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Abstract

In this paper, we firstly generalize the Brunn—Minkowski type inequality for Ekeland—Hofer—
Zehnder symplectic capacity of bounded convex domains established by Artstein-Avidan—
Ostrover in 2008 to extended symplectic capacities of bounded convex domains constructed
by authors based on a class of Hamiltonian non-periodic boundary value problems recently.
Then we introduce a class of non-periodic billiards in convex domains, and for them we
prove some corresponding results to those for periodic billiards in convex domains obtained
by Artstein-Avidan—Ostrover in 2012.
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1 Introduction and main results

Throughout this paper, a compact, convex subset of R” with nonempty interior is called a
convex body in R™. The set of all convex bodies in R™ is denoted by C(R™). As usual, a
domain in R™ means a connected open subset of R™. For r > 0 and p € R™ let B"(p, r)
be the open ball centered at p of radius r in R, and B™ (r) := B™ (0, r), B™ := B™(1). We
always use J to denote standard complex structure on R*”, R?"~2 and R? without confusions.
With the linear coordinates (¢, ..., qn, P1s---, Pn) O R it is given by the matrix

0 —1,
(27

where I, denotes the identity matrix of order n. We also use GL(n) and O(n) to denote the
set of invertible real matrix and orthogonal real matrix of order n, respectively.
For a convex body K C R containing 0 in its interior, let

jk R > R, jK(z):inf{k>0‘§eK] (1.1)
be the Minkowski functional of K and let
hg :R*™ — R, hg(z) = sup{(x, z)|x € K}

be the support function of K. The polar body of K is defined by K° = {x € R | (x, y) <
1 Vy € K}. Then hx = jgo ([15, Theorem 1.7.6]). For two convex bodies D, K C R
containing 0O in their interiors and a real number p > 1, there exists a unique convex body
D+, K C R?" with support function

B 5 w > hpy, g (w) = (W) + b ()7

([15, Theorem 1.7.1]). D +, K is called the p-sum of D and K by Firey (cf. [15, (6.8.2)]).

For any two convex bodies D, K C R?" containing 0 in their interiors, Artstein-Avidan
and Ostrover [2] proved that their Ekeland—Hofer—Zehnder symplectic capacities satisfy the
following Brunn—Minkowski type inequality

(cenz(D +, K))% > (cenz(D)? + (cenz(K) 2, peR&p=>1. (1.2)

As applications, Artstein-Avidan and Ostrover [3] used them to derive several very interesting
bounds and inequalities for the length of the shortest periodic billiard trajectory in a smooth
convex body in R".

Recently, we established extended versions of Ekeland—Hofer and Hofer—Zehnder sym-
plectic capacities in [13],! which are not symplectic capacities in general. For the reader’s
convenience, we recall the definition of the extended Hofer—Zehnder symplectic capacities

! The preprint was split into two papers, which were submitted independently. The present paper is one of
them, mainly consisting of contents in Sections 8, 9 of [13].
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A Brunn—-Minkowski type inequality... 3

with respect to symplectomorphisms on symplectic manifolds (Definition 2.1) and also some
related properties in Sect.2. In particular, for given W € Sp(2n, R) and B C R?" such that
B NFix(¥) # #, we constructed the extended versions of Ekeland—Hofer capacity cgy(B)
and Hofer—Zehnder capacity cyz(B) relative to W, denoted respectively by

cp(B) and ¢, (B).
If U = I, then cgyy(B) = cpn(B) and ¢y, (B) = cuz(B). As the Ekeland-Hofer and

Hofer—Zehnder symplectic capacities, cl‘zl’H and cl‘_II’Z agree on any convex body D C R,
In this case we denote

ez (D) 1= ¢y (D, wo) (= cpyy (D))

and refer to it as extended Ekeland—Hofer—Zehnder capacity of D. Because of these, it is
natural to generalize work by Artstein-Avidan and Ostrover [2, 3]. The precise versions will
be stated in the following two subsections, respectively.

1.1 A Brunn-Minkowski type inequality for c;'_lz-capacity of convex bodies

Here is the first main result of this paper.

Theorem 1.1 Let D, K C R*" be two convex bodies containing O in their interiors. Then for
any WV € Sp(2n, R) and any real p > 1 it holds that

L
2

3 3
(ceuz(D +p K))? = (cpuz(D))? + (cguz(K)) (1.3)
Moreover, the equality in (1.3) holds if D and K satisfy the condition:
There exist CEPHZ — carriers for D and K, yp : [0, T] — 9D and
yk : [0, T] — 0K, such that they coincide up to dilation and (1.4)

translation by elements in Ker(V — Ip,),i.e.,yp =ayg +b
for some a € R\ {0} and b € Ker(¥ — I,) C R*".

When p > 1 the condition (1.4) is also necessary for the equality in (1.3) holding.

Readers can refer to Definition 2.7 for the concept of cEsz-carriers for a convex body.
Theorem 1.1 has some interesting corollaries, see Sect. 3.2.

1.2 Length estimate for a class of non-periodic billiard trajectories in convex
domains

Using the inequality (1.2) and its corollaries Artstein-Avidan and Ostrover [3] studied the
length estimates of the shortest periodic billiard trajectory in a smooth convex body in R”
and obtained some very interesting results. Since the Ekeland—Hofer capacity of a smooth
convex body D C R?" is equal to the minimum of absolute values of actions of closed
characteristics on the boundary d D, and we generalized this relation to our extended Ekeland—
Hofer—Zehnder capacity c;:l’HZ(D) and W-characteristics on 9D in [13], it is natural using
Theorem 1.1 or Corollaries 3.5, 3.6 to study corresponding conclusions for some non-periodic
billiard trajectory in a smooth convex body in R", which motivates the following definitions.

Definition 1.2 For a convex body 2 C R” with boundary 92 of glass CZand A € O(n), a
nonconstant, continuous, and piecewise C* path o : [0, T] — Q with o(T) = Ao (0) is
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called an A-billiard trajectory in € if there exists a finite set B, C (0, 7) such that & = 0
on (0, T) \ B, and the following conditions are also satisfied:

(ABi) B, > land o (t) € 9Q Vt € B,.
(ABii) Foreacht € By, 6% (1) := limy_, ;4 & (1) fulfils the equation

6T ) +67 (1) € ToydR2, 67 (t) =67 (1) € (Ty1)dR)™ \ {0} (1.5)

Solet =162 = (6T@W)+6(1),6H(t)—6~(t))gn = Oforeachr € By,
that is, |&| is constant on (0, T7') \ B,.) Let

6%(0) = lim 6(1) and 67 (T)= lim &(). (1.6)
t—0+ t—>T—
If 6(0) € 3R (resp. o(T) € L) let 67 (0) (resp. 6 (T)) be the unique vector
satisfying
T(0) +67(0) € Tr0)0R2, 1(0) —67(0) € (Tr0)d* (1.7)
(resp.
T (T) +67(T) € TyrydR, 6T(T) =67 (T) € (Tr1)dL) (1.8)

(ABiii) If {o(0), 0 (T)} € intS2 then

AT(0) =67 (T). (1.9

(ABiv) If 6(0) € 92 and o (T') € intL2, then either (1.9) holds, or

Ac~(0) =6 (T). (1.10)

(ABv) If 6(0) € intQ2 and o (T) € 9L, then either (1.9) holds, or

At (0) =61 (T). (1.11)

(ABvi) If {0(0),0(T)} € 022, then either (1.9) or (1.10) or (1.11) holds, or

A6~(0) = (D). (1.12)

Remark 1.3 (i) Foreacht € B, (1.5) is areflection condition which describes the motion

(i)

(iii)

of a billiard when arriving at the boundary of the billiard table.

Roughly speaking, A-billiard trajectory requires a billiard trajectory to satisfy boundary
conditions for starting position and ending position, as well as for starting velocity and
ending velocity. If A = I,,, an A-billiard trajectory becomes periodic (or closed). In this
case, 0 (T) = 0 (0) and (ABiv) and (ABV) do not occur. If (ABiii) holds then all bounce
times of this periodic billiard trajectory o consist of elements of B,. If 6 (0) = o (T) €
d€2 and either (1.9) or (1.12) holds then the periodic billiard trajectory o is tangent to
02 at 0 (0), and so the set of its bounce times is also B,. When ¢ (0) = o(T) € Q2
and either (1.10) or (1.11) holds, it follows from (1.7)—(1.8) that

670)+6(T) € T, and 67(0) — 6 (T) € (Ty0)0R)".

When 6+ (0) —& ™ (T) = 0, the set of all bounce times of this periodic billiard trajectory
0 i8s By. When 61 (0)—6~(T) =# 0, the set of all bounce times of this periodic billiard
trajectory o is B, U {0} = B, U {T'} (because 0 and T are identified).

If A # I, an A-billiard trajectory in €2 might not be periodic even if o (0) = o (T)
since the starting velocity and ending velocity may not satisfy the condition for periodic
billiard trajectory.
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A Brunn—-Minkowski type inequality... 5

The existence of A-billiard trajectories in 2 will be studied in other places.
Definition 1.2 can be generalized to convex domain with non-smooth boundary. Recall
that for a convex body A € R" and g € 9A

Noa(q) ={y e R [ (u —q,y) <0Vu € A}

is the normal cone to A atg € dA. y € Nya(q) is called an outward support vector of A at
g € dA. Itis unique if ¢ is a smooth point of d A. Corresponding to the generalized periodic
billiard trajectory introduced by Ghomi [9], we have the following generalized version of the
billiard trajectory in Definition 1.2.

Definition 1.4 For a convex body in A C R" and A € O(n), a generalized A-billiard
trajectory in A is defined to be a finite sequence of points in A

q=q0,q1;---»q9m = Aq
with the following properties:
(AGBi) m >2and {q1,...,qm-1} C 0A.
(AGBii) Both qo, ..., gm—1 and q1, ..., g,y are sequences of distinct points.
(AGBiii) Foreveryi=1,...,m—1,
_qi —4gi-1 qi — qi+1
lgi —gi-1ll ~ llgi —gi+1ll

is an outward support vector of A at g;.
(AGBiv) If {g, Ag} C int(A) then

Vi

Alg1 —q0) _ Gm — gm—1
gt —qol — lgm — gm-rll’
(AGBv) If ¢ € 0A and Ag € int(A), then either (1.13) holds or there exists a unit vector
bp € R" such that

o 1= bO_M € Nya(g) and AbOZM.
llgr — qoll lgm — gm-1ll
(AGBVvi) If ¢ € int(A) and Ag € dA, then either (1.13) holds or there exists a unit vector

b, € R" such that

(1.13)

(1.14)

. Al —
dm dm—1 —meNaA(Aq) and M:bm. (115)

*llgm — gm—1 g1 — qoll

(AGBvii) If {g, Aq} C 9A, then either (1.13) or (1.14) or (1.15) holds, or there exist unit
vectors by, b/ € R" such that

U -

0°%m
vo 1=b)— 10 e NyA(q), v =~y e Nya(Ag) and Ab) = b,
llg1—qoll lgm — gm—1ll

(1.16)

Remark 1.5 (i) It is easily checked that a generalized I,,-billiard trajectory in A is exactly
a generalized periodic billiard trajectory in the sense of [9].
(ii) For a smooth convex body in A C R"” and A € O(n), a nonconstant, continuous, and
piecewise C*® path o : [0, T] — A with o(T) = Ao (0) is an A-billiard trajectory in
A with B, = {f; < --- < t,,—1} if and only if the sequence
q90=00),q1 =0(),....qm-1=0(m-1),gm = 0(T)

is a generalized A-billiard trajectory in A.
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6 R.Jin, G. Lu

In order to study A-billiard via extended Ekeland—Hofer—Zehnder capacity, we will define
(A, A, A)-billiard trajectory for A € GL(n) and convex domians A C RZ and A C R’I’,,
following the idea in [3] which defines closed (A, A)-billiard trajectory.

Suppose that A C Rj and A C R, are two smooth convex bodies containing the
origin in their interiors. Then A x A is a smooth manifold with corners dA x dA in
the standard symplectic space (R, wg) = (RZ X R’I’,, dg A dp). Note that (A x A) =
(A x 9A) U (Int(A) x 9A) U (A x Int(A)). Since jaxa (g, p) = max{ja(q), ja(p)},
we have

, _ 10, Vja(p)) Y(g, p) € Int(A) x A,
Vijaxa(q, p) = { (Via(g),0) ¥(q, p) € 3A x Int(A).

Moreover, for (g, p) € A x 9 A there holds

Naaxny(@, p) = {(y1, y2) | y1 € Naa(q), y2 € Naa(p)}
= {n(Vja(g),0) + 10, Vjs(p) | A >0, u>0}.
Define

(=Vja(p).0) Y(g, p) € Int(A) x A,
(0, Vja(q)) Y(g.p) € dA x Int(A).

X(q. p) = JVjaxalqg. p) = {
It is well-known that every A € GL(n) induces a natural linear symplectomorphism
Wy ]RZ X R'; — R; X R';,, (q.v) — (Ag, (AH ™), (1.17)
where A’ is the transpose of A.

Definition 1.6 Let A € GL(n), and let A C RZ and A C R’I’, be two smooth convex
bodies containing the origin in their interiors. A continuous and piecewise smooth map
y [0, T] — 9(A x A) with y(T) = W4y (0) is called an (A, A, A)-billiard trajectory if

(BT1) forsome positive constant « it holds that y () = «X(y (¢)) on [0, T]\)/’1 (0A X IAN);
(BT2) y has a right derivative y (1) at any € y (A x dA)\{T'} and a left derivative
y (t)atanyt € Yy~ @A x dA)\{0}, and y*(r) belong to

{=A(Vja(yp()), 0) + n(0, Vja(yy ) |2 =0, u >0, (A, n) #(0,0)} (1.18)
with y (1) = (y4 (1), yp(1)).

Remark 1.7 (i) Every (A, A, A)-billiard trajectory is a generalized W 4-characteristic on
d(A x A) in the sense of Definition 2.4(ii). In fact, we only need to note that for (¢, p) €
0A x Int(A) U (Int)1 x @3 there holds

X(q.p) =JVjaxalqg, p)
and for (g, p) € 9A x dA there holds
INyaxn)y = {=2A(Vja(yp®), 0) + (0, Vja(yg (D) 12 =0, u =0, (A, n) # (0,0}

(ii) For a given A € GL(n), we can generalize Definition 1.6 to smooth convex bodies
A C Rj and A C R, satisfying

Fix(A) NInt(A) # @ and Fix(A") NInt(A) # 9, (1.19)
(which not necessarily contain the origin in their interiors). In this case, a continuous

and piecewise smooth map y : [0, T] — 9(A x A) is said to be an (A, A, A)-billiard
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A Brunn—Minkowski type inequality... 7

trajectory if there exists § € Fix(A) N Int(A) and p € Fix(A’) N Int(A) such that
y —(q, p) is an (A, A — g, A — p)-billiard trajectory in the sense of Definition 1.6.
(Here y — (g, p) is the composition of y and the affine linear symplectomorphism

PG5 :RZ XR’I’)—HRZ XRZ, u,v) = (u—q,v—p), (1.20)
which commutes with W 4.) The condition (1.19) insures that
Int(A x A) NFix(W4) # @

so that cgﬁz (A x A) is well defined and we can associate the lengths of (A, A, A)-billiard
trajectories with it.

Corresponding to the classification for closed (A, A)-trajectories in [3] we introduce:

Definition 1.8 Let A, A and A satisfy (1.19). An (A, A, A)-billiard trajectory is called
proper (resp. gliding) if y ~'(d A x dA) is a finite set (resp. y "' (DA x dA) = [0, T], i.e.,
y([0,T]) C 0A x dA completely).

For A € GL(n, R") and convex bodies A C RZ and A C ]RZ satisfying (1.19), we define
ER(A) = cpfl, (A x A) and E4(A) = epil, (A x B"). (1.21)

If A = I, then % (A) becomes £(A) defined in [3, p. 177]. Clearly, &' (A1) < g,(‘z(Az) if
both are well-defined and A1 C A and A C As.

In Sect. 4, based on studies on the above several classes of billiard trajectories we show
in Proposition 4.4 that £4(A) provides a positive lower bound for infimum of length of A-
billiard trajectories in A. Therefore it is important to study properties of £4(A) and more
general & f(A). As in the proof of [3, Theorem 1.1] using Corollary 3.5 we may derive the
following Brunn—Minkowski type inequality for & j\‘, which is the second main result of this

paper.

Theorem 1.9 For A € GL(n), suppose that convex bodies Ay, Ay C Ry and A C R, satisfy
Int(A) NFix(A) # @, Int(A2) NFix(A) # @ and Int(A) NFix(A") # @. Then

EN(AL+ A2) > ER(AD +ER (M) (1.22)

and the equality holds if there exist cgﬁz—carriers for A1 x A and Ay x A which coincide
up to dilation and translation by elements in Ker(W4 — I;).

When A = B" and A = I,,, this result was first proved in [3], and Irie also gave a new
proof in [12].
In order to estimate £4 (A), for a symplectic matrix ¥ € Sp(2n, R) we define

¢V R R, s> det(¥ —e'’), (1.23)

where ¢/ = Z,fio %t" J¥ . The set of zeros of glIJ in (0, 27r] is a nonempty finite set ([13,
Lemma A.1]) and

(W) := min{r € (0,27]| g% (1) = 0} = 2¢cy, (B*) (1.24)

by [13, (1.28)]. In particular, if ¥ = I, then t(¥) = 2x ([13, Lemma A.1]) and
(1.24) becomes cgnz(B>") = m. Since W4 = diag(A, (A")™!) for A € GL(n), by [13,
Lemma A.5], t(¥4) is equal to the smallest zero in (0, 27 ] of the function

R — R, s> det(l, + (A)"'A — coss(A + (AH)™)). (1.25)
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8 R.Jin, G. Lu

(It must exist!) Moreover, if A is an orthogonal matrix similar to one of form [13, (A.2)],

ie.,
o cosf; sin6 cos 6, sin0f,, B
A_dlag<<—sin91 cos@l>""’(—sin«9mcos@,n)’lk’ I[)’
where2m +k+/[/=nand0 <6 <--- <6, <m,then
61 ifm > 0,
t(Wy)={n if m=0andl >0, (1.26)

2 if m=1=0.
The width of a convex body A C Ry, is the thickness of the narrowest slab which contains
A, i.e., width(A) = min{ha (u) + ha(—u) |u € "}, where $" = {u € R" | |u| = 1}. Let
Sk = {u € §" |width(A) = ha(u) + ha(—u)}, (1.27)
Hy = {x e R" [ (x,u) = (ha() — ha(—u))/2}, (1.28)
72" .= ([—width(A)/2, width(A)/2] x R"™1) x ([=1,1] x R"™H). (1.29)

Proposition 1.10 Let A € GL(n) and a convex body A C RZ satisfy Fix(A) N Int(A) # @.
(1) If A contains a ball B"(q, r) with Aq = q, then

QY
648 = retipy (8" x B oy = 0 (130)

(ii) Foranyu € S%, q € H, and any O € O (n) such that Ou = ¢y = (1,0, ...,0) € R" ler

Yo,;: ]RZ X ]R’;, — ]RZ X ]R';,, (g, v) — (O(g — q), Ov), (1.31)

that is, the composition of translation (q, v) — (¢ — q, v) and Vo defined by (1.17),
then
YAV

EA(A) < o (Z%" wp) (1.32)
= Cgnz » @0)- :

. . VoW, g U
Moreover, the right-side is equal to cEgZ 4o (ZZ", wo) if Aq = q, and to c;lHAZ(ZZ", wo)

if Ag = q and AO = OA.
By Proposition 4.4 and (1.30) we immediately get our third main result.

Theorem 1.11 For A € O(n) and a smooth convex body A C RZ with Fix(A) NInt(A) # @,
if A contains a ball B" (g, r) with AG = q then it holds that

rt(Wa)
2

<inf{L(o) |o is an A—billiard trajectory in A}. (1.33)

Recall that the inradius of a convex body A C ]RZ is the radius of the largest ball contained
in A, ie., inradius(A) = sup,, dist(x, dA). For any centrally symmetric convex body
A C RZ, Artstein-Avidan, Karasev, and Ostrover recently proved in [4, Theorem 1.7]:

cnz(A x A°, wp) = 4. (1.34)

As a consequence of this and (1.33) we obtain:

Corollary 1.12 (Ghomi [9]) Every periodic billiard trajectory o in a centrally symmetric
convex body A C RZ has length L(o) > 4inradius(A).
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A Brunn—-Minkowski type inequality... 9

Proof Since cgé = cpyg for A = I,,, from the first inequality in (1.30) and (1.34) we deduce
£(A) == " (A) > 4inradius(A). (1.35)

When A is smooth, since £ (A) is equal to the length of the shortest periodic billiard trajectory
in A (see the bottom of [3, p. 177]), we get L(c) > 4 inradius(A). (In this case another new
proof of [9, Theorem 1.2] was also given by Irie [12, Theorem 1.9].) For general case we
may approximate A by a smooth convex body A* D A such that o is also periodic billiard
trajectory A*. Thus L(o) > §(A*) > &£(A) > 4inradius(A) because of monotonicity of
CHZ.- O

Remark 1.13 (i) Corollary 1.12 only partially recover [9, Theorem 1.2] by Ghomi. [9,
Theorem 1.2] did not require A to be centrally symmetric. It also stated that L(c) =
4 inradius(A) for some o if and only if width(A) = 4 inradius(A).

(ii)) When A = I,, we may take r = inradius(A) in (1.33), and get a weaker result than
Corollary 1.12: L(o) > minradius(A) for every periodic billiard trajectory o in A.

(iii) In order to get a corresponding result for each A-billiard trajectory in A as in Corol-
lary 1.12, an analogue of (1.35) is needed. Hence we expect that (1.34) has the following
generalization:

2
Ccpitr (A x A°) = —t(Wa). (1.36)
For a bounded domain Q2 C R” with smooth boundary, there exist positive constants

C,, C), only depending on n, C independent of n, and (possibly different) periodic billiard
trajectories y1, y2, ¥3 in €2 such that their length satistfies

Ly < C,,Vol(Q)%(Viterbo[léi]), (1.37)
L(y») < Cdiam(£2)(Albers and Mazzucchelli[1]), (1.38)
L(y3) < C,inradius(2)(Irie[11]), (1.39)

where inradius(€2) is the inradius of €2, i.e., the radius of the largest ball contained in Q. If
2 is a smooth convex body A C RZ, Artstein-Avidan and Ostrover [3] recently obtained the
following more concrete estimates than (1.39) and (1.37):

£(A) < 2(n + 1)inradius(A), (1.40)
E(A) < C’\/ﬁVol(A)%, (1.41)
where C’ is a positive constant independent of n.
Remark 1.14 Since cgg = cyy for A = I,, from (1.32) we recover (1.40) as follows
E(A) = EM(A) < caz(Z%, wy) = 2width(A) < 2(n + 1)inradius(A)
because width(A) < (n + 1)inradius(A) by [16, (1.2)].
Finally, we have an improvement for (1.38) in the case that €2 is a smooth convex body.

Theorem 1.15 For a smooth convex body A C RY, suppose that periodic billiard trajectories
in A include projections to A of periodic gliding billiard trajectories in A x B". Then

L(o) < wdiam(A)
for some periodic billiard trajectory o in A.

Organization of the paper. Section 3 proves Theorem 1.1 and Corollaries 3.5, 3.6. In Sect. 4
we give the classification of (A, A, A)-billiard trajectories and studied related properties of
proper trajectories. Theorems 1.9, 1.15 and Proposition 1.10 will be proved In Sect. 5.
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10 R.Jin,G. Lu

2 The extended Hofer-Zehnder symplectic capacities

For convenience we review the extended Hofer—Zehnder symplectic capacities and related
results in [13]. Given a symplectic manifold (M, ®) and a symplectomorphism ¥ €
Symp(M, w),let O C M be an open subset such that O NFix(¥) # #. Denote by HY (0, w)
the set of smooth functions H: O — R satisfying

(i) there exists anonempty open subset U C O (depending on H) such that U NFix(¥) # ¢
and H|y =0,
(ii) there exists a compact subset K C O\dO (depending on H) such that H|p\x =
m(H) := max H,
(i) 0 < H <m(H).

Denote by X the Hamiltonian vector field defined by w(Xy,-) = —dH. Note that for
H € HY (0, w), the condition U N Fix(¥) # () ensures that there exists a constant solution
to the Hamiltonian boundary value problem

=X = XpgXx),

x(T) = W¥x(0). @D

We call H € H¥ (0, w) W-admissible if all solutions x : [0, 7] — O to the Hamil-
tonian boundary value problem (2.1) with 0 < T < 1 are constant. The set of all such
W-admissible Hamiltonians is denoted by H;I’d(O, ). In [13] we defined the following ana-
logue (or extended version) of the Hofer—Zehnder capacity of (O, ).

Definition 2.1 For open subset O in symplectic manifold (M, ®) and symplectomorphism
VU e Symp(M, w), define

iz (0, @) = sup{max H | H € Hyy(0, o)}

Clearly If & = idys then ch(O, ) = cpz(0, w) for any open subset O C M, where
cuz (0, w) is the Hofer—Zehnder capacity defined in [10].

The following proposition lists some basic properties of the extended Hofer—Zehnder
capacity. In this paper, the standard symplectic structure on R" is given by wy = Yolidgin
dp; with linear coordinates (g1, ..., qn, P1, - - -, Pn)- Let Sp(2n, R) denote the set of sym-
plectic matrix of order 2n. Each symplectic matrix ¥ € Sp(2n, R) is identified with the
linear symplectomorphism on (R?", wg) which has the representing matrix W under the stan-
dard symplectic basis of (RZ”, o), (e1,...,en, f1,..., fn), where the i-th(resp. i + n-th)
coordinate of ¢; (resp. f,+;) is 1 and other coordinates are zero.

Proposition 2.2 [13, Proposition 1.2]

(i) (Conformality.) ch(M, aw) = ach(M, w) for any o € R.g, and cgz_] M, aw) =
—och‘I{'Z(M, w) for any o € R_g.

(i) (Monotonicity.) Suppose that V; € Symp(M;, w;) (i = 1,2). Ifthere exists a symplectic
embedding ¢ : (M1, w1) — (M3, 2) of codimension zero such that ¢ o V1 = W; o ¢,
then for open subsets O; C M; with O; NFix(V;) #@ (i = 1,2) and $(01) C Oy, it
holds that cgé(Ol, wy) < CEI’%(OZ, y).

(iii) (Inner regularity.) For any precompact open subset O C M with O N Fix(V) # 0, we
have

ez (0, w) = sup{ci, (K, @) | K open, K NFix(¥) # 0, K C 0).
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A Brunn—Minkowski type inequality... 1

(iv) (Continuity.) For a bounded convex domain A C R, suppose that WV € Sp(2n, R)
satisfies A N Fix(V) # (. Then for every ¢ > O there exists some § > 0 such that for
all bounded convex domain O C R intersecting with Fix(WV), it holds that

iz (0, @0) — iy (A, wp)| < &

provided that A and O have the Hausdorff distance dy(A, O) < 4.

Remark 2.3 (i) The two symplectomorphisms ¥; € Symp(M;, w;) (i = 1, 2) involved in
the above monotonicity property are different in general.

(ii) By the above mononicity property, for any ¥, ¢ € Symp(M, w) and any open subset
O C M with O NFix(W¥) # @, there holds

(0. 0) = S (6(0). w). 2.2)

In particular, denote Sympy (M, w) = {¢ € Symp(M,w)|¢d o ¥ = V¥ o ¢}, ie,
the set of stabilizers at W for the adjoint action on Symp(M, w). Then for any ¢ €
Sympy, (M, o) there holds

iz (0, ) = ey (9(0), ).

That is to say, unlike the Hofer—Zehnder capacity which is invariant under the action of
Symp(M, w), the extended Hofer—Zehnder capacity cg’z(O, w) is only invariant under
the action of a subgroup of Symp(M, w) related to W.
(iii) For ¥ e Sp(2n, R) and any open set O > 0 in (RZ", wp), (1)—(ii) of Proposition 2.2
implies
chr (@0, wp) = o’y (0, wp), Va > 0. (2.3)

In [2], a key for the proof of the inequality (1.2) is the representation theorem for Ekeland—
Hofer and Hofer—Zehnder capacity of convex bodies [7, 8, 10, 17]. To present such a
representation theorem for cé’HZ(D) given in [13], which is crucial for the proof of The-
orem 1.1, we recall the concept of characteristic on hypersurfaces in symplectic manifolds.

Definition 2.4 [13, Definition 1.1] (i) For a smooth hypersurface S in a symplectic manifold
(M, w) and ¥ € Symp(M, w), a C! embedding z from [0, T'] (for some T > 0) into S is
called a W-characteristic on S if

Z(T) = Wz(0) and z(t) € (Ls);) YVt € [0, T1,
where L is the characteristic line bundle given by

Ls= {(x,g) TS ] oy (€, 1) = 0 forall n € TXS}.

Clearly, z(T — -) is a W~ !_characteristic, and for any T > 0 the embedding [0, 7] —
S, t +— z(t/7) is also a W-characteristic.
(i) If S is the boundary of a convex body D in (R*", wy), corresponding to the definition of
closed characteristics on S in Definition 1 of [6, Chap.V,§1] we say a nonconstant absolutely
continuous curve z : [0, T] — S (for some T > 0) to be a generalized characteristic on S
if

z(t) € JNs(z(2)) ae.,
where

Ns(x) ={y e R*" | (u —x,y) <0Vu € D}
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12 R.Jin,G.Lu

is the normal cone to D at x € S. If z satisfies z(T) = Wz(0) for ¥ € Sp(2n, R) in
addition, then we call z a generalized W-characteristic on S. For a generalized characteristic
z:[0,T] — &, define its action by

1 T
Alx) = 7/ (—Jx, x)dt, 2.4)
2 Jo

where (-, -) = wg(-, J-) is the standard inner product on R2",

Remark2.5 If S in (ii) is also C!! then generalized W-characteristics on S are W-
characteristics up to reparameterization.

As a generalization of the representation theorem for Ekeland—Hofer and Hofer—Zehnder
capacity of convex bodies [7, 8, 10, 17], we have:

Theorem 2.6 [13, Theorem 1.8] Let W € Sp(2n, R) and let D C R?" be a convex bounded
domain with boundary S = 0 D and contain a fixed point p of V. Then there is a generalized
W-characteristic x* on S such that

A(x™) = min{A(x) > 0| x is a generalized V-characteristic on S} (2.5)
= ez (D, wo). (2.6)

If Sis of class Ccl1 (2.5) and (2.6) become
cé’HZ(D, wo) = A(x™) = inf{A(x) > 0| x is a W-characteristic on S}.

Definition 2.7 A generalized W-characteristic x™ on S satisfying (2.5)—(2.6) is called a c]\EpHZ-
carrier for D.

3 Proofs of Theorem 1.1 and Corollaries
3.1 Proof of Theorem 1.1

The basic proof ideas are similar to those of [2]. For ¥ € Sp(2n), let E| C R?" be the
eigenvector space which belongs to eigenvalue 1 of W and E f‘ be the orthogonal complement
of E with respect to the standard Euclidean inner product in R?". For p > 1, let

Fp=f{x e Whr([0, 11, R*) | x(1) = wx(0) & x(0) € Ef},

which is a subspace of wlp ([0, 11, ]RZ”). Since the functional
1 1
Fpax> Alx) = 5/ (=Jx(@), x(1))dt
0

is C! and dA(x)[x] = 2 for any x € F, with A(x) = 1, we deduce that
Ap ={x e FplAlx) =1}

is a regular C! submanifold.

Recall that for convex body D C R?", hp is the support function (see the beginning in
Sect. 1.1). If D contains O in its interior, then jp is the associated Minkowski function. H7,
is the Legendre transform of Hp := (jD)z.
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Remark 3.1 (i) By the homogeneity of Hp and H7,, there exist constants Ry, R, > 1 such
that

2 2

Z

% < Hp(z) < Rylz)% % < H}j(z) < Ry|z|?, VzeR™. 3.1
1 2

(i) For p > 1,1letqg = p/p — 1, denote by (ij/p)* the Legendre transform of jg/p. Then
there holds

1 ,\" 1 4
—Jp | (w)=—(hpw)?. (3.2)
p q
In particular, we obtain that H}; and the support function / p have the following relation:
hp(w)?
Hjy(w) = — (3.3)

In fact, we can compute directly as follows:

1~P)* _ _1o»
<pJD (w) sup ((§, w) p(JD(f)))

EGRZ"

= sup ({rg, w)—*(]D(f)))

t>0,0€0D
tP
= sup max((t{, w) — —)
c€dD, (¢, w)=0 =0 p
(¢, w)?
= sup
¢edD, (¢, w)y>0 4
w

(¢,
= sup
ceD,(c,w)=0 4

1
= —(hpw))?.
q

)q

To prove Theorem 1.1, we need the following representation for (cé’HZ(D))g for convex
body D C R%" and p > 1, which is a generalization of [2, Proposition 2.1].

Proposition 3.2 For p; > 1 and py > 1, there holds

(chZ(D))pTZ = mm / (HH(=Jx(1))) Fdr = mm —/ (hp(—=Jx))Pdt.

xedp,

Proposition 3.2 is derived based on the following Lemma. For the case ¥ = I,, it is
proved in [2, Proposition 2.2].

Lemma 3.3 For p > 1, there holds
1
(¥, (D)E = min/ (H} (= J3(0))) 2 dt. (3.4)
xeAp Jo

We firstly give the proof of Lemma 3.3 and Proposition 3.2. The proof of Theorem 1.1 is
given in the final part of this section.

Proof of Lemma 3.3 Define

1
I,:F, >R, x> / (H}y(—Ji(1)) 2 dt.
0
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14 R.Jin, G. Lu

Then I, is convex. If D is strictly convex with C !-smooth boundary then I, is a C! functional
with derivative given by

1
a0 = [ (V) (a5 @), ~I5)dr. Vx.y e 7.
0
By Theorem 2.6, in order to prove (3.4) we only need to show that

2
min{A(x) > 0] x is a generalized W-characteristic on dD} = (l’ni{l I,)r. 3.9
xeAp

We will prove this in four steps.
Step1. ) :=infyea, Ip(x) is positive. It is easy to prove that

Ixllzee < Cillklle Vx € Fp (3.6)
for some constant 51 = 51 (p) > 0.Soforany x € .Ap we have
2=2A,(x) < lIxlzal&llzr < Ixllzellilie < CillXl3,,

and thus ||x||Lr > +/2/C1, where 1/p + 1/q = 1. Let Ry be as in (3.1). These lead to

1 \?/? » - N 2 g
I,(x)>|— X > Cp, where Cp = = >0
p( )_<R2> ” ”Lp_ 2 2 (R2C1>

Step 2. There exists u € A, such that /,,(u) = ftp, i.e. the infimum of /, on A, can be
attained by some u € A,. Let (xn) C A, be a sequence satisfying lim,,_, 1 o0 I, (x,) = ftp.
Then there exists a constant C3 > 0 such that

1\7/? ~
<R72> %2117, < Ip(xn) < C3, Vn eN.

By (3.6) and the fact that ||x|z» < |x| >, we deduce that (x,) is bounded in

WP ([0, 11, R?"). Note that W -7 ([0, 1]) is reflexive for p > 1. (x,) has a subsequence, also
denoted by (x,), which converges weakly to some u € wlr(o, 1], R*). By Arzeld-Ascoli
theorem, there also exists i € C°([0, 1], R¥") such that
lim  sup |x,(r) —ua(t)] =0.
n——+00 tel0,1]
A standard argument yields u(¢) = i (t) almost everywhere. We may consider that x,, con-
verges uniformly to u. Hence u (1) = Wu(0) and u(0) € Ef- Asin Step2of [13, Section4.1],
we also have A, (u) = 1, and so u € A,. Standard argument in convex analysis shows that

there exists w € L4([0, 1], RZ”) such that w(t) € B(HI"S)%(—JQ(I)) almost everywhere.
These lead to

1
Ip(u) — Ip(x,) < / (w(t), =J(u(t) — X%, (t)))dt - 0 as n — oo,
0

since x, converges weakly to u. Hence ), < I,(u) < lim, 00 1p(xn) = ip.
Step 3. There exists a generalized W-characteristic on dD, x* : [0, 1] — 9D, such that

2
A(x*) = (up) 7. Since u is the minimizer of 1| 4,, applying Lagrangian multiplier theorem
(cf. [5, Theorem 6.1.1]) we get some A, € R suchthat 0 € 9(1, + Ap,A)(u) = 01, (u) +
XpA’(u). This means that there exists some p € L7([0, 1], R2") satisfying

p(t) € I(HE) T (= Ji(t)) ae. (3.7)
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and
1

1
/0 (p(1), =J & (1)) +)»p/0 (u@®), =Je@®) =0 V¢ e Fp.
From the latter we derive that for some ag € Ker(¥ — 1),
o) + Apu(t) =ag, ae. 3.8)

Computing as in the case of p = 2 (cf. Step 3 of [13, Section 4.1]), we get that

p
)\.p = —E/LP

Since p > 1,q = p/(p — 1) > 1. From (3.2) we may derive that (H;;)g = (hTD)P has the
Legendre transformation given by

ne\" \* ([ 2 1., (2 2 2
o) @=(>) (x| =_ib|—7*) = —7ib0) = —=jp0).
p pF q pF qp?’ qp
Using this and (3.7)—(3.8), we get that
. 2,
—Ju(t) € W(’J}D(—)\pu(l)—i-ao), a.c..
Let v(t) := —Apu(t) + ag. Then
. 2,
—Jo(t) € —)qupTE)]D(v(t)) and v(1) = Yv(0).
This implies that jlq)(v(t)) is a constant by [14, Theorem 2], and

—29-1 L _pa=1y 1! . Plip\2
T]p]g(v(t))=/o Tlphq)(”(’”dt=§/0 (=T, vt =2, = (P52

by the Euler formula [19, Theorem 3.1]. Therefore j,(v(1)) = () u), and

1 : Y 2 PUp 2
AQ) = 5/0 (=Jo(0), v(D)dt = iy, = <T> )
Let x*(t) = jD”(S()t)) . Then x* is a generalized W-characteristic on d D with action
AG") = - A@) = i}
X)) = AW) = up.
Jp®) ?

Step 4. For any generalized W-characteristic on d D with positive action, y : [0, T] — 9D,
2

there holds A(y) > ). Since [5, Theorem 2.3.9] implies 3 (x) = ¢(jp(x))?~'djp(x),
by [13, Lemma 4.2], after reparameterization we may assume that y € whe o, 1], RQ”)
and satisfies

jp(y@®)=1 and —Jy(t) €dj}(y@) ae onl0,T].
It follows that

T
AQy) = %. 3.9)
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16 R.Jin,G. Lu

Similar to the case p = 2, define y* : [0, 1] — Rt y*(t) = ay(T)+b, wherea > 0
and b € Ej are chosen so that y* € A,,. Then (3.9) leads to

aqu

1=AGN =d®A0) = —

(3.10)

Moreover, it is clear that
1
Jy* 2 e nad 4Pyt
—JYy (t)eqpﬁ (p) | (@T) o )’(f )
We use this, (3.2) and the Legendre reciprocity formula (cf. [6, Proposition I.1.15]) to derive
1 *
24 1 gaTp 34
—_— i q—1 7D _ ok
gpi17D <(aT)1 7 y(tT)) <2p> (=Jy" (1)

L
< I3, @r) 4T y(rT)>

2p
and hence
TN
(Hp(=Jy*(t))2 = (2;’) (=Jy*(1)
P p—1
= @y 5 — @y
—1 _
=(aT)pqp P;pq D

qp
= (aT)p27 > Wp.

By Step 1 we get 1,(y*) = up and so (aT)”zp > pp. This, (3.9) and (3.10) lead to

AQy) = Mp .
Summarizing the four steps we get (3.5) and hence (3.4) is proved. O

Remark 3.4 (i) Checking Step 3, it is easily seen that for a minimizer u of /| 4, there exists
ag € Ker(¥ — I) such that

2 _
X4 (1) = (e (D)) P ue) + " (e (D) 7" ag

gives a generalized W-characteristic on d D with action A(x*) = cE’HZ(D), namely, x*
isa cé’HZ—carrier for 0D.

(i1) For a generalized W-characteristic on d D with action A(x*) = c]\EI’HZ(D), computation
in Step 4 implies that

*aT *aT
u(t) = x¢T) —i—b:x( )—I—b, for some b € E;

\V CI\EPHZ(D) AR

is a minimizer of /|4,
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Proof of Proposition 3.2 Firstly, suppose p; > p» > 1. Then A, C A,, and the first two
steps in the proof of Proposition 3.3 implies that /), | 4, has a minimizer u € Ap, . It follows
that

w L, L o
cenz (D) = (/0 (Hp(=Ju(1)))? dt)

| . B
</ (HL*)(—JLZ(I))) 2 dt)
0

2

1 > 2

inf </ (Hl*)(—J)'c(t)))ITZdt> ’
0

xeAp,

inf </ (H;S(—Jx(t)))Tdt>
xedp, \Jo

= CI‘EI’HZ(D)’
where two equalities come from Lemma 3.3 and the first inequality is because of Holder’s
inequality. Hence the functional fol (Hj(=Jx(1))) 7 dt attains its minimum at # on A, and

A%

%

%

" . ( L, )
e, (D) = min /(HD(—Jx(t)))Zdt . (3.11)
0

xeAp,

Next, if pp > p1 > 1, then A4,, C A, and we have u € A,, minimizing I,,2|Ap2 such

that
2
1 ” 7
(/ (Hp(—=J1i(1))) 2 dt)
0

2

1 D’ 7

inf </ (Hg(—Jx(t)))’%dt> ’
0

xeAp,

2

1 » I

inf </ (Hg(—Jx(t)))IT'dt> '
0

xeAp,

= cpz (D).

CgHZ(D)

%

v

This yields (3.11) again.
Finally, for p» = 1 and p; > 1 letu € A, minimize I, |A,,, . It is clear that

2
1 o
iz (D) = (/0 (HE(—Jﬂ(t)))pTIdt> 1

1 2
> ( f (Hz(—Ju(t»)%dr)
0
1 ' 2
> inf (/ (H;S(—J)%(t)))fdt> 3.12)
xedp \Jo

Let Ry be as in (3.1). Then

(Hy(—Ti0)F < Rali)P)E < (Ry + 1) F [3(1)]""
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18 R.Jin,G. Lu

forany 1 < p < p;. By (3.11)

2
1 »
ez (D) = min (/ (HE(—JJ&(t)))gdt> , l<p<p.
0

YEAp)

Letting p | 1 and using Lebesgue dominated convergence theorem we get

2
CEHZ(D)< inf ( / (H}(— Jx(t)))Zdt) .

This and (3.12) show that the functional A, > x — fol (HB(—JX(t)))%dt attains its
minimum at # and

1 2
et (D) = min ( / (Hz;(—Jx(z)))%dr) .
0

xeAdp,

Proposition 3.2 is proved. O

Proof of Theorem 1.1 Choose a real p; > 1. Then for p > 1 Proposition 3.2 implies

1 1
cenz (D +p K)? = min */ (hp+,x (=JX)Pdt (3.13)
xEAl,l r
_ 2 P P
—xglf;l 2],/ ((hp(=Jx)N? + (hg (=J0)P)dt
1

— | (hp(=Jx)? — | (g (=JinPd
Zx?}tr,fl 7 (D( X)) +xr€11}121 7 (K( x)Pdt
= ez (D)% + iy, (K)* (3.14)

Now suppose that p > 1 and there exist cé’HZ carriers yp : [0,T] — 0D and yx :
[0, T] — 0K satisfying yp = ayx + b for some & € R\ {0} and some b € Ker(¥ — I,).
We will prove the equality in (1.3) holds. (2.4) implies A(yp) = «?A(yx). Moreover by
Remark 3.4(ii) for suitable vectors bp, bx € Ker(W — I»,)

1 1
t)= ———yp(Tt) +b d 1) = ——=yg(Tt)+b
zp(t) A()/D)VD( )+bp and zg(?) A()/K)VK( ) +bk

in A, satisfy

ek (D) = min 7/ (hp(—Ji)Pdt = 7/ (hp(—Jip)Pdt, (3.15)

xEAp]

cEPHZ(K)g: min —/ (hg (=Jx)Pdt = —/ (hg (=Jzg))Pdr.  (3.16)

xEApl
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1/2
It follows that zp () = « (ﬁ%) ik = kg because A(yp) = a?A(yk). Then (3.15)
and (3.16) lead to

P P
Cnz(D)? + cppz (K)?

1 1
= / (hp(=T2p)? + (i (—J2p)P)d1
0

1 1

= 27 hDerK(—JiD)pdt

> — h Jx)Pdt
> xrenir;l 7 / (hp+,k (—=JX))
= (D +5 K)*.
Combined with (3.13) we get
ya p L
iz (D +p K)? = ciyz(D)? + ez (K) 2.

Now suppose that p > 1 and the equality in (1.3) holds. We may require that the above
p1 satisfies 1 < p; < p. By Proposition 3.2 there exists u € A, such that

1! .
itz (D +p K) ¥ = 27/0 ((hpy,kx (—Ji))" dt

The equality in (1.3) yields

1 1
27/- ((hp(=Ji)? + (hg (=Ji))P)dt
0

1
= min ip (hp(=Jx))Pdt + mln —/ (hx (=Jx))Pdt

xeAp, 27 Jo xeAp,
and thus
CEIJHZ(D)gZ min 7/ (hp(=Jx)Pdt = —/ (hp(=Ju))Pdt and
xeA, 2P
1
C;EIIHZ(K)% = min —[ (hg (=Jx)Pdt = —/ (hg (—=Jn))Pdt.
xedp 2P Jo 27 Jo

These and Propositions 3.3, 3.2 and Holder’s inequality lead to

1 o 1
min ( | (hD(—])'c))Pldz) | = (e (D)
0

xeAp,
1

1 »
min </ (hD(—J)'C))pdt>
xedp \Jo

1 : 1 =
( / <hD<—Ju>)Pdr) z( [ (hD(—Ju»Pldr) "
0 0
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1 o 1
min (/ (hK(—J)'c))P'dt) = 2cpz (K))?
0

xeAdp,

1 P
= min </ (hK(—J)'c))pdl>
xedp \Jo

1 : 1 o
( / <hK<—Ju))Pdr> z( f (hK<—Ja)>mdz) y
0 0

1

w 1 1 % 1 1
2(cgpz (D)2 = (/ (hD(—Jli))pdt) = <f (hD(—JLl))pldt> ,
0 0

w 1 1 % 1 ﬁ
2(cgpz(K))?2 = (/ (hK(—]ﬂ))pdt> = (/ (hK(—JL't))pldt> .
0 0

By Remark 3.4(i) there are ap, ax € Ker(W — I»,) such that

It follows that

172

2 _
yp(t) = (cguz (D)) M(1)+;(6‘1§/H2(D))(] "2,

2 —p1
vk () = (CgHZ(K))l/z SO i (chZ(K))(l PR ak

are cé’HZ carriers for 0D and 0K, respectively. Clearly, they coincide up to dilation and
translation in Ker(W — I;). Theorem 1.1 is proved. m]

3.2 Some interesting consequences of Theorem 1.1

Since D+ K =D+ K ={x+y|x € Dand y € K} we have:

Corollary 3.5 Let ¥ € Sp(2n,R), and let D, K C R%" be two convex bodies containing
fixed points of V in their interiors. Then

Q)
(cBruz(D + K))* = (cppz(D))* + (cpuz (K))? (3.17)

and the equality holds if there exist cé’HZ-carriers for D and K which coincide up to
dilation and translation by elements in Ker(V — Iy,).

(i) Forx,y € Fix(W), if both Int(D) NFix(¥) — x and Int(D) NFix(V) — y are intersecting
with Int(K), then

1/2 1/2
) )

Aepuz(D N (x +K)) "+ (1= 1) (epyz(D N (y + K))
< (chz(DNOx+ =0y +KN)"?, vo<a<l. (3.18)
In particular, if D and K are centrally symmetric, i.e., —D = D and —K = K, then
el (DN (x + K)) < ey (DN K), Vx € Fix(W). (3.19)
Proof (i) Indeed, let p € Fix(¥) N Int(D) and ¢ € Fix(¥) N Int(K). Then (1.3) implies
(uz(D+ K = p—)° = (e (D = p) + (K — )

> (cuz(D = p))* + (cpuz(K —9))* .
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A Brunn-Minkowski type inequality... 21

For z € R?", consider the symplectomorphism ¢, : R, wy) — R, wy), x > x — 2.
Since p, g and p + g are all fixed points of ¥, and ¢, ¢, and ¢, commute with ¥, by
Proposition 2.2 it is clear that

iz (D + K — p = q) = gz ($p1q(D + K)) = etz (D + K),

cinz (D = p) = ¢z (@p(D)) = cgyz (D).

cirz (K = 4) = iz (9 (K)) = ez (K).
Other claims easily follow from the arguments therein.
(ii) Since x, y € Fix(¥), both Int(D) NFix(¥) — x and Int(D) NFix(¥) — y are intersecting
with Int(K'), we deduce that for any 0 < A < 1 interiors of (D N (x + K)) and (1 — A)(D N
(y + K)) contain fixed points of W. (3.18) follows from Proposition 2.2 and (i) directly.

Suppose further that D and K are centrally symmetric, i.e., —D = D and —K = K. Then

DN(=x+K)=—(DN(x+K))and ¢y, (—(DN (x + K))) = ey, (DN (x + K)) since
the symplectomorphism R*>" — R?", z > —z commutes with W. Thus taking y = —x and
A =1/21in (3.18) leads to cpyy, (D N (x + K)) < ey, (D N K). a]

Let D, K and W be as in Corollary 3.5. As in [2, 3] we may derive from Corollary 3.5
that the limit v v
lim cpnz (D + eK) — ¢y (D)

e—>0+ &

(3.20)

exists, denoted by d; (D). In fact, by the assumptions we can choose p € Fix(¥)NInt(D) and
g € Fix(W)NInt(K). Then (K —g) C R(D—p) forsome R > 0 (since 0 € int(D—gq)). Note
that p +eg € Fix(W)NInt(D + eK). By the proof of Corollary 3.5(i) and Proposition 2.2(ii)
we get
v v _ v v

gz (D + eK) — cgyz (D) = cgpz (D — p) + (K — q)) — cgyz(D — p)
cipz (D = p) + eR(D — p)) — iz (D — p)
(1 + eR)cfyz (D — p) = ez (D — p)
= eRepyy, (D)

IA

IA

and therefore that the function of ¢ > 0 in (3.20) is bounded. This function is also decreasing
by Corollary 3.5(i) (see reasoning [2, pp. 21-22]). Hence the limit in (3.20) exists.

The number d;g (D) may be viewed as the rate of change of the function D +— CI::PHZ(D)
in the “direction" K. From Corollary 3.5 we can estimate it as follows.

Corollary 3.6 Let D, K and \V be as in Corollary 3.5. Then it holds that

1
2(c§HZ(D>)”2(c,%’HZ(K)>‘/2sd,“é(D)sig fo hi (—Jzp(0)dt, (3.21)

where zp : [0, 1] — 0D takes over all chZ-carriersfor D.

In [2, 3] length; go(zp) = fol Jrke(Zp(t))dt is called the length of zp with respect to
the convex body JK°. In the case O € int(K), since hg (—Jv) = jjgo(v), (3.21) implies

1
. . . 1.
d,‘?(D)glznf / jrke(zp()dr and hence cé’HZ(D)chZ(K)fme(]ength Jxe @)
‘D Jo iD

It is not hard to see that (3.19) may not hold if one of D and K is not convex. Therefore the
symplectic capacities only show good behavior in the convex category.
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Proof of Corollary 3.6 The first inequality in (3.21) easily follows from Corollary 3.5(i). In
order to prove the second one let us fix areal p; > 1. By Proposition 3.2 we have u € A,
such that

1 1
(cbuz(DN? = (7 (D — p)* = min /0 B (=)

XEAp)
1 1
= 5/ hp—p(—Ju)) (3.22)
0
and that for some ag € Ker(W — I»,)
12 2 1—p1)/2
X (1) = (ethz (D)) ut) + - (i (D)) 72 8y (3.23)
isa CEPHZ carrier for d(D — p) by Remark 3.4. Proposition 3.2 also leads to
1 1
(cEnz (D + €K))? = (cgpz (D = p) + (K — q)))? (3.24)
1t . .
= XEB& 5/0 (hp—p(=Jx) +ehg_4(—JX))
1! e [!
<5 | hompain 5 [y
2 Jo 2 Jo
W 1 & ! .
= (cguz(D, wp))2 + > ; hg—q(—=Jui) (3.25)

because of (3.22). Let zp(t) = x*(t) + p for 0 < ¢ < 1. Since ¢ and ag are fixed points of
W it is easily checked that zp is a cE’HZ carrier for 9 D. From (3.24) it follows that

w Ly 1 1
Ceng (D127 = Conn VT 2 (e (0) [T A NCED

&

Since hg —4(—=Jzp) = hx(—=Jzp)+{q, Jzp) (see page 37 and Theorem 1.7.5 in [15]) and

1
/0 (g, Jzp) = (q. J(zp(1) —z2p(0))) = —(Jq, Wzp(0)) + (Jq,zp(0)) =0

(by the fact W' J = JW—1), letting ¢ — 0+ in (3.26) we arrive at the second inequality in
(3.21). O

4 Classification of (A, A, N)-billiard trajectories and related properties
of proper trajectories

In this section, we give the classification of (A, A, A)-billiard trajectories, related properties
of proper trajectories, the relation between A-billiard trajectories in A and (A, A, B™)-billiard
trajectories. Moreover, on the base of the latter we prove that £4 (A) provides a lower bound
of lengths of A-billiard trajectory in A.

Proposition 4.1 Let A, A and A be as in (1.19).

(1) Ifboth A and A are also strictly convex (i.e., they have strictly positive Gauss curvatures
at every point of their boundaries), then every (A, A, A)-billiard trajectory is either
proper or gliding.
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(ii) Every proper (A, A, A)-billiard trajectory y : [0, T] — 9(A x A) cannot be contained
in AxdA ordA x A. Consequently, y~ 1 (dA x ) contains at least a point in (0, T).

Remark 4.2 1f the condition “proper” in (ii) in the above claim is dropped, then “A x dA or
dA x A” should changed into “Int(A) x dA or 9A x Int(A)”.

Proof of Proposition 4.1 (i) can be obtained form Proposition 2.12 in [3]. Let us prove (ii).
By the definition we may assume that A C R} and A C Rj, contain the origin in their
interiors. We only need to prove that every proper (A, A, B")-billiard trajectory cannot be
contained in A x dA. (Another case may be proved with the same arguments.) Otherwise,
lety = (4, vp) : [0, T] — 9(A x A) be such a trajectory, that is, ¥ ([0, T]) C A x 9A.
Then y (A x 9A) is finite (including empty) and there holds

7 (1) = (g (1), 7p(1) = (€ Vja(yp().0) ¥ €[0.TI\y ™ (0A x 3A)
for some positive constant «. It follows that y, is constant on each component of
[0, TI\y "1(dA x dA), and so constant on [0, T]\y ~'(dA x dA) by continuity of . Hence
Yp = po € 0A, and so y, (t) = go + «tV ja(po) on [0, T'], where g = y,(0). Now
(@0 + KTV ja(po). po) = ¥(T) = Way(0) = (Ay,(0), (A 'y, (0)) = (Ago. (A") " po).

This implies that A’ pg = po and go — Aqo = —« TV ja(po). The former equality leads to
(po, v—Av) = 0 Vv € R". Combing this with the latter equality we obtain {pg, V ja (po)) =
0. This implies jx (po) = 0 and so py = 0, which contradicts py € dA since 0 € int(A). O

Recall that the action of an (A, A, A)-billiard trajectory y is given by (2.4). The length
of an A-billiard trajectory o : [0, T] — A is given by

n
L) =Y llgis1 — gl

i=0
with
q90=0(0), g1 =0(), ..., gm-1=0(tm-1), gm =0(T),
where
{t, ..., tm_1} == Bs
is the finite set in Definition 1.2. Here || - || is the Euclid norm in R”.

The following proposition gives the relation between A-billiard trajectories in A and
(A, A, B™)-billiard trajectories.

Proposition 4.3 For a smooth convex body in A C R" and A € O(n) satisfying Fix(A) N
Int(A) # @, every A-billiard trajectory in A, o : [0, T] — A, is the projection to A of a
proper (A, A, B")-billiard trajectory whose action is equal to the length of o.

Proof By the definitions we only need to consider the case that 0 € Int(A). Leto : [0, T] —
A be a A-billiard trajectory in A with B, = {t; < --- < fx} C (0, T') as in Definition 1.4.
Then |6 (¢)] is equal to a positive constant « in (0, T') \ B

Suppose that (ABiii) occurs. Define

1.,
Oél(t)Z(U(t),—;U 0), 0=<t=m,

1
B1(t) = (o (1), —;d+(0) + %(d_(tl) -6t (1), 0<t<1.
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Since the second equality in (1.5) implies that &~ (t;) — 67 (;) is an outer normal vector to
dA ato(t;) foreacht; € By, it is easily checked that both are generalized characteristics on
d(A x A) and oy (t1) = B1(0). Similarly, define

1,
ax(t) = (o (1), -0 (t1)), n=<t=<n,

1
p2(t) = (o (11), —;6+(I1) + é(df(tz) -6T(n), 0<t<1,

1
a(t) = (o (1), _;dJr(tkfl)), th—1 <t <tg,
1
F(®) = (@ (1), ——6™ (o) + %(ff‘(rk) —6tm)). 0<r<l,
1 1
app1(t) = (o (1), _;6+(fk)) =©@®,——67(T), n=t=T,

Then B1(1) = ax(t1), az2(t2) = B2(0), ..., Bk (1) = a1 (tk), thatis, oy By - - - g Brag+1 is a
path. Note also that

1 1
a1 (T) = (o(T), —;6_(T)) = (A0 (0), —;A6+(0)) = Wax1(0)

by (1.9). Hence y := a1 - - - ax Brk+1 is a generalized W4 -characteristic on d(A x A).
Clearly, B1, ..., Bk all have zero actions. So

k+1

tiy1 1
A(y) = Z/ (=6(1), =6 (1))prdt = kT = L(0).
S ti

Suppose that (ABiv) occurs. Let ; and B; be defined as above fori =1,...,k + 1 and
j=1,...,k.If(1.9) holds, we also define y as above, and get a generalized W 4 -characteristic
on d(A x A).

If (1.10) occurs, we also need to define

Bo(1) = (0(0), —%6_(0) + %(d‘(O) —67(0), 0<r<1.

By (1.8), 6~ (0) — 6(0) is an outer normal vector to d A at o (0). It is easy to see that g is
a generalized characteristic on d(A x A) satisfying So(1) = «1(0). Moreover

1 1 1
W4 Bo(0) = Wa(o(0), —;d‘(O)) =(Ao (0), —;Ad‘(O)) = (G(T),—;d_(T)) =a1(T)

by (1.10). Thus y := Boa1 81 - - - ok Brk+1 1S a generalized W 4 -characteristic on (A x A).
Suppose that (ABv) occurs. If (1.9) holds, we define y as in the case of (ABv). When
(1.11) occurs, we need to define

1
B ()= (o (T), —;r'f‘(T)Jr%(c'r‘(T)—d*(T)), 0<r<l.

Then y := o187 - - - ok Brok+1Bk+1 1s a generalized W4 -characteristic on d(A x A).
Suppose that (ABvi) occurs. If (1.9) or (1.10) or (1.11) holds, we define

yi=a1fy o Brokyr, ory :=PBoar B - agProrg1, ory i=o Py - - ot Bragr1Bry1-

Finally, if (1.12) holds, we define y := Boa181 - - - otk BrO+1Bk+1- ]
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However, under the assumptions of Proposition 4.3 we cannot affirm that the projection
to A of a proper (A, A, B")-billiard trajectory is an A-billiard trajectory in A.

Proposition 4.4 Let A C R" be a smooth convex body and A € O(n) satisfy Fix(A) N
Int(A) # @. Then it holds that

SA(A) < inf{L(o) |o is an A—billiard trajectory in A}.
Proof This may directly follow from Proposition 4.3, Remark1.7(i) and Theorem 2.6. O

The statement about relation between the action of a proper (A, A, B")-billiard trajectory
and the length of its projection to A in Proposition 4.3 is a special case of the following
proposition. When A = I, it was showed in [3, (7)].

Proposition 4.5 Let A, A and A satisfy (1.19). If y : [0,T] — 90(A x A) is a proper
(A, A, A)-billiard trajectory with )/_I(BA x dA) N0, T) ={t; < --- < ty}, then the
action of y is given by

Ay) =) halg; —qj+1) (4.1)
j=0

with q; = mg(y(tj)), j =0,....,m+ 1, wherety = 0, tyy1 = T and gu11 = Aqo. In
particular, if A = B"(t) for t > 0 and L(r,(y)) denotes the length of the projection of y
in A then

m
A) =1 _llgjt1 — g;ll = TL(ty(¥)) (42)
Jj=0
since A° = %B” and thus hy = jao = t|| - ||. Moreover; if A is strictly convex, then the

action of any gliding (A, A, B")-billiard trajectory y : [0, T] — (A x B") is also equal
to the length of the projection 7, (y) in A.

Proof Firstly, we prove (4.1) in the case that 0 € Int(A) and O € Int(A). By a direct
computation we have

A(y)

1 T
5/ (=Jy (), y(0)dt
0

1 L [l
3 Z/ (—Jy (), y()dt
j=0"1

1 Tt
32 f (@), g@)rr — (§(0), p(t))gr]dt
j=0"14

m ti41 1
=3 [ G0 i 5 3 [0, pt @), p)e]
j=0 1 j=0

"l 1
- Zf (G(), p()redt + 5 [(qms1)s PUms))rr — (q(10), p(0))ger |
j=0"1

ol
-> / G@), p()gedt
j=0"1
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since (¢ (tm+1), Ptmr1))rr = (Aq(t0), (AN p(to)rr = (q(t0), p(t0))r». By (BT1) we
have

iyl
—/ q@), p)gredt = —(q(tix1) —q@), p(ti))rr = —(qi+1 — Gi» PIIR",
1

where ja(p;) = land gi+1 —qi = —k(ti+1 — 1;)V ja(p;). The last two equalities mean that
—(gi+1 — qi, pi)r is either the maximum or the minimum of the function p > —(g;+1 —
qi» p)re on j; ' (1). Note that

tiv lit1
—/ G, p(t))prdt = / (kVja(p(t)), pti))rrdt = k(tiy1 — ;) > 0.
ti 1

So —(gi+1 — ¢i, pi)gr must be the maximum of the function p +— —(gi+1 — gi, p)rr on
j;l (1), which by definition equals & (g; — gi+1)- In this case (4.1) follows immediately.

Next, we deal with the general case. Now we have g € Int(A) and p € Int(A) such that
the above result can be applied to y — (g, p) yielding

Ay =GP =Y hap(qj —d) — @1 — D) =Y _hap(g; — qj+1)

j=0 j=0
m m
= Zh,\(qj —qjs1) — Z(}i%‘ —qj+1)R"
j=0 j=0
because hp—j(u) = hpa(u) — (p, u)rr, where q; = my(y (), i = 0,...,m + 1, where

to =0, tyy4+1 = T and g,+1 = Ago. Moreover, as above we may compute
"ot
A ==Y [ aw. pepwa,
j=0""

A(y —(q.P)

" Lj+1
—Z/ (G@), p(t) — p)redt
j=0""1

3] ICTCNTORITED ST I
=01 j=0

These lead to the desired (4.1) directly.

Thirdly, we prove the final claim. Now p = 0, The above expressions show that A(y) =
A(y — (g, 0). Since 7y (y) — g and 7, (y) have the same length, we only need to prove the
case g = 0.

Since y is gliding, by Proposition 4.1(i) we have

Y () = (g (0), 7p @) = (—a@®)yp@)/1yp(D], BOVgalyy (1)),

where « and § are two smooth positive functions satisfying a condition as in [3, (8)]. Hence
¥q = 7q(y) has length

T T
L(Vq)Z/O IJ?q(f)ldIZ/O a(nydr.
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On the other hand, as above we have

A(y)

1 T
5 / (— Iy (), y ()t
0

1 T
5/0 (@), vgO)rr — (g (1) yp(1)))rn)dt

T T
= —/O (Vp(t)»)}q(t)))R"dt:/O a(r)dr.

5 Proofs of Theorems 1.9, 1.15 and Proposition 1.10

Proof of Theorem 1.9 Let A € (0, 1). Since Int(A1) N Fix(A) # @, Int(A,) N Fix(A) # @
and Int(A) NFix(A") # @, Fix(W,) is intersecting with both Int(A; x A) and Int(A; x A).
Note that

(AA1) x (AA) + ((1 =) A2) x ((1 —1)A)
= (A1 + (1 =1)A2) x (AA 4+ (1 —1)A)
= (A1 4+ (1= 1)A2) x A,

It follows from Corollary 3.5 that
(cpis (AT X AA))% + (e, (1 = A)Az x (1— A)A))%
< (cpiz (A1 + (1 = 1) Az) x A)) (5.1
which is equivalent to
Motz (81 % A)* 4 (1 = (e (82 x 4))F
< (et (21 + (1 =) A7) x A)%. (5.2)

By this and the weighted arithmetic—geometric mean inequality

Me¥as (A1 x A))T + (1= (e, (A2 x A))?
(1=2)

= ((etiar < ') ((itoa < ant)

we get

<(CgﬁZ(Al x A))%>/\ ((Cgﬁz(Az X A))5>(1M

1

< (eptr (AAT+ (1 = )A2) x A)2. (5.3)

Replacing A and A by A := 2~TAy and A= (1— 1)~ As, respectively, we arrive at
(1=2)

(el ADE) ((eilnt D) = (elil(n1+ 20 ).

5.4
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For any > 0, since

¢ (A1 X A, pwo) — (A1) X A, o), (x,y) = (ux, y)

is a symplectomorphism which commutes with W4, we have
v W
CEHZ(AI X A) =1~ lCEﬁz(Al x A), cEHZ(AZ xA)=(1=1" lcE}Aiz(AZ x A).
Let us choose A € (0, 1) such that Y := cE}/I‘Z(A/1 x A) = cEHZ(A’ x A),ie

v
= itz (A1 X A) . (5.5)
oy (A1 X A) 4 gt (Mg X A)

Then
ER(AL+ A2) = epir (A1 4 A2) x A)
, A

z (CEHZ(A x A)) (CEHZ(AZ A))
=Y =AT+(1-MT

= )‘CEHZ(A/ X A)+(1— )‘)CEHZ( 5 X A)

= cpiiz (A1 X A) + ety (A2 x A)

= EQ(A) +EX (M) (5.6)

=2

and hence (1.22) holds.
Final claim follows from Corollary 3.5. Theorem 1.9 is proved. O

Proof of Proposition 1.10 (i) By the definition of & 4 and Proposition 2.2(i)—(ii) we have
EN(A) = cgfiy (A x B")

> cpiiz(B"(@.r) x B")

= cEHZ(B"(O r) x B™) (5.7)
since (g, 0) is a fixed point of W 4. Note that

B"(0,r) x B" — B"(0,/r) x B"(0,+/r), (g, p) = (q/~/r./rp) (5.8)
is a symplectomorphism which commutes with W 4. Using Proposition 2.2(i)—(ii) we deduce
itz (B"(0,7) x B") = cpit, (B"(0,v/r) x B™(0, /1))
= rcEHZ(B” x B™)

ri(Wa)
2

v

rcEHZ(BZ”) =

because of (1.24). Then (1.30) follows from (5.7).

(ii) For any u € S, A sits between support planes H (A, u) and H (A, —u), and the hyper-
plane H, is between H (A, u) and H(A, —u) and has distance width(A)/2 to H(A, u) and
H (A, —u) respectively. Obverse that Wg (A x B") = (O(A — g)) x B" is contained in
Z i”. From this and (2.2) it follows that

qu’A Oq Oq Va¥q

EA(A) = cpfty (A X B") = ¢y (Vo (A x B") < cgyy ‘”(zz")

Hence (1.32) is proved. O
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In order to prove Theorem 1.15 we need:

Lemma 5.1 For A € GL(n) and a convex body A C RZ with Fix(A) N Int(A) # @, if A is
contained in the closure of the ball B"(q, R) with Aq = q € Int(A), then

EA(A) < H(WA)R. (5.9)

Proof As in the proof of Proposition 1.10(i) we deduce

£4(A)

cEHZ(A x B™)

el (B"(, R) x B")

el (B"(0, R) x B")

cpitz (B"(0,VR) x B"(0, VR))
= EHZ(B” x B™)

Repfl, (B¥(0,+/2)) < H(WA)R

1A

| /\

by (1.24). This and Theorem 2.6 yield the desired claims. O

Proof of Theorem 1.15 Under the assumptions of Theorem 1.15 it was stated in the bottom
of [3, p. 177] that £(A) = L(o) for some periodic billiard trajectory o in A. It follows from
Lemma 5.1 that £(A) = £/(A) < wdiam(A), and so L(o) < wdiam(A). O
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