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Abstract
In this paper, when 1 < p < 2, we establish the C1,α

loc -regularity of weak solutions to the
degenerate subelliptic p-Laplacian equation

�H,pu(x) =
6∑

i=1

X∗
i (|∇Hu|p−2Xiu) = 0

on SU(3) endowed with the horizontal vector fields X1, . . . , X6. The result can be extended
to a class of compact connected semi-simple Lie group.

Keywords p-Laplacian equation · C1,α-regularity · SU(3) · Caccioppoli inequality · De
Giorgi · p-harmonic function · Semi-simple Lie group

Mathematics Subject Classification 35H20 · 35B65

1 Introduction

In this research article, we consider the special unitary group of 3×3 complexmatrices SU(3)
endowed with a horizontal vector field X1, X2, . . . , X6; see Sect. 2 for more geometries and
properties of SU(3). Given a domain � ⊂ SU(3), we consider the quasilinear subelliptic
equation

6∑

i=1

X∗
i (ai (∇Hu)) = 0 in �. (1.1)

Here ∇Hu = (X1u, X2u, . . . , X6u) is the horizontal gradient of a function u ∈ C1(�); X∗
i

is the formal adjoint of Xi ; the vector function a := (a1, a2, . . . , a6) ∈ C2(R6,R6) satisfies
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58 C. Yu

the following growth and ellipticity conditions:

6∑

i, j=1

∂ai (ξ)

∂ξ j
ηiη j ≥ l0(δ + |ξ |2) p−2

2 |η|2, (1.2)

6∑

i, j=1

∣∣∣∣
∂ai (ξ)

∂ξ j

∣∣∣∣ ≤ L(δ + |ξ |2) p−2
2 , (1.3)

|ai (ξ)| ≤ L(δ + |ξ |2) p−2
2 |ξ | (1.4)

for all ξ, η ∈ R
6, where 0 ≤ δ ≤ 1, 1 < p < ∞ and 0 < l0 < L . Note that conditions (1.2)

and (1.3) are the same as conditions [5, (2.3) and (2.4)], but the condition (1.4) is stronger
than the condition [5, (2.5)]

|ai (ξ)| ≤ L(δ + |ξ |2) p−1
2 . (1.5)

We call a function u ∈ W 1,p
H, loc (�) as a weak solution to (1.1) if

6∑

i=1

∫

�

ai (∇Hu)Xiϕdx = 0, ∀ϕ ∈ C∞
0 (�). (1.6)

HereW 1,p
H, loc (�) is the first order p-th integrable horizontal local Sobolev space, namely, all

functions u ∈ L p
loc (�) with their distributional horizontal gradients ∇Hu ∈ L p

loc (�). Given

the typical example a(ξ) = (δ + |ξ |2) p−2
2 ξ , equation (1.1) becomes the non-degenerate

p-Laplacian equation

6∑

i=1

Xi
((

δ + |∇Hu|2) p−2
2 Xiu

) = 0 if δ > 0, (1.7)

and the p-Laplacian equation

6∑

i=1

Xi
(|∇Hu|p−2Xiu

) = 0 if δ = 0. (1.8)

Particularly, we call weak solutions to (1.8) as p-harmonic functions in � ⊂ SU(3).
In the linear case p = 2, p-harmonic functions in SU(3) are harmonic functions and their

C∞-regularity was established by Hörmander [11]. In the quasilinear case p �= 2, Domokos-
Manfredi [5] obtained the local boundedness of horizontal gradient ∇Hu of p-harmonic
functions u in SU(3), that is, ∇Hu ∈ L∞

loc (�). Moreover, when 2 < p < ∞, they obtain
the Hölder regularity of ∇Hu, that is, ∇Hu ∈ C0,α(�) for some α ∈ (0, 1) independent of
u. But when 1 < p < 2, the Hölder regularity of ∇Hu was unknown.

For the general quasi-linear equation (1.1) in SU(3), Domokos-Manfredi [5] also built up
analogue regularity. To be precise, if a satisfies conditions (1.2), (1.3) and (1.5) for some
1 < p < ∞, weak solutions u are proved to satisfy ∇Hu ∈ L∞

loc (�). If 2 ≤ p < ∞, they
further proved ∇Hu ∈ Cα

loc (�) for some α ∈ (0, 1). But when 1 < p < 2, the Hölder
regularity of ∇Hu was also unavailable.

In this paper, we focus on the case 1 < p < 2. Moreover, instead of the condition (1.5)
assumed by [5] when 2 ≤ p < ∞, we work with the stronger condition (1.4). Indeed, if
a satisfies (1.2), (1.3) and (1.4) for some 1 < p < 2, we obtain an Hölder regularity of
horizontal gredient of weak solutions u to (1.1). As a consequence, when 1 < p < 2, the
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C1,α -regularity for p-harmonic functions on SU(3) and… 59

horizontal gradient of p-harmonic functions in SU(3) has an Hölder regularity. See Theorem
1.1 below for details. We always denote by Br (x) the Carnot–Carathéodory ball centered
at x ∈ SU(3) with radius r with respect to the Carnot–Carathéodory distance dCC which
is defined in Sect. 2. For convenience we write Br as Br (x) and denote by C(a, b, . . . ) a
positive constant depending on parameters a, b, . . . whose value may change line to line.

Theorem 1.1 Suppose that a ∈ C2(R6,R6) satisfies the conditions (1.2), (1.3) and (1.4) for
some l0, L and such 1 < p < 2, δ ≥ 0. If u ∈ W 1,p

H,loc(�) is a weak solution to (1.1), then
∇Hu ∈ Cα

loc(�) for some α ∈ (0, 1) depending on l0, L and such p, δ. Moreover, for all
Br0 ⊂ � and any 0 < r ≤ r0, we have

max
1≤l≤6

oscBr Xlu ≤ C

(
r

r0

)α
(

−
∫

Br0

(
δ + |∇Hu|2) p

2 dx

) 1
p

, (1.9)

where 0 < α < 1 depends on p, l0 and L, and the constant C > 0 depends on p, l0, L and
r0.

Consequently, when 1 < p < 2, the horizontal gradients of p-harmonic functions on
SU(3) have the Hölder regularity and satisfy (1.9).

Recall that in the Euclidean space R
n (corresponding to the vector field { ∂

∂x1
, ∂

∂x2
, . . . ,

∂
∂xn

}), the C0,1 and C1,α-regualrity of solutions to Eq. (1.1) under conditions (1.2), (1.3) and

(1.4) have been established by [8, 14, 21–23]. In the Heisenberg group H
n , the C0,1 and

C1,α-regularity of solutions to Eq. (1.1) under conditions (1.2), (1.3) and (1.4) have been
established by [4, 7, 16–18, 20, 25].

Wewill proveTheorem1.1 in Sect. 5 by borrowing some ideas from [18] to useDeGiorgi’s
method in [3], and also adapting some apriori estimates in [5] under conditions (1.2), (1.3)
and (1.4). Indeed, given any weak solution u to (1.1), to get the Hölder regularity for ∇Hu,
the central is to show that ∇Hu belongs to De Giorgi’s class in SU(3), which will be recalled
in Sect. 3. To this end, we consider the double truncation of Xlu, that is,

v = min(μ(r)/8,max(μ(r)/4 − Xlu, 0)),

where μ(r) = max1≤k≤6 supBr |Xku| and l ∈ {1, . . . , 6}. It then suffices to buil up the
following crucial Caccioppoli inequality

∫

Br
ηβ+4vβ+2|∇Hv|2dx ≤ C(p, L, l0, γ )(β + 2)2μ(r)4

(
1 + 1

r2

)

×|Br |1−1/γ
(∫

Br
ηγβvγβdx

)1/γ

(1.10)

for all β ≥ 0, where γ > 1 is a constant and η ∈ C∞
0 (Br ) is a standard cut-off function in

Br . Indeed, if (1.10) holds true, following [18] line by line and using an interation argument
as in [9, Lemma 7.3], we are able to conclude (1.9) and hence Theorem 1.1 holds true. For
details see Sect. 5.

To prove (1.10), firstly, under the stronger condition (1.4), by choosing different test
functions, we are able to adapt or modify the arguments in [5] so to get several a priori
estimates as in Lemma 2.3, which are stronger than the corresponding estimates in [5]. See
Sect. 2 for details.

Next, from these apriori estimates in Lemma 2.3, in Sect. 4 we deduce two auxiliary
Caccioppoli inequalities for ∇Hu and ∇T u involving v as in Lemmas 4.5 and 4.6, whose
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60 C. Yu

proofs are postponed to Sect. 6. Since there is no nilpotent structure in SU(3), we have to
deal with all integrals involving [Xi , X j ]u for all i, j ∈ {1, . . . , 8} according to Table 1 and
use a priori estimates in Lemma 2.3 to bound them.

Finally, we choose the function ηβ+4vβ+3 to test (4.7) in Lemma 4.4 and obtain (4.14),
where β ≥ 0. Then using conditions (1.2), (1.3), (1.4), a priori estimates in Lemma 2.3 and
Lemmas 4.5, 4.6, we conclude (1.10) in Lemma 4.1. The proof is postponed to Sect. 4.

To prove Lemma 4.5, first, we choose the function ηβ+2vβ+2|∇Hu|2Xlu to test (4.7) in
Lemma 4.4 and obtain (6.1), where β ≥ 0 and l ∈ {1, . . . , 6}. Then using conditions (1.2),
(1.3), (1.4), we conclude (4.8) in Lemma 4.5. The proof is postponed to Sect. 6.

The proof of Lemma 4.6 is based on Lemma 4.5. To prove Lemma 4.6, first, we choose
the function ητ(β+2)+4vτ(β+4)|∇Hu|4Xlu to test (4.7) in Lemma 4.4 and obtain (6.6), where
β ≥ 0, τ ∈ (1/2, 1) and l ∈ {7, 8}. Then using conditions (1.2), (1.3), (1.4), a priori estimates
in Lemmas 2.3 and 4.5, we conclude (4.12) in Lemma 4.6. The proof is postponed to Sect. 6.

2 Preliminaries

We identify the group SU(3) with the unitary group of 3 × 3 complex matrices

{g ∈ GL(3,C) : g · g∗ = I , det g = 1}.
Its Lie algebra is given by

su(3) := {X ∈ gl(3,C) : X + X∗ = 0, trX = 0}
with the inner product 〈X , Y 〉 := − 1

2 tr(XY ).

Noting that the two-dimensional maximal torus

T :=
⎧
⎨

⎩

⎛

⎝
eia1 0 0
0 eia2 0
0 0 eia3

⎞

⎠ : a1, a2, a3 ∈ R, a1 + a2 + a3 = 0

⎫
⎬

⎭ ,

we choose its Lie algebra

T :=
⎧
⎨

⎩

⎛

⎝
ia1 0 0
0 ia2 0
0 0 ia3

⎞

⎠ : a1, a2, a3 ∈ R, a1 + a2 + a3 = 0

⎫
⎬

⎭

as the Cartan subalgebra.
Recalling the definition of su(3), we use a set of GellMannmatricesG to form its orthonor-

mal basis, that is,

X1 =
⎛

⎝
0 1 0

−1 0 0
0 0 0

⎞

⎠ , X2 =
⎛

⎝
0 i 0
i 0 0
0 0 0

⎞

⎠ , X3 =
⎛

⎝
0 0 0
0 0 1
0 −1 0

⎞

⎠ ,

X4 =
⎛

⎝
0 0 0
0 0 −i
0 −i 0

⎞

⎠ , X5 =
⎛

⎝
0 0 1
0 0 0

−1 0 0

⎞

⎠ , X6 =
⎛

⎝
0 0 i
0 0 0
i 0 0

⎞

⎠ ,

T1 =
⎛

⎝
−i 0 0
0 i 0
0 0 0

⎞

⎠ , T2 =
⎛

⎜⎝
− i√

3
0 0

0 − i√
3

0

0 0 2i√
3

⎞

⎟⎠ .
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C1,α -regularity for p-harmonic functions on SU(3) and… 61

Table 1 [Xi , X j ] in SU(3)

X1 X2 X3 X4 X5 X6 X7 X8

X1 0 −X7 X5 −X6 −X3 X4 4X2 2X2

X2 X7 0 X6 X5 −X4 −X3 −4X1 −2X1

X3 −X5 −X6 0 −X8 X1 X2 2X4 4X4

X4 X6 −X5 X8 0 X2 −X1 −2X3 −4X3

X5 X3 X4 −X1 −X2 0 X8 − X7 2X6 −2X6

X6 −X4 X3 −X2 X1 X7 − X8 0 −2X5 2X5

X7 −4X2 4X1 −2X4 2X3 −2X6 2X5 0 0

X8 −2X2 2X1 −4X4 4X3 2X6 −2X5 0 0

Consider the following two vector fields:

X7 = −[X1, X2] =
⎛

⎝
−2i 0 0
0 2i 0
0 0 0

⎞

⎠ and X8 = −[X3, X4] =
⎛

⎝
0 0 0
0 2i 0
0 0 −2i

⎞

⎠ .

Since T1 = 1
2 X7 and T2 = 1

2
√
3
X7 − 1√

3
X8, we choose the vertical vector field ∇T =

{X7, X8} as an orthonormal basis of the Cartan subalgebra T .
The following table is [5, Table 2.1], which gives all [Xi , X j ] for any two vector fields

Xi , X j ∈ {X1, X2, . . . , X8}.
Table 1 shows that

[Xi , X j ] =
8∑

k=1

Ck
i, j Xk for any i, j ∈ {1, 2, . . . , 8} (2.1)

and that

[Xi , X j ] =
6∑

k=1

Ck
i, j Xk for any i ∈ {1, 2, . . . , 8} and any j ∈ {7, 8}, (2.2)

where Ck
i, j ∈ R are constants and are completely determined by Table 1. Note that the

orthonormal basis ∇H = {X1, X2, . . . , X6} generates the horizontal subspace H in SU(3).
Since the matries G are left-invariant vector fields, the basis ∇H is left-invariant. From
Table 1, at every point of SU(3) the basis ∇H satisfies the Hörmander condition. From this,
the horizontal distribution of a sub-Riemannian manifold is generated by ∇H.

In the following, we define the Carnot–Carathéodory distance dCC . An absolutely con-
tinuous function curve γ : [0, T ] → SU(3) is subunitary associated to ∇H if there are
measurable {αi ∈ L∞[0, T ]}1≤i≤6 such that

γ ′(t) =
6∑

i=1

αi (t)Xi (γ (t)) and
6∑

i=1

α2
i (t) ≤ 1 for a.e. t ∈ [0, T ].

According to [2], since∇H satisfies the Hörmander condition, there exist curves γ subunitary
associated to ∇H connecting any two given points x, y ∈ SU(3). The Carnot–Carathéodory
distance dCC is then defined as
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62 C. Yu

dCC (x, y) = inf{T ≥ 0 : there exists a subunitary curve γ : [0, T ]
→ SU(3) connecting x and y}.

Wedenote by dx the bi-invariant Harr-measure, by |E | the Lebesguemeasure of ameasurable
set E ⊂ SU(3) and by −

∫
E f dx = 1

|E |
∫
E f dx the average of an integrable function f over

set E .
In the rest of this section,we recall someCaccioppoli inequalities establishedbyDomokos-

Manfredi [5] and use similar methods to get stronger estimates; see [5, Theorem 2.1, Lemmas
3.1, 3.2, 3.3 and 3.4, Remark 3.2 and Corollary 3.1].

Domokos-Manfredi [5] established the following uniform gradient estimate; see [5, The-
orem 2.1].

Proposition 2.1 [5, Theorem 2.1] Let 1 < p < ∞ and 0 ≤ δ ≤ 1. Assume that a ∈
C2(R6,R6) satisfies the conditions (1.2), (1.3) and (1.4). If u ∈ W 1,p

H,loc(�) is a weak solution
to (1.1), then ∇Hu ∈ L∞

loc (�). Moreover, for all ball Br ⊂ �, we have

sup
Br/2

|∇Hu| ≤ C(p, L, l0)

(
−
∫

Br
(δ + |∇Hu|2) p

2 dx

) 1
p

.

Combining Proposition 2.1 and [6, Theorem 1.1], we have the following corollary.

Corollary 2.2 Let 1 < p < ∞ and δ > 0. If u ∈ W 1,p
H,loc(�) is a weak solution to (1.1), then

u ∈ C∞(�).

The following lemma gives some Caccioppoli estimates which will be used to prove
Lemmas4.5, 4.6 and4.1; seeSect. 2.1 for its proof. For simplicity,wewritew = (δ+|∇Hu|2).
Note the fact that in all the integral terms in the following lemma, onlyw

p−2
2 includes δ. This

fact is necessary for us to establish the Caccioppoli inequality for v in Sect. 4; see Lemma 4.1.

Lemma 2.3 Let 0 < δ < 1. Assume that a ∈ C2(R6,R6) satisfies the conditions (1.2), (1.3)
and (1.4). If u ∈ W 1,p

H,loc(�) is a weak solution to (1.1), then for any η ∈ C∞
0 (�) with

0 ≤ η ≤ 1, the followings hold:

(i) If β ≥ 0, then
∫

�

η2w
p−2
2 |∇T u|2β |∇H∇T u|2dx ≤ C(p, L, l0)

∫

�

|∇Hη|2w p−2
2 |∇T u|2β+2dx

+C(p, L, l0)(β+1)2
∫

�

η2w
p−2
2 |∇Hu|2|∇T u|2βdx .

(2.3)

(ii) If β ≥ 0, then

∫

�

η2w
p−2
2 |∇Hu|2β |∇H∇Hu|2dx ≤ C(p, L, l0)(β + 1)4

∫

�

η2w
p−2
2 |∇Hu|2β |∇T u|2dx

+ C(p, L, l0)(β+1)2Kη

∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx,

(2.4)
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(iii) If β ≥ 1, then
∫

�

η2β+2w
p−2
2 |∇T u|2β |∇H∇Hu|2dx

≤ C(p, L, l0)
β(β + 1)4β‖∇Hη‖2βL∞

∫

�

η2w
p−2
2 |∇Hu|2β |∇H∇Hu|2dx . (2.5)

(iv) If β ≥ 1, then
∫

�

η2w
p−2
2 |∇Hu|2β |∇H∇Hu|2dx

≤ C(p, L, l0)(β + 1)12Kη

∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx . (2.6)

(v) If β ≥ 1, then
∫

�

η2β+2w
p−2
2 |∇T u|2β |∇H∇Hu|2dx

≤ C(p, L, l0, β)K β+1
η

∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx . (2.7)

(vi) If β ≥ 1, then
∫

�

η2β+4w
p−2
2 |∇T u|2β |∇H∇T u|2dx

≤ C(p, L, l0, β)K β+2
η

∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx . (2.8)

Above

Kη = 1 + ‖∇Hη‖2L∞(�) + ‖∇T η‖L∞(�). (2.9)

2.1 Proof of Lemma 2.3

In this subsection, we prove Lemma 2.3. To this end, we consider the Riemannian approxi-
mation to (1.1) as in [5]. For any fixed constant ε ∈ (0, 1), we write ∇ε = (∇ε

H,∇ε
T ), where

∇ε
H = ∇H and ∇ε

T = ε∇T . Consider a Riemannian approximation to (1.1), that is,

8∑

i=1

Xε
i (ai (∇εu)) = 0 in �; (2.10)

see [5, Section 3] for details. Let uε be a weak solution to (2.10) with conditions (1.2), (1.3)
and (1.4). By [5, Remark 3.1], we obtain that uε ∈ C∞(�) when δ > 0 and ε > 0.

We have the following series of a priori estimates for uε, that is, Lemmas 2.4, 2.5, 2.6
and 2.7. They correspond to Lemmas 3.1, 3.2, 3.3 and 3.4 in [5], where they assume (1.2),
(1.3) and (1.5). Here we work with (1.2), (1.3) and the stronger one (1.4). For simplicity, we
write wε = (δ + |∇εuε|2).
Lemma 2.4 Let 0 < δ < 1. For any β ≥ 0 and any η ∈ C∞

0 (�) with 0 ≤ η ≤ 1, we have
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64 C. Yu

∫

�

η2wε

p−2
2 |∇T uε|2β |∇ε∇T uε|2dx ≤ C(p, L, l0)

∫

�

|∇εη|2wε

p−2
2 |∇T uε|2β+2dx

+ C(p, L, l0)(β+1)2
∫

�

η2wε

p−2
2 |∇εuε|2|∇T uε|2βdx .

(2.11)

Lemma 2.4 is a stronger version of [5, Lemma 3.1], since wε

p−2
2 |∇εuε|2 in the second

term in the right hand side of (2.11) is more accurate than w
p
2
ε in the second term in the right

hand side of [5, (3.3)]. To prove Lemma 2.4, we follows the proof of [5, Lemma 3.1] line by
line. The only difference is that we use the condition (1.4) instead of the condition (1.5) they
used in the proof of [5, Lemma 3.1]. Here we omit the details.

Lemma 2.5 Let 0 < δ < 1. For any β ≥ 0 and any η ∈ C∞
0 (�) with 0 ≤ η ≤ 1, we have

∫

�

η2wε

p−2
2 |∇εuε|2β |∇ε∇εuε|2dx

≤ C(p, L, l0)(β + 1)4
∫

�

η2wε

p−2
2 |∇εuε|2β |∇T uε|2dx

+ C(p, L, l0)(β + 1)2
∫

�

(η2 + |∇εη|2 + η|∇T η|)wε

p−2
2 |∇εuε|2β+2dx . (2.12)

Lemma 2.5 is similar to [5, Lemma 3.2]. The only difference between the two lemmas is

that w
p−2
2 +β

ε and w
p
2 +β
ε in [5, (3.8)] are replaced by wε

p−2
2 |∇εuε|2β and wε

p−2
2 |∇εuε|2β+2

separately. The proof of Lemma 2.5 follows the same line as that of [5, Lemma 3.2]. To prove
[5, Lemma 3.2], they used φ = η2w

β
ε Xε

i uε to test [5, (3.10)]. Now, to prove Lemma 2.5, we

use φ = η2|∇εuε|2βXε
i uε instead of φ = η2w

β
ε Xε

i uε as the new test function in [5, (3.10)]
in the proof of [5, Lemma 3.2]. Then we use the condition (1.4) whenever the condition (1.5)
is used in the rest of the proof of [5, Lemma 3.2]. Here we omit the details.

Lemma 2.6 follows from Lemma 2.4.

Lemma 2.6 Let 0 < δ < 1. For any β ≥ 1 and any η ∈ C∞
0 (�) with 0 ≤ η ≤ 1, we have

∫

�

η2β+2wε

p−2
2 |∇T uε|2β |∇ε∇εuε|2dx

≤ C(p, L, l0)(β + 1)4‖∇εη‖2L∞

∫

�

η2βwε

p−2
2 |∇εuε|2|∇T uε|2β−2|∇ε∇εuε|2dx .

(2.13)

Lemma 2.6 is stronger than [5, Lemma 3.3], since wε

p−2
2 |∇εuε|2 in the right hand side of

(2.13) is more accurate than w
p
2
ε in the right hand side of [5, (3.11)]. To prove Lemma 2.6,

we follows the proof of [5, Lemma 3.3] line by line. The only difference is that we use (2.11)
with η → ηβ+2 and the condition (1.4) to replace [5, (3.7)] and the condition (1.5) they used
in the proof of [5, Lemma 3.3] separately. Here we omit the details.

By Lemma 2.6, we obtain Lemma 2.7.

Lemma 2.7 Let 0 < δ < 1. For any β ≥ 1 and η ∈ C∞
0 (�) with 0 ≤ η ≤ 1, we have

∫

�

η2β+2wε

p−2
2 |∇T uε|2β |∇ε∇εuε|2dx

≤ C(p, L, l0)
β(β + 1)4β‖∇εη‖2βL∞

∫

�

η2wε

p−2
2 |∇εuε|2β |∇ε∇εuε|2dx . (2.14)

123



C1,α -regularity for p-harmonic functions on SU(3) and… 65

Lemma 2.7 is a stronger version of [5, Lemma 3.4], since wε

p−2
2 |∇εuε|2β in the right

hand side of (2.14) is more accurate than w
p−2
2 +β

ε in the right hand side of [5, (3.13)]. To
prove Lemma 2.7, we follows the proof of [5, Lemma 3.4] line by line. The only difference is
that we use Lemma 2.6 and the condition (1.4) to replace [5, Lemma 3.3] and the condition
(1.5) they used in the proof of [5, Lemma 3.4] separately. Here we omit the details.

Lemma 2.3 follows from Lemmas 2.4, 2.5 and 2.7. Specifically, by Theorem 2.2, letting
ε → 0 in the above estimates,we get some intrinsicCacciopoli inequalities forweak solutions
u to (1.1) from Lemmas 2.4, 2.5 and 2.7, which are stronger than that in [5, Corollary 4.1];
see [5, Section 4] for more details.

Proof of Lemma 2.3 The estimates (2.3), (2.4) and (2.5) follow from Lemmas 2.4, 2.5 and 2.7
respectively in a direct way.

Next we prove (2.6). By Hölder’s inequality, we have

C(p, L, l0)(β + 1)4
∫

�

η2w
p−2
2 |∇Hu|2β |∇T u|2dx

≤ C(p, L, l0)(β + 1)4
(∫

�

η2β+2w
p−2
2 |∇T u|2β+2dx

) 1
β+1

(∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx

) β
β+1

. (2.15)

Noting that |∇T u|2 ≤ 2|∇H∇Hu|2, we use (2.5) to bound the first term in the right hand
side of (2.15). Then by Young’s inequality, we have

C(p, L, l0)(β + 1)4
∫

�

η2w
p−2
2 |∇Hu|2β |∇T u|2dx

≤ 1

β + 1

∫

�

η2w
p−2
2 |∇Hu|2β |∇H∇Hu|2dx

+ C(p, L, l0)(β + 1)12‖∇Hη‖2L∞

∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx,

which, together with (2.4), yields (2.6).
Combining (2.5) and (2.6), we conclude (2.7).
Next we prove (2.8). By Hölder’s inequality, we have

C(p, L, l0, β)

∫

�

η2β+2w
p−2
2 |∇Hu|2|∇T u|2βdx

≤ C(p, L, l0, β)

(∫

�

η2β+2w
p−2
2 |∇T u|2β+2dx

) β
β+1
(∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx

) 1
β+1

.

(2.16)

By changing η to ηβ+2 in (2.3), we have
∫

�

η2β+4w
p−2
2 |∇T u|2β |∇H∇T u|2dx ≤ C(p, L, l0, β)

∫

�

|∇Hη|2η2β+2w
p−2
2 |∇T u|2β+2dx

+ C(p, L, l0, β)

∫

�

η2β+4w
p−2
2 |∇Hu|2|∇T u|2βdx .

(2.17)
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We combine (2.16) and (2.17). Then by Young’s inequality therein, we have
∫

�

η2β+4w
p−2
2 |∇T u|2β |∇H∇T u|2dx ≤ C(p, L, l0, β)Kη

∫

�

η2β+2w
p−2
2 |∇T u|2β+2dx

+ C(p, L, l0, β)

∫

supp(η)

w
p−2
2 |∇Hu|2β+2dx .

(2.18)

Since |∇T u|2 ≤ 2|∇H∇Hu|2, applying (2.7) to the first term in the right hand side of (2.18),
we conclude (2.8). ��

2.2 Sobolev inequalities

In this subsection, we recall local Sobolev inequalities and Poincaré inequalities on SU(3).
Denote by Q = 10 the homogeneous dimension of SU(3). The following lemma follows
from [10, Theorem 11.20 and Corollary 9.8] and [1, Proposition 2.1].

Lemma 2.8 Let 1 ≤ p1 < Q. For any ball Bρ ⊂ �, we have

(
−
∫

Bρ

| f |
Qp1
Q−p1 dx

) Q−p1
Qp1

≤ C(p1)ρ

(
−
∫

Bρ

|∇H f |p1dx
) 1

p1

for any f ∈ C∞
0 (Bρ), and

(
−
∫

Bρ

| f − fBρ |
Qp1
Q−p1 dx

) Q−p1
Qp1

≤ C(p1)ρ

(
−
∫

Bρ

|∇H f |p1dx
) 1

p1

for any f ∈ C∞(Bρ), where fBρ = −
∫
Bρ

f dx.

3 De Giorgi’s class of functions

In this section, we recall De Giorgi’s class of functions defined in SU(3). Let � be a domain
in SU(3).

Definition 3.1 Let Bρ0 ⊂ � be a ball. We call a function u ∈ W 2,2
H (Bρ0)∩ L∞(Bρ0) belongs

to DG+(Bρ0) if there exists non-negative constants γ and χ such that for any balls Bρ′ , Bρ

with the same center as Bρ0 and 0 < ρ′ < ρ < ρ0, for any k ∈ R, and for any q > Q, the
inequality

∫

A+
k,ρ′

|∇Hu|2dx ≤ γ

(ρ − ρ′)2

∫

A+
k,ρ

|u − k|2dx + χ2|A+
k,ρ |1−2/q (3.1)

holds true, where A+
k,ρ(u) = {x ∈ Bρ : (u(x) − k)+ = max(u(x) − k, 0) > 0}.

Remark 3.2 By replacing A+
k,ρ(u) with A−

k,ρ(u) in (3.1), we define that u ∈ DG−(Bρ0) in a

similar way, where A−
k,ρ(u) = {x ∈ Bρ : (u(x) − k)− = min(u(x) − k, 0) < 0}.

It is apparent that u ∈ DG−(Bρ0) if−u ∈ DG+(Bρ0). Denote DG(Bρ0) = DG+(Bρ0)∩
DG−(Bρ0).
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The following lemma is almost the same as [25, Lemma 4.1]; see the “Appendix” for its
proof.

Lemma 3.3 For any b ∈ (0, 1), there exists a constant θ1 = θ1(γ, q, b) ∈ (0, 1) such that
for any function u ∈ DG+(Bρ) and for any constant k, the following holds:
If

H = sup
Bρ

u(x) − k ≥ χρ1−Q/q

for any q > Q, then
∣∣∣A+

k,ρ

∣∣∣ ≤ θ1|Bρ |
implies that

sup
Bρ/2

u(x) ≤ k + bH .

The following lemma is almost the same as [25, Lemma 4.2]; see the “Appendix” for the
details of its proof.

Lemma 3.4 For any τ ∈ (0, 1], there exists a constant s = s(γ, q, τ, R) > 0 such that for
any function u ∈ DG+(Bρ) and for any k ∈ R, the following holds:
If

∣∣A−
k,ρ/2

∣∣ ≥ τ |Bρ/2|,
then

sup
Bρ/4

u(x) ≤ sup
Bρ

u(x) − 2−s H + χρ
1− Q

q , (3.2)

where H = supBρ
u(x) − k.

Remark 3.5 Changing k to −k and u(x) to −u(x) in Lemma 3.4, for any function u ∈
DG−(Bρ) the following holds:

|A+
k,ρ/2| ≥ τ |Bρ/2|

implies that

inf
Bρ/4

u(x) ≥ inf
Bρ

u(x) + 2−s H − χρ
1− Q

q ,

where H = − infBρ u(x) + k.

Applying Lemma 3.4 and Remark 3.5 with k = 1
2

(
sup
Bρ/4

u(x) + inf
Bρ/4

u(x)

)
, we have the

following theorem. We omit its proof.

Theorem 3.6 For any function u ∈ DG(Bρ), there exists s0 = s0(γ, q) > 0 such that

oscBρ/4u(x) ≤ (1 − 2−s0)oscBρu(x) + 2χρ1−Q/q .
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4 Crucial Caccioppli inequality

In this section, we give the crucial Caccioppli inequality and its proof. Let 1 < p < ∞ and
u ∈ W 1,p

H,loc(�) be a weak solution to (1.1) with 0 < δ ≤ 1. Fix a ball Br0 ⊂ �. For any ball
Br with the same center as Br0 and 0 < r ≤ r0/16, we denote �(r) = max

1≤k≤6
oscBr Xku and

v = min(μ(r)/8,max(μ(r)/4 − Xlu, 0)),

where μ(r) = max1≤k≤6 supBr |Xku| and l ∈ {1, . . . , 6}. For any fixed l ∈ {1, . . . , 6}, we
consider the set

E = {x ∈ � : μ(r)/8 < Xlu < μ(r)/4}.
Note that for any i ∈ {1, . . . , 6, 7, 8},

Xiv = −Xi Xlu in E and Xiv = 0 in � \ E . (4.1)

We have the following lemma, which includes the crucial Caccioppli inequality for v. In this
paper, for convenience we write ai, j (ξ) = ∂ai (ξ)

∂ξ j
for any ξ ∈ R

6 and i, j ∈ {1, 2, . . . , 6}.

Lemma 4.1 Let Br ⊂ � be a ball. Assume that the cut-off function η ∈ C∞
0 (Br ) satisfies

(4.10) and (4.11). Then for any γ > 1 and any β ≥ 0, we have
∫

�

ηβ+4vβ+2|∇Hv|2dx ≤ C(p, L, l0, γ )(β + 2)2μ(r)4
(
1 + 1

r2

)

×|Br |1−
1
γ

(∫

Br
ηγβvγβdx

) 1
γ

. (4.2)

Remark 4.2 For any l ∈ {1, . . . , 6}, we use the same method as that of Lemma 4.1 to get
(4.2) with

v′ = min(μ(r)/8,max(μ(r)/4 + Xlu, 0)).

From Lemma 4.1 and Remark 4.2, we get the following lemma; see Sect. 6 for its proof.

Lemma 4.3 For any ball Br ⊂ � with the same center BR and 0 < r ≤ R, there is
θ = θ(p, L, l0, R) > 0 such that the followings hold:

(i) If

|{x ∈ Br : Xku < μ(r)/4}| ≤ θ |Br | (4.3)

holds true for an index k ∈ {1, . . . , 6}, then
inf
Br/2

Xku ≥ 3μ(r)/16. (4.4)

(ii) If

|{x ∈ Br : Xku > −μ(r)/4}| ≤ θ |Br | (4.5)

holds true for an index k ∈ {1, . . . , 6}, then
sup
Br/2

Xku ≤ −3μ(r)/16. (4.6)
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4.1 Proof of Lemma 4.1

Before proving Lemma 4.1, we need the following lemmas. See Sect. 6 for their proofs.

Lemma 4.4 For any l ∈ {1, . . . , 6, 7, 8}, Xlu is a weak solution to the equation

6∑

i, j=1

Xi (ai, j (∇Hu)X j Xlu) +
6∑

i, j=1

Xi (ai, j (∇Hu)[Xl , X j ]u)

−
6∑

i=1

[Xi , Xl ](ai (∇Hu)) = 0. (4.7)

Lemma 4.5 For any β ≥ 0 and any non-negative η ∈ C∞
0 (�), we have

∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇H∇Hu|2dx

≤ C(p, L, l0)(β + 2)2
∫

�

ηβ(η2 + |∇Hη|2 + η|∇T η|)vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|4dx

+ C(p, L, l0)(β + 2)2
∫

�

ηβ+2vβ
(
δ + |∇Hu|2) p−2

2 |∇Hu|4|∇Hv|2dx

+ C(p, L, l0)
∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇T u|2dx . (4.8)

Before starting the following lemma, we note that if δ ≥ 0 and q ≥ 0 such that p+q−2 ≥
0, the following holds:

(
δ + |∇Hu|2) p−2

2 |∇Hu|q ≤ C(p, q)(δ + μ(r)2)
p−2
2 μ(r)q in Br , (4.9)

where C(p, q) = 6(q+p−2)/2 when p ≥ 2 and C(p, q) = 6q/2 when 1 < p < 2. In the rest
of this section, for any fixed ball Br ⊂ � we consider a cut-off function η ∈ C∞

0 (Br ) such
that

0 ≤ η ≤ 1 in Br , η = 1 in Br/2 (4.10)

and

|∇Hη| ≤ C/r , |∇H∇Hη| ≤ C/r2, |∇T η| ≤ C/r2 in Br . (4.11)

The following lemma gives a Caccioppoli inequality for ∇T u weighted with |∇Hu|4
involving v; see Sect. 6 for its proof.

Lemma 4.6 Let Br ⊂ � be a ball. Assume that the cut-off function η ∈ C∞
0 (Br ) satisfies

(4.10) and (4.11). Then for any τ ∈ (1/2, 1), any γ ∈ (1, 2) and any β ≥ 0, we have
∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇H∇T u|2dx

≤ C(p, L, l0, τ, γ )(β + 2)2τ
(
1 + 1

r2(2−τ)

)
|Br |1−τ (δ + μ(r)2)

p−2
2 μ(r)6 J τ ,

(4.12)
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where

J =
∫

Br
ηβ+4vβ+2|∇Hv|2dx +

(
1 + 1

r2

)
μ(r)4|Br |1−

1
γ

(∫

Br
ηγβvγβdx

) 1
γ

.

(4.13)

Now we use Lemmas 4.4, 4.5 and 4.6 to prove Lemma 4.1.

Proof of Lemma 4.1 We consider two cases: 1 < γ < 3/2 and γ ≥ 3/2. In the case that
γ ≥ 3/2, we use Hölder’s inequality for the integral in the right hand side of (4.2) when
(4.2) holds for some 1 < γ0 < 3/2. Below we assume 1 < γ < 3/2. Recall that

v = min(μ(r)/8,max(μ(r)/4 − Xlu, 0)),

where μ(r) = max1≤k≤6 supBr |Xku| and l ∈ {1, . . . , 6}. Let Br ⊂ � be a ball. Consider the
cut-off function η ∈ C∞

0 (�) with (4.10) and (4.11). For any β ≥ 0 and any l ∈ {1, . . . , 6},
letting ϕ = ηβ+4vβ+3 be a test function in (4.7), we have

− (β + 3)
∫

�

6∑

i, j=1

ηβ+4vβ+2ai, j (∇Hu)X j XluXivdx

= (β + 4)
∫

�

6∑

i, j=1

ηβ+3vβ+3ai, j (∇Hu)X j XluXiηdx

+ (β + 4)
∫

�

6∑

i, j=1

ηβ+3vβ+3ai, j (∇Hu)[Xl , X j ]uXiηdx

+ (β + 3)
∫

�

6∑

i, j=1

ηβ+4vβ+2ai, j (∇Hu)[Xl , X j ]uXivdx

+
∫

�

6∑

i=1

[Xi , Xl ](ai (∇Hu))ηβ+4vβ+3dx,

which, together with Xl X ju = X j Xlu + [Xl , X j ]u, yields

Ll := −(β + 3)
∫

�

6∑

i, j=1

ηβ+4vβ+2ai, j (∇Hu)X j XluXivdx

= (β + 4)
∫

�

6∑

i=1

ηβ+3vβ+3Xl(ai (∇Hu))Xiηdx

+ (β + 3)
∫

�

6∑

i, j=1

ηβ+4vβ+2ai, j (∇Hu)[Xl , X j ]uXivdx

+
∫

�

6∑

i=1

[Xi , Xl ](ai (∇Hu))ηβ+4vβ+3dx =: I1 + I2 + I3. (4.14)

Recalling that

E = {x ∈ � : μ(r)/8 < Xlu < μ(r)/4},
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and that

Xiv = −Xi Xlu in E and Xiv = 0 in � \ E,

by the condition (1.2), we have

Ll ≥ l0(β + 3)
∫

�

ηβ+4vβ+2(δ + |∇Hu|2) p−2
2 |∇Hv|2dx

≥ C0(p, L, l0)(β + 2)(δ + μ(r)2)
p−2
2

∫

Br
ηβ+4vβ+2|∇Hv|2dx .

Here the integration domain in the right hand side of the above inequality is the set E .
Next, we bound each item in the right hand of (4.14) in turn. By integration by parts, we

have

I1 = −(β + 4)
∫

�

6∑

i=1

ai (∇Hu)Xl(η
β+3vβ+3Xiη)dx .

By the condition (1.4) and (4.9), we have

|I1| ≤ C(p, L, l0)(β + 2)2
∫

�

ηβ+2vβ+3(δ + |∇Hu|2) p−2
2 |∇Hu|(|∇Hη|2 + η|∇H∇Hη|)dx

+ C(p, L, l0)(β + 2)2
∫

�

ηβ+3vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu||∇Hv||∇Hη|dx

≤ C(p, L, l0)

r2
(β + 2)2(δ + μ(r)2)

p−2
2 μ(r)4

∫

Br
ηβvβdx

+ C(p, L, l0)

r
(β + 2)2(δ + μ(r)2)

p−2
2 μ(r)2

∫

Br
ηβ+2vβ+1|∇Hv|dx . (4.15)

Applying Young’s inequality to the final item in the right hand side of (4.15), we have

|I1| ≤ C0(p, L, l0)

1000
(β + 2)(δ + μ(r)2)

p−2
2

∫

Br
ηβ+4vβ+2|∇Hv|2dx

+ C(p, L, l0)

r2
(β + 2)3(δ + μ(r)2)

p−2
2 μ(r)4

∫

Br
ηβvβdx .

For I2, by (2.1) and the condition (1.3), we have

|I2| ≤ C(p, L, l0)(β + 2)
∫

�

ηβ+4vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu||∇Hv|dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+4vβ+2(δ + |∇Hu|2) p−2
2 |∇Hv||∇T u|dx =: I21 + I22.

(4.16)

For I21, by (4.9) and Young’s inequality, we have

I21 ≤ C(p, L, l0)(β + 2)(δ + μ(r)2)
p−2
2 μ(r)2

∫

Br
ηβ+2vβ+1|∇Hv|dx

≤ C0(p, L, l0)

2000
(β + 2)(δ + μ(r)2)

p−2
2

∫

Br
ηβ+4vβ+2|∇Hv|2dx

+ C(p, L, l0)(β + 2)(δ + μ(r)2)
p−2
2 μ(r)4

∫

Br
ηβvβdx . (4.17)
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For I22, by Hölder’s inequality with q = 2γ
γ−1 , we have

I22 ≤ C(p, L, l0, γ )(β + 2)

(∫

E
ηβ+4vβ+2(δ + |∇Hu|2) p−2

2 |∇Hv|2dx
) 1

2

×
(∫

E
ηγ (β+2)vγ (β+2)(δ+|∇Hu|2) p−2

2 dx

) 1
2γ
(∫

�

ηq
(
δ+|∇Hu|2) p−2

2 |∇T u|qdx
) 1

q

.

(4.18)

Here the integration domains in (4.16) and (4.18) are essentially the set E . Applying (2.7)
with β = q−2

2 in Lemma 2.3 to the final integral in the right hand side of (4.18), we have
∫

�

ηq
(
δ + |∇Hu|2) p−2

2 |∇T u|qdx

≤ C(p, L, l0, γ )

(
1 + 1

rq

)∫

Br
(δ + |∇Hu|2) p−2

2 |∇Hu|qdx . (4.19)

Combining (4.18) and (4.19), from (4.9), we have

I22 ≤ C(p, L, l0, γ )(β + 2)

(
1 + 1

r

)
|Br |

1
q (δ + μ(r)2)

p−2
2 μ(r)2

×
(∫

Br
ηβ+4vβ+2|∇Hv|2dx

) 1
2
(∫

Br
ηγβvγβdx

) 1
2γ

. (4.20)

Combining (4.16), (4.17) and (4.20), we have

|I2| ≤ C0(p, L, l0)

1000
(β + 2)(δ + μ(r)2)

p−2
2

∫

Br
ηβ+4vβ+2|∇Hv|2dx

+ C(p, L, l0, γ )(β + 2)3
(
1 + 1

r2

)
|Br |1−

1
γ (δ + μ(r)2)

p−2
2 μ(r)4

×
(∫

Br
ηγβvγβdx

) 1
γ

.

For I3, by integration by parts and (2.1), we have

I3 = −
∫

�

6∑

i=1

ai (∇Hu)[Xi , Xl ](ηβ+4vβ+3)dx

= −
6∑

i=1

8∑

k=1

Ck
i,l

∫

�

ai (∇Hu)Xk(η
β+4vβ+3)dx .

Since

Xkv = −Xk Xlu = −Xl Xku + [Xl , Xk]u in E

holds for any k ∈ {7, 8}, by (2.2) and the condition (1.4), we have

|I3| ≤ C(p, L, l0)(β + 2)
∫

�

ηβ+3vβ+3(δ + |∇Hu|2) p−2
2 |∇Hu||∇T η|dx

+ C(p, L, l0)(β + 2)
∫

E
ηβ+4vβ+2(δ + |∇Hu|2) p−2

2 |∇Hu||∇H∇T u|dx
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+ C(p, L, l0)(β + 2)
∫

�

ηβ+3vβ+3(δ + |∇Hu|2) p−2
2 |∇Hu||∇Hη|dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+4vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu||∇Hv|dx

+ C(p, L, l0)(β + 2)
∫

E
ηβ+4vβ+2(δ + |∇Hu|2) p−2

2 |∇Hu|2dx
=: I31 + I32 + I33 + I34 + I35.

For I31, I33 and I35, by (4.9), we have

I31 ≤ C(p, L, l0)(β + 2)

r2
(δ + μ(r)2)

p−2
2 μ(r)4

∫

Br
ηβvβdx,

I33 ≤ C(p, L, l0)(β + 2)

r
(δ + μ(r)2)

p−2
2 μ(r)4

∫

Br
ηβvβdx,

I35 ≤ C(p, L, l0)(β + 2)(δ + μ(r)2)
p−2
2 μ(r)4

∫

Br
ηβvβdx .

For I34, by (4.9) and Young’s inequality, we have

I34 ≤ C0(p, L, l0)

1000
(β + 2)(δ + μ(r)2)

p−2
2

∫

Br
ηβ+4vβ+2|∇Hv|2dx

+ C(p, L, l0)(β + 2)(δ + μ(r)2)
p−2
2 μ(r)4

∫

Br
ηβvβdx .

For I32, Hölder’s inequality yields

I32 ≤ C(p, L, l0)(β + 2)

(∫

E
ηγ (β+2)vγβ+4(γ−1)(δ + |∇Hu|2) p−2

2 dx

) 1
2

×
(∫

E
η(2−γ )(β+2)+4v(2−γ )(β+4)(δ + |∇Hu|2) p−2

2 |∇Hu|2|∇H∇T u|2dx
) 1

2

.

Noting that the integration domains in the above inequality are the set E , we have

I32 ≤ C(p, L, l0)(β + 2)(δ + μ(r)2)
p−2
4 μ(r)2(γ−1)−1M

1
2

(∫

Br
ηγβvγβ

) 1
2

, (4.21)

where

M :=
∫

�

η(2−γ )(β+2)+4v(2−γ )(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇H∇T u|2dx .

We use Lemma 4.6 with τ = 2 − γ to estimate M . Thus

M ≤ C(p, L, l0, γ )(β + 2)2(2−γ )

(
1 + 1

r2γ

)
|Br |γ−1(δ + μ(r)2)

p−2
2 μ(r)6 J 2−γ ,

(4.22)

where J is as in (4.12). Combining (4.21) and (4.22), we have

I32 ≤ C(p, L, l0, γ )(β + 2)3−γ

(
1 + 1

rγ

)
|Br |

γ−1
2 (δ + μ(r)2)

p−2
2 μ(r)2γ J

2−γ
2

×
(∫

Br
ηγβvγβ

) 1
2

,
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where J is as in (4.12). From this, by Young’s inequality again, we have

I32 ≤ C0(p, L, l0)

1000
(β + 2)(δ + μ(r)2)

p−2
2 J

+ C(p, L, l0, γ )(β + 2)
4
γ

−1
(
1 + 1

r2

)
|Br |1−

1
γ (δ + μ(r)2)

p−2
2 μ(r)4

×
(∫

Br
ηγβvγβdx

) 1
γ

,

where J is as in (4.12).
Combining all the above estimates together, we use Hölder’s inequality to conclude (4.2).

��

5 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by considering two cases: δ > 0 and δ = 0. First, we
prove Theorem 1.1 for the case δ > 0.

The following lemma is similar to [5, Lemma 4.1]. It is a preparation for proving Theo-
rem 1.1. We omit its proof.

Lemma 5.1 Let 1 < p < 2 and u ∈ C∞(�) be a solution to (1.1) with δ > 0. Let B3r0/2 be
a ball in �. Assume that for any ball Br with the same center as B3r0/2 and 0 < r < r0/2,
there is τ > 0 such that

|∇Hu| ≥ τμ(r) in A+
k,r (Xlu) (5.1)

holds for an index l ∈ {1, 2, . . . , 6} and for a constant k ∈ R. Then for any q ≥ 4 and any
0 < r ′′ < r ′ ≤ r , the following holds:

∫

Br ′′

(
δ + |∇Hu|2) p−2

2 |∇H(Xlu − k)+|2dx

≤ C(p, L, l0, q, τ, r0)

(r ′ − r ′′)2

∫

Br ′
(δ + |∇Hu|2) p−2

2 |(Xlu − k)+|2dx

+ C(p, L, l0, q, τ, r0)(δ + μ(r0)
2)

p
2 |A+

k,r ′(Xlu)|1− 2
q . (5.2)

Here the range of p in Lemma 5.1 is 1 < p < 2. When 1 < p < 2, we use the extra
assumption (5.1) to replace the condition 2 ≤ p < ∞ in the proof of [5, Lemma 4.1]. Since
the assumption (5.1) implies that

(
δ + |∇Hu|2) p−2

2 ≤ C(τ )(δ + μ(r)2)
p−2
2 in A+

k,r (Xlu),

we can prove Lemma 5.1 by following the proof of [5, Lemma 4.1] line by line. We omit the
details.

Remark 5.2 By changing (Xlu − k)+ to (Xlu − k)− and A+
k,r (Xlu) to A−

k,r (Xlu), we get the
same conclusion as (5.2).

By an interation argument (see [9, Lemma 7.3]), Theorem 1.1 follows from the following
theorem. For simplicity we write �(r) = max

1≤k≤6
oscBr Xku; see Sect. 4 for details.
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Theorem 5.3 Let 1 < p < 2 and Br0 be a ball in �. There is s = s(p, L, l0, r0) ≥ 1 such
that for any 0 < r ≤ r0/16 the following holds:

�(r/2) ≤ (1 − 2−s)�(8r) + 2s(δ + μ(r0)
2)

1
2

(
r

r0

) 1
2

. (5.3)

Proof Let Br0 be a ball in �. For any ball Br with the same center as Br0 and 0 < r ≤ r0/16,
we may assume that

�(r/2) ≥ (δ + μ(r0)
2)

1
2

(
r

r0

) 1
2

, (5.4)

otherwise, the inequality (5.3) holds true for s = 1. Below we assume that (5.4) holds true.
To prove Theorem 5.3, we consider the following two cases.

Case 1. There exists a constant θ = θ(p, L, l0, r0) > 0 as in Corollary 4.3 such that
either

|{x ∈ B4r : Xlu < μ(4r)/4}| ≤ θ |B4r | (5.5)

or

|{x ∈ B4r : Xlu > −μ(4r)/4}| ≤ θ |B4r | (5.6)

holds true for at least one index l ∈ {1, . . . , 6}. Below we assume that (5.5) holds true. We
use the same method to deal with the case (5.6). By (i) in Corollary 4.3, we have

|Xlu| ≥ 3μ(4r)/16 in B2r .

Thus

|∇Hu| ≥ 3μ(2r)/16 in B2r .

From this, Lemma 5.1 with q = 2Q = 20 implies that
∫

Br ′′
|∇H(Xiu − k)+|2dx ≤ C(p, L, l0, r0)

(r ′ − r ′′)2

∫

Br ′
|(Xiu − k)+|2dx + C(p, L, l0, r0)

× (δ + μ(r0)
2)

p
2 (δ + μ(2r)2)

2−p
2 |A+

k,r ′(Xiu)|1− 1
Q

holds true for any 0 < r ′′ < r ′ ≤ 2r , any i ∈ {1, . . . , 6} and any constant k. Hence for each
i ∈ {1, . . . , 6}, we have Xiu ∈ DG+(B2r ); see Definition 3.1 for details. On the other hand,
Remark 5.2 implies that Xiu ∈ DG−(B2r ) holds true for each i ∈ {1, . . . , 6}. According to
Remark 3.2, for each i ∈ {1, . . . , 6} we have Xiu ∈ DG(B2r ). By Theorem 3.6, there exists
s0 = s0(p, L, l0, r0) > 0 such that for each i ∈ {1, . . . , 6}, we have
oscBr/2 Xiu ≤ (1 − 2−s0)oscB2r Xi u + C(p, L, l0, r0)(δ + μ(r0)

2)
p
4 (δ + μ(2r)2)

2−p
4 r

1
2 .

(5.7)

Since 1 < p < 2, one has

(δ + μ(2r)2)
2−p
4 ≤ (δ + μ(r0)

2)
2−p
4 ,

which, together with (5.7), yields

oscBr/2 Xiu ≤ (1 − 2−s0)oscB2r Xi u + C(p, L, l0, r0)(δ + μ(r0)
2)

1
2

(
r

r0

) 1
2

.
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Choosing s0 = s0(p, L, l0, r0) ≥ 1 large enough such that 2s0 ≥ C(p, L, l0, r0),we conclude
(5.3) in this case.

Case 2. If Case 1 does not happen, then

|{x ∈ B4r : Xiu < μ(4r)/4}| > θ |B4r | (5.8)

and

|{x ∈ B4r : Xiu > −μ(4r)/4}| > θ |B4r | (5.9)

hold true for every i ∈ {1, . . . , 6}, where the constant θ = θ(p, L, l0, r0) > 0 is as in
Corollary 4.3. Consider the set {x ∈ B8r : Xiu > μ(8r)/4}. Since

|∇Hu| ≥ μ(8r)/4 in A+
k,8r (Xiu)

holds true for all k ≥ μ(8r)/4, by Lemma 5.1 with q = 2Q = 20, for any 0 < r ′′ < r ′ ≤ 8r ,
any i ∈ {1, . . . , 6} and any k ≥ k0 = μ(8r)/4, we have

∫

Br ′′
|∇H(Xiu − k)+|2dx ≤ C(p, L, l0, r0)

(r ′ − r ′′)2

∫

Br ′
|(Xiu − k)+|2dx + C(p, L, l0, r0)

× (δ + μ(r0)
2)

p
2 (δ + μ(8r)2)

2−p
2 |A+

k,r ′(Xiu)|1− 1
Q .

Since (5.8) implies that

|{x ∈ B4r : Xiu < μ(8r)/4}| > θ |B4r |,
by Lemma 3.4, there exists a constant s1 = s1(p, L, l0, r0) > 0 such that

sup
B2r

Xi u ≤ sup
B8r

Xi u − 2−s1

(
sup
B8r

Xi u − μ(8r)/4

)

+ C(p, L, l0, r0)(δ + μ(r0)
2)

p
4 (δ + μ(8r)2)

2−p
4 r

1
2 . (5.10)

On the other hand, by (5.9) and Remark 3.5, we have

inf
B2r

Xi u ≥ inf
B8r

Xi u + 2−s1

(
− inf

B8r
Xi u − μ(8r)/4

)

− C(p, L, l0, r0)(δ + μ(r0)
2)

p
4 (δ + μ(8r)2)

2−p
4 r

1
2 . (5.11)

Combining (5.10) and (5.11), we have

�(2r) ≤ (1 − 2−s1)�(8r) + 2−s1−1μ(8r)

+C(p, L, l0, r0)(δ + μ(r0)
2)

p
4 (δ + μ(8r)2)

2−p
4 r

1
2 . (5.12)

Since 1 < p < 2, one has

(δ + μ(8r)2)
2−p
4 ≤ (δ + μ(r0)

2)
2−p
4 .

Thus (5.12) becomes

�(2r) ≤ (1 − 2−s1)�(8r) + 2−s1−1μ(8r) + C(p, L, l0, r0)(δ + μ(r0)
2)

1
2 r0

1
2

(
r

r0

) 1
2

.

(5.13)
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Note that the conditions (5.8) and (5.9) implies that

�(8r) ≥ μ(8r) − μ(4r)/4 ≥ 3μ(8r)/4,

which, together with (5.13), yields

�(2r) ≤ (1 − 2−s1−2)�(8r) + C(p, L, l0, r0)(δ + μ(r0)
2)

1
2

(
r

r0

) 1
2

.

Choosing s0 = s0(p, L, l0, r0) ≥ 1 large enough such that 2s0 ≥ C(p, L, l0, r0),we conclude
(5.3) in this case.

Finally, we choose the constant s = max{1, s0, s1 + 2, log2 C(p, L, l0, r0)} to complete
the proof of Theorem 5.3. ��

In the rest of this section, we prove Theorem 1.1 for the case δ = 0.
Proof of Theorem 1.1 for the case δ = 0. When 1 < p < 2 and δ = 0, the vector function
a := (a1, a2, . . . , a6) ∈ C2(R6,R6) satisfies conditions (1.2), (1.3) and (1.4) with δ = 0,
that is,

6∑

i, j=1

∂ai (ξ)

∂ξ j
ηiη j ≥ l0|ξ |p−2|η|2, (5.14)

6∑

i, j=1

|∂ai (ξ)

∂ξ j
| ≤ L|ξ |p−2, (5.15)

|ai (ξ)| ≤ L|ξ |p−1 (5.16)

for all ξ, η ∈ R
6, where 0 < l0 < L . For any δ > 0 and all ξ ∈ R

6, we define the new vector
function aδ := (aδ

1, a
δ
2, . . . , a

δ
6) ∈ C2(R6,R6) as

aδ(ξ) := (1 + ηδ(ξ))a(ξ) + ηδ(ξ)(δ + |ξ |2) p−2
2 ξ.

Here by [15, P343], we choose ηδ ∈ C0,1([0,∞)) such that aδ converges to a uniformly on
compact subsets of R6 as δ → 0 and satisfies the conditions:

6∑

i, j=1

∂aδ
i (ξ)

∂ξ j
ηiη j ≥ 1

L̃
(δ + |ξ |2) p−2

2 |η|2

6∑

i, j=1

|∂a
δ
i (ξ)

∂ξ j
| ≤ L̃(δ + |ξ |2) p−2

2 ,

|aδ
i (ξ)| ≤ L̃(δ + |ξ |2) p−2

2 |ξ |
for all ξ, η ∈ R

6, where L̃ = L̃(p, L, l0) ≥ 1. Let � be a domain in SU(3). Given an any
domain �′ � � and a weak solution u ∈ W 1,p

H (�) to (1.1) with the conditions (5.14), (5.15)

and (5.16), we let uδ ∈ W 1,p
H (�′) be the unique weak solution to the following Dirichlet

problem
⎧
⎪⎨

⎪⎩

6∑
i=1

Xi (aδ
i (∇Hu′)) = 0 in �′,

u′ − u ∈ W 1,p
H,0(�

′).
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By Theorem 1.1 for the case δ ∈ (0, 1], we get the uniform estimate (1.9) for ∇Huδ (see [19,
Section 3.4]). Since the constant C in (1.9) is independent of δ, letting δ → 0, we conclude
(1.9) for the case δ = 0. ��

6 Proofs of Lemmas 4.4, 4.5, 4.6 and 4.3

In this section, we prove Lemmas 4.4, 4.5, 4.6 and 4.3. Firstly, we prove Lemma 4.4.

Proof of Lemma 4.4 For any function φ ∈ C∞
0 (�) and any l ∈ {1, . . . , 6, 7, 8}, letting Xlφ

be a test function in (1.1), we have

0 = −
∫

�

6∑

i=1

Xi (ai (∇Hu))Xlφdx =
∫

�

6∑

i=1

ai (∇Hu)Xi Xlφdx .

Since Xi Xl = Xl Xi + [Xi , Xl ], integration by parts implies that

0 =
∫

�

6∑

i=1

ai (∇Hu)Xl Xiφdx +
∫

�

6∑

i=1

ai (∇Hu)[Xi , Xl ]φdx

= −
∫

�

6∑

i, j=1

ai, j (∇Hu)Xl X juXiφdx +
∫

�

6∑

i=1

ai (∇Hu)[Xi , Xl ]φdx .

Since Xl X j = X j Xl + [Xl , X j ] again, we have

0 = −
∫

�

6∑

i, j=1

ai, j (∇Hu)X j XluXiφdx −
∫

�

6∑

i, j=1

ai, j (∇Hu)[Xl , X j ]uXiφdx

+
∫

�

6∑

i=1

ai (∇Hu)[Xi , Xl ]φdx .

By integration by parts again, we conclude (4.7). ��

Secondly, we prove Lemma 4.5.

Proof of Lemma 4.5 Let η ∈ C∞
0 (�) be a non-negative cut-off function. For any β ≥ 0 and

any l ∈ {1, . . . , 6}, taking ϕ = ηβ+2vβ+2|∇Hu|2Xlu as a test function in (4.7), we have

Ll :=
∫

�

6∑

i, j=1

ai, j (∇Hu)X j Xluηβ+2vβ+2Xi (|∇Hu|2Xlu)dx

= −(β + 2)
∫

�

6∑

i, j=1

ai, j (∇Hu)X j Xluηβ+1Xiηvβ+2|∇Hu|2Xludx

− (β + 2)
∫

�

6∑

i, j=1

ai, j (∇Hu)X j Xluηβ+2vβ+1Xiv|∇Hu|2Xludx
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−
∫

�

6∑

i, j=1

ai, j (∇Hu)[Xl , X j ]uXi (η
β+2vβ+2|∇Hu|2Xlu)dx

+
∫

�

6∑

i=1

[Xi , Xl ](ai (∇Hu))ηβ+2vβ+2|∇Hu|2Xludx =: I l1 + I l2 + I l3 + I l4. (6.1)

Noting that

Xi (|∇Hu|2Xlu) = |∇Hu|2Xi Xlu + Xi (|∇Hu|2)Xlu,

by the condition (1.2), we have

6∑

i, j,l=1

ai, j (∇Hu)X j XluXi (|∇Hu|2Xlu)

≥ l0
(
δ + |∇Hu|2) p−2

2 |∇Hu|2|∇H∇Hu|2 + l0
2

(
δ + |∇Hu|2) p−2

2 |∇H(|∇Hu|2)|2.

From this, summing Ll with respect to l from 1 to 6, we have

6∑

l=1

Ll ≥ l0

∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇H∇Hu|2dx .

Next, we estimate each item in the right hand side of (6.1) in turn. By the condition (1.3),
we have

|I l1| ≤ C(p, L, l0)(β + 2)
∫

�

ηβ+1|∇Hη|vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇H∇Hu|dx,

|I l2| ≤ C(p, L, l0)(β + 2)
∫

�

ηβ+2vβ+1(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇H∇Hu||∇Hv|dx .

Since

Xi (η
β+2vβ+2|∇Hu|2Xlu)

= (β + 2)ηβ+1Xiηvβ+2|∇Hu|2Xlu + (β + 2)ηβ+2vβ+1Xiv|∇Hu|2Xlu

+ 2
6∑

k=1

XkuXi XkuXluηβ+2vβ+2 + ηβ+2vβ+2|∇Hu|2Xi Xlu,

one gets

|Xi (η
β+2vβ+2|∇Hu|2Xlu)|

≤ 3ηβ+2vβ+2|∇Hu|2|∇H∇Hu| + (β + 2)ηβ+1vβ+2|∇Hu|3|∇Hη|
+ (β + 2)ηβ+2vβ+1|∇Hu|3|∇Hv|. (6.2)

Note that (2.1) shows

|[Xl , X j ]u| ≤ C(|∇Hu| + |∇T u|), ∀l, j ∈ {1, . . . , 6}.
From this, then by (6.2) and the condition (1.3), we have
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|I l3| ≤ C(p, L, l0)
∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇H∇Hu||∇T u|dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+1|∇Hη|vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇T u|dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+2vβ+1(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇Hv||∇T u|dx

+ C(p, L, l0)
∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇H∇Hu|dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+1|∇Hη|vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|4dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+2vβ+1(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇Hv|dx .

By (2.1) again, we have

I l4 =
∫

�

6∑

i=1

[Xi , Xl ](ai (∇Hu))ηβ+2vβ+2|∇Hu|2Xludx = I l41 + I l42,

where

I l41 :=
6∑

i=1

6∑

k=1

Ck
i,l

∫

�

Xk(ai (∇Hu))ηβ+2vβ+2|∇Hu|2Xludx,

I l42 :=
6∑

i=1

8∑

k=7

Ck
i,l

∫

�

Xk(ai (∇Hu))ηβ+2vβ+2|∇Hu|2Xludx .

By the condition (1.3) again, we have

|I l41| ≤ C(p, L, l0)
∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇H∇Hu|dx . (6.3)

Now we estimate I l42. We only consider the case that k = 7 below. In the case that k = 8,
we use the similar method. Since X7 = −[X1, X2], integration by parts yields

I l,742 := C7
i,l

∫

�

X7(ai (∇Hu))ϕdx = −C7
i,l

∫

�

[X1, X2](ai (∇Hu))ϕdx

= C7
i,l

∫

�

X2(ai (∇Hu))X1ϕdx − C7
i,l

∫

�

X1(ai (∇Hu))X2ϕdx . (6.4)

Denote φ := ηβ+2|∇Hu|2Xlu. Rewriting ϕ = vβ+2φ in (6.4), we have

Xiϕ = (β + 2)vβ+1φXiv + vβ+2Xiφ, i ∈ {1, . . . , 6},
which yields

I l,742 = C7
i,l(β + 2)

∫

�

vβ+1φ[X2(ai (∇Hu))X1v − X1(ai (∇Hu))X2v]dx

+ C7
i,l

∫

�

vβ+2[X2(ai (∇Hu))X1φ − X1(ai (∇Hu))X2φ]dx =: J l + Kl .

We estimate J l as below. By the condition (1.3) again, we have

|J l | ≤ C(p, L, l0)(β + 2)
∫

�

ηβ+2vβ+1(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇H∇Hu||∇Hv|dx .
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We estimate Kl as below. By the integration by parts again, we have

Kl = C7
i,l(β + 2)

∫

�

vβ+1ai (∇Hu)[X1vX2φ−X2vX1φ]dx−C7
i,l

∫

�

vβ+2ai (∇Hu)X7φdx

=: Kl
1 + Kl

2.

For Kl
1, the condition (1.4) yields

|Kl
1| ≤ C(p, L, l0)(β + 2)

∫

�

ηβ+2vβ+1(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇H∇Hu||∇Hv|dx

+ C(p, L, l0)(β + 2)2
∫

�

ηβ+1vβ+1(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇Hv||∇Hη|dx .

For Kl
2, since

X7φ = (β + 2)ηβ+1|∇Hu|2XluX7η + ηβ+2|∇Hu|2X7Xlu +
6∑

j=1

2ηβ+2XluX juX7X ju,

X7X j = X j X7 + [X7, X j ], j ∈ {1, . . . , 6},
we have

Kl
2 = −C7

i,l(β + 2)
∫

�

ηβ+1vβ+2ai (∇Hu)|∇Hu|2XluX7ηdx

− C7
i,l

∫

�

[
ηβ+2vβ+2ai (∇Hu)|∇Hu|2] Xl X7udx

− C7
i,l

∫

�

ηβ+2vβ+2ai (∇Hu)|∇Hu|2[X7, Xl ]udx

− 2C7
i,l

6∑

j=1

∫

�

[
ηβ+2vβ+2ai (∇Hu)XluX ju

]
X j X7udx

− 2C7
i,l

6∑

j=1

∫

�

ηβ+2vβ+2ai (∇Hu)XluX ju[X7, X j ]udx . (6.5)

Next we use (2.2) and the condition (1.4) to bound the first, third and fifth terms in the right
hand side of (6.5), and use integration by parts and the condition (1.3) to bound the second
and fourth terms. Thus

|Kl
2| ≤ C(p, L, l0)(β + 2)

∫

�

ηβ+1vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇T η|dx

+ C(p, L, l0)
∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇H∇Hu||∇T u|dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+2vβ+1(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇Hv||∇T u|dx

+ C(p, L, l0)(β + 2)
∫

�

ηβ+1vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|3|∇Hη||∇T u|dx

+ C(p, L, l0)
∫

�

ηβ+2vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|4dx .

Finally, combining all the above estimates together, then by Young’s inequality, we con-
clude (4.8). ��
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Thirdly, based on Lemma 4.5, we prove Lemma 4.6.

Proof of Lemma 4.6 For simplicity we write the left hand side of (4.12) as

M :=
∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇H∇T u|2dx,

where τ ∈ (1/2, 1). Let Br ⊂ � be a ball. Consider the cut-off function η ∈ C∞
0 (�) with

(4.10) and (4.11). For anyβ ≥ 0 and any l ∈ {7, 8}, letting ϕ = ητ(β+2)+4vτ(β+4)|∇Hu|4Xlu
be a test function in (4.7), we have

Ll =
∫

�

6∑

i, j=1

ητ(β+2)+4vτ(β+4)|∇Hu|4ai, j (∇Hu)X j XluXi Xludx

= −(τ (β + 2) + 4)
∫

�

6∑

i, j=1

ητ(β+2)+3vτ(β+4)|∇Hu|4Xluai, j (∇Hu)X j XluXiηdx

− τ(β + 4)
∫

�

6∑

i, j=1

ητ(β+2)+4vτ(β+4)−1|∇Hu|4Xluai, j (∇Hu)X j XluXivdx

− 4
∫

�

6∑

i, j,k=1

ητ(β+2)+4vτ(β+4)|∇Hu|2XkuXluai, j (∇Hu)X j X7uXi Xkudx

−
∫

�

6∑

i, j=1

ai, j (∇Hu)[Xl , X j ]uXiϕdx

−
∫

�

6∑

i=1

[Xi , Xl ](ai (∇Hu))ϕdx =: Kl
1 + Kl

2 + Kl
3 + Kl

4 + Kl
5. (6.6)

By the condition (1.2), we have

8∑

l=7

Ll ≥ l0

∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇H∇T u|2dx = l0M .

Next we estimate each item in the right hand side of (6.6) in turn. For simplicity we write

K̃ :=
∫

�

η(2τ−1)(β+2)+6v(2τ−1)(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇T u|2|∇H∇T u|2dx .

By the condition (1.3), then by Hölder’s inequality, we have

|Kl
1| ≤ C(p, L, l0)(β + 2)

∫

�

ητ(β+2)+3vτ(β+4)(δ + |∇Hu|2) p−2
2

× |∇Hu|4|∇T u||∇H∇T u||∇Hη|dx

≤ C(p, L, l0)(β + 2)K̃ 1/2
(∫

�

ηβ+2vβ+4(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇Hη|2dx

)1/2

,

(6.7)
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|Kl
2| ≤ C(p, L, l0)(β + 2)

∫

�

ητ(β+2)+4vτ(β+4)−1(δ + |∇Hu|2) p−2
2

× |∇Hu|4|∇T u||∇H∇T u||∇Hv|dx

≤ C(p, L, l0)(β + 2)K̃ 1/2
(∫

�

ηβ+4vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇Hv|2dx

)1/2

.

(6.8)

By the condition (1.3), Hölder’s inequality and Lemma 4.5, we have

|Kl
3| ≤ C(p, L, l0)

∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2

× |∇Hu|3|∇T u||∇H∇T u||∇H∇Hu|dx

≤ C(p, L, l0)K̃
1/2

(∫

�

ηβ+4vβ+4(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇H∇Hu|2dx

)1/2

≤ C(p, L, l0)K̃
1/2 I 1/2, (6.9)

where I is denoted as the right hand side of (4.8) in Lemma 4.5, that is,

I := C(p, L, l0)(β + 2)2
∫

�

ηβ+2vβ+4(δ+|∇Hu|2) p−2
2 |∇Hu|4(η2+|∇Hη|2 + η|∇T η|)dx

+ C(p, L, l0)(β + 2)2
∫

�

ηβ+4vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇Hv|2dx

+ C(p, L, l0)
∫

�

ηβ+4vβ+4(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇T u|2dx . (6.10)

Combining (6.7), (6.8) and (6.9), we have

3∑

i=1

|Kl
i | ≤ C(p, L, l0)K̃

1/2 I 1/2. (6.11)

Now we bound K̃ . By Hölder’s inequality, we have

K̃ ≤
(∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇H∇T u|2dx

) 2τ−1
τ

×
(∫

�

η
2τ
1−τ

+4(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇T u| 2τ

1−τ |∇H∇T u|2dx
) 1−τ

τ =: M 2τ−1
τ G

1−τ
τ ,

(6.12)

where

G :=
∫

�

η
2τ
1−τ

+4(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇T u| 2τ

1−τ |∇H∇T u|2dx .

Let q = 2/(1 − τ). By (2.8) with β = (q − 2)/2 in Lemma 2.3 and (4.9), we have

G ≤ C(p, L, l0)μ(r)4
∫

�

ηq+2(δ + |∇Hu|2) p−2
2 |∇T u|q−2|∇H∇T u|2dx

≤ C(p, L, l0)

(
1 + 1

rq+2

)
μ(r)4

∫

Br

(
δ + |∇Hu|2) p−2

2 |∇Hu|qdx

≤ C(p, L, l0)

(
1 + 1

rq+2

)
|Br |(δ + μ(r)2)

p−2
2 μ(r)q+4. (6.13)
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Here we apply Lemma 2.3 to estimate the second inequality in (6.13), and apply (4.9) to
estimate the last inequality.

Next we bound I as in (6.10). Fix 1 < γ < 2. For the second item of I , by Hölder’s
inequality and (4.9), we have
∫

�

ηβ+2vβ+4(δ + |∇Hu|2) p−2
2 |∇Hu|4(η2 + |∇Hη|2 + η|∇T η|)dx

≤ C(p, L, l0, γ )

(
1 + 1

r2

)
(δ + μ(r)2)

p−2
2 μ(r)8|Br |1−1/γ

(∫

Br
ηγβvγβ

)1/γ

. (6.14)

For the second item of I , by (4.9), we have
∫

�

ηβ+4vβ+2(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇Hv|2dx

≤ C(p, L, l0)(δ + μ(r)2)
p−2
2 μ(r)4

∫

Br
ηβ+4vβ+2|∇Hv|2dx . (6.15)

For the finally item of I , by Hölder’s inequality, (2.7) with β = 1
γ−1 in Lemma 2.3 and (4.9),

we have
∫

�

ηβ+4vβ+4(δ + |∇Hu|2) p−2
2 |∇Hu|2|∇T u|2dx

≤
(∫

�

η
2γ

γ−1
(
δ + |∇Hu|2) p−2

2 |∇Hu|2|∇T u| 2γ
γ−1 dx

)1−1/γ

×
(∫

�

ηγ (β+2)vγ (β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|2dx

)1/γ

≤ C(p, L, l0, γ )

(
1 + 1

r2

)
(δ + μ(r)2)

p−2
2 μ(r)8|Br |1−1/γ

(∫

Br
ηγβvγβ

)1/γ

. (6.16)

Here we apply Hölder’s inequality to estimate the first inequality in (6.16) and apply
Lemma 2.3 and (4.9) to estimate the finally inequality. Combining (6.14), (6.15) and (6.16),
we have

I ≤ C(p, L, l0, γ )(β + 2)2(δ + μ(r)2)
p−2
2 μ(r)4 J , (6.17)

where J is as in (4.13). Combining (6.11), (6.12), (6.13) and (6.17), by Young’s inequality
therein, we have

3∑

i=1

|Kl
i | ≤ l0M

1000
+ C(p, L, l0, τ, γ )G1−τ I τ ≤ l0M

1000
+ C(p, L, l0, τ, γ )(β + 2)2τ

×
(
1 + 1

r2(2−τ)

)
|Br |1−τ (δ + μ(r)2)

p−2
2 μ(r)6 J τ .

Next, we bound Kl
4. Noting that

Xiϕ = (τ (β + 2) + 4)ητ(β+2)+3vτ(β+4)|∇Hu|4X7uXiη

+ τ(β + 4)ητ(β+2)+4vτ(β+4)−1|∇Hu|4X7uXiv

+ 4ητ(β+2)+4vτ(β+4)|∇Hu|2XkuX7uXi Xku

+ ητ(β+2)+4vτ(β+4)|∇Hu|4Xi X7u,
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by (2.2) and the condition (1.3), we have

|Kl
4| ≤ C(p, L, l0)(β + 2)

∫

�

ητ(β+2)+3vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|5|∇T u||∇Hη|dx

+ C(p, L, l0)(β+2)
∫

�

ητ(β+2)+4vτ(β+4)−1(δ+|∇Hu|2) p−2
2 |∇Hu|5|∇T u||∇Hv|dx

+ C(p, L, l0)
∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇T u||∇H∇Hu|dx

+ C(p, L, l0)
∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|5|∇H∇T u|dx

= K41 + K42 + K43 + K44. (6.18)

Before bounding each item in the right hand side of (6.18), we bound K5. By (2.2) and the
condition (1.3), we have

|K5|≤C(p, L, l0)
∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|4|∇T u||∇H∇Hu|dx≤K43.

From this, to bound K5, we only need to bound K43. Now we bound each item in the right
hand side of (6.18). By Hölder’s inequality, we have

K41 ≤ C(p, L, l0, τ, γ )(β + 2)

r

(∫

�

|∇Hu|4ηβvβdx

)τ

×
(∫

�

η
2τ+3
1−τ v

4τ
1−τ (δ + |∇Hu|2) p−2

2(1−τ) |∇Hu| 5−4τ
1−τ |∇T u| 1

1−τ dx

)1−τ

≤ C(p, L, l0, τ, γ )(β + 2)

r
(δ + μ(r)2)

(p−2)(1+τ)
4 μ(r)5 J τ

×
(∫

�

η
1

1−τ
(
δ + |∇Hu|2) p−2

4 |∇T u| 1
1−τ dx

)1−τ

. (6.19)

Applying the fact |∇T u|2 ≤ 2|∇H∇Hu|2, (2.7) with β = τ
1−τ

in Lemma 2.3 and (4.9) to
estimate the final item in the right hand side of (6.19), we have

∫

�

η
1

1−τ (δ + |∇Hu|2) p−2
4 |∇T u| 1

1−τ dx

≤ |Br |1/2
(∫

�

η
2

1−τ
(
δ + |∇Hu|2) p−2

2 |∇T u| 2
1−τ dx

)1/2

≤ C(p, L, l0, τ )|Br |1/2K
1

2(1−τ)
η

(∫

Br

(
δ + |∇Hu|2) p−2

2 |∇Hu| 2
1−τ dx

)1/2

≤ C(p, L, l0, τ )|Br |K
1

2(1−τ)
η (δ + μ(r)2)

p−2
4 μ(r)

1
1−τ . (6.20)

Combining (6.19) and (6.20), we have

K41 ≤ C(p, L, l, τ, γ )(β + 2)

r
K

1
2
η |Br |1−τ (δ + μ(r)2)

p−2
2 μ(r)6 J τ ,

where Kη is as in (2.9). Since η ∈ C∞
0 (Br ) satisfies (4.10) and (4.11), one gets

Kη ≤ 1 + C

r2
.
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For K42, by Hölder’s inequality, Young’s inequality and (4.9), we have

K42 ≤ C(p, L, l0, τ, γ )(β + 2)

(∫

�

[|∇Hu|2ηβ/2vβ/2][η(β+4)/2v(β+2)/2|∇Hv|]dx
)τ

×
(∫

�

η
4

1−τ v
3τ−1
1−τ

(
δ + |∇Hu|2) p−2

2(1−τ) |∇Hu| 5−2τ
1−τ |∇T u| 1

1−τ |∇Hv|dx
)1−τ

≤ C(p, L, l0, τ, γ )(β + 2)(δ + μ(r)2)
(p−2)(1+τ)

4 μ(r)4+τ J τ

×
(∫

�

η
4

1−τ (δ + |∇Hu|2) p−2
4 |∇T u| 1

1−τ |∇Hv|dx
)1−τ

. (6.21)

Applying Hölder’s inequality, (2.7) with β = 1
1−τ

in Lemma 2.3 and (4.9) to estimate the
final item in the right hand side of (6.21), we have

∫

�

η
4

1−τ
(
δ + |∇Hu|2) p−2

4 |∇T u| 1
1−τ |∇Hv|dx

≤ |Br |1/2
(∫

�

η
8

1−τ
(
δ + |∇Hu|2) p−2

2 |∇T u| 2
1−τ |∇Hv|2dx

)1/2

≤ C(p, L, l0, τ )|Br |1/2K
2−τ

2(1−τ)
η

(∫

Br

(
δ + |∇Hu|2) p−2

2 |∇Hu| 2(2−τ)
1−τ dx

)1/2

≤ C(p, L, l0, τ )|Br |K
2−τ

2(1−τ)
η (δ + μ(r)2)

p−2
4 μ(r)

2−τ
1−τ . (6.22)

Combining (6.21) and (6.22), we have

K42 ≤ C(p, L, l, τ, γ )(β + 2)K
2−τ
2

η |Br |1−τ (δ + μ(r)2)
p−2
2 μ(r)6 J τ ,

where Kη is as in (2.9). For K43, Hölder’s inequality yields

K43≤C(p, L, l0)I
1
2

(∫

�

η(2τ−1)(β+2)+6v(2τ−1)(β+4)(δ+|∇Hu|2) p−2
2 |∇Hu|6|∇T u|2dx

) 1
2

,

(6.23)

where I is as in (6.10). Applying Hölder’s inequality to estimate the final item in the right
hand side of (6.23), we have

∫

�

η(2τ−1)(β+2)+6v(2τ−1)(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|6|∇T u|2dx

≤
(∫

�

η
2τ
1−τ (δ + |∇Hu|2) p−2

2 |∇Hu|6|∇T u| 2τ
1−τ dx

) 1−τ
τ

×
(∫

�

ητβ+ 2τ(2τ+1)
2τ−1 vτ(β+4)(δ + |∇Hu|2) p−2

2 |∇Hu|6dx
) 2τ−1

τ

. (6.24)

Applying Hölder’s inequality, (2.7) with β = 3τ−1
1−τ

in Lemma 2.3 and (4.9) to estimate the
first item in the right hand side of (6.24), we have

∫

�

η
2τ
1−τ (δ + |∇Hu|2) p−2

2 |∇Hu|6|∇T u| 2τ
1−τ dx

≤ |Br |1/2(δ + μ(r)2)
p−2
4 μ(r)6

(∫

�

η
4τ
1−τ

(
δ + |∇Hu|2) p−2

2 |∇T u| 4τ
1−τ dx

)1/2
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≤ C(p, L, l0, τ )K
τ

1−τ
η |Br |1/2(δ + μ(r)2)

p−2
4 μ(r)6

×
(∫

Br

(
δ + |∇Hu|2) p−2

2 |∇Hu| 4τ
1−τ dx

)1/2

≤ C(p, L, l0, τ )K
τ

1−τ
η |Br |(δ + μ(r)2)

p−2
2 μ(r)6+

2τ
1−τ . (6.25)

Applying (4.9) to estimate the final item in the right hand side of (6.24), we have
∫

�

ητβ+ 2τ(2τ+1)
2τ−1 vτ(β+4)(δ + |∇Hu|2) p−2

2 |∇Hu|6dx

≤ (δ + μ(r)2)
p−2
2 μ(r)4τ+6

∫

�

ητβvτβdx ≤ |Br |1−τ (δ + μ(r)2)
p−2
2 μ(r)6 J τ . (6.26)

Combining (6.23), (6.24), (6.25) and (6.26), we have

K43 ≤ C(p, L, l0, τ, γ )Kη|Br |1−τ (δ + μ(r)2)
p−2
4 μ(r)4 J τ−1/2 I 1/2,

where Kη is as in (2.9). For K44, by Young’s inequality, Hölder’s inequality and (4.9), we
have

K44 ≤ l0M

1000
+ C(p, L, l0, τ, γ )

∫

�

ητ(β+2)+4vτ(β+4)(δ + |∇Hu|2) p−2
2 |∇Hu|6dx

+ C(p, L, l0, τ, γ )

(∫

�

|∇Hu|4ηβvβ

)τ

×
(∫

Br
η

2τ+4
1−τ v

4τ
1−τ

(
δ + |∇Hu|2) p−2

2(1−τ) |∇Hu| 6−4τ
1−τ dx

)1−τ

≤ l0M

1000
+ C(p, L, l0, τ, γ )|Br |1−τ (δ + μ(r)2)

p−2
2 μ(r)6 J τ .

Finally, combining all the above estimates together, we conclude (4.12). ��
Finally, we use Lemma 4.1 and Remark 4.2 to prove Lemma 4.3.

Proof of Lemma 4.3 Weconsider two cases: (i) that (4.3) holds true for an index k ∈ {1, . . . , 6}
and (ii) that (4.5) holds true for an index k ∈ {1, . . . , 6}. In the case (i), we use Lemma 4.1
with v to conclude (4.4). Similarly, in the case (ii), we use Remark 4.2 with v′ to conclude
(4.6). Below we assume that (4.3) holds true for an index k ∈ {1, . . . , 6}.

Let BR be a ball in �. For any ball Br ⊂ � with the same center BR and 0 < r ≤ R, we
consider the cut-off function η ∈ C∞

0 (Br ) with (4.10) and (4.11). Recall that

v = min(μ(r)/8,max(μ(r)/4 − Xku, 0)).

For any β ≥ 0, we write ψ = ηβ/2+2vβ/2+2. Note that

Xiψ = (β/2 + 2)ηβ/2+1vβ/2+2Xiη + (β/2 + 2)ηβ/2+2vβ/2+1Xiv.

For γ > 1, by Hölder’s inequality and Lemma 4.1, we have
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∫

Br
|∇Hψ |2dx ≤ C(p, L, l0, γ )(β + 2)2

[∫

Br
ηβ+2vβ+4|∇Hη|2dx

+
∫

Br
ηβ+4vβ+2|∇Hv|2dx

]

≤ C(p, L, l0, γ )(β + 2)4
(
1 + 1

r2

)
μ(r)4|Br |1−

1
γ

(∫

Br
ηγβvγβdx

) 1
γ

,

(6.27)

Here we use Hölder’s inequality and Lemma 4.1 to get the second inequality in (6.27). By
Lemma 2.8 with p1 = 2, we have

(
−
∫

Br
|ψ | 2Q

Q−2 dx

) Q−2
Q ≤ Cr2−

∫

Br
|∇Hψ |2dx, (6.28)

where Q = 10 is the homogeneous dimension of SU(3). Here for any ball Br we use [24,
Theorem V.4.1 on P69] to control its volume, that is, C1r Q ≤ |Br | ≤ C2r Q . Combining
(6.27) and (6.28), we have

(
−
∫

Br
(ηv)

Q(β+4)
Q−2 dx

) Q−2
Q ≤ C(p, L, l0, γ )(β + 2)4(1 + r2)μ(r)4

(
−
∫

Br
(ηv)γβdx

) 1
γ

.

(6.29)

Now we choose γ = Q−1
Q−2 = 9

8 such that 1 < γ <
Q

Q−2 = 5
4 . For simplicity we write

βi = 4Q

((
Q

Q − 1

)i+1

− 1

)
, i = 0, 1, 2, . . . .

Since γβi+1 = Q
Q−2 (βi + 4), by (6.29) with β = βi , we have

(
−
∫

Br
(ηv)γβi+1dx

) Q−2
Q ≤ C(p, L, l, γ )(βi + 2)4(1 + r2)μ(r)4

×
(

−
∫

Br
(ηv)γβi dx

) 1
γ

, i = 0, 1, 2, . . . . (6.30)

Denote

Mi =
⎛

⎝−
∫

Br

(
ηv

(1 + r2)
1
4 μ(r)

)γβi

dx

⎞

⎠

1
γβi

, i = 0, 1, 2, . . . .

Thus (6.30) becomes

Mi+1 ≤ Ci Mi

Qβi
(Q−2)γβi+1 , i = 0, 1, 2, . . . , (6.31)

where

Ci = C(p, L, l0)
Q

(Q−1)βi+1 (βi + 2)
4Q

(Q−1)βi+1 .

For any natural number N ≥ 1, we iterate (6.31) with respect to i from 0 to N − 1. Thus

MN ≤ C(p, L, l0)M0

(
Q

Q−1

)N β0
βN .
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Letting N → ∞, one gets

sup
Br

(
ηv

μ(r)

)
≤ C(p, L, l0)(1 + r2)

Q−1
4Q

(
−
∫

Br

(
ηv

μ(r)

) 4Q
Q−2

dx

) Q−2
4Q2

.

Recall that the cut-off function η ∈ C∞
0 (Br ) satisfies (4.10) and (4.11). Then the assumption

(4.3) implies that

sup
Br/2

v ≤ C(p, L, l0)(1 + r2)
Q−1
4Q θ

Q−2
4Q2 μ(r). (6.32)

We choose θ = θ(p, L, l0, R) > 0 small enough such that

θ
Q−2
4Q2 ≤ C(p, L, l0)

−1(1 + R2)
1−Q
4Q /16.

Then (6.32) becomes

sup
Br/2

v ≤ μ(r)/16,

which yields that Xku ≥ 3μ(r)/16 in Br/2. We conclude (4.4). ��

7 A class of compact connected semi-simple Lie group

In this section, we consider a class of compact connected semi-simple Lie group LG, which
was first proposed by Domokos-Manfredi [5]. The semi-simple Lie group LG is connected
and compact. We notate LG as its Lie algebra. The inner product on LG satisfies properties

〈gXg−1, gYg−1〉 = 〈X , Y 〉, ∀ g ∈ LG, and X , Y ∈ LG,

and

〈[X , Y ], Z〉 = −〈Y , [X , Z ]〉, ∀ X , Y , Z ∈ LG.

Let LS be the maximal torus of LG. We notate LS as its Lie algebra. Owing to that LS is
a maximal commutative subalgebra of LG, we call it as the Cartan subalgebra. Denote by
R the set of all roots, where we say that R ∈ LS is a root if R �= 0 with the root space
LGR �= {0}. Here LGR = {Z ∈ LGC : [S, Z ] = i〈R, S〉Z , ∀S ∈ LS}.

According to [5, Section 5], we can define the orthogonal complement of LS denoted
by H, and we can choose its orthonormal basis satisfying Property 7.1. We notate BH =
{X1, X2, . . . , X2n} as the orthonormal basis of H.

Proposition 7.1 (i) ∀1 ≤ k ≤ n, ∃Rk ∈ R+ s.t . span{X2k−1, X2k} = HRk .
(ii) [X2k−1, X2k] = −Rk, [X2k, Rk] = −‖Rk‖2X2k−1, [Rk, X2k−1] = ‖Rk‖2X2k .
(iii) [Xl , Xm] ∈ H when (l,m) �= (2k − 1, 2k).
(iv) {[X2k−1, S], [X2k, S]} ⊂ HRk when S ∈ LS.

Based on properties of BH, a basis of LS can be selected, that is, {R1, R2, . . . , Rυ}. For
any function v, we denote by

∇Hv = (X1v, X2v, . . . , X2n), ∇T v = (R1v, R2v, . . . , Rυv)
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the horizontal and vertical gradients. Moreover, from Property 7.1, we draw the conclusion

[Xi , X j ] =
2n∑

k=1

λ
(k)
i, j Xk +

υ∑

l=1

θ
(l)
i, j Rl , [Xi , R j ] =

2n∑

k=1

ϑ
(k)
i, j Xk . (7.1)

Here λ
(k)
i, j , θ

(l)
i, j and ϑ

(k)
i, j are constants.

Given a domain � ⊂ LG, we consider the equation

2n∑

i=1

X∗
i (ai (∇Hu)) = 0 in �. (7.2)

Here ∇Hu = (X1u, . . . , X2nu) is the horizontal gradient of u, and the vector function
a = (a1, . . . , a2n) satisfies the conditions:

2n∑

i, j=1

∂ai (ξ)

∂ξ j
ηiη j ≥ l0(δ + |ξ |2) p−2

2 |η|2, (7.3)

2n∑

i, j=1

∣∣∣∣
∂ai (ξ)

∂ξ j

∣∣∣∣ ≤ L(δ + |ξ |2) p−2
2 , (7.4)

|ai (ξ)| ≤ L(δ + |ξ |2) p−2
2 |ξ | (7.5)

for all ξ, η ∈ R
2n , where 0 ≤ δ ≤ 1, 1 < p < ∞ and 0 < l0 < L . Based on the conclusion

(7.1) and above conditions, our method can be expended to the semi-simple Lie group LG.
We list our main results for LG and omit the proof.

Theorem 7.2 Suppose that the conditions (7.3), (7.4) and (7.5) hold for some l0, L and such
1 < p < 2, δ ≥ 0. If u ∈ W 1,p

H,loc(�) is a weak solution to (7.2), then ∇Hu ∈ Cα
loc(�)

for some α ∈ (0, 1) depending on l0, L and such p, δ. Moreover, for all Br0 ⊂ � and any
0 < r ≤ r0, we have

max
1≤l≤2n

oscBr Xlu ≤ C

(
r

r0

)α
(

−
∫

Br0

(δ + |∇Hu|2) p
2 dx

) 1
p

, (7.6)

where 0 < α < 1 depends on p, l0 and L, and the constant C > 0 depends on p, l0, L and
r0.

Consequently, when 1 < p < 2, the horizontal gradients of p-harmonic functions on LG
have the Hölder regularity and satisfy (7.6).

Acknowledgements The author would like to express his gratitude to Yuan Zhou and Fa Peng for their fruitful
discussions. This work is supported by the National Natural Science Foundation of China (No.12025102,
No.11871088).

Appendix

The following lemma is [13, Lemma 4.7], which will be used to prove Lemma 3.3.

Lemma 8.3 For a non-negative sequence {yl}l=0,1,2,..., yl+1 ≤ c0bl0y
1+ε
l implies that

yl ≤ c
(1+ε)l−1

ε

0 b
(1+ε)l−1

ε2
− l

ε

0 y(1+ε)l

0 ,
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where c0 > 0, ε > 0 and b0 > 1.

Moreover, if y0 ≤ θ = c
− 1

ε

0 b
− 1

ε2

0 , then yl ≤ θb
− l

ε

0 . Consequently, yl → 0 as l → ∞.

Proof of Lemma 3.3 For any b ∈ (0, 1), letting ρh = ρ
2 + ρ

2h+1 , ρ = ρh, ρ′ = ρh+1 and

kh = k + bH − bh+1H in (3.1), we have
∫

A+
kh ,ρh+1

|∇Hu|2dx ≤ γ

(ρh − ρh+1)2

∫

A+
kh ,ρh

|u − k|2dx + χ2|A+
kh ,ρh

|1−2/q

≤ 22h+4γ

ρ2 |A+
kh ,ρh

|H2 + χ2|A+
kh ,ρh

|1−2/q , (8.7)

where h = 0, 1, 2, . . . and q > Q = 10.
The following inequality comes from [12, Lemma 2.3]

(l − k)|A+
l,ρ |1− 1

Q ≤ Cρ|Bρ |1−1/Q

|Bρ \ A+
k,ρ |

∫

A+
k,ρ\A+

l,ρ

|∇Hu|dx . (8.8)

Letting l = kh+1, k = kh and ρ = ρh+1 in (8.8), we have

(kh+1 − kh)|A+
kh+1,ρh+1

|1− 1
Q ≤ Cρh+1|Bρh+1 |1−1/Q

|Bρh+1 \ A+
kh ,ρh+1

|
∫

A+
kh ,ρh+1

\A+
kh+1,ρh+1

|∇Hu|dx .

(8.9)

The condition that |A+
k,ρ | ≤ θ1|Bρ | shows that

|A+
kh ,ρh+1

| ≤ |A+
k,ρ | ≤ C2Qθ1|Bρh+1 |.

From this, we choose θ1 small enough such that C2Qθ1 ≤ 1/2. Then (8.9) becomes

(bh+1 − bh+2)H |A+
kh+1,ρh+1

|1− 1
Q ≤ Cρh+1

|Bρh+1 |1/Q
∫

A+
kh ,ρh+1

|∇Hu|dx . (8.10)

Applying Hölder’s inequality to (8.10), then combining (8.7), from the assumption that
H = sup

Bρ

u(x) − k ≥ χρ1−Q/q , we have

(bh+1 − bh+2)2H2|A+
kh+1,ρh+1

|2− 2
Q ≤ C |A+

kh ,ρh+1
|
∫

A+
kh ,ρh+1

|∇Hu|2dx

≤ C |A+
kh ,ρh

|2− 2
q

(
22hγ

ρ2 |A+
kh ,ρh

| 2q + χ2

H2

)
H2

≤ C22h(1 + γ )H2ρ
2Q
q −2|A+

kh ,ρh
|2− 2

q .

Here for any ball Bρ we use [24, Theorem V.4.1 on P69] to control its volume, that is,
C1ρ

Q ≤ |Bρ | ≤ C2ρ
Q . Thus

( |A+
kh+1,ρh+1

|
ρQ

)1− 1
Q

≤ C2h(1 − b)−1b−h−1(1 + γ )
1
2

( |A+
kh ,ρh

|
ρQ

)1− 1
q

. (8.11)

Denote

μh = |A+
kh ,ρh

|
ρQ

and μ0 = |A+
k,ρ |

ρQ
≤ Cθ1.
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From (8.11), by Lemma 8.3 with yl = μh , there exists θ1 = θ1(γ, q, b) ∈ (0, 1) such that
lim
h→∞ μh = 0, that is, |A+

k+bH ,ρ/2| = 0. ��

Proof of Lemma 3.4 The following inequality comes from [12, Lemma 2.3]

(l − k)|A+
l,ρ |1− 1

Q ≤ Cρ|Bρ |1−1/Q

|Bρ \ A+
k,ρ |

∫

A+
k,ρ\A+

l,ρ

|∇Hu|dx . (8.12)

Denote

μ1 = sup
Bρ

u(x) ≥ k, w1 = μ1 − k and Dt = A+
μ1− w1

2t
,ρ/2

\ A+
μ1− w1

2t+1 ,ρ/2
, t = 1, 2, . . . .

Letting l = μ1 − w1
2t+1 , k = μ1 − w1

2t and ρ → ρ/2 in (8.12), we have

w1

2t+1

∣∣∣∣A
+
μ1− w1

2t+1 ,ρ/2

∣∣∣∣
1−1/Q

≤ Cρ|Bρ/2|1−1/Q

|Bρ/2 \ A+
μ1− w1

2t
,ρ/2

|
∫

Dt

|∇Hu|dx, t = 1, 2, . . . .

(8.13)

The assumption that |A−
k,ρ/2| ≥ τ |Bρ/2| implies that

∣∣∣∣A
+
μ1− w1

2t
,ρ/2

∣∣∣∣ ≤
∣∣∣∣A

+
μ1− w1

2 ,ρ/2

∣∣∣∣ =
∣∣∣∣A

+
μ1
2 + k

2 ,ρ/2

∣∣∣∣ ≤
∣∣∣A+

k,ρ/2

∣∣∣ ≤ (1 − τ)|Bρ/2|,

which, together with Hölder’s inequality to (8.13), yields

( w1

2t+1

)2 ∣∣∣∣A
+
μ1− w1

2t+1 ,ρ/2

∣∣∣∣
2−2/Q

≤ C

τ 2
|Dt |

∫

Dt

|∇Hu|2dx . (8.14)

Letting k = μ1 − w1
2t , ρ

′ → ρ/2 and ρ → ρ in (3.1), we have

∫

A+
μ1− w1

2t
,ρ/2

|∇Hu|2dx ≤ 4γ

(ρ)2

∫

A+
μ1− w1

2t
,ρ

∣∣∣u −
(
μ1 − w1

2t

)∣∣∣
2
dx + χ2

∣∣∣∣A
+
μ1− w1

2t
,ρ

∣∣∣∣
1−2/q

≤ C

[
γ

ρ2

∣∣∣∣A
+
μ1− w1

2t
,ρ

∣∣∣∣
2/q

sup
Bρ

∣∣∣u−
(
μ1 − w1

2t

)∣∣∣
2+χ2

] ∣∣∣∣A
+
μ1− w1

2t
,ρ

∣∣∣∣
1−2/q

≤ C

[
γρ2Q/q−2

(w1

2t

)2 + χ2
] ∣∣∣∣A

+
μ1− w1

2t
,ρ

∣∣∣∣
1−2/q

. (8.15)

Below we may assume that

χρ1−Q/q ≤ w1/2
t = (μ1 − k)/2t , (8.16)

otherwise we have

2−t0μ1 − 2−t0k < χρ1−Q/q ,

that is,

0 < 2−t0

(
k − sup

Bρ

u(x)

)
+ χρ1−Q/q .
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Thus (3.2) holds. Combining (8.16), (8.15) and (8.14), we have
∣∣∣∣A

+
μ1− w1

2s−2 ,ρ/2

∣∣∣∣
2−2/Q

≤
∣∣∣∣A

+
μ1− w1

2t+1 ,ρ/2

∣∣∣∣
2−2/Q

≤ C(1 + γ )

τ 2
|Dt |ρ2Q/q−2. (8.17)

Summing (8.17) with respect to t from 1 to s − 3, we have

(s − 2)

∣∣∣∣A
+
μ1− w1

2s−2 ,ρ/2

∣∣∣∣
2−2/Q

≤ C(1 + γ )

τ 2
|Bρ/2|2−2/Q .

Here for any ball Bρ we use [24, Theorem V.4.1 on P69] to control its volume, that is,
C1ρ

Q ≤ |Bρ | ≤ C2ρ
Q . Thus
∣∣∣∣A

+
μ1− w1

2s−2 ,ρ/2

∣∣∣∣ ≤
(
C(1 + γ )

τ 2(s − 2)

)Q/(2Q−2)

|Bρ/2|.

Denote

θ1 =
(
C(1 + γ )

τ 2(s − 2)

)Q/(2Q−2)

.

By (8.16) and Lemma 3.3 with b = 1/2 and k = μ1 − w1
2s−2 , there exists s = s(γ, q, τ ) > 0

such that

sup
Bρ/4

u(x) ≤ μ1 − 2−s+1w1 = sup
Bρ

u(x) − 2−s+1

(
sup
Bρ

u(x) − k

)
.

Thus (3.2) holds true. ��
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