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Abstract

Let F, be a finite field with ¢ elements, where g is a power of a prime p. In this paper, we
obtain an improvement on Weil bounds for character sums associated to a polynomial f(x)
over I, which extends the results of Wan et al. (Des. Codes Cryptogr. 81, 459-468, 2016)
and Wu et al. (Des. Codes Cryptogr. 90, 2813-2821, 2022).
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1 Introduction

Let I, be a finite field with ¢ elements, where ¢ = p™, p is a prime and m is a positive
m—1

integer. The trace function from IF;, onto I, is defined by Try /), (x) = x +xP +---+xP"
x € IF,. The canonical additive character of F; is defined as follows:

%« T X
Y1 i Fy — CF g (x) = ¢, 7,
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where {p, =e = denotes the p-th primitive root of unity. It is well-known that an arbitrary
nontrivial additive character ¥ of IF;, can be expressed by ¥ = v1(c), c € IF:;.

Let f(x) be a polynomial over F, of degree n with ged(n, p) = 1. Define the character
sum S(f,¥) = er]F,, ¥ (f(x)). A well-known result for S(f, 1) says that

> w(f<x))‘ < (n—1)q. (L)

xeFy

The upper bound in (1.1) is called the Weil bound. In general, the bound is tight and cannot
be improved except some special families of conditions.

Forapositiveintegerd < g = p™,the p-ary expansionofd = do+d| p+. . .+du—1 p’”’l,
the p-ary weight of d, denoted by W), (d), is equal to Z;":If d;.In[6],let f(x) = ax?+g(x)
be a polynomial defined over [, where d is the only exponent in the support of f (x) with
p-ary weight equal to deg,,(f) and deg,(f) = de?i,??(f){w" (d)}, Gillot obtained the Weil

bound of f(x) under the assumption d = 1 4 d, p” with ged(p, d,) = 11is
| Y@ = (Wyd) — D™ q.
xelFy

Later, Gillot and Langevin [7] gave a further improvement on this bound.

In [5], let ¢ = 2", for some positive integer N, suppose that f(x) = x¢ +
ZIN=1 ﬁixaf(zl_l), where B; € Fy, tIm, gcd(c, ¢ — 1) = 1, and each ¢; is a positive integer,
Gangopadhyay obtained that

| D v (fa < 2mH,

X E]Fzm

which improved the Weil bound when deg(f(x)) >027—+l g,
In [15], suppose that f(x) = x", where P’” =n<=p 543 , Shparlinski estimated the

; later, Bourgain and Chang in [2] also obtained a nontrivial

character sum ‘ D ver, V(X"

—v,1—¢

estimate of under the assumption ged(n, l, 1) < p~Vq' 7% whereq = p",

er]F Y(x™)

1 <v <m,v|m, and ¢ > 0, which extended the results of Bourgain et al. in [3].

Furthermore, there are a lot of attentions on improving the Weil bound for the Artin-
Schreier curves, that is y¢ —y = f(x) for (x,y) € IFfl,n, because of their applications
in coding theory and computer sciences, which are referred as [4, 9, 13, 14] and therein.
About character sums for polynomials, there are a lot of papers to investigate them and
presented their applications in cryptography radar and wireless communication systems. Wu
et al. in [22] computed the cross correlation distributions of a p-ary m-sequence for several
decimations with d = q_,,,l in case of p = 2 and p = 3. Li and Wu et al. in [10, 12, 20,
21] gave some low valued Walsh spectrums of monomial functions. Heng et al. in [8, 11]
constructed two families of linear codes with a few weights based on special polynomials
over finite fields and some near MDS codes which are optimal locally recoverable codes.

In [18], for character sums associated to a polynomial f(x) over F,, Wan and Wang
presented a new bound, which is called an index bound. They improved the Weil bound for
high degree polynomials with small indices. The idea was to use monomial bounds over
each cyclotomic cosets because each polynomial can be presented as a cyclotomic mapping.
Recently, the index bound was slightly improved by Wu et al. in [19] by using the least index
obtained from all possible conjugated exponents of the polynomial f(x).

@ Springer



Cryptography and Communications (2024) 16:879-887 881

In this paper, let F; be a finite field, where ¢ = p™ and p is a prime. Let ¥ be an arbitrary
nontrivial additive character of IF,. For an arbitrary polynomial f (x) € F,[x], we investigate
the Weil bound of character sum er]Fq ¥ (f(x)) associated to f(x) by considering all
possible conjugated exponents of f(x) and present an improved upper bound compared to
the results of Wan et al. in [18] and Wu et al. in [19].

2 An improvement of Weil bound for character sums of polynomials

In this section, we always assume that ¥, is a finite field, where ¢ = p™, p is a prime, and m
is a positive integer. Let y be a primitive element of Fy, i.e., Fy = (y) and [, s two positive
integers with s = g — 1, then we define the cyclotomic cosets of order / in F as follows:

Ci=yiyh,i=01,...,1-1,

where Co = (y') is a cyclic subgroup of I} generated by vl

For any ag, a1, --- ,a;—1 € F; and a positive integer r, Wang [16] defined the r-th order
cyclotomic mapping fy, 4, ... 4_, ©f index ! from F, to itself:
f, _]o ifx =1,

ao.at.a-1 — | g;x" ifx € C;,i =0,1,---,1 —1.
It is shown that the r-th order cyclotomic mappings of index / produce the polynomials of
g—1
the form f(x) = x"h(x IT). More generally any nonconstant polynomial f(x) with degree
—1

< g — 1 over F,; such that f(0) = ap can be written uniquely as f(x) = x” h(qu) + ag
with some positive integers r, [ such that /|(g — 1). We call / the index of f(x) (see [1, 17]).

Let Gal(IF,;/FF ) be the Galois group of F; over [, it is clear that

Gal(F,/F,) = (o) = {l,0,07%,...,0"7 1},

where o : ¢ > c¢” is an automorphism of [, which is called Frobenius automorphism of
I, over IF,. A well-known fact is that o (¢) = c if and only if ¢ € F,. We extend o to a map
o of Fy[x]: f(x) = (f(x))?, where f(x) is an arbitrary polynomial over F,.

In the following, we always assume that

f&) =anx™ +ap_ X"+ .. +a,x" +ag € Fylx], 2.D

whereq—1>ry >re_1>--->r;p>1landa, #0,i =1,2,..., k. Denoter = r;. Then

FG) =2 h(x"T) + ao,
and the index [ of f(x) is

_ g1
Tecd(rg —r ey =1, ra—r, g — 1)

Lemma 2.1 [18] Let f(x) = xrh(qu;]) € Fy[x] be a polynomial with the index . Let
no=1{i,0 <i <1—1:h(") =0}, where ¢ is a primitive I-th root of unity in F,. Fora
nontrivial additive character vy of Iy,

—1
S(l—no)‘gcd(ﬁql ) V4.

> () = Tno

xeF,
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Let f(x) be given in (2.1). Define a transformation of I, [x]:
Fylx] — Fylx]
¢ fx) — ¢ (f X)), (2.2)
where
¢(f () =" (ayx™) + ...+ 6" (ayx"") + " (ao)
—af M ral P el
O<vi<m-—1,i=0,1,2,... k.

For x € Iy, let Try,,(x) be the absolute trace of x over I, then Try/, (¢ (f(x))) =
Try/p(f (x)). For convenience, let ¢ be the canonical additive character of ;. Then

Z Y(f(x)) = Z é»[;frq/p(f(x))

xeFy xeFy

B Trg)p (@ (£ ()
=D &

xeF,

=) V@) (2.3)

xeFy

In fact, for an arbitrary nontrivial additive character of IF;, (2.3) holds. Hence, Wu et al. [19]
obtained the following result, which is an improvement of Lemma 2.1.

Lemma 2.2 [19] The notations are as above. Suppose that [* is the least index of ¢ (f(x))

N -1 .
and ¢(f(x)) = x" h(quT). Letng = #{i,0 <i <I*—1: h(") = 0}, where ¢ is a
primitive I* root of unity in IF,. Then

—1
> () = o) < (17 = no) - ged™. ) - V7.

xelf,

In this paper, we shall generalize Lemma 2.2 to get improved bound for character sums of
f(x). In order to investigate the bound for character sum of polynomial f(x), we consider
the set of all positive divisors of g — 1:

D ={d eN:d|(g—1)}.
Let f(x) = Zle ar;x"" + ag be defined as (2.1). Fixad € D andds = g — 1. Then by
division algorithm,
(d,i)

0
d,i d,i
pri = sqi™ 4", 2.4)

’

ri = sq(()d’i) + 7,

Pl = sqyt et

where 0 < réd’i), R rf;il)
Let

<s—1.

Raj = {rd"" riD, i = 1,2, k,

> Tm—1

@D = minfged(s, F) 0= j=m—1}i=1,.. .k,
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and _
Ty= YD i=1,... k).

Without loss of generality, let t = |Ty],
Ty = {r @D, @Dy, 2.5)

and r@D < p@2) ... < pWdD),
By (2.5), there exists a transformation ¢y of I, [x] defined as (2.2) such that

t

$a(f@) =Y 5" hj(x%) + b,

j=1

where b € F; and & (x*) is a polynomial of x* over [F,. In the following, we present our
main result in Theorem 2.3.

Theorem 2.3 Letd € D andsd = q—1. Let y be a primitive element of the finite field F; and
¢ = y?® beafixedprimitive d-throot of unity in[F . Let f (x) be defined as (2.1) and Ty be given
by (2.5). Let ¢pg be the transformation of F [ x| such that ¢4 (f (x)) = Z;zl xr(d’”hj (x%)+b,
where b € Fy and t = |Ty|. Let

Ij=1{i:0<i<d—1landh;(") #0forsome j, 1 < j <t}

andngo =d — |14|. Then for each d € D,

D v (f)

xeF,

1
< (@ =na0) Vg™ = =)+ T,

Moreover, if d runs over all positive factors of ¢ — 1, then

) 1 q
_ @n_+ty, 4
< ggg{(d nq,0)/q(r d)+ d”d,0}~

DU ()

xelFy

Proof Takead € D andds = q — 1, let

1
$a(f@) =Y x" " hj(x%) + b,
j=1
C0L= (y?) be a subgroup of [} of index d, and Fy = Ufl:_()lino.
et
Iyj={i:0<i<d-— landhj(gi) # 0 forsome j, 1 < j <t}

be asubset of {0, 1,...,d — 1}. Then

> Y(@a(f(x)) —b)

xel,
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d—1

L+ ¥(a(f(y'x) — b)
i=0 xeCyp
d—1

1 .
=1+- 0> V@ (r'x) —b)

i=0 xEFZ

d—1 t
1 ) jpdig) i
=143 Qv x )

i=0 xelFy j=1

1 : r oD jpdJ i q—1
=12 v ) + T—nao

iely xe]F; j=1

1 t ) ir@-i i
— E Z(Z w(zxdr(ij)y (d”hj(; )))+ %nd’o.

ielg xely j=1

Furthermore,
D (a(f(x)) - b)’
erFq
1 d P ) i
= = 2| v Qo Y )| + Tnag
iely  xeF, j=1
d—ngp0
= S ged (@ g — 1) — 117 + %nd,o
1
< (@ =na0)Vgr' Y = o)+ %nd,o, 2.6)
note that

Y (pa(f(x)) —b) = Y (=D)Y(ga(f(x))),
where | (—b)| = 1. Recall that er]Fq v (f(x)) = erFq Y (p(f(x))), then

D (f)

xeFy

1
< (d —ng0)J/q@r @ — E) + %nd,o-

Moreover, if d runs over all positive divisors of ¢ — 1, then

DY (f)

xeF,

. 1. q
dan_ 1y, 4
< fflelg{(d 14,0)/q(r d) + dﬂd,o}~

O
In fact, we may obtain an improved upper bound than one in (2.6). In Theorem 2.3, if

d € D is fixed and |T4| = 1, then a generalized form of Lemma 2.2 in [19] is obtained
immediately.

Corollary 2.4 Let f(x) be defined as (2.1), d, s two positive integers with ds = q — 1, and
Ty = {r(d*l)} with r@D > 0. Let @a be the transformation of Fy[x] such that ¢4(f (x)) =

@ Springer
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x’(d’l)h(xs). Let y be a primitive element of the finite field IF, qnd ¢ = y* be a fixed primitive
d-th root of unity inlFy. Let I; ={i : 0 <i <d — land h(¢') =0} and ng o = |14|. Then

1
> (@) = Tnao| = @ = a0V = 2) g

xeFy

Remark 2.5 In Theorem 2.3, the Weil bound of character sum associated to an arbitrary
polynomial f(x) dependsond € D, ny o, and @0 The Weil bound in Theorem 2.3 is much
better than the ones of Lemmas 2.1 and 2.2. In fact, the bound for character sum of f(x) in
Lemma 2.2 presented by Wu et al. in [19] is a special case of Corollary 2.4.

In the following, we give some examples to show that the Weil bound for character sums of
f(x) in Theorem 2.3 is indeed an improved bound compared to the bounds in (1.1), Lemmas
2.1 and 2.2.

Example 2.6 Let g = 52 and flx) = x4 x5 e Fylx]. The Weil bound in (1.1) is
trivial because of the high degree. The bound in Lemma 2.1 is also trivial since the index of
f(x)is12.

In Lemma 2.2, the least index of ¢ (f (x)) is

B 24 .
T ged(23—5,11—5,24)

*

andp(f(x)) = (x93 4+x041). Then the bound for character sums of f (x) in Lemma 2.2
is

| D v (£l < 20.

xel,

In Theorem 2.3, D = {d : d|24} = {2, 3,4,6, 8, 12}.

(i) Ford =2, we have Ry 1 = {1,5} and Ry = Ra3 = {7, 11}. Let T» = {1, 7}, there
exists the transformation ¢, of Fy[x] such that ¢(f(x)) = X ((xD* + 212 + x (1?2,
then | X cx, ¥ (£ ()] < 10.

(ii) For d = 3, we have R31 = R3zp = R3z3z = {1,5). Let Tz = ({5}, there
exists the transformation ¢3 of F,[x] such that ¢3(f (x)) = (OB + (x0) + 1), then
|13 e, ¥ (£ ()] < 20.

(iii) Ford = 4, we have R4| = {1,5} and R42 = R43 = {3,7}. Let Ty = {1, 3}, there
exists the transformation ¢4 of Wy[x] such that ¢p4(f(x)) = (2 + (B + x((®)3),
then | er]F,, Y (f(x))| < 15. Similarly, for other d € D, the bounds of f (x) are larger than
the above cases. Hence by Theorem 2.3, the bound for character sums of f(x) is

DU (f)

xelfy

< min{10, 15, 20} = 10.

Example 2.7 Let f(x) = x'° + ax* € Fay[x], where a € IF%,. The bounds given by (1.1),
Lemmas 2.1 and 2.2 are all trivial. Another upper bound for exponential sums of f(x)
presented by Wu et al. in [19, Example 1.5] is | er]Fn Y(fx)] < 4/27.

In Theorem 2.3, take d = 2, we have Ry .1 = {4, 12,10}, Ry 2 = {6,5,2}, and T> = {4, 2},
there exists the map ¢ of Fa7[x] such that ¢o(f (x)) = x2((x*)13) + ¢x?*, by Theorem 2.3,
| cery W(f ()] = 2V27.

@ Springer
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Example 2.8 Let f(x) = x'0 + ax’ € Fay[x], where a € IF%,. The bounds given by (1.1),
Lemmas 2.1 and 2.2 are all trivial. Another upper bound for exponential sums of f(x)
presented by Wu et al. in [19, Example 1.6] is | ZXG]F27 V(f(x)] < 44/27.

In Theorem 2.3, take d = 2, we have Ry 1 = {5, 2,4}, Ry2 = {10, 4,6}, and T, = {4},
there exists the map ¢ of Fy[x] such that ¢2(f (x)) = x4 ((x%)2 4 ¢(x%)?), by Theorem 2.3,

| er]Fq Y(f(x)] =< zm.

From the above examples one sees that the bound we obtained is indeed an improvement
compared to that Wan and Wu et al. in [18] and [19].

3 Concluding remarks

This paper mainly studied the Weil bounds for character sums associated to an arbitrary
polynomial f(x) over a finite field IF,. The result of Theorem 2.3 presented an improved
upper bound than the results of Wan and Wu et al. in [18] and [19], respectively.
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