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Abstract

In this article we study the relation between flat solvmanifolds and G,-geometry. First, we
give a classification of 7-dimensional flat splittable solvmanifolds using the classification
of finite subgroups of GL(n, Z) for n =5 and n = 6. Then, we look for closed, coclosed
and divergence-free G,-structures compatible with the flat metric on them. In particular,
we provide explicit examples of compact flat manifolds with a torsion-free G,-structure
whose finite holonomy is cyclic and contained in G,, and examples of compact flat mani-
folds admitting a divergence-free G,-structure.
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1 Introduction

A G,-structure on a 7-dimensional manifold M is a globally defined 3-form ¢ which can be
pointwise written as

— 6'123 145 167 246 _ 257 347 356

[ +e " +e T +e e —et —e,

with respect to a suitable basis {e',...,e’} of the cotangent space where e/* denotes
e’ Aél A ek, Such a 3-form @ induces a Riemannian metric 8, @ Hodge star %, and a vol-
ume form vol,, on M.

G,-structures can be divided into classes, which are characterized by the expression of
the exterior derivatives dg and d %, @ [12]. A Gy-structure is called closed if dp = 0 and
coclosed if d *, ¢ = 0.
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The intrinsic torsion of a G,-structure ¢ can be identified with the covariant deriv-
ative V?¢, where V? is the Levi-Civita connection of g,. By a classical theorem of
Fernandez-Gray [12], V¥¢ vanishes if and only if dp = 0 and d x, ¢ = 0. In this case
the G,-structure @ on M is called torsion-free.

The importance of torsion-free G,-structures comes both from its historical relevance
and its nice topological properties. In 1955, Berger’s classification theorem [3] sug-
gested that G, might possibly be the holonomy group of certain Riemannian 7-mani-
folds. However, not a single example of such a manifold had yet been discovered until
1984. The first examples of non-compact 7-manifolds with holonomy G, were con-
structed by Bryant [5]. Around 1994, Joyce [14] found the first examples in the compact
case. Regarding the topology of manifolds equipped with torsion-free G,-structures, it
follows from the holonomy principle that if ¢ is torsion-free then Hol(g,) C G,, and in
the compact case the equality holds if and only if x; (M) is finite [14]. Moreover, when
the G,-structure is torsion-free, the induced metric 8o is Ricci-flat. Thus, according to
[1], if g, is homogeneous then g, is flat.

One possible approach to find torsion-free G,-structures is to construct a flow of G,
-structures which under certain conditions would converge to a torsion-free one. This
approach was originally taken by Bryant when he introduced the Laplacian flow of closed
G,-structures [6]. Later, Karigiannis, McKay and Tsui introduced the Laplacian coflow for
coclosed G,-structures [15]. These two flows share the property that the fixed points are
precisely torsion-free G,-structures in both cases. This highlights the importance of find-
ing closed and coclosed G,-structures. Another type of flows which have been considered
recently are isometric flows of G,-structures, that is, flows that preserve the metric, while
modifying the G,-structure (a survey of recent progress can be seen in [13]). For instance,
one can consider the evolution of the 3-form ¢ via the equation

{ % = ’divrq,(,)(*ga(z)?o(l‘)) )
»(0) = ¢,

where the vector field div7,, is the divergence of the full torsion tensor T, (see (6) below).
It is clear that Gy-structures with divT,, = 0 are critical points of (1). It is known that closed
G-structures satisfy divT,, = 0 (see for instance [13]).

Our aim in this article is to study the existence of closed, coclosed, torsion-free and also
divergence-free G,-structures in the world of flat solvmanifolds.

A solvmanifold is defined as a compact homogeneous space I'\G of a simply connected
solvable Lie group G by a discrete subgroup I'. Solvmanifolds generalize the well known
nilmanifolds which are defined similarly when G is nilpotent. Both nilmanifolds and solv-
manifolds have provided a large number of examples and counterexamples in differential
geometry. For instance, the first example of a symplectic manifold without Kéhler struc-
ture, the so-called ”Kodaira—Thurston manifold”, is a four dimensional nilmanifold [23].
However, many important global properties of nilmanifolds cannot be generalized to solv-
manifolds, and for this reason these manifolds are currently widely studied.

On the other hand, compact flat manifolds are well understood due to the three clas-
sical Bieberbach’s theorems and they have been used to study different phenomena
in geometry. For instance, questions about isospectrality (see [19] and the references
therein), Kdhler flat metrics with holonomy in SU(n) [8], among others. The class of
flat solvmanifolds lies in the intersection between the two theories of solvmanifolds and
compact flat manifolds, and thus provide a nice interplay between them. Also, this class
is rich enough to produce a diverse collection of examples. We will focus on a particular
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class of flat solvmanifolds, namely the splittable ones, which have a certain structure
that allows them to be classified in a systematic way.

In Sect. 3 we will follow an approach considered in [24, 25] by the author to clas-
sify the n-dimensional splittable flat solvmanifolds for n < 6. We imitate the ideas to
classify 7-dimensional splittable flat solvmanifolds which will serve as very explicit
examples to our purpose of studying G,-geometry. The classification is divided in two
cases, according to whether we start from an almost abelian Lie algebra R X RS or a non
almost abelian Lie algebra R? X R>.

Section 4 is devoted to studying the existence of G,-structures in the almost abe-
lian and non almost abelian cases. In the former case, we find examples of compact flat
manifolds equipped with a torsion-free G,-structure satisfying that the holonomy group
of the underlying metric is cyclic, finite and contained in G,. In the latter case we prove
that there are no closed G,-structures, meanwhile all 7-dimensional splittable flat solv-
manifolds admit G,-structures which are coclosed and divergence-free, respectively.

2 Preliminaries
2.1 Flat solvmanifolds

In [18], Milnor characterized those Lie groups which admit a flat left invariant metric
and he showed that they are all solvable of a very restricted form, proving that its Lie
algebra decomposes orthogonally as an abelian subalgebra and an abelian ideal, where
the action of the subalgebra on the ideal is by skew-symmetric endomorphisms. Such
a Lie group equipped with a flat left invariant metric (G, (-, -)) will be called a flat Lie
group and (g, (-, -),) will be called a flat Lie algebra.

Using Milnor’s characterization, Barberis, Dotti and Fino decompose further a flat
Lie algebra in the following way.

Theorem 2.1 [2, Proposition 2.1] Let (g,(:,-),) be a flat Lie algebra. Then g splits as an
orthogonal direct sum,

g=b® 3(a) ®[g.9]
where b is an abelian subalgebra, g, g] is abelian and the following conditions are

satisfied:

(1) ad : b - 30([g, gl) is injective,
(2) dimlg, g]is even, and
(3) dimp < Smiedl

As a consequence, {ady | X € b} is an abelian subalgebra of 30([g, g]) and therefore,
it is contained in a maximal abelian subalgebra. Since these are all conjugate, there exist
an orthonormal basis B of 3(g) @ [g, g] and 4, ..., 4, € b* such that for X € b,
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OS
0 -4
AMX 0
[ady]p = 1) ) 2)
0 - 4,X)
A,(X) 0
where n = w and s = dim 3(g).

Note that a flat Lie algebra (g, (-, -),) is 2-step solvable, since [g, g] is abelian, and
unimodular, since ady is skew-symmetric for all X € b. It also follows that the nilradical
of g is 3(9) @ [g, gl

We are interested in discrete subgroups I' of a flat simply-connected Lie group G
such that I'\G is compact. This space endowed with the flat metric induced from G is a
compact flat manifold.

In general, if G is a simply-connected solvable Lie group, a discrete and cocompact
subgroup I of G is called a lattice and the quotient I'\G is called a solvmanifold. With
this definition, solvmanifolds are always compact, orientable, and parallelizable.

It is well known that every simply-connected solvable Lie group G is diffeomorphic
to R" for n = dim G. Moreover, 7;(I'\G) = T".

The fundamental group of a solvmanifold plays an important role. Indeed, Mos-
tow [20] proved that two solvmanifolds with isomorphic fundamental groups are
diffeomorphic.

Since a flat solvmanifold I'\ G is, as mentioned before, a compact flat manifold, its funda-
mental group is isomorphic to a discrete torsion-free and cocompact subgroup of isometries
of R™ with m = dim(I"\G). These subgroups are called (m-dimensional) Bieberbach groups
and are well described by the three classical theorems known as “Bieberbach’s theorems”.

A purely algebraic characterization of the Bieberbach groups independent of their
embedding into Iso (R™) was given by Zassenhaus [27].

Theorem 2.2 An abstract group T is isomorphic to an n-dimensional Bieberbach group if
and only if T contains a finite index, normal, free abelian subgroup A of rank n, that is also
maximal abelian.

The subgroup A is the unique normal maximal abelian subgroup of I" and is called the
translation group of T. In other words, a Bieberbach group I satisfies an exact sequence

1o ASTS HS I,

where H =I'/A is a finite group and rankA = m. It is well known that the group H can be
identified with the Riemannian holonomy group of the compact flat manifold whose funda-
mental group is I" (see for instance [7]).

We will focus in a special class of flat solvmanifolds, namely the splittable ones.

A simply-connected solvable Lie group G is called splittable if it is isomorphic to
R* X, N where N is the nilradical of G and ¢ : R* — Aut(N) is an homomorphism. A
lattice T of a splittable Lie group R* X, N will be called splittable if it can be written
as I'=T X, I, where I'y C R¥ and T, C N are lattices of R* and N respectively. Con-
sequently I'\G will be called a splittable solvmanifold. According to [4], when k = 1 and
N =~ R" every lattice is splittable. The Lie groups R X, R" are called almost abelian.

@ Springer



G,-structures on flat solvmanifolds 183

The next theorem, which is a particular case of a more general theorem proved in [26],
gives a criterion to determine the splittable lattices in a splittable Lie group G = R¥ X o R

Theorem 2.3 Let G = RF X, R™ be a splittable Lie group, where R™ is the nilradical of G.
Then G has a splittable lattice if and only if there exists a basis {X,, ..., X, } of R* such that
the family {exp(adxl)}f.‘=1 is simultaneously similar' to integer matrices E,, ..., E,, respec-
tively. In this case, the lattice is " = (@:;1 ZX;) X PZ"™ where E; = P! exp(ady )P.

Denoting E; = P~! exp(ady )P, the lattice I = (@;‘:1 ZX;) Xy PZ™ is isomorphic to the
group Xp g = 7k x E,....E, Z", whose multiplication is given by

(r,- ()= (r+ r’,t+E:‘ ---Ezkt'), r=(r,....,n), r €25 t,f € 7.

Note that the multiplication is well defined because E;E; = EE, for all i, j.

A flat Lie algebrag = b @ 3(g) @ [g, g] can be written as g = R¥ X, R**?", where b ~ R*
and the nilradical is given by 3(g) @ [g, g] ~ R*+?". The corresponding simply-connected flat
Lie group can be written as G = R¥ Xg R$*2" where d)(Zf:l 5,X;) = Hi;l exp(s;ady ), with
{ady };‘zl as in (2). Therefore a flat Lie group is a splittable Lie group.

To classify the splittable flat solvmanifolds, we have to classify the splittable lattices of
flat Lie groups (up to isomorphism, by Mostow’s theorem).

The next results, proved in [25], show some sort of relation between the splittable lat-
tices of flat Lie groups G = R* ) R*+?" and the finite abelian subgroups of GL(s + 21, Z).

Proposition 2.4 Let G = RF Xg R+2" be a splittable flat Lie group and T a splittable
lattice given by T = (695;1 ZX) X, PZ*" where E, := P! exp(ady )P is integer for
1 <i<k.ThenHol(I'\G) = (E,, ..., E,).

In particular, the holonomy group of a flat almost abelian solvmanifold is (finite) cyclic
(see also [24, Theorem 3.7]).

Two conjugate subgroups of GL(s + 2n, Z) which can be obtained as the holonomy
group of a flat solvmanifold give rise to isomorphic lattices, as the next lemma shows.

Lemma25 LetE,, ... ,E, F,,...,F, € GL(s + 2n, Z) be commuting matrices of finite order.
If{E,, ..., Ey) is conjugate to(F,, ... . F) in GL(s + 2n, Z) then £y p = ZF;,“.,F;(fO” some
generating set { F’ l’ §=1 of (Fy, ..., F,). Furthermore, suppose that the cardinal of a minimal
generating set of {E,, ... ,E,) is ¢ < k. Then Z* Xg,.. 75+ = 7¢ M., 75kt

L,
where Hi' = ( i

4

>and {H,«}f=I is a generating set of (E|, ..., E;).

In conclusion, to determine all the isomorphism classes of splittable lattices, we must
first look at the finite abelian subgroups of GL(n, Z) up to conjugacy and see which of them
can be obtained as the holonomy group of a flat solvmanifold. Then, we have to distinguish
the lattices. A classification of the finite subgroups of GL(n, Z) for n < 6 was obtained (for
n = 5,6 with aid of CARAT, see [21]). A list of these subgroups can be found in https://
www.math.kyoto-u.ac.jp/~yamasaki/Algorithm/RatProbAlgTori/crystdat.html.

! Throughout this article, a n X n matrix A will be said to be similar (or conjugated) to B if there exists
P € GL(n, R) such that P~'AP = B and integrally similar if P € GL(n, Z).
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2.2 G,-structures

Let {u,...,u;} be the canonical basis of R’ and {u!,...,u’} its dual basis. Let
@y € A3(R7)* given by

123

Pyg=1Uu +u'®

167

+u

4246 _ 25T _ 34T 356 3)

u=' —u —uv,
where u¥* is shorthand for u/ A A u*. It is a well known fact that the isotropy group
{AeGL(7,R) | A- @, = ¢y} is isomorphic to the exceptional 14-dimensional Lie group
G,, where the action - is defined by

h@o(x,y,2) = @o(h ' x, iy, 7 12),  x,y,z€R’.

Definition 2.6 Let M be a 7-dimensional differentiable manifold. A smooth 3-form ¢ on
M is a Gy-structure if for all p € M, there exists an isomorphism 1, : R7 — T,M so that
z;‘;(pp = ¢, where ¢ is as (3). Such a 3-form is called positive (or definite).

As a consequence for any p € M there exists a basis {e;,...,e;} of TpM such that
@, € A3(T;‘M) can be written as @, = e'2 + ¢! + €167 4 246 — 27 — 347 — 35,

Remark 2.7 1In the literature another three-form on R7 used as a model for G,-structures
is @y = u'? +u¥ + w7 + u!3 — 146 — 236 _ 25 The positivity condition does not
depend on the model form used since @, € GL(7, R) - ¢,,.

The existence of a G,-structure is entirely a topological question. While not all smooth
7-manifolds admit G,-structures, there are many that do and they are completely character-
ized by the following proposition proved in [17].

Proposition 2.8 A smooth 7-manifold M admits a G,-structure if and only if M is both ori-
entable and spinnable.?

A Gy-structure ¢ on a manifold M gives rise to a Riemannian metric g, with volume
form vol,, via the identity

1
8,X,Y)vol, = glxqo ANyp Ao, X, YeXM). 4)

The existence of a G,-structure @ on M determines a decomposition of the space of

forms on M into irreducible G,-representations. The space QF := Q¥(M) is irreducible if
k=0,1,6,7. The spaces of 2-forms and 3-forms decompose as

2 _ 02 2 3_03 3 3

Q= o, QL=00000,

where each Qé has (pointwise) dimension # and this decomposition is orthogonal with

respect to the metric g,,. The spaces Qg and .Qg are both isomorphic to the cotangent bundle

Q; =T*M. In [6], Bryant gives explicit isomorphisms between the space Q% , and the Lie

algebra g, and between 937 and the space of traceless symmetric 2-tensors Symg(T*M ) on

2 A spin manifold is an oriented Riemannian manifold with a spin structure.
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M. The first identification comes from the canonical isomorphism between Q2 and 0(7),
the second one is given by the maps 1 : Sym(z)(T*M) — Q3 | defined on decomposable ele-

ments of Symﬁ(T*M ) by 7
Haof) = a Ak, (B AKX,0)+ B AKX, (@A*,p),
and the map j : Q3. — Sym((T*M) given by
J@O@,w) = *,(1,0 AL,p AT).
The decompositions Q* = Q' @ Q! @ Q3 and Q° = Q> @ Q) are obtained by taking the

Hodge star of the decomposmons of Q3 and Q?, respectively.
Applying this decomposition to dg and d x, ¢ gives the following definition.

Definition 2.9 Let ¢ be a G,-structure on a 7-manifold M. Then there are unique forms

7, € Q1 €Ql 7, € Q} and 73 € Q) called the torsion forms of ¢, such that

dp=15%,0+31 A+ *,73, and d*, @ =47 A x,0 + *,7,.

The torsion forms can be explicitly computed from ¢ and * ¢ by means of the follow-
ing identities:

1
*, Ok d A
1 (*,do A ),

T, =k, dx, @ —4x, (1) Ad*, @), 73=x%,dp—T150—3 %, (1) A@).

1
9=z *,[doA@p), 1=
T 1 5)

Moreover, the torsion forms are completely encoded in the full torsion tensor T,, which is
the (0, 2)-tensor defined by

T 1 1
T,= ZOg(” — %, (7] A X ,0) — 572 - 11(13). 6)

Contracting with the metric, T,, can be seen as T, € End(TM) and the expression above is
expressed in terms of the irreducible G,- decomposition End(TM) =W, W, @ W, @ W,
where Wy ~ QO W, ~ Q3 W, ~ Q2 and W, ~ Q. see eg. [12]. The endomorphism
T, € End(TM) satisfies VX(p 7, (x) * @.

Since the torsion 7,, decomposes into four independent components, each component
can be zero or nonzero. This gives 16 distinct classes of G,-structures, called Ferndndez-
Gray classes. Some relevant classes with their names are given in the following table:

Name Conditions Torsion forms

Closed dp =0 T,=7=173=0
Coclosed dx,9=0 T, =7,=0

Coclosed of pure type dx,9=0,dpAp=0 Ty=7=17,=0
Locally conformal parallel dp =31, Ap,d*, =41 A%, T,=7,=73=0
Nearly parallel dp=24%,0(A#0) T,=7,=13=0
Torsion-free dp=0andd*, =0 Ty=7=7,=173=0

We can define a G2 structure on any real 7-dimensional Lie algebra g with basis {e; }7
as a 3-form ¢, € /\ g" in the form of (3). This structure on the Lie algebra gives rise to a
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left invariant G,-structure on the corresponding Lie group. Therefore, any 7-dimensional
Lie group has a left invariant G,-structure. Note that if this left invariant G,-structure is
torsion-free, then the left invariant metric g, is flat since it is Ricci-flat [1].

Given a left-invariant G,-structure @ on a solvable Lie group G which admits a lattice T,
we can naturally define a G,-structure ¢ in the solvmanifold I'\ G as follows:

@y, v, W) = (pp((dﬂ);lu, (dir)p_lv, (dir);lv), PEG, uv,weT,,[I\G). (7)

The G,-structure @ will be called an invariant G,-structure.

Given a solvmanifold I'\G with an invariant G,-structure @ defined as in (7), it is easily
seen that the conditions in the table above are satisfied by @ if and only if they are satisfied
by the 3-form ¢ defined at the Lie algebra level.

As a corollary of Proposition 2.8 and the existence of invariant G,-structures on a solv-
manifold we have

Corollary 2.10 Any 7-dimensional solvmanifold admits a spin structure.

In particular, any flat solvmanifold admits a spin structure, and thus we obtain many
examples of spinnable compact flat manifolds, which are interesting according to [22].

3 Classification of 7-dimensional splittable flat solvmanifolds

The goal of this section is to classify 7-dimensional splittable flat solvmanifolds. We will
follow the method given in [25], which we described in the last part of the preliminaries of
flat solvmanifolds.

Let g be a non-abelian 7-dimensional flat Lie algebra. According to Theorem 2.1 there
are two possibilities for dim b, namely dimb = 1 or dimb = 2. If dim b = 1 then g is almost
abelian and if dim b = 2 then g is not almost abelian.

3.1 Almost abelian case

A 77-dimensional almost abelian flat Lie algebra can be written as g = Rx X,q RS where
ad, can be written in some basis B of 3(g) @ [g. g] as the block matrix’

_ 0 —da 0 -b 0 —-C 2 2 2
[ad"]_<a 0>€B<b 0>€D<C 0), a+b +c" #0,

The corresponding Lie group is G = R X R® with

H0) = (cos(at) - sin(at)> ® <cos(bt) - sin(bt)) ® <cos(ct) - sin(ct))

sin(ar) cos(at) sin(bt) cos(br) sin(ct) cos(ct)
®)

3 Throughout the article we will denote the block diagonal matrix (?) g) by A @ B.
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Next we find the values of at, b, ct,, such that ¢(t) is similar to an integer matrix so that,
according to Theorem 2.3, we obtain lattices. Note that if we change at, by 27k + aty we
will get a similar matrix to ¢(¢,) so the corresponding lattices will be isomorphic. Taking
this into account, we have

Theorem 3.1 Let G =R X, RS with ¢(t) as in (8). Then ¢(t,) is similar to an integer
matrix if and only if one of the following cases occurs:

. . 2z zz
Case 1: aty, bty, cty € {27r, 5503 }

2n 4nm n 3z n 3z T 5
b oen) e { (3.%).(5%)-(5%)- (£ %)}
. 2z 4z Or\ (2r 4z 8x) (2 6z 10z ) (2z 10z ldz
Case3.(al0,bt0,ct0) € {(7 777 )(9 9° 9 )’(14’ 147 14 )’(18’ 18 18 )}

Proof <) For Cases (1) and (2) the matrices can be conjugated to an integer matrix via a
block-matrix (see [24, Lemma 5.5]). In Case (3), the eigenvalues of ¢(t,) are all different so
¢(t,) is similar to the companion matrix of its characteristic polynomial, which is integer.
=) If any of at,, bt or ct, are x or 2z the values of the other parameters are the ones obtained
for the case R X R* in [24, Lemma 5.5], so we assume next aty, bty, cty & {m,2x}. Now, since the
eigenvalues of ¢(¢) belong to the unit circle and ¢() is similar to an integer matrix, it follows from
a famous theorem of Kronecker that ¢(t,) has finite order. Therefore, the characteristic polynomial
P,y Of (1) has degree 6, no real roots and divides x4 — 1for some d € N. Equivalently, Pyinisa
product of cyclotomic polynomials of degree > 2. Thus, the possibilities are: a product of three cyclo-
tomic polynomials of degree 2, the product of two, one of degree 2 and the other one of degree 4, and
a cyclotomic polynomial of degree 6. From there we can deduce the possibilities for ¢p(¢,) and looking
at the eigenvalues we can deduce the values for at), bt,, ct, as shown in the statement. |

2r

Case 2: at, € {27[, 5

From the classification of finite subgroups of GL(6, Z) we were able to extract the finite
cyclic subgroups of SL(6, Z), using GAP. We obtained 123 subgroups. Each one of these
gives rise to a group Z X Z> which is (isomorphic to) a lattice of an almost abelian flat
Lie group. Indeed, conjugating ¢(t,) via matrices in GL(6, R) we can obtain each one of the
matrices generating these subgroups, due to the following theorem.

Theorem 3.2 [16] A matrix 13 € GL(k,R) has finite odrder if and only if A is similar to
I ®(-1,)® (costl — sintl> ® 0 <cost, - Sinlr> : where ky, ky,r >0, d,,....d. > 1,

sint; cost, sint,  cost,
each t;is a rational multiple of 2x withO < t; < -+ <t, < w,andk, + k, +2(d, + - +d,) = k.

Each of these 123 lattices are non-isomorphic, since we computed the number of sub-
groups with low index with GAP and this invariant distinguishes them. Thus, we obtain
123 non-diffeomorphic splittable flat solvmanifolds whose holonomy group is finite cyclic.
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3.2 Non almost abelian case

A 7-dimensional non almost abelian flat Lie algebra can be written as g = R? X,; R where
R? = span{x, y} and in some basis B of 3(g) ® [g, g] = R,

0 -—a 0 -b 0 -c 0 -d
adx=<1>ea<a 0>@<b 0), ady=(1>ea(c 0)@(d 0>,

where a® 4+ ¢? # 0,b> + d> # 0 and ad — bc # 0.

The corresponding simply-connected Lie group G can be written as G = R? X ® R>, where
@(ix + sy) = exp(tad,) exp(sad,). According to Theorem 2.3, to determine all the splittable
lattices in G we have to look for {x, y} such that P~! exp(ad,)P = A and P~! exp(ad,)P = B
with A, B € GL(5, Z), for some P € GL(5,R).

There are 6079 finite subgroups of GL(5, Z). Using GAP, we extract from these the 2-gen-
erated abelian finite subgroups of SL(5, Z). Some subgroups cannot give rise to a group
7> X AB Z° isomorphic to a lattice of a flat Lie group since the rank of the abelianization is
even. This contradicts the fact that the Kahler even-dimensional flat solvmanifold obtained by
multiplying by S! must have even first Betti number (and b;(M X S') = b,(M) + 1). Discard-
ing these subgroups, we are left with 45 subgroups, which all give rise to a group Z2 X AB 7’
which is (isomorphic to) a lattice of a flat Lie group R? X b R, as Table 1 shows. Again, we
distinguish the lattices computing the number of subgroups of low index.

Therefore, we get 45 non-diffeomorphic splittable flat solvmanifolds. Note that all these
solvmanifolds satisfy the condition ¢ = —d (as Table 1 shows), which will be important in the
next section.

Remark 3.3 The computations performed in GAP for both the almost abelian case and the

non almost abelian case are available in https://github.com/atolcachier/7-dimensional-split
table-flat-solvmanifolds.

4 Examples of G,-structures on flat solvmanifolds

The aim of this section is to study the existence of invariant closed and coclosed G,-structures
in the flat solvmanifolds we found in the previous section.

4.1 Almost abelian solvmanifolds

Let g, = Rx Xy RS be a flat almost abelian Lie algebra and Gupe =R, RS its corre-
sponding simply-connected Lie group, where

ad, = <2 —()a) ® (2 —0b> (&) <(c) —()c) A +b+c*+0,
cos(at) — sin(at)) <cos(bt) - sin(bt)> <cos(ct) - sin(ct))

sin(at) cos(at) sin(bt) cos(bt) sin(ct) cos(ct)

¢@) = <

The Lie brackets of g, ;, . are given by
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Table 1 (continued)

(a, b), (¢, d)

Matrices which generate the subgroup

Matrix which conjugates
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Table 1 (continued)

(a, b), (c, d)

Matrices which generate the subgroup

Matrix which conjugates
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[e;,e;] = aes, [e),e ] =bes, [eg,e5] = ceq,
[e),es] = —ae,, e}, es]=—bey, [e},e;]=—ceq.
Therefore, the Chevalley—Eilenberg differential d : /\] g, /\2 g, . 1s given by
de? = ae?, ded = —ae'?, de* = be'd,
ded = —be'*, de® =ce'?, de’ = —ce'®. ®
Letp € /\3 g’ , . be the positive form given by
— 12

145 167

+e " +e T +e

246 _ 257 _ 347 _ ;356 (10)

4

Note that {e,, ..., e;} is an orthonormal basis for the induced metric 8o

Proposition 4.1 The 3-form @ as above is coclosed for any choice of a, b, ¢, and it is closed
(therefore torsion-free) if and only ifa + b + ¢ = 0.

Proof We compute dg using (9):
dp = (a+b+c)(e 4 125 4 (1346 _ (1357

In addition,

*(p(p — —61247 _ 6‘1256 _ 61346 + 61357 +62345 + 62367 + 64567.

Again, using (9) it is easily obtained thatd %, ¢ = 0. O

Remark 4.2 This proposition coincides with [10, 11] where the existence of closed
and coclosed G,-structures on any almost abelian Lie algebra is studied. Indeed, there
it is established that @ is closed if and only if ad, € 81(3,C) (i.e. a+ b+ ¢ =0) and is
coclosed if and only if ad, € $p(3, R) (which always happens in our case, because ad, is
skew-symmetric).

Proposition 4.3 Up to isomorphism of the induced lattices, the values of (at,, bt,, ct,) such
that ¢(t,) is similar to an integer matrix and at, + bty + ct, = 0 are the following:

(2_,,4_,,_6_75) (,,_2_5_”) (2_ﬂ£_5_ﬂ) <ﬂ_£_3_ﬂ) (22_3_ﬂ)
o e (G e-% ) =0T ) (3T )

(271-’ 27[’ _47[)’ (277:9 -7, _7[)7 <27Ia_%7_37ﬂ.>’ (27[’_§5 _5?”)’ (27[9_2?”7_4-?71-)3
2

(,r _r _£> (,r _2n _£> (z z __,,) (2_” 2z _4_,;)
)\ B33 333 )\ T3 T3 )
Proof The characteristic polynomial Py, is given by
P¢(,0)(x) =2 -2 cos(at,) + D2 — 2x cos(bty) + D - 2x cos(cty) + 1).

The values of at, bt, ct, such that ¢(%,) is similar to an integer matrix were obtained in
Theorem 3.1. We can change the values of at, bt, ct, by {+aty} + 2xZ, {+bty} + 27 Z and
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198 A.Tolcachier

{*cty} + 27 Z so that we do not change the value of the respective cosines. Moreover, we
want at, + bt + cty = 0, so we have to verify, for the values obtained in Theorem 3.1 if

0 € ({xaty} +2n2) + ({£bty} + 2nZ) + ({ cty} + 27 2).

Equivalently, we have to check if some sum {+at,} + {+bt,} + {*ct,} is equal to 2zk, for
some k € Z. In fact, we have to check only if {+at,} + {+bty} + ct, = 2nk. This can be
done by a straightforward computation and thus the values of the statement are obtained.

O

With the values of at, bz, ct,, obtained, we list in the following table to which integer
matrices (up to integral similarity) we can conjugate ¢(#,). For each one of these triples
we obtain non-isomorphic lattices (as we saw before) and therefore, we get 30 splittable
flat solvmanifolds with a torsion-free G,-structure. All of these examples have finite cyclic
holonomy contained in G, which can be computed easily from Proposition 2.4 (Table 2).

4.2 Non-almost abelian solvmanifolds

Letg, ;.4 = R? X,q R be a flat non almost abelian Lie algebra and G,, ., = R* X, R its
corresponding simply-connected Lie group, where R? = spang {x, y} and

0 —a 0 -b 0 —c 0 —d
w=wo(® e (0 7). w-ms(®3)e(l 7).
where, a> + ¢ # 0 # b* + d?,ad — bc # 0.
The Lie brackets are given by
e, el = aes, [eg,eq] =bey, [ey,e4] =ces, [ey,e5] =dey,

[e;,es] = —ae,, e}, e;] = —bes, ey, e5]=—cey, [e,,e;] =—deg.

Therefore, the Chevalley—Eilenberg differential d : /\1 Quped = /\2 8pcq 18 given by

de* = ae® + ce®, de’ = —ae'* — ce*,

deb = be'” + de?’, de’ = —be'S — de?S.

)

We want to study the existence of closed and coclosed G,-structures in g, ., We will
prove that g, ., does not admit any closed G,-structure. The key lemma is the following
one, proved in [9], where the following notation is used. Given a 7-dimensional real Lie
algebra g, every 3-form ¢ € /\3 g" on g gives rise to a symmetric bilinear map b by setting

by:gxg—> N\ g =R,

v, w) — éwﬁ AL, D AP.

Lemma 4.4 [9] A 7-dimensional oriented real Lie algebra g does not admit any closed G,
-structure if for every closed 3-form ¢ € /\3 g* one of the following conditions hold for the

mapb¢:gxg—>/\7g*:R:

(1) There existsv € g \ {0} such that by(v,v) =0,

@ Springer



G,-structures on flat solvmanifolds 199

Table 2 Almost abelian 7-dimensional flat solvmanifolds with a torsion-free G,-structure

(aty, bty, cty) Similar to Hol M\G,,,.)
(2_;(4_7[_6_7r) -1 0 0 0 1 0 z,
70707 -1 0 1 0 0 O
-1 0 0 0 0 O
1 -1 0 0 0 0
-1 0 0 0 0 -1
1 0 0 1 0 0
(_z _5_”) -1 -1 0 0 Z,
e 6 1 1 1 -1
1 0 1 o @)
1 o 1 -1
(z_ﬂ,z,_s_n) 0 0 0 1 z,
37676 0 0 1 -1 & 0 -1
1 0 0 O 1 -1
0 -1 0 0
0 0 0 0 0 -1
0 0o 1 0 0 -1
-1 0 0 0 1 0
0 -1 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 -1
4 3r -1 0 0 0 0 0 VA
(”’ 4’_7) 0 1 0 0 0 0 -1 -1 0 1 )
0 0 -1 0 0 0 0 1 0 0
@ (-1
0o 0 o 1|®CR], 0 0 0 -1 0
L0 0 0 0 -1 0 0 0 -1
Ao 0 0 1 0 -1
(z,z,_%_n) 0 0 0 -1 zy
2040 4 0 0 1 0 & 0o -1
-1 0 0 0 1 0
0 -1 0 0
-1 0 -1 0 -1 0
0 0 1 0 0 0
1 0 0 0 0 1
0 -1 0 0 o0 0
1 1 1 1 1 -1
1 0 11 1 0
0 0 1 1 0 0
0 0 -1 0 0 -1
0 -1 0 0 1 0
0 1 0 0 0 0
0 0 -1 0 0 0
1 1 0 0 0 0
Q2r, 2, —47) I {e}
Qr,—m,—m) 0 0 -1 0) 2
0 -1 0 0 0 -1
—146912,(—13)@(1)@(_1 0>,—Izee o0 o o
0o -1 0 0
(2”,_5,_31) 0o -1 0 -1 z,
22 1 0 1 0 | 0 1 1 0 0
0o 0 0 1@2(1)69(_1 0>€B—1 0 1
0 0 -1 0 0 -1 0
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Table 2 (continued)

(aty, bty, cty) Similar to Hol M\G,,.)
0 0 0 0 -1 0
o0 0 0 0 0 -1
0 1 0 0 0 1
-1 0 0 0 -1 0
o 0o o0 1 1 0
0 0 -1 0 0 1
_x _5n 11 0 -1 Z,
(271:, 3 3) <_1 O)GB(I l>6912
Qm,-%,-%2) (-1 1 -1 -1 Z,
3 o o)®lo 1 )9Ok
4 | 0 0 1
(1)@(1 0 >@ -1 0 0
0 -1 0
0 -1 0 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 -1
-1 0 0 0 0 0
0 0 -1 0 0 0
(#,-%.-%) 01 (1) o1 (1) z,
o 0o o -1/
0 0 1 0
-1 0 0
(—1)69((1) ‘01>ea 1o -1
0 1 0
0 0 0 0 1 0
0 0 0 0 0 1
0 -1 0 0 0 -1
1 0 0 0 1 0
06 0 0 -1 -1 0
0 0 1 0 0o -1
(”,_%’_g 0 - 1 0 Z
1 -1 -1 -1 1 0 0 0
<1 0>€B<1 0)@(-12)(—12)@1 0 0 -1
0 0 1 0
T 0 0 -1
(—l)€B<1 0 )ee 1 0 0
0 1 0
0 -1 0 0 -1
1 -1 0 0 0
-belo -1 0o o0 o0
0 1 -1 0 0
0 1 0 1 0

@ Springer



G,-structures on flat solvmanifolds 201

Table 2 (continued)

(aty, bty,cty)  Similar to Hol (M\G,,,.)

z oz 11 1 -1 -1 z
(G a)e( W)e( D) “
0
0
0

0 1 0

1 -1 1 0 0

<1 0>®0 0o 1

0 -1 -1 0

(3 2 _dry 0 0 0 0 o0 1 z,

303003 0 0 -1 0 0 0
0 1 -1 0 0 0
0 0 0 0 -1 0
0o 0 o0 1 -1 0
-1 0 0 0 0 -1

(2) There existv,w € g\ {0} such that by(v,v)by(w, w) < 0.
Proposition 4.5 The Lie algebra g, , . ; does not admit closed G,-structures.

Proof Letp = Y. l_»/-ke"jk be a generic 3-form. For ¢ to be closed we have

i<j<k &

1234 . 1235
0 = —(aays — cajss)e + (aay, — cajzy)e

+ (da,3; — bayyy)e'™ — (dayyq — baysg)e'™’

124 1247

6
— (aays6 — dayy; — ca 5o + bayyy)e ™™ — (adysy + daye — ca s — bayg)e

1256 1257
+ (aay46 — capye + dajs; — baysy)e ™ + (aayy; — ca gy — daysg + bayse)e

1346 1347 1356 1357
— (aazss + bazg)e ™ — (adssy — bayg)e ™ + (aass — bazsy)e ™ + (adzy; + basse)e

1567 _ (da347 + Ca356)€2346

2357

— bays,e"® + baysge'® — aasg,e' " + aayge

+ (dagyg — Ca357)e™ + (Cayyg — dazsy)e®™ + (cazy; + dassg)e
— a5 + daaysge™T — casg e + caygre?0.

Since a* + ¢ # 0 and b? + d*> # 0, we have a5 = asg; = 0 and aysq = ays; = 0 respec-
tively. Looking at the last eight pairs of terms we deduce that

aasy; = —basse dasy; = —cazse
aazse = —bazy, and dazye = cazs;
adss; = bas, Casye = dass;
adsu = bass; Caszyy = —dassg

From here we have
2 _ _ 2
a”ay = abaysy = b asye
2 _ _ 2
a”a3y7 = —abayss = b azy
2 _ )
¢ a3ys = cdazsy = d ay;

2 _ _ 2
C G347 = —cdazse = d azy;
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If ay46 # 0 Or asy; # O then @ = b? and ¢? = d°. Thus, b = +a and ¢ = +d, neither of them
being zero. The condition ad — bc # 0 rules out the cases b = a,c =d and b = —a,c = —d.
In the other two cases, looking at the previous equations it follows thata =b =c=d =0,
which contradicts ad — bc # 0. Therefore, a6 = a347 = 355 = a357 = 0.

Furthermore, from the terms having 4 summands we see that

(b — a®)ayyg + (ac — bd)a, 6 (—ac + bd)ayyg + (¢* — d*)a 6

57 = ad — bc R ad — bc ’
_ (=ac+bd)a,y; + (@® = bHayy _ (ac = bd)ayy; + (d® = Pay

%156 = ad — bc » G256 = ad — bc '

Using the values we have just found in the expresion for ¢ we compute now
— 1.7
Lo, N1y ® A = —6(a146a3450247 = A14703450246)€ "
— 1.7
Lo, ® A1 A D = 6(a14602470345 — A14702460345)€

Using (ii) of Lemma 4.4 for v = ¢, and w = e5, we conclude thatg, ., does not admit any
closed G,-structure, for any choice of values a, b, ¢, d. O

Although g, ,, . ; does not admit closed G,-structures, it does admit coclosed G,-struc-
tures for some values of a, b, ¢, d.

Proposition 4.6 Ler ¢ € /\3 g
c=—d.

Z,b’c,d be given as in (10). Then @ is coclosed if and only if

Proof Using (11) we compute
dx, @ =(d+c)e'? +(d + ).

a

Since the 45 non-almost abelian 7-dimensional splittable flat solvmanifolds appear-
ing in Table 1 satisfy d = —c, all these solvmanifolds admit a coclosed G,-structure.

4.3 Divergence-free examples
Finally, we will show that all 45 non almost abelian 7-dimensional flat solvmanifolds we
have obtained admit a divergence-free G,-structure. First, we give the formulas of the

torsion forms 7, ..., 7, for the Lie algebra g, . 4

Proposition 4.7 Let , ¢ g, defined by ¢ = e123 el 4 o167 4 246 _ o257 _ 347 _ 336
Then, the torsion forms of @ are given by
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G,-structures on flat solvmanifolds 203

Ty = —%(b+a),

1 3
=——(d+o)e’,
T 6( c)e
7, = (d +c)(e¥ + &%),
Ty = %(b + a)(3e®7 =36 4 3637 4 367 4 412 4 46! 4 4197
+ %(d+ )6 — o157 4 245 4 ,26T)
Proof We compute 7, ..., 75 using Eq. (5).
Since 7, = % *, (dp A @), we compute

d(p =(b+a)(e1247 +€1256 +€1346 _ 61357)
+ (d + C)(6‘2346 _ 62357),

dp A@=—40b+a)'".

Therefore,
4
=—=(b+a).
0 7( a)
Now, for 7; = —é *, (*wd(p A @), we compute
*,dep =(b + )@ — 2 4 3T 4 )
+(d + c)(e'*® — '),
*,do A @ =2(d + c)e' 7,
Therefore,

T, = —é(d +c)e’.

We know that 7, = x,d %, ¢ —4 %, (7; Ad x, @). It follows from Proposition 4.6 and
the expression of 7, that

Ty Ad*x, 9 =0.
Therefore,
7y =%, d %, @ =(d+c)e' + ).
Finally, for 7; = % ,dp — 759 — 3 %, (| A ), we compute
LLAQ= é(d_'_ €)(e!345 4 1367 4 2346 _ ;2357

* (71 A @) =é(d+ O)(eM6 — o157 _ 245 _ ,267)

Therefore,
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Ty = (b+a)(e257 — o6 4 34T 8356) +(d+ c)(el46 _ e157)
+ %‘(b_,_a)(elzs el 4 o167 4 0246 _ 25T _ 34T _ 356y
_ %(d+ C)(el46 _ e157 _ 6245 _ 6267)
= %(b + a)(3e¥7 = 36*% 4 3637 4 3636 1 40123 4 46! 4 4167)
+ %(d+c)(el46 — o157 4 25 4 267
O

Next, we recall the divergence of T,,. It is defined as the vector field div T, given by

7
8,(div T, E) = Y (V. T,)E, E), (12)

i=1

where {E; }l7= is an orthonormal local frame respect to the induced metric g,
In the Lie algebra setting, given that the basis {e,, ..., e;} of g, ., is an orthonormal
basis for (-, ~)¢,, equation (12) takes the following form:

7 7
(divT,.e), == D T,(V,ene) = D T,le,V,e), (13)
i=1 i=1

Theorem4.8 Letp € A3g: peq defined by @ = e123 4+ e!® 4 o167 4 246 _ o257 _ 347 _ 336
Then, for any choice of values (a, b, c, d) we have div T(p =0, i.e., @ is divergence-free.

Proof We compute V, e; and V, ¢; using Koszul’s formula.
AV, e e0), = (lep el er), —(lej el ), + e, el e),  Vij k.
We obtain that V, e; = 0 forall 1 <i <7and

V. e4=aes, V, es=—ae;, V,es=Dbe;, V, e5 = —be;

Ve, =ces, V,es=—cey, V,ec=de;, V, e; = —deg

Plugging V, ¢; = O for all 1 <i < 7into Eq. (13) we have
7
(divT,.e), == D T,le,V,e).
i=1

Forl <j < 3, itis clear that(divT,, ¢;), = 0.
Let us compute now the other components.
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(divT,, e4), = =T (e, V, e4) =T (€, V, e,) = —aT (e, e5) — cT (e, €5)
(divT,,es), = =T, (e, V, e5) = T,(e;, V, e5) = aT (e}, ey) + cT,(ey,€4)
(divT,, e5), = =T, (e, V, €)= T(e;,V, e5) = =bT (1, €7) — dT (3, €7)
(divT,, e7), = —T,(€;,V, e7) = T (e, V, €7) = bT (e}, €) + dT ,(€;, €6)

Recall that

) 1 1
Tq; - _<" '>¢ - *q;(Tl A *q;(p) — 5T — Z.](TS)’

4 2

where j(73)(e;, ) = * (1,9 A I, ® A 73). Since {ei}17=1 is an orthonormal basis, the first
term vanishes automatically. Note also from the formula for 7, of Proposition 4.7 that
7,(e1,€) = Ty(ep,€) =0ford <j<7.

We compute * (p(rl A * (p(p) and j(z3) (using the formulas from Proposition 4.7):

T A K@= —l(d+c)e3 A (=247 _ 1256 _ p1346 | 1357 | 2345 | 2367 4 4567
@ 6
1
_ E(d+ )B4 4 12356 _ (34567
Therefore

*,(T) A% ,0) = —é(d +c)(e'? + ¥ + &%),

Note that % ,(7; A *,@)(e;, €;) = *,(7; A *,0)(e,¢) =0 ford <j<7.
Now, the interior products I, @, 1 <j < 7are given by

@ = B4 e e, 1@ = e % _ o5, @ = 012 — 647 _ %6,

@ = —e'S 2 4 Y, 1@ = PR 1@ = —e'T 4 e — %,
_ 16 _ 25 _ 34
=€’ —e” —e".

Hence,
L @ AT = g(b +a)(e! B4 4 12367 | 14567y 4 %(d+ )(12346 _ 12357 4 ,24567)
AT = %(d+c)(e12345 + 12367 4 0p14567) 4 %(b a)(e!46 _ g12357 _ 24567y
From this we have
ST ) = )(T)(ere) =0, ford <j<7.
In conclusion, T (e, e)=T,(ey,¢;) = 0 for 4 <j < 7. Therefore, div T,= 0. O

Remark 4.9 The 45 flat solvmanifolds of Table 1 can be obtained choosing values of
(a, b, c, d) such that a # —b and ¢ # —d. Indeed, instead of taking A, B we take A and
AB, which corresponds to the values (a, b), ((a + ¢), (b + d)). It can be easily deduced for
the values of Table 1 that a # —b and a + ¢ # —(b + d). This choice will induce an iso-
morphic lattice because (A, B) = (A,AB). In this way, the invariant G,-structure on the
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corresponding 45 flat solvmanifolds is divergence-free and it is a generic G,-structure
respect to Gray-Fernandez classes, since none of the components of the torsion vanishes.
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