these analysis deals with sudden expansions in the form of a step but the global
behaviour does not differ drastically from this until a smooth expansion is able to
produce a significant separated flow. Although the flow is complex, typically exhibit-
ing three distinct regions-separation, recirculation and reattachment-the fact that the
separation point is fixed at the edge of the sudden expansion simplifies the analysis
of the flow. Furthermore, the axi-symmetric flow geometry affords a straight forward
numerical implementation in cylindrical coordinates (Hammad et al. [5]).

Vascular fluid dynamics plays an important role in the development and progres-
sion of arterial diseases like stenosis, aneurysm. It is very difficult to measure blood
flow, particularly that within the human body, with sufficient precision in order to de-
termine the local influence of fluid mechanical factors with respect to physiological
and pathological phenomena. Recently, several numerical studies (Taylor et al. [12],
Formaggia et al. [2], Yamaguchi [13]) have been carried out to trace the hemody-
namics in blood vessels. Study of steady and unsteady flow dynamics in vessels with
either constrictions or dilations is of paramount importance in understanding the in-
fluence of arterial diseases on regional blood flow and in the design of artificial organs
like oxygenerator. Specially the analysis of flow in vessels with dilation can help in
understanding the influence of hemodynamic factors like wall shear stress (WSS),
wall pressure (WP), velocities on the growth of arterial diseases.

The present work deals with the steady laminar flow inside a circular tube with
a smooth expansion. The wall of arterial segment is considered to be rigid. When
stenoses or aneurysms develop in human vasculature, the vessel walls in the vicin-
ity of the stenosis or aneurysm are usually relatively solid. Detailed description of
the flow field, in terms of incompressible fluid dynamics over rigid walls, can help
the search for an explanation of the post-surgical complications occurring in some
carotid operations. The use of the linearized Navier-Stokes equations may suit well
for explaining some aspects of hemodynamic flow in smaller arteries, but for larger
arteries, consideration of the nonlinear terms in the Navier-Stokes equations gov-
erning the flow of blood becomes indispensable. For two-dimensional flow in larger
arteries they are of major significance having large dynamic storage effects (Ling
and Atabek [8]). Keeping this motivation in mind, the investigation is carried out by
the numerical simulation of the unsteady nonlinear Navier-Stokes equations in the
axi-symmetric approximation. Finite-difference staggered grid is employed to solve
the governing equations of the fluid flow. A co-ordinate transformation is employed
to map a long irregular geometry into a straight circular tube. A detailed investiga-
tion is done to realise the flow dependence on the expansion value (height d) and
the Reynolds number. Further, instantaneous velocity and pressure fields would help
in analyzing the subtle features associated with flow field like the development of
recirculation regions, vortex formation etc.
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2 Equations of motion

We consider an axi-symmetric and laminar separated flow in a smooth expanded
tube, expanded at the specified position. Let (r∗, θ∗, z∗) be the cylindrical polar co-
ordinates with z∗-axis along the axis of symmetry of the tube. The region of interest
is 0 ≤ r∗ ≤ r0(z

∗), 0 ≤ z∗ ≤ L∗ (L∗ being the finite length of the tube). Blood in
physiological conditions may be considered as incompressible (Fung [4]). The as-
sumption of Newtonian behaviour of blood is acceptable for high shear rate flow,
e.g. in case of flow through large arteries (Pedley [9]). So the incompressible two-
dimensional Navier-Stokes equations can be taken for the modelling of Newtonian
fluid flow past smooth expansion. Let u∗ and v∗ be the axial and radial velocity com-
ponents respectively, p∗ the fluid pressure, ρ the constant density and ν denotes the
kinematic viscosity of the fluid. Let U be the maximum inflow velocity specified in
the inlet section or test section of the tube. We introduce the non-dimensional vari-
ables t = t∗U/D0, r = r∗/D0, z = z∗/D0, r0(z) = r∗

0 (z∗/D0)/D0, u = u∗/U,v =
v∗/U,p = p∗/ρU2 where D0 is the diameter of tube in the unexpanded portion.
The governing equations for incompressible fluid flow representing conservation of
mass and momentum fluxes may be expressed in dimensionless variables as
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where Re = UD0/ν is the Reynolds number.

2.1 Boundary conditions

The boundary conditions on the symmetry line of the tube are

∂u

∂r
= 0, v = 0. (4)

The no-slip boundary conditions are imposed at the solid wall as

u = v = 0 at r = r0(z). (5)

The flow is considered to be fully developed at the inlet test section of the tube
where the inlet section is considered at the position z = −8. The boundary conditions
at the inlet section are

u = 2(1 − r2), v = 0. (6)
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The downstream length (see Fig. 1) is sufficiently long so that the reattachment
length is independent of the length of the calculation domain. The zero velocity gra-
dient boundary conditions are used at the outlet cross-section of the tube

∂u

∂z
= 0,

∂v

∂z
= 0. (7)

2.2 Initial condition

The initial condition is that there is no flow inside the region of the tube except
the parabolic velocity profile at the inlet. The flow is gradually developing as time
elapses.

2.3 Transformation of basic equations

We consider a co-ordinate stretching in the radial direction which transforms the
expanded tube into a straight circular tube is defined by

R = r

r0(z)
. (8)

The function r0(z) is defined as (Pedrizzetti [10])

r0(z) = 1 + d

2

(
1 + tanh

z

d

)
(9)

where r0(z) denotes the radius of the tube in the expanded region. Here d is the
value of expansion or the height of expansion. A schematic diagram of the expanded
tube geometry considered in this analysis is given in Fig. 1 along with all relevant
quantities. The tube under consideration is taken to be of finite length 50 for low
Reynolds number flow. But suitable length is taken for the case of high Reynolds
numbers so that the reattachment length is independent of this downstream distance.

3 Finite-difference formulation

A time marching procedure is adopted for the approximate solution of unsteady
Navier-Stokes equations. Finite-difference discretization of the transformed govern-
ing equations with appropriate boundary conditions have been carried over in the
present work in staggered grid, popularly known as MAC cell (Harlow and Welch
[6]). In this type of grid alignment, the velocities and the pressure are evaluated at
different locations of the control volume (rectangular cell as shown in Fig. 2). The
use of the staggered grid permits coupling of the velocities u,v and the pressure p so-
lutions at adjacent grid points. The time derivative terms are differenced according to
the first order accurate two-level forward time differencing formula. The convective
terms in the momentum equations are differenced with a hybrid second-order scheme
consisting of central and upwinding differencing schemes. The diffusive terms are
differenced using the three point central difference formula. The source terms are
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Fig. 1 Geometry of the tube with a smooth expansion

Fig. 2 Arrangement of
dependent variables in a typical
MAC cell

centrally differenced keeping the position of the respective fluxes at the centers of
the control volumes. Thus, in finite-difference form with t = nδt , z = iδz, R = jδR

and p(z,R, t) = p(iδz, jδR,nδt) = pn
i,j , superscript n refers to the time direction,

δt is the time increment and δz, δR are the length and width of the cell. The pres-
sure derivatives are represented by forward difference formulae. Discretization of the
continuity equation at (i, j) cell delivers
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where utc,ubc are defined as follows:
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Here r0(zi) is calculated at z = zi ,
∂r0(zi )

∂z
denotes the derivative of r0(z) with respect

to z and calculated at z = zi . The quantities (zi ,Rj ), (zli ,Rlj ) are the co-ordinates
of the cell centre and the right top corner of the cell respectively. Considering the
source, convective and diffusive terms at the n-th time level, the momentum equation
in z-direction in finite difference form may be put as
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pt ,pb stand for pressure at the top and bottom middle positions of the u-momentum
equation at n-th time level at (i, j)-th cell. The diffusive terms are discretized cen-
trally. The finite difference equation approximating the momentum equation in the
R-direction is
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Here Vcdn

i,j is the discretization of convective and diffusive terms of v-momentum
equation at the n-th time level at cell (i, j). The diffusive and the convective terms
in the v-momentum equation are differenced similar to that in u-momentum for the
convective flux. The Poisson equation for pressure is obtained by combining the dis-
cretized form of the momentum and continuity equations. The final form of the Pois-
son equation for pressure is
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A1 = R2
j r0(zi)

4r0(zli)δzδR

∂r0(zli)

∂z
, (20)

A2 = R2
j r0(zi)

4r0(zli−1)δzδR

∂r0(zli−1)

∂z
. (21)

Here Divn
i,j is the finite-difference representation of the divergence of the velocity

field at cell (i, j). The pressure boundary condition is not needed for a MAC cell
at the boundaries where the normal velocities are specified. However, the pressure
boundary conditions at the nonsolid and at the outer cell have to be specified. Neu-
mann type boundary conditions have been specified here and evaluated from the un-
steady momentum equations (Roache [11]).

Equation (16) is solved iteratively, by the SOR (successive over-relaxation)
method by exploiting appropriate boundary conditions. After performing a few iter-
ation steps with the pressure equation, the pressure-velocity corrections are invoked.
The method is continued until it achieves a satisfactory level of divergence value
(in this case, we fixed the divergence values at 0.00001). The same procedure is fol-
lowed for the derivation of pressure-velocity corrections.

3.1 Stability criteria of the scheme

The time step is governed by the following two restrictions. The first restriction is
related to the convection of the fluid. So the time step must satisfy

δt1 ≤ Min

[
δz

|u| ,
δR

|v|
]

ij

, (22)

where minimum is taken in the global sense. Secondly, momentum must not diffuse
more than one cell in one time step. This condition, which is related to the viscous
effects, according to Hirt’s [7] stability analysis implies
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Hence, in our computations we take

δt = cMin [δt1, δt2] , (24)

where c is a constant lying between 0.2 to 0.4. A typical value of δt is 0.005 for δz =
0.05 and δR = 0.05 for the Reynolds number smaller than 1300. And the upwinding
parameter β used in the convective terms differencing is selected according to the
inequality
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The accuracy in time is of O(�t).
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Table 1 Results of different grid sizes for a smooth expanded tube at Re = 10, d = 0.25

Grid Property R → 0.25 0.50 0.75 1.0

1200×40 ψ 0.02152 0.08055 0.16105 0.23700

600×20 ψ 0.02161 0.08074 0.16123 0.23708

1200×40 ω 0.23547 0.45382 0.66902 0.88687

600×20 ω 0.24311 0.45874 0.67045 0.88472

Table 2 Results of different grid sizes for a smooth expanded tube at Re = 1200, d = 0.25

Grid Property R → 0.25 0.50 0.75 1.0

1200×40 ψ 0.02699 0.09861 0.18941 0.26950

600×20 ψ 0.02708 0.09875 0.18950 0.26957

1200×40 ω 0.40423 0.75408 0.87344 0.88325

600×20 ω 0.40737 0.75923 0.87924 0.88872

4 Results and discussions

The present study considers flow in a tube with expansion. An uniform grid distrib-
ution of size 0.05 is taken in both directions of the tube. The downstream length of
the expanded tube was taken sufficiently long to permit the flow to redevelop into a
fully developed flow i.e., the condition ∂u

∂z
= 0 is properly satisfied. With increasing

Reynolds number and also with the increasing height of expansion of the tube, the
length of flow development downstream of the expansion increased. In the present
numerical simulation, a sufficient downstream length is set so that the reattachment
length is unaltered and tested for each of the Reynolds number studied. The present
numerical scheme is stable for higher Reynolds number flows.

After obtaining the desired level of convergence the calculations for ψ and ω are
performed with the help of the formulae u = 1

r
∂ψ
∂r

, v = − 1
r

∂ψ
∂z

and ω = ( ∂v
∂z

− ∂u
∂r

).
Using the two-stage numerical algorithm, we compute the stream function (ψ ) and
vorticity (ω) in an expanded tube for different values of R at Re = 10 and d = 0.25
for different grid distributions and it is given in Table 1 for z = 6.2.

This shows that the results for the grid size 600 × 20 is reasonably good. The
actual computation for the expanded case have been carried out on a grid 1200 × 40,
while for higher Reynolds number a grid size of 2000×40 has been chosen. The grid
independence test is also performed for Re = 1200 for different values of R and for
d = 0.25 and it is given in Table 2 for fixed value of z (z = 18.2).

We now give our attention for analyzing flow features in the region of expansion
and the corresponding relations to the arterial diseases. Wall pressure plays an impor-
tant role in case of fluctuations of the flow variables in the vicinity of the complex
flow region. The non-dimensional pressure distribution along the wall of the tube in
the axial direction for expanded tube at Re = 1200 with expansion height d = 0.25
is plotted in Fig. 3. The curve shows a rapid fall in pressure as the expansion is
approached and recovers slightly after it. The fluctuations of wall pressure are key
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Fig. 3 Pressure distribution at Re = 1200 for d = 0.25

ingredients in acoustical techniques for detecting arterial disease (Ask et. al. [1]).
The variable wall pressure can damage and weaken the internal wall (intima) of the
artery.

The velocity profiles are of some interest since they provide a detailed description
of the flow field. Fig. 4a exhibits the variation of center line velocity in axial direction
for different Reynolds numbers and for the expansion height d = 0.25. Due to for-
mation of recirculation zone near the wall, the maximum centre line velocity occurs
slightly in the downstream of the expansion. From Fig. 4b it is very clear that a larger
distance is required for the centre line velocity to recover its initial value. The figure
also exhibits that the zero gradient velocity boundary conditions are satisfied at the
outlet. The comparison of centre line velocity distribution at Re = 1200 for different
expansion height has been given in Fig. 5.

The velocity profiles are plotted in Fig. 6 for several axial positions at Re = 1200
for the expansion height d = 0.5. The region of reversal flow is evidenced in this
figure. In this region, the components of velocity undergo a change in sign.

The development of shear stress at the wall is of particular relevance for the local-
ization and prediction of arterial diseases.

The stress on the wall denoted by τw[= μ(∂v
∂z

+ 1
r0(z)

∂u
∂R

)R=1] of the artery plays
an important role in arterial disease. With unsteady flow in arterial curvature and
bifurcation sites, regions are present in which the flow is reversed during part of the
cardiac cycle. So the wall shear stress varies from a large magnitude in one direction
to negative values during part of the cycle.

In Fig. 7, the distribution of wall shear stresses (τw) for the Reynolds numbers
Re = 200,400,800,1200 in the tube are shown for the expansion height d = 0.25.
The largest magnitude of the wall stress or skin friction is found near the end of the
expansion which is consistent with the high streamwise velocity at this location. It is
very interesting to note that, the peak value of τw decreases with increasing Reynolds
numbers while at a particular axial position (between the cross-over points), the wall
shear stress increases with the increasing Reynolds numbers. The peaks of the shear
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(a)

(b)

Fig. 4 (a) Centreline velocity distribution for d = 0.25 at different Reynolds numbers. (b) Centreline
velocity distribution for d = 0.25 at Re = 200

stresses are believed to cause severe damage to the arterial lumen which in turn help
in detecting the aggregation sites of platelets (Fry [3]). The negative values of the
wall shear stresses indicate the separating region. Separation of the boundary layer
gives rise to the flow structure which has important implications in understanding
and predicting the flow characteristics. Negative shear is substantially more prevalent
than positive because of separation.

The effects of increasing height of expansion (increasing d) on the wall shear
stress distribution at Re = 1200 is very clear from Fig. 8. It is evident from this figure
that the peak value of τw decreases with the increasing height. Also at a particular
axial position, the wall shear stress decreases with the increasing height of expan-
sion.
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Fig. 5 Centreline velocity distribution at Re = 1200 for different d

Fig. 6 Velocity profiles for several axial positions z where z is the distance from the inlet test section at
Re = 1200 for d = 0.5

5 Conclusions

The axi-symmetric steady flow of a viscous Newtonian incompressible fluid through
a tube with a smooth expansion has been simulated numerically with a view to un-
derstanding the fluid dynamical phenomena corresponding to post-surgical carotid
conditions. A stable two-stage numerical algorithm is used for this axi-symmetric
flow. Flow feature depends on the expansion height and also on the Reynolds number
as follows:

(i) As the expansion is approached, a rapid fall in pressure is noticed.
(ii) Centreline velocity increases with increasing Reynolds number but decreases

with increasing height of expansion.



246 G.C. Layek, S. Mukhopadhyay

Fig. 7 Wall shear stress distribution at different Reynolds numbers for d = 0.25

Fig. 8 Wall shear stress distribution for different d at Re = 1200

(iii) Length of flow separation is noticed to increase with increasing Reynolds num-
ber as well as with the increasing height of expansion.

(iv) The peak value of wall shear stress decreases with increasing Reynolds number
and also with the increasing height of expansion.

The main contribution of the present paper is to estimate accurately the wall shear
stress, flow rate and the length of separation for slowly varying tube expansion.
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