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Abstract

We study analogues of Sturm’s bounds for vector valued Siegel modular forms of type
(k, 2), which was already studied by Sturm in the case of an elliptic modular form and
by Choi—Choie—Kikuta, Poor—Yuen and Raum—Richter in the case of scalar valued Siegel
modular forms.
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1 Introduction

In this paper, we consider a question about congruences for the Fourier coefficients of vec-
tor valued Siegel modular forms of type (k, 2), which was answered by Sturm [11] in the
case of an elliptic modular form and by Choi—Choie—Kikuta [2], Poor—Yuen [8] in the case
of a scalar valued Siegel modular form and Raum—Richter [9] in the case of a scalar val-
ued Siegel modular form and of some, but not of type (k, 2), vector valued Siegel modular
forms.

Let p be a prime number and Z, be the local ring of the p-integral rational
numbers. Suppose that f = Z:‘;O a(nif)g" is an elliptic modular form of weight
k with integral coefficients. In [11] Sturm proved that if a(n;f) =0 (mod p) for
0<n< 1_k2’ then a(nif) =0 (mod p) for every n > 0. This bound is called a Sturm
bound. In this paper we study the Sturm bound of the vector-valued Siegel mod-
ular forms of type (k, 2) and degree 2 such that all Fourier coefficients lie in
Sym;(Z(p)) ={T =ty € Symy(Q) | #;;,2t;; € Z,)}. Here p is a prime with p > 5 and k
is an even integer.
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136 H. Kodama

We state our result more precisely. A Siegel modular form of type (k, 2) is a holomorphic
function f'on the Siegel upper-half plane H, with values in Sym, (C), satisfying

F(M(Z)) = det(CZ + DY*(CZ + D)f(Z)(CZ + D)

for all M = <2g> in the Siegel modular group I, = Sp,(Z) and for all Z € H,. Here

(k, 2) comes from the fact that the automorphy factor is the one of representatives in the
equivalence class of the representation dett @ Sym(2). We denote by M, (I 2)2(,,) the mod-

ule consisting of all such f whose Fourier coefficients are in Sym;(Z(p)). The following
theorem is our main result.

Theorem 1 For each even integer k and each prime p > 5, suppose that F is a Siegel
modular form in M, 5 (I 2)2(,,) having the form

! _ 2
F(z, 7', w) = Z A(m,n,nq7q}q,
mmne”Z, re % VA

mnmn—r2>0
; 2rit 2nit’ 2o Tw . ;
with q, = e, q, = e ,q,=¢ and ( P > in the Siegel upper half space H, of
degree 2, where H, := {( Tw/ > € M,(C) | Im( Tw/ > > 0}. If A(m,n,r) =0 (mod p),
T T
i.e. all the elements of A(m, n, r) are congruent to 0 mod p, for every m, n such that

k k
<m<|—= <n<|X
O—m—[lo]’ 0—”—[10]’

then F =0 (mod p).

The proof of the theorem is due to an inductive argument on the determinant weight k and
our main tool is the Witt operator and Theorem 2 (Sect. 2.5).

2 Preliminary
2.1 Siegel modular forms of type (k, 2) and degree 2
The Siegel upper-half space of degree 2 is defined as
H, :={Z=X+iY € Sym,(C) | Y > 0 (positive definite) }.
The real symplectic group Sp,(R) acts on H, in the following way:

Z— M{(Z) :=(AZ+ B)(CZ +D)™!,

A B
ZeH,, M= <C D> € Sp,(R).

A Siegel modular form of type (k, 2) on I, with character v is a holomorphic function f on
H, with values in Sym,(C), satisfying
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A note on the Sturm bound for Siegel modular forms of type (k... 137

F(M(Z)) = v(M)det(CZ + DY'(CZ + D)f(Z)(CZ + D)

AB
CD
the C-vector space of Siegel modular forms (resp. cusp forms) of type (k, 2) on I, with
character v.

forall M = < > € I and for all Z € H,. We denote by M, (I3, V) (resp. S; (13, V))

2.2 Fourier expansions

Any F(Z) € M, ,(I,,v) has a Fourier expansion of the form

F(2Z)= Z a(T;F) exp(2ritr(12)), a(T;F) € Sym,(C),
0<TE A,

where T runs over all positive semi-definite elements of %A2 defined as

Ay =T =(ty) € Symy(Q) | 1;;, 21 € Z}.

Taking g, := exp(27it), q,, := exp(2riw) and q,, := exp(2zit’) for Z = <;Z’, > € H,,
we can write

553

q" = expQrit(TZ)) = g2 q" ¢,
Using this notation, we have the generalized g-expansion:

F= Z a(T;F)g"
0<Te; A,
L1 L1
= ) (@T:F)g*)qg% € Symy(Olg,* . q21lq2 .42 1.

0<(tpEi A,

For any subring R of C, we denote by M, (I, v) the R-module consisting of those F in
M, ,(I',, v) for which a(T; F) is in Sym}(R) for every T € %Az where

ii>

Sym3(R) :={T = (t;) € Sym,y(C) | 1;;,2t; € R}.

2.3 Generators of scalar valued Siegel modular forms

Let @4, @6, X9, X, be Igusa’s generators over Z of weight 4, 6, 10, 12, respectively
given in [5]. Let M, (15, v) (resp. S (I, v)) be the C-vector space consisting of the scalar
valued Siegel modular forms (resp. cusp forms) of weight k on I', with the character v.
We denote by M, (I, V)z(,,) (resp. S,(I5, v)ZW) the Z,-module consisting of the scalar
valued Siegel modular forms in M,(I,,v) (resp. cusp forms in S,(I,,v)) for which
a(T; F) is in Z, for every T € %Az. In the case of scalar valued Siegel modular forms,
we have
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138 H. Kodama

M (Z) = @Mz,
ke27Z

= Z )l @4, 96 X190, X121, if p = 5.

Let CSp,(Z) be the commutator subgroup of I',. Let y : I, — {+1} be a non-trivial abe-
lian character, which is basically a character of Sp,(Z/2Z) =~ X, the symmetric group of
6 letters. Any Siegel modular form of weight k on CSp,(Z) also has a Fourier expansion of
the form

Y. b(T:F)expQrite(TZ)), b(TF) € C.

0<TelA,
In this case Igusa [4] showed that
M,(CSpy(2)) := @) M, (CSp»(2))
k

= C[(pzb AS? (pf)’XIZ’ A30]’

where 4, € M, (CSp,(Z)) = M (I, y) is constructed by theta series with Fourier

coefficients
1 31
(D)1 ))-
2 4 2

The modular forms ¢, 45, @¢, X;, are algebraically independent and A§ = X,o. We remark
that there exists a unique relation among the generators;

ENY SN

43, € Cloy, 4s, 96, X1

2.4 p-order of modular forms

We shall define the p-order of modular forms. Let p be a prime with p > 5 and v, the
additive valuation on @ normalized as v,(p) = 1.
Let F be a formal power series with bounded denominators of the form

F= Z a(T;Fq",  a(T;F) € Sym,(Q).
Tex A,

for some positive integer N.
In the scalar valued case, let v, be just as in Bocherer—Nagaoka [1] and elsewhere.
Define a value v, for F with a(T;F) € Sym,(Q) as

v,(F) :=inf {v,(a(T;F)) | T € Sym,(Q)},
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A note on the Sturm bound for Siegel modular forms of type (k... 139

where v, (a(T5F)) 1= min, ;e (v, (a;(T3F))) for a(T;F) = ( an(IiF) @ (TLF) )

a5(T5F) ay(T;F)
The following statement and its proof are due to Kikuta:

Lemma 1 (1) Let f=Y,.1, aTf)g" and 8§=2rela, a(T;g)q" with a(T; f,
NT2 N
a(T;g) € Q be formal power series with bounded denominators. Then we have

v, (f8) = v, (f) + v, (8).
(2) Let F = ZTelAZ a(T;F)q" with a(T;F) € Sym,(Q) be a formal power series with

bounded denominators and g be as in (1). Then we have v,(Fg) = v,(F) + v,(8).

The proof of Lemma 1 is, for example, in [6].
We remark that, for a formal power series of the form

F= Y aT:Fq", aT;F)€ Symy(Q),
Tex A,

we have a(T;F) € Sym;(Z(I,)) forallT € %Az if and only if v,(F) > 0.

2.5 Generators of vector valued Siegel modular forms over Z

Let R be a subring of C and N be 1 or 2. For a formal power series f of the form

11
f= ) aTif)q" €Rig," q)llqY.q> 1,
Tex A,
the theta operator O!'1is defined by

1 1 1 1
o)=Y T-aTif)q" € Sym;®q," . q)lq) .4} 1.
Tex A,

Let I be either I, or CSp,(Z) and f € M,(I')and g € M;(I'). We put
1 1
[f.8l := ;f@”'(g) - Zg@'”(f)-

Then the results of Satoh [10] states that [f, g] € M, +]-,2(1“ ).

Let @4, @, X 0, X, be Igusa’s generators over Z of weight 4, 6, 10, 12, respectively
given in [5]. It is known that the MZ'(I,)-module of Siegel modular forms of type (k, 2)
over Z,, has six generators:

Theorem 2 ([6])

For each even integer k and each prime p > 5, @ke2z Mk,z(rz)z(m isa M:V(Z(p))-module
generated by 6 elements whose weights are 10, 14, 16, 16, 18, 22. If we write them as
D, € Mk,Z(FZ)Z(p)(k =10, 14,16, 18,22) and ¥, € MIG,Z(FZ)Z(,,)’ then we have (as a Z
-module)
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140 H. Kodama

Mo (137, = My_10(I2)z, @10 ® My_14(13)7, Pia
O My_16(12)z, P16 ® Vi16(I2)z,, P16
@ Vk*IS(FZ)ZU,)d)lS @ Wk722(r2)Z(m¢22’

where
Villy)z, = M)z, 0206 X0, X2, Willo)z = M)z, 0 Z)[X10,X12]-

We construct @, (k = 10, 14, 16, 18, 22) and ¥, by taking constant multiples of these
generators:

1
(D]() = —m[(ﬂm (/’6], (I)14 = 10[(/’4,X1()],d)16 = 12[‘P47X12],
¥16 = 10[@g, Xip]. D5 = 12[ @4, X151, @ = —120[X,, X5 ]

(832)-C8) (1)) (DA o)1)
()-GO (D) (OG-

Moreover, we put also @y := 10[@,, 45], @, := 10[@q, 45], @7 .= —120[45,X,]. We
will use them in the proof of our main theorem.

Proposition 1 ([6]) Let p be a prime with p > 5. Then we have v,(¥¢) >0 and
v,(@,) 2 0fork=09,10, 11, 14, 16, 17, 18, 22.

2.6 The Witt operator

Let F be a holomorphic function on H,. Then the Witt operator is defined by

70

W(FE)(r, ') := F< 07

>, (r,7) € H, xH,.

This operator was first introduced in Witt [12]. We extend the Witt operator to the case of
Gy Gy

G
12 b2
form of type (k, 2) on I, with character v, then we define

vector valued forms. Let G = € M, ,(I,v) be a vector valued Siegel modular

W(Gl 1) W(Gl2)

W(G)(z,7) := <W(G12) W(Gy,)

>, (r,7) € H, xH,.

For later use, we introduce some examples:
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A note on the Sturm bound for Siegel modular forms of type (k... 141

W(py)(r,7") = Ex(DE, (7)), W(gpe)(r,7') = Eg(T)Eq(7"),
W(Xo)(z,7') =0, WX p)(7,7') = 124(0) A7),
W(4s)(z,7') =0,

_ (A@)E,(t)E4(z") 0
W) = < ! 0 ° E4(T)E6(T)A(T/)> ’

_ E (0)A(r)E,(t))A(T") 0
W@ye) = 12 < ° 04 E4(T)A(T)E6(T’)A(r’)) ’

o (Es0)?A(0)Eg(z)A(T") 0
W(@yy) = 12 < ! 0 ° EG(T)A(T)E4(T’)2A(T’)> ’

W(@,,) = WW,,) = W(d,,) =0,

o =sscnmerne (),

W(@,,) = 2E(0)Es(z (@) 0@ < o )

W@,;) = 288A(7)A(T’)i’l(7)12'7(7/)12( 1 )

1
where 7 is the usual Dedekind eta function defined as n(z) = ¢* H:Zl (I —gm.

Theorem 3 (Freitag [3]) If F € M (I}) satisfies W(F) = 0, then XL € M,_,o(I), namely,
10
F is divisible by X,

Nagaoka’s reasoning on page 416 of [7] proves the following lemma.

Lemma 2 (Nagaoka [7]) Assume that p > 5. Let F € Qllq,, g,/ be a formal power series
of the form

F= 3 1 W@ Wee WX, Ve € Q.

a,b,c>0

Ifv,(F) 2 0, then the y,,. satisfy v,(Y ) 2 0 for all a, b, ¢ > 0.
From this lemma, we get the following corollary.

Corollary 1 Assume that p > 5. Let F € Qllq,, q,,1 be a formal power series of the form

F= Z yubcW((p4)aW((p6)hW(X12)C’ yabCGQ'

a,b,c>0

Ifv,(F) 2 1, then the y . satisfy v,(Y ) 2 1for all a,b,c > 0.

Proof Since Vv, (F) 2 1, we get vp(iF ) > 0. Hence from Lemma 2, we can take
1 1 a c 1
SF= Y S W) W@ WX s Vy(=Fape) 2 0.
p a,b,c>0 P

Hence we can take v,,(v,,) = 1foralla,b,c > 0. O
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142 H. Kodama

3 Proof of the main theorem (Theorem 1)

We prove it by an inductive argument on the weight. By Theorem 2 (Sect. 2.5), for any
Fe Mk,2(1"2)z(m, we can write F in the form

F=(P; +X00)Py+ Py +X,00)P 4 + (P35 + X003)P
+ Py +X100)¥ 16 + (P5s + X005)P 5 + (Pg + X1006)P2s

where P, e M_,o(I) N Z,)[04.06. X121, Q) € Mk—zo(Fz)z(m’ Py eM,_,(I5)N Z(p)[(Pm @6 X121,
0, € Mk—24(r2)Z(m’ Py € My_1s(I) N Z )94, @6, X12], Q3 € Mk—26(F2)Z(m’ Py € Vieis(I2) N Z )06, X121,
0, € Vk—26(F2)Z(m7 Ps € Vi_ig(I) N Z,)l06. X151, Q5 € Vk_zg(rz)z(p), Pee W, _»n(IH)N Z(p)[Xu],
Qs € Winn(ID)z, -

Here we regard P; as polynomials (with coefficients in Z,) P, = P (@4, @6, X12)s
Py = Py(@4, 96 X12), Py = P3(@4, 96, X12), P, = P9, X2), Ps = Ps(94, X12),
Py = Pe(X)5).

We apply the Witt operator to F. Since W(X,,) = W(®,) = W) = W(D,,) =0, we
get

W(F) = WP )OW(@g) + W(P)W(@y6) + W(P)W(Dy5)

_(ME, 0
“\ 0 ME,
)y By, (m,n)qq", 0
— m,n>0
0 2 Bup(mnyqlqy, |’
m,n>0
where
ME = Y CACYE,GYE(r) A E(t'Y Eg(r))
12i+4j+61=k+2
120 +45' +61'=k
1,'=0,1
ME,= ) Ci,i)AGVE(tYEg(z) 'Y Ey(r'Y Eq(7)' .
12i4+4j+61=k
124" +4j' +61' =k+2
1,1'=0,1

The g,-expansion of A(7)'E,(tYE¢(z)" has the form
A(TYE (tYE¢(z) = ¢ + .

The numbers j and ¢, where tis O or 1, are unijuely determined by choosing a value of i.

For each m, n such that 0 <m,n < [1& , A(m,n,r) =0 (mod p). We have that if

0
m< [f—o} and n < [%] then B,,(m,n) = By(m,n) =0 (mod p). This implies that
C,Gi,i") = Cy(i, ) = 0 (mod p) fori,i’ < i]. Note that i, i’ < 1—’;] since 12i + 4 + 61 = k
or k+2 and 12/ +4/ + 6/ =k or k+2 and [g] < [@ < [i] Thus we have

12 10
W(F) =0 (mod p).
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A note on the Sturm bound for Siegel modular forms of type (k... 143

Lemma3 P,,P;,P; =0 (mod p).

Proof of Lemma 3 Using fact that W(45) = 0, we get
W(F) = WP)OW (@) + W(P)W(D ) + W(Ps)W(Dg)

_ A(T)E,(7)Eq(7) 0
= W(Pl) < N 0 ¥ E4(T)E6(T)A(T/)>

E¢(1)A(T)E (7)) A(r") 0 >
0 E,(t)A(T)E¢(t") A(r")

E,(2)*A(T)E4(t)A()) 0
0 E(D)A(D)E, (7' A(")

+ 12W(Py) (

+ 12W(Py) (

_ Ey(t")E¢(7)) 0
= {W(P1)< N 0 ¢ E4(T)E6(T)>

E¢(1)E,(t)A(r") 0 >
0 E,(2)A(2)E¢(7")

E (t)?Eg(z)A(r") 0 A(r) O
+ 12W(P5) < 4 66 Eé(T)A(T)E4(T,)2>} < 0 A(T'))

(£ 2
0 f 0 A(zh)°

where the (1, 1)-component and (2, 2)-component of W(F) are

+ 12W(Py) (

J114(7) = (W(PI)E4(T')E6(T') + 12W(P3)E6(T)E4(T')A(T')
+ 12W(P5)E4(r)2E6(T’)A(r’))A(T),
Fnd(@") = (W(P)E,(1)Es(7) + 12W(P3)E,(2)A(x)E4(7)
+ 12W(P; )E6(r)A(r)E4(r’)2)A(r’).
Since v,(W(F)) 2 1, and v,(A(7)) = vp(A(f’)) =0, we have vp(f“) = vp(fzz) > 1. Then we
get
Vo(—E,(DADEg(1)fy) + Eo(D)E (1) AT )fy)
=V, (Ey(r)’ A(T) — AD)E, (2 V) E (0)E,(YW(P)) +2° - 3* A(0) A(T")W(P5)))
>1
and
Vp(E4(T)E6(T)f1 1~ E4(T,)E6(T/)f22)
v,(22 - B(Ey (1)’ A7) — A(DE((7' Y ) Ey(0)E, (2 YW(P3) + Eg(T)Es(t)W(P5)))
> 1.

Since vp(E4(r)3A(r’) — A(D)E4((7')*)) = 0, we get
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144 H. Kodama

V(EJ(DE(ZYW(P)) + 2% - 3 A(D) AT YW(Ps)) > 1, (1)

V,(E(T)E (tYW(P3) + E¢(0)Es(z)W(P5)) > 1. 2)

Case (k # 0 (mod 6))
We have W(Ps) = 0. Hence we have v,(W(P))) > 1and v,,(W(P;)) > 1. We can write

WPD= D VW) Wi WX,
4a+12b+12¢=k-10
WP = Dy W) Wi WX

4a+12b+12c=k-16

From  Corollary 1, ~we have v,(y,.)>1 and wv(y/, )>1  Using

we, - z Yabe ¥30eX1y) =0, W(P5 — ) Vanc #3961 = 0, we
4a+12b+12¢=k—10 0 be 4a+12b+12¢=k—-16
have P, = > Yabe P3P X7, and
4a+12b+12c=k=10 . ) o
Py= > v bcgpj“(p’éX?2 because the Witt operator is injective on C[gy, @4, X;,]

4a+12b+12c=k-16
by Theorem 3 and the fact that Igusa’s generators are algebraically independent over C.

Hence v, (P, (@4, 6. X13)) = 1and v,(P3(¢4, 94, X15)) > 1.
Case (k=0 (mod 12))
We can write

WP) = E(DE() D 7 W) W(@D W(X,,),

a=2 (mod 3)
4a+12b+12c=k—-16
WP = D 1 W) Wep" WX,
a=2 (mod 3)

4a+12b+12c¢=k-16

W(Ps) = E(DEs(z)) Y, 7 W(@D W(Xp,) .
12b+12¢=k-24

Using these formulas, we can write
E,(DE (" YW(P)) + 28 - 3*A(r) A(z")W(P5)

=E@E() Y Ve W@ W@ WX )
a=0 (mod 3), a>3
4a+12b+12c=k-12

+ 26 . 33E6(T)E6(T/) Z y;lc_l W((Pg)bW(Xu)L
12b+ lCZZCIZk— 12

=E@E D Ve W@ W) WX )
a=0 (mod 3), a>3
4a+12b+12c=k—-12

+20-3° Yy W) WXy
12b+ lczzclzk— 12
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A note on the Sturm bound for Siegel modular forms of type (k... 145

Since v,(LHS) > 1, we have v,(RHS) > 1 for both of two formulas above. From Corollary
1 and Theorem 3, we get v, (P, (@4, @6, X12)) = 1and v,(P5(@y4, @6, X)) 2 1. From the for-
mula (2), v,(P3(@4, @, X15)) > 1.

Case k=6 (mod 12)(k =2 (mod 4) and k =0 (mod 6)): Similarly to the case of
k=0 (mod 12), we can prove the assertion of Lemma 3. O

By the Lemma 3 above, we get

F=A4s {450 Dg + 03P+ OsPg) + (Py + X100,)Pg + (Py + X1004)P;
+ (Pg + X1006)P7}
=45 G.
1

1
It is known that 45 # 0 (mod p) and g; g, | Asbutq.q,, + As. Next we apply the Witt oper-
ator to G.

W(G = W(P)W(Dy) + WPYW(D,,) + W(P)W(D,,)

> cs(i,i’)A(r)fE4(rYE6(r)'A(r’)"’E4(T’Y"E<,<r/>"n(r)nn(r’)”((1’(1))
12i+4j+6t=k—10

124 +4j' +61' =k—10

1,1'=0,1

01
=2 Blz(m,HMTQZ'"(T)]Z”(T')IZ( 10)'

m,n>0
It is known that 5(z)'> # 0 (mod p) and qé qé, | n(z)'? but ¢,q,. + n(r)'>. Hence we have
that if m < || =1 and n < |sc| — 1, then Bjy(m,n) =0 (mod p). This implies that
Cyi,7)=0 (mod p) for i@ < [1"—0] ~ 1. Note that i< [%] —1 since
12i +4j+ 6t = k— 10 and 127 + 4/’ + 6/ = k — 10 and [% < [%] — 1. Thus we have
W(G) =0 (mod p).

Lemma4 P,,P,,P; =0 (mod p).
Proof of Lemma 4 Using fact that W(4s) = 0, we get
W(G) = W(P)W(Dy) + W(PHOW (D) + W(Ps)W (D7)

= W(P,) (2E4(T)E4(T/)’7(T)lzn(rl)lz< (1)(1) ) >

+WED) <2E6<T)E6(r'>n(r>'2n<f')‘2( o >>

W) <25 B4 AC (@) () ( 0 ))

Case k #4 (mod 6): In this case we have P, = P¢ = 0 as polynomials. Therefore we get

vp(W(Pz)) > 1. From Corollary 1 and Theorem 3, we get vp(Pz((p4, @6, X12)) > L
Case k =4 (mod 12): We can write
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146 H. Kodama

W(P) = E(DEs(z)) D0 YW@ W(@D) WX,

a=2 (mod 3)
4a+12b+12¢=k-20
WP)= D 7 W@ WX,
12b+12c=k-16

W(Pg) = 0.

Using these formulas, we can write as

W@ =2 Y ren V@) W) WX,
a=0 (mod 3), a>3
4a+12b+12c=k—-16

* Z J/;CW((%)%W(Xlz)c)Es(‘L')E6(‘L'l)77(1')12,1(,L./)12( (1)(1) >
12b+12c=k—-16

Again from Corollary 1, we have Vo(Famipe) 2 1 and vp(y,;c) > 1. These mean that, from
Theorem 3, Vp(Pr(@4, 96, X15)) 2 1 and Vp(Py(@6, X12)) 2 1.
Casek = 10 (mod 12): We can write

WP)= Dt W) W(eg) WX )
a=2 (mod 3)
4a+12b+12c=k—-14

W(Py) = E(D)Es(z)) Y, 7, W(@p WX,
12b+12c=k-22

k=22
W(Pe) = yi’i W(X,) 2.

12

Using these formulas, we can write as

WO =(2 Xt W@ W WX,y
a=0 (mod 3), a>3
4a+12b+12¢=k-10

+2 ) o Wee WX )

b>1
12b+12¢=k—-10

k=10 01
+23 3y, WX ) P >n(1)l2n(f’)”< 10 )

12
Again from Corollary 1, we have v,(2y,_3,.) > 1, v,(2y,_, ) > 1 and "p(23 . 3y2’ﬁ) > 1.

12
These mean that, from Theorem 3, v,(Py(@4, @6, X12)) 2 1, v, (P4(p6,X15)) > 1 and
Vp(PG(X12)) Z 1
This completes the proof of Lemma 4. a

From Lemma 4, we get
F=X5-(Q1Dyg+ QP14 + Q3P + Qu¥ 6 + Q5P + QcPyy)  (mod p).

Then H; :=Q®yg+ 0Py + Q3P+ Qu¥ i+ OsPig + QcPry € My_192(13)z, and
A((m,n, r):H,) = 0 (mod p) for every m, n such that 0 < m < [%] 0<n< %]

Moreover v,(F) = v,(H,) since v,(Xj9) = 0.
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By repeating this argument, there exists the modular form H, of weight k — 10¢ and ¢,
such that

F=H, X, (modp)
where 1 <t < 1, and

A((m,n,r);H,)=0 (mod p)

for every m, n such that 0 < m < [k_l(l)()’] , 0<n< [%]. Thus we have

v,(F) = v,(H, ).

Since the weight of H, < 22, we should check the case k < 22 directly.
Case (k=0 (mod 10))

H, € M,y,(I;) and 1, = % Since

Xig=(-24¢q,+q," )+,

we have that if n < [%] —ty=1landm < [%] —t, = 1, then a((m, n, r:H, ) = 0 (mod p).
Witha, € Z,, we can write

a,0
Hto =a? = < 010 >q‘r +

Hence we have a; = 0 (mod p). Hence we have F =0 (mod p).

Case (k=4 (mod 10))

H, €M\ ,I;) and f,= %. Then we have that if n< [%] —ty=1 and
m =< I:lk_O:I —Ih= 1, then a((m’ n, I’);Hto) =0 (mOd p) With a,a € Z(p) we can write

H, = a,0,®y+a, Py

Ty

(a0 + 00
- 00 q: 0 a, qr
30 2 0 —28a; —a, —l4a,—1a
+ <a1(;i-01230 )+ 1T n 1Ta%)
a, + 2a, —14a, - 70— 28a; —a,
—28a, —a, l4a, + laz ] aa a —a _
+ 2 + (DN 2 (D 1 2 e
<14011 + %az —28a, —a, o aa 9o —a; a Qo (99
Hence we have a; =0 (mod p) and —-28a;, —a, =0 (mod p). Hence we get
a, =0 (mod p). Hence we have F = 0 (mod p).

Case (k=6 (mod 10))
k-16

H, € Ms,(I3) and 1y =—=. Then we have that if n< [%] —ty=1 and

m < [%] —ty = 1, then a((m, n, r);H,“) =0 (mod p). Witha,,a,,a; € Z ,, we can write
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H, =a,0sP g+ a, P15+ a3¥ 6

_ (a0 " 00
“\oo q: Oa] 9.
n —T14a, + 10a, — 2a;4 0
—T714a, + 10a, — 2a;

0

—28a; +a,+a; —l4a, +%a2+%a3
T\ ct4ay + Loy + Lay  — 280, £ ay+ o
ap + 504, T+ 303 ay tdy Tdg

—28a, +a, +a; l4a, — ta,—1a -
PP T R T ey ()2 (T ) g g g e
14a, — 20— 303 — 28a, +a, + a; apa; a; a;
—28a, + a, + a; =0 (mod p). Hence we get
Hence

Hence we have a; = —=714a, + 10a, — 2a; =

a, = ﬁ(lO% —2a3 + 2(ay +az)) =0 (mod p) and a3 = (—=(10a, = 2a3) + 10(a, + a3)) =0 (mod p).
k ] -t =1 and

L
22.3

we have F = 0 (mod p).
(Case k =8 (mod 10))
218 Then we have that if n < [E

H, € Mg (I3) and 1y = =7
m < [%] —t, = 1, then a((m, n, r);H,D) =0 (mod p). Witha,,a,,a; € Z(p) we can write

H, = a,¢;@+ 0,0,D14 + ;D
_ (@0, (00
“\00)%"\0q )"
270a; — 2a, + 10a; 0
0 270a, — 2a, + 10a;
L Batata —lda+ la, + 1a,
—14a, +%a2+%a3 —28a; +a,+as o
—28a; +a, +a; 14a, —la,—la, a,a a —a
+ 2 27 -1 4 14 )2 4 1 1,2 R
(14a1 - %az - %a3 —28a, +a, +a, o a,a; o —a; a 9o (929
Hence we have a;, = 270a, — 2a, + 10a; = —28a, + a, + a; = 0 (mod p). Hence we get

a, = ﬁ(—(—Za2 + 10a3) + 10(a, + a3)) =0 and a; = 5= (=24, + 10a; + 2(a, +a3)) =0 (mod p).

Hence we have F = 0 (mod p).
(Case k =2 (mod 10))
H, € My,,(I;) and 1, = k;ﬁ Then we have that if n< [%] —1t,=2 and
m < [%] —ty =2, then a((m,n, ”)§Hz0) =0 (mod p). With a,,a,,a;3,a4,as,a4,a; € Z

we can write
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H, = (alfﬂz + az(l’é + X p)P + a0, P + aspePis + agpePig + a9

a;+a, 0 + 0 0
= q 9y
0 0)" 0 a+a )"

. 510a, — 1218a, — 2a, + 10as — 2ag 0
0 510a; — 1218a, — 2a, + 10as — 2aq

+ —28a; —28a, + a, +as + ag — 14a, —14az+%a4+%as+%a6
o
—14a, —14u2+%a4+ %u5+%a6 —28a; —28a, +a, +as + ag
+ —28a; —28a, +a, +as +ag  14a, +14a2—%a4— %“5_ %aﬁ 1
14a, +l4a2—%a4— %as— %aﬁ —28a; —28a, +a, +as +ag ¢
ay+aya,+a ay+a, —a;—a
+< 1 Haa, 2>‘1§;+< 1+ta 1 2>q;2}q,q,/
ay+a,a; +a, —a,—a, a; +a,
696a, — 1032a, 0 0 0
+ ' P )a+ @
0 0 0 696a, — 1032a,
+ —54324a, + 350028a, — 1404a, — 2772a5 + 2052a, 0
0 279432a; + 1088136a, + 10a; — 168a, — 10104a5 + 4084,
+ —46464a, + 1920a, + 704a, — 352a5 — 10244, —23232a; 4+ 960a, + 352a, — 176as — 512ag
9w
—23232a, + 960a, + 352a, — 176as — 512a5  17952a, + 114720a, + a3 + 88a, — 1160as — 200a, ‘

L (464641 + 19200, +704a, - 3525 — 10240, 23232, = 960a — 352a, + 176as + 5125 .
232324, — 960a, — 352a, + 176as + 512ag 17952, + 1147204, + a; + 88a, — 1160as — 200a;

+

510a, — 1218a, — 2a, + 10as — 2ag  510a; — 1218a, — 2a4 + 10as — 2a¢ \ ,
510a, — 1218a, — 2a, + 10as — 2a5 1020a, — 2436a, — 4a, + 20as —4ag )

—510a; + 1218a, + 2a, — 10as + 2a5 1020a, — 2436a, — 4a, + 20as — 4ag ¢
A 0 A, C A, -C
4 1 I R 4+ 2 2 q;l
0 B, C, B, -C, B,

[—68341641 +217056a, — 8a; + 3840a, — 1920a5 + 19968a +2a,  — 3442084, + 1085284, — 4a; + 1920a, — 960as + 99844 + a; ] 5
"

+< 510a, — 1218a, — 2a, + 10as — 2a5  — 510a, + 1218a, + 2a, — 10as +2a6> 72} )
q:9 .

q
—344208a, + 1085284, — 4a; + 1920a, — 960as + 9984ag +a,  — 688416a, + 217056, — 8a; + 3840a, — 1920as + 199684 + 24,

[ -o884160) +2170560; — 8as + 38400, — 192005 + 199680, + 24, 344208a, ~ 108528a; + day = 1920 +960as ~ 984a —ay |
3442084, — 1085284, + 4a; — 1920a, + 960as — 9984as —a,  — 688416, +217056a, — 8a; + 3840a, — 1920a; + 199684, + 24,

17952a, + 114720a, + a; + 884, — 1160a; — 200a, 41184a, + 113760a, + a5 — 264a, — 984as +312ag| ,
4,

41184a, + 113760, + a; — 264a, — 984as + +312a5 179524, + 114720, + a; + 88a, — 1160as — 200a;

17952a, + 114720a, + a; + 88a, — 1160as — 200a, —41184a; — 113760a, — a; + 264a, + 984as — 3124,
—41184a, — 113760a, — a; + 264a, + 984as — 312a5  17952a, + 114720a, + a; + 88a, — 1160as — 2004,

-3

9o

696a; — 1032a, 696a; — 10324, | ,

| 99641 - 10320, - 696a, + 1032,
q
696a, — 1032a, 6964, — 10324, | * | —696a, +1032a, 6964, — 10324,

4l 22
4y (479 + s

where
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A, = B, = =59095920a, — 257328624a, — 2288a; — 757764, + 2537728a5 — 3292164, — 36a;
A, = B, = =20671008a, — 53005344, — 577a; + 33960a, + 517512a5 + 144840a, + 164,
C, = —24544032a, + 15272544a, — 139a, + 239160a, — 205656a5 + 5116084 + 70a;

Hence we get

a, = 26 (1032(a1 +a,) + (696a; — 1032a,)) =0 (mod p),
a, = 26 (696(411 +a,) — (696a, — 1032a,)) =0 (mod p).
Then we get
as = 22 (Z(a4 +as + ag) + (—2a, + 10as — 2a5)) =0 (mod p).

Hence we get a, + a4 = 0 (mod p) and 704a, — 1024a, = 0 (mod p). Hence we get

a, = 26 (1024(a4 + ag) + (704a, — 10244,)) =0 (mod p)
and
ag = 26 (704(a4 + ag) — (704a, — 102444)) =0 (mod p)
. Hence we get a; = a; =0 (mod p). Hence we have F = 0 (mod p). a
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